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ABSTRACT

The paper begins with a brief review of the basics of FP functional
programming. "Programs" are functions that map some domain of "ob-
jects" into itself (the space of objects being closed under cartesian
products). Programs are either primitive or built from primitives
by the application of "program-forming operations", i.e. functionals,
to one or more programs. Programs may also be defined as the solution
of recursive equations. The program-forming operations obey a 1arge
number of algebraic laws over the domain of programs

The paper then discusses the differences between the FP and lamb-
da calculus styles of function description. The former emphasizes op-
erations on programs and their algebraic properties, the latter does
not. The FP style provides many algebraic identities for reasoning
about programs.

Subsequent sections introduce (a) "forms" (the program schemas of
FP), expressions built from program-forming operations, variables
ranging over programs, and program constants; (b) "linear forms" whose
main property is distributivity with respect to the conditional prog-
ram-forming operation (p+f;g). If Hf is a linear form, then there is
a form Htf such that

H(p>f;g) = H._p » HEf; Hg
holds for all programs p, £, g.

The main result about linear forms is: Theorem If Hf is a linear
form and £ is the least solution of

(1) f p + q; Hf ,
then
(2) f=p+>qgi...; ng -+ an;...

where the right side of (2) is an appropriately defined limit.
It is shown that the class of linear forms is large, but the charac-
terization of the class is incomplete.

<

The last sections discuss "extended definitions” of FP functions.
"Proper" FP definitions are variable-free; these are sometines hard to
read. Extended definitions introduce function variables to be used
in exact correspondence with the object variables of conventional

- definitions. For example, the extended definition

(3) - xdef feo[x, yl = ho[gox,koyl]
defines the same function as
(4) f:<z,y> = hi<g:x,k:y> .

In (3) # and y range over all FP functions, whereas in (4) x and y
range over all FP objects. (¢ is the usual composition operator,
square brackets represent a functional such that [f,g]:x = <f:x,g:x>;
read f£:x as "f applied to x".)

"Distributive" and "invertible" forms are defined. An extended
definition is of the form:

(5) xdef foEx1,...,x = Ff,x1,...,x

n n



-2-

where E is distributive and invertible and F is distributive in Tqres-
T The main result is that the proper definition

(6) def £ = equal°[Es1,...,sn, id] - Ff,s1,...,sn;-I
where s,,...,8_ are "invergion functions" associated with E and id is
the ide&tity fllnction .and I is the everywhere-undefined function,
defines the same function as (5).
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Introduction

In [Back78] we introduced a functional style of programming in which
variable-free programs are built from a set of primitive programs by 2
small set of combining forms or functicnals and by recursive definitions.
The programs of this "FP" style are all strict functicns (of a single
argument) that map a set of "o b;ect*" into itself. This set of objects
is the closure under cartesian prcducts of some given set of atoms
The earlier paper suggested that FP systems have the following proper-
ties:

(a) extremely simple semantice v

{b) ' existence of closed-form, non-recursive expressinns for many

functions that are normally recursively defined,

(c) programs exhibit a clear hierarchical structure in which high

level prcgrams can be combined to form higher level prcgrams,

(d) the principal 7P combining forms are the cperations ©f a power-

ful algebra of programs that can be used to transform programs

and to solve equations for recursively definad programs.

|

The present paper is concerned with three topics about FP systems,
the first of which relates to (c) above and the other two relate to (&).
After a brief review cof the basics of FP systems and the algebra of
programs, the first main section discusses the relationship between the
FP style and the "lambda style" of programming and of reasoning about
programs, where the lambda style is that used in lambda-calculus-based
languages such as LISP and ISWIM [Land6d].

Lambda abstraction -- the principal program-forming operation of the
lgmbda style -- leads to an emphasis on objects and on cbject level
reasoning, whereas the program-forming operations of the FP style em-
phasize programs (=functions), program structure, and function level
reasoning. The lambda style thus obscures the function level structure
of programs in its concern with objects and okject level operations,

whereas the FP style emphasizes the functicn level structure of programs.



The second main section of the paper generalizes and c¢reatly simpii- ‘é
fies the werk in [Back78] on solving equations for recursively defined
functions. It introduces the notion of "forms", the program schemas of
FP, and of "linear" forms. It shows why the interaction of linear forms
with the combining form "condition" makes possible a gsneral sclution

for all linear eguations of the form
(1) f=P"*q; Hfr

where p and g are arbitrary functions and E is any linear form. A few
theorems give a partial characterization of linear forms in terms of
their structure. These show the existence of large classes of linear
forms and of metheds for building larger linecar forms from simpler ones.
They extend and modify results of an earlier draft paper [Back79]. The
main result is the linear expansion theorem that gives the solution of

(1) as an infinite condition
- n n
(2) f=p+g;.e..; Htp ~ H'ag;... ’

where Ht is the "predicate transfcrmer" cf H, a form associated with
every linear form H. The solution gives necessary and sufficient cond-

itions for termination and is useful in reasoning about the furnctiocn £.

The third main section proposes a new form for defining FP functions
that corrects a major problem in the proper definitions allowed in
[Back78]: the difficulty of reading variable-free function definitions.
Here we propose a style of function definition employing function var-
iables that is as readable as the usual object level definitions of
functions that use object variables to denote the argument or parts of
the argument. By introducing the notions of "distributive" and "invert-
ible" forms, we carefully define "extended definitions”. Given an ex-
tended definition, we show how to make a corresponding variable-fres
proper definition and prove that both define the same function. Further-
more, we prove that the extended definiticn serves as a useful algebraic
law about the defined function, one that is satisfied by all values of

the function variables of the definition.

The sections that follow this introduction are the following:
. (a) Review of FP functional programming.
(b) Review of the algebra of FP programs.

(c) A comparison of two styles of functional programming, the FP style



and the lambda stvle; function level versus ohject level structure 3
and reasoning.

(d) Forms.

(e) Linear forms and the solution of linear functicnal equations.

(f) Extended definitions.

(g) Related wcrk.

(h) Acknowiedgments.

{i) References.

Review of FP functional programming

Fcr a fuller description than this brief sumnary see [Back78]. 2an
FP program is a function from objescts to objects. Objects are (a) L1 ,
or other sequences (but not from .); ¢ denotes the empty seguence; un-
like [Back78], here ¢ is a sequence but nct an atom. An FP program is
either (a) a primitive function or (b) a functional form that combines

its "parameters" -- programs or objects -- to form a new program (FP

programs can choose from only a small set of such functional forms for

building programs), or (c) it is defined, as in
Def f = E(f,g1,...,g )

where E is a function expression (built from functional forms) involv-
ing the parameters 9q-:-9, and possibly the defined function symbol £.
The effect of this (proper) definition (we shall discuss "extended"

definitions later in this paper) is that when the application £:x

(denoting the result of applying the function f to the object x) is to
be evaluated, the function symbol f is first replaced by its definition,
E(f,g1...gn). In the following examples we mark with an asterisk those
items that depart from or add to definitions in [Back73].

Examples of objecté
atoms 1.4 A ACD 23 X2 T (true) F (false)

sequences A <A,<B,C,D>,<B,C>> ¢ (the empty sequence)
(<A,1>=1 1is not a sequence)

Examples of primitive functions (All FP functions are strict, f:1 = .,

for all functions f£. In describing primitives we shall assume this to

be so and that primitives yield 1 for unreasonable arguments.)

Selector functions 1:<A,B,C> = A 2:<A,B,C> = B similarly, any

integer i denotes a selector function that selects the ith element



of its argument if there is one, otherwise it produces

-

tl (tail) tl:p = 1 tl:<A>

I
hS8

tl:<A,B,C> = <B,C>

arithmetic operators (+,-,etc) +:<l,5> = 9 x:<l,5> = 20

null (equals 9@) null:¢ = T null:<A> = F
(*) c (append left) c:<A,@P> = <A> c:<A,<B,C>> = <A,B,C>

(¥*) o {append right) >:<@,A> = <A> >:<<A,B>,C> = <A,B,C>

eq (equals) eq:<A,B> = F eq:<<C,D>,<C,D>> = T
id (identity function) id:x = x for all objects x.
and (logical and) and:<T,F> = F and:<T,T> = T

distl (distribute from left) distl:<A,<B,C,D>> = <<A,B>,<A,C>,<3,D>>
distr (distribute from right) distr:<<A,B>,C> = <<A,C>,<B,C>>

ad (add 1) ad:3 = 4

sb (subtract 1) sb:9 = 8

Examples of functional forms (the examples show how one applies a

function (built by a functional form from its parameters) by the use

of those parameters.)

composition fog where fog:x = f:(g:x)

construction [£f,g] where [f,g9]l:x = «f:x,

g:x>
[f1""'fn] where [f1,...,fn]:x = <f1:x,...,fn:x>

condition (p~£;9) where (p»f;g):x f:x if p:x=T
= g:x 1if p:x=F

= 1 otherwise

constant X where Xx:y = x if y#1
= 1 if y=1

(note that constant has an object as its parameter, in



particular 1 is the function that yields 1L everywhere) 5

apply-to-all of where af:<x1,...,xn> = <f:x1,...,f:xn>
af:9 = ¢
{¥) right insert /£ where /f:1<x> = ¥
a /f:<x1,x2,...,xn> = f:<x1,/f:<x J e X _>>

2
(If £ has a right unit u we extend this definition: /f:¢ = u.)

(*) left insert \ £ where \f:<x> = x

\f:<x1,...,xn? = f:<\f:<x1,...,xp_1>,xr>
(If £ has a left unit u, we extend this definition: \f:¢ = u .)
Examples of FP programs
[1,t1l,2]:<A,B,C> = <A,<B,C>,B>
(nulletl » 1;tl):<A> = A (nulletl » 1;tl):<A,B> = <B>
Def 1last = nullotl » 1; lastotl
last:<A,B> = (nulletl » 1; lastotl):<A,B>
= lastotl:<A,B> since nullotl:<A,B> = F
= last:(tl:<A,B>) = last:<B>
= (nulletl - 1; lastotl) :<B>
= 1:<B> since nulloetl:<B> = T
= B
/co>:<<A,B>,<C,D>>= /c:(o:<<A,B>,<C,D>>) = /c:<A,B,<C,D>>
= c:<A,/C:<B, <C,D>>>
= c:<A,c:<B;<C,D>>>
= <c:<A,<B,C,B>>
= <A,B,C,D> (thus /ceo> is concatenate)

Semantics of FP programs

Understanding the informal semantics of FP programs requires that
one can determine the value of f:x for any FP function f and any object
X. There are four possibilities for f: (1) it is a primitive function,
(2) it is a functional form, (3) it is defined, or (4) none of these.

If it is a primitive, one knows how to find f:x from the description of
" the primitive. If it is a functional form, the description of that
form tells how to find f:x in terms of computing g:x for the parameters
g of the functional form. If f is defined, Def £ = E(£,9,,.0009,)



then to compute f:x, cne computes E(f,g1,...,gn):x , which can bz done

by further use of these rules. If none of the ahbove, f:x =

It is important to note that all FP functions and the "sequencs

constructor" are strict: f:L = :, and <...le..> = 1.

(*) One iﬁportant issue about FP semantics that was not covered in
[Back78] 1s the relationship between the operational semantics above

of a recursive definition and the least fixed point of the right side of

such a definition when viewed as a continuocus functional. If all FP
functions were not strict, the operational definition of a recursively
defined function and the corresponding least fixed point would differ,
since the former depends on an innermost computation rule and such rules
are not normally "safe" rules for computing the least fixed point. How-
ever, in [Will80] Williams points out that when all functions are strict,
then innermost rules are safe, hence the operational bottom-up FP
evaluation rules compute the least fixed peocint. Williams observes that
the systems studied by Manna et al. [MNV73] and by Cadiou [Cadi72] em-
ploy conditional as a function (which cannot be strict, hence in such
systems innermost rules are not safe) whereas FP systems represent

condition as a (non-strict) functional. For a fuller discussion of this

issue see [Will80].

Review of the algebra of FP programs

The application of FP programs to objects comprises a calculus of

f.inctional programming. The corresponding algebra of FP programs has
variables that range over FP programs and operations that are the FP
functional forms. Laws of the algebra correspond to universally guant-

ified equations of the calculus.

Thus the algebraic law [f,gl-hn = [feh,goh] asserts that the follow-
ing equation holds for all functions £, g, and h and all objects x:

{lf,gleh):x = [foh,goh]:x , '
i.e., the law asserts that [f,g]-.h denotes the same function as

£

[foh,goh], no matter what functions one chooses for £, g, and h. Note
that when we write f = g , we mean that f:x and g:x are both defined

"and equal or that they are both undefined (=1).

To establish a law of the algebra one must prove the corresponding
proposition in the calculus. Thus to establish the above law, one must

prove the above equation of the calculus holds for all f, g, h, and x.



‘(This proof appearcs in [Back78].)

In addition to laws that hold for all ohjects x, we shall want to
express the fact that a law holds only in scme restricted domain. For

such laws we provide qualified equations. Thus

+

p->> f = g

holds iff for every object x, either p:x T and f:x = g:x, or p:x # T.

Similarly, a qualified assertion

p =+ g

I

holds iff for every object x, either p:x T = g:x, or p:x # T. For
Y q

example, to express the fact that
1elf,gl = f

holds only when g is defined, we write the gualified law
Teg -+ io{f,g]l = f |

since the gualification Teg:x = T whenver g:x # 1.

The basic rules of the FP algebra are given by its laws. Twenty-
four such laws are given in [Back78]. The reader can easily discover
others. Here is a sample of such laws, sometimes in a bit less general
form than given there, when the generalization is clear. We use the

same numbering as [Back78] and give one law that does not appear there.

1.1 (frgloh = [foh,goh]

1l

1.2 /felgqre--rg,) = folgqs/folgyre--rg 11  for n:2

I.5 T°g > 1°[frg] f

II.1 (p+f;g)oh = poh » foh; goh
. . i

II.2 he(p->fsg) p > heof; heg

Iv.1 [f:(p+g;h)] =p > [le]? [frh]
(*) V.1 p » (g7r;s);i (tru;v) = (prq;t) =~ (prr;u); (prs;v)

This concludes our brief review of the FP algebra of programs. Later

sections of this paper will contain examples of the use of scme of



these laws to prove various theorems.

A comparison of two styles of functional programming, the FP style and

the lambda style; function level versus object level structure and rea-

soning

In the'foregoing we - have given a bhrief review of the basics of FP
programming, one of two basically different styles of functional program-
ming. The other style is associated with languages like LISP and ISWIM
[Land64] and is based on the lambda calculus [Chur4i]. LISP is a lang-
uage almost as ancient as Fortran; however it is primarily a functional
language and one of the most powerful available today. Most of its
users, when they consider the FP style at all, see the latter as simply
a weak, restrictive variant of the general functional style represented

by "lambda style" or lambda-calculus-based languages such as LISP.

In this section we shall point out some of the basic differences be-
tween the FP and the lambda styles of functional programming. We shall
suggest that (a) the FP style leads to "structured" functional programs,
whereas the lambda style leads to unstructured ones, and that (b) the
FP style encourages reasoning at the "function level" whereas the lamb-
da style leads to reascning at the "object level". 1In general, we sug-
gest that the FP style offers a framework in which one can perceive and
reason about program structures, truths, and transformations at a higher
level of generality than that presently available for reasoning about

lambda style programs.

What do we mean by the "structure" of a program? In a conventional,
von Neumann language, a program is "structured" if it has single entry
and exit points and is built up from subprograms of this same kind by

a small set of program-forming operations (PFOs). For example, the pro-

gram
p = if a then (while b do c) else d

is built from an expression a and two programs, (while b do ¢) and d by
the PFO if-then-else. 1Its first subprogram is built by the PFO while-
do. Thus the "structure" of p is the operation if-then-else composed

with while-do in its first program-argument position.

In similar terms FP programs are completely structured. For example,
the program
(1) f =p = q; helr,s]
employs the PFO, or functional'fofm, condition to build £ from three



programs, p, 4, and he {r,s], where the third of these is built by the

fe!

PFO composition from the program h and the program formed by the PFO

construction from programs r and s.

In contrast to the FP emphasis on the use of program-forming opera-
tions to build structured programs at the function level, the lambda
style emph&sizes object-forming cperations and is mcre often concerrned
with combining objects than with combining functions. For example, the
lambda style analogue of (1) is

(2) f = Ax.(p:x - g:x; h(r:x,s:x)) .

In (1) we simply combine the functions p, , h, r, and s to form the
Pr g

function f£f. 1In (2) we are given the same functions to start with and

]

want to define the same result. But we proceed quite different

F=

y. Ve
begin by introducing an "object" x, and from it we form the objecis

p:xXx, g:x, r:x, and s:k, combine r:x and s:x to form the object h{r:x,s:x),
and finally we combine p:x, g:x and h(r:x,s:x) with the cbject~forming
operation conditional tc form the "result", an object. Only at this

point do we use the primary program-forming operation of the lambda

style, lambda abstraction. By writing "Ax." in front of the object we

have so far produced, we transform it into the desired functiocn.

As the above example shows, the typical method of building a function
f in the lambda style is to immediately descend from *he level cf func-
tions (those supplied to build f) to the level of objects, and there
combine objects to form the desired "result-object". One then ascends
to the function level by abstraction cf the original "objects", i.e.,
the object variables. This down-then-up-again approach and its concern
with object-forming cperations avoids the use of PFOs that could achieve
the same result more directly; therefore it obscures the "structere® of

the program.

It is clear that it is the use of lambda abstraction as the principal
PFO that leads to the object-oriented, structure-obscuring nature of the
lambda style. If a function f maps objects into objects and is built
by lambda abstraction, £ = Ax.E, then x must be an object variable
(since the argument of f is an object) and E must denote an object (since
the result of f is an object).

The relative structurelessness of lambda style programs makes it
difficult to recognize even simple relationships betwesen programs. For

example, it is harder to recognize an instance of the following simple



identity in the lambda stvle, ‘ 1 nr
}3) Ay ({Ax.<f:ix,g:x>):(hiy)) = Ay.<ax.(f:(h:x)):y, Ax.(g:(h:x)):y>
than it is to recognize the more structured FP law

(4)  [f,glen = [foh,geh] ,

which is the same identity expressed at the function level, without the
superfluous application of functions to "abstract" objects that is re-
quired by lambda abstraction and that demotes this statement about func-
tions to substatements about objects. (The identity (2) is unlikely %o
be recognized as a useful function level identity for a second resason:
if it is simplified to eliminate x,'gggg sides reduce to

Ay.<f:(h:y), g:{h:y)>

and the functional relationship has vanished.)

The simpler structure of FP-style programs is imporitant if program-

ming is to become a mathematical discipline that is useful to the ordin-

o

ry practitioner. Such a discipline can be helpful by providing a body
of carefully proven general laws and theorems about pregrams. The simp-
ler the structure of programs, the more easily can a programmer recog-
nize that the major structure of his program provides an instance cof one
or more theorems that will help him prove its correctness or maks it
more efficient.

If it is difficult to recognize an instance of a simple law like (&)

]

when expressed in the lambda style, then the chances of recognizing
instances of important theorems are very small. For example, Williams
[Will80] proves the following theorem for all n:>?1 and for all functiéns
£, a, b, and c:

n-1

(5) [£, 2¢a]l®e[b,c] = [\fe[b,c,acc,...,a" 'ecl, aloc] .

3 =

¥

It is unlikely anyone is going to recognize an instance of such a theo-
rem when his program and the theorem are expressed in the lambda style,

simply because of the sheer complexity of its statement.

We have seen how the lambda style tends to obscure the function level
" structure of a prcgram. The need to move from the function level down
to the object level leads to an over-reliance on object level reasoning.

In either the FP or lambda style it is sometimes necessary to reason at



the object level: to show that f=f' one may have to show that for every
gl |

object x, f:x is the same object as £':x. PBut coften such reasoning is

unnecessary and tends to lose touch with important function level ident-

ities. For example, consider the following object level definitions of
f and f'.

f:x = 4x + g(3x) , where g¢g:x = even(x) - x; 2x .

£f':x = even(3x) -» 7x; 10x .

In trying to prove f:x = f':x at the object level, one may be lead into
considering various cases and making various calculations. If, on the
other hand, £ is expressed at the function level (using m, for "multiply

by 1"), 'then we get

£ = +olmy, gem,] where g even - id; m

2
or

£ = +o [my, (even -~ id; m2)°m3] .

Now anyone familiar with FP theorems would either (a) recognize the
first expression for f as a form linear in g and use the properties of
such forms to obtain the desired result (see below) or (b) he would re-
cognize the combined expression for £ as an instance of the simple theo-
rem

he [i, (p>g;r)ej]l = pej » he[i,gej]l; heli,rej]
that gives, in this case,

£ = evenom3 - +°[m4,idom3]; +°[m4,m

or, after simplification,

2°™5]

f = evenems > M.; My .
This is an extremely simple example; consequently the object level
reasoning needed to show that f:x = f':x for every x is simple. How-
ever, if instead of the subprograms m, we had used others requiring com-
plex calculations, the object level reasoning might have become much
more difficult unless the reasoner happened to recognize the usefulness
of the function level identities that the FP approach makes clear. Much
object level reasoning can be compared to proving (a+b)c = act+bc for
given numbers a, b, and ¢ by doing arithmetic instead of by using alg-

ebra.

One further difference between the lambda and FP styles is worth

noting. Languages in the former style tend to use functions of more



than one argument, whereas all FP functions are unary. Thus in the i
lambda style, if h(x,y) is a function of two arguments znd the values
of g(x) are pairs <y,z>, then the following locutions are needed to

express the function £, where

£f:x = hiy,z) where g:x = <y,z>
or, using selector functions and lambda akstraction,

£f = Ax.h(1:(g:x), 2:(g:x)) .

In the FP style h would be a function on pairs, h:<y,z>, therefore the

definition of f would be

Thus the use of n-ary functions in the lambda style is another import-
ant factor that obscures program, function level structure and leads to
object level reasoning. (The PFO "construction” is important in a style
using only unary functions; it is the PFO used to build a subprogram to
create an argument for a function on tuples; e.g., if h is definad on

pairs, then f = he[r,s] corresponds to f:x = h(r:x, s:X) .)

To summarize: use of lambda abstraction as the primary program-form-
ing operation obscures function level structure of programs built with
it. By requiring a descent to object-forming operations, it often leads
tO unnecessarily complicated object level reasoning, reasoning that may
fail to take advantage of function level theorems that can be seen to

apply when the function level structure of a program is made clear.

At this point we must note that we are not proposing the FP style as
a panacea. When object level reasoning is necessary, as it often is
(e.g., when a proof depends on the detailed proverties of a primitive
function), then lambda expressions can be helpful. Furthermore, object
level definitions of functions using variables are often more readable
than variable-free definitions in the FP style (however, we have begun
to study function level definitions -- using function variables instead
of object variables -- that are comparably readable; see the following

section on "extended definitions".)

The PFO of lambda abstraction is more powerful than any or all of
" the PFOs of the FP style. Using lambda abstraction one can define all
of the FP PFOs and an infinity of others. But this reminds one of the

relationship between Fortran and the conventional "structured languages"



ﬁsing IFs and GOTCs in the former, one can model the "structured" PFOs
allowed in the latter and one can wodel an infinity of other PFCs that
would be considered highly "unstructured". Thus, just as one can write
“structured" programs in Fortran, so one can write "structured" function-
‘al programs in LISP or ISWIM. EBut just as it is easier to see the struc-
ture of a program written in Pascal rather than in Fortran, so it is

easier to see the structure of a functional program written in FP rather
than in LISP or ISWIM, since FP and Pascal are designed to emphasize

program structure whereas LISP and Fortran tend to obscure it.

It is perhaps going too far to say that lambda style languages are
the "Fortrans" of functional programming languages since they are more
powerful than Fortran. However, LISP has been around almost as long as
Fortran and it and other lambda style languages tend to produce unstruc-
tured programs, as indicated above. Therefore perhaps it is time tc
begin designing a new generation of functional languages, languages

that emphasize function level structure and function level reasoning.

Forms

zggggductigg.

in the follewing we shall want to make general statements about large
classes of function expressions. For example, we would like to say that
Hfg is any function expression involving two functions f and g that has
the property that

(Hfg)oh = H(feh) (geh)
nc matter what functions £, g and h one chooses. To make such general

statements we want to build expressions like Hfg using variable symbols

f and g instead of particular functions f and g. Having built such a
form Hfg we can then easily discuss the large class of functions Hfg
that result when the variables f and g are replaced by any particular
functions £ and g.

Thus forms are program schemas for FP {unctional programs and com-
prise the means for expressing the most general questions we shall study.
We shall define the set of FP forms with respect to some set of function
variables V, where we assume that the set of objects, the set of func-

tion symbols, and the set of function variables V are pairwise disjoint.

Definition. Let V = {f1...fn} be a set of (function) variables. Then

we shall say that E is a form in V, or alternatively, that Ef1...fn is

@



a form, if exactly one of the fcllowing holds:

1) Ef‘1...f'n = r for some FP functionr r, or
2) Ef1...fn = fi for some variasble f, in V, or
3) There are forms E1"'Ek in V and an FP functicnal form T with

k parameters such that
= ; w
Ef‘1.‘..fn F(E1,...,uk) .
(In the present paper we assume that [ is one of the following: composi-

tion, construction, condition, left or right insert, apply to all.)

If Ef1...fn is a form, then we write Efq...fn to denote the functicn
obtained by replacing each variable f. by the function fi. We may aiso
write EE1...Er to denote the form that results from replacing each var-

. oIk

iable fi by the form Ei'

Example

Let Efg = folr, gehl]. Then Epg is the function pef{x, goh] and
E(a»b;c)d is the function (a»bj;c)e[r, de¢h] and E[(f,r]h is the form
(in {7}) [f,xrlelr, hoh]. Note that Efg can be thought of as a form

in {f.,g} or in {f,g,h} or in any superset of {f,g} of function variables.
This ambiguity about the set of variables of a form will not cause dif-
ficulties in.the following material. Of course, the set of wvariables

of a form includes all the variables that actually occur in it.

Forms in a single variable, composition of forms

If Gf and Hf are forms in a single variable, then the composition
of G and H, written GH, is simply GHf = G(Hf), that is, the result of

replacing f in G with the form Hf. For example, if

Gf = fer
Hff = p»g:if

then .
GHf = (p>g;f)or
HGf = p>gifer .

One must be careful not to confuse function composition with form
coméosition, particularly when the former is used to buiid forms. Thus
GHf = (p»g;f)er 1is quite different from
© GfeHf = fore(p>gif) .

For composition of a form G with itself, GGf, we shall write sz and

G3f for GGGf and so on.

Equality and ordering of forms
If Ef1...fn and Ff1...fn are two forms, then we say that E = F,

1 4



that E and T are egual, iff 1
~ 4= £ = d
hf1...xn Ffi"'fn

for all functions f1"'fn' Aneliogously, E < F iff

Ef,... £ < Ff,...£f
1 n H n

for all f?"'fn' Thus our algebraic laws are merely statements of equal-

ity or ordering bhetween forms.

Linear forms and the soluticn of linear functional equations

Introduction

In [Back78] we gave general solutions for two kinds of recursive
equations for defining functions, the so-called "recursion" and "iter-
ation” theorems. Here we give a simpler, more general description of
cf a much larger class of recursive equatiocns -- the "linear" equations
-- and provide a general solution for all of them. We believe the
present treatment makes the basic issues of solving recursive eguations

much clearer than the earlier treatment.

As in the earlier solutions in [Back78], the sclution for all linear
equations presented here gives both necessary and sufficient conditions
for the termination of the sclution function and a cass-bv-case descrip-
tion of its behavior. Thus the solution is often useful for reasoning

about or simplifying the defined function.

In the following subsections we introduce the ncticon of linear forms

in a single variable. (This notion is closely related to that of

" _inear program schemacs" (see the section "Related wecrk") although th
former is defined mathematically and the latter is defined syatactic-
ally.) We show that the basic FP functional forms, composition, con-
struction, and condition, are each linear (in every variable positioh)
and that if G and H are linear forms, then so is their composition GH,
and therefore that the class of linear forms is large. We also give
two theorems that partially characterize linear forms by their struc-
ture and enlarge the class of known linear forms to those containing

multiple occurrences of the single variable.

We then give the main result, the linear expansion theorem, that
"gives a solution for all linear equations, equationé of the form

(A)  f=p~>gq; Hf ,
where p and q are arbitrary functions and H is any linear form. The
solution of (A) takes the form of an infinite condition:

(B) f=p~>qg;...; Hzp > an;... ’

6))



where Htf is a form associated with any linear form Hf called its

. - N n+ .
predicate transformer. {(Recall that g 1q = H(an).)

In [Will80] Williams extends this result to two significant classes
of non-linear equations like (A) in which H is either "overrun-tolerant"”
or "p-g-distributive". He shows that both classes have solutions very

. +
similar to (B).

A weakef form of the linear expansion thecrem appeared in [Back79].
There the definition of linearity had slightly weaker requirements than
the preéent definition, and the linear expansion theorem there required
the hypothesis that HI = [ in addition to the linearity of H. I owe
to Michael Arnold [2Arno80] much of my present understanding of the be-

havicr of the predicate transformer H, of H in the domain for which Bl

t
is defined.

Linear forms

We wish to specify conditions under which we can formally sclve re-

cursive equations of the form
(1) f=p > 4q: Hf .

if wve let Ef = p » q; Hf , the usual approach to solving (1) [Klee32]
is to take lim E'I as the least solution. We shall find that it is
easier (and acceptable) to use lim En(p+q;I) as the solution. Thus we
w:nt to find the following approximating functions.

f0 = p>q; 1l

£, = Ef, = p>q:;H(p>qg;*

£, p>qiH(p>g;H(p»a;1))
and so on. If we can express H(p»g;1) in no other way, then finding a

solution for (1) will be difficult. 1If, for any P;r g and r, there is
some pi+1 such that
(2) H(pi+q;r) = Pi4q Hqg; Hr

then, using (2) twice and taking p
2
£, =p>q; py > Ha; p, » Hq; H
and in general,

= Py We obtain
21

.

.n 1—
(3) fn =p~>9gq py »Hai...; p, > Hg; H'L .

o™



This suggests that
n
(#) f=p>qg;...; p, > Hagi...

. might be a solution of (1), where the infinite conditional in (4) repre-

sents
. * n -
%ig(p+q,...,pn»H g;L) .

However, (4) will represent the limit of the fn of (3) only if

(5) For every object x there is an n such that, if pyix = F for all

. n—
i<n, then H 1:x = 1.

Otherwise there will be an x such that fn:x will always be given by the
last term in (3), and hence (4) will not converge to the limit of the

fn in (3) at x. To see how this works, consider the following example.

Let Hf = r for some fixed function r. Then taking 12 = F for any

+1
P; satisfies (2) and we obtain the following instance of (3)

-fn =p > q; F - Hg;...; F » an; HnI
=P > q; F > Xi.eee; ? > r; r
=p->4qg; r

Thus lim fn = p»qg;r, whereas (4) would give

£ p>qg; F>r;...; F»>r;...

=P >qi I.

The above discussion motivates the following definition of linear

forms.

Definition (linear forms)

A form Hf is linear if and only if there is a form Htf, called the

predicate transformer of H, such that the following two conditions are

satisfied. *

(L1) For all functions a, b, and c,
H(a+b;c) = Hta -+ Hb; Hc . '

(L2) For all objects x, if Hi:x # 1, then, for all functions a,
Hta:x = T.

The purpose of Ht'is to map P; into P, in (2); thus (L1) corresponds

+1
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to (2). The purpose cof (L2) is to assure that (5) holds. ’ [

Examples of basic linear forms

We shall now show that basic forms Hf, built with one principal FP
functional form (composition, construction, condition) and having zero

or one occurrence of the variable f, are all linear.

t

(a) Hf = r. Then, with Htf T:
(L1) H(a»b;c) = r = Tor;r = H,a » Hb; He
(L2) If HIi:x # 1, then x # 1, (since r is strict) and Hta:x = T:x = T.

Il

(b) Hf = ref . Then, with H_f = f = IDFf,
(L1) H{a»b;c) = ro(a»b;c)

I et

a - TYobh; rYoc = Hta -~ Hb; Hc

(L2) HI:x = 1 for all x, since r is strict;

(e) Hf = for . Then, with Htf = Hf,
(L1) H(a»b;c) = (a»b;c)er = aor + bor; cor = Hta -+ Hb; Hc
(L2) HI:x = 1 for all x.

(d) Hf = [g,f] . Then, with E.f = f = 1IDf,
(L1) H(a»b;ic) = [g,(a+b;c)] = a > [g,b]l; [g,c] = Hta + Hb; Hc .
(L2) Hi:x = 1 for all x.
Similarly, [...f...] is linear with B, = ID.

() Hf =p > q; f . Then, with H, f = p+Ti 7,

(L1) H(a»b;c) = p»gs;arb;c = (p~T;a) - (p»g:;b); (p»>g;c) = H_a - Hb; Hc.

t

(L2) If Hi:x # 1, then p:x = T and x # 1, hence Hta:x = (p>T;a):x = T.
Similarly, p>fi:q is linear with Htf = p+fi;T . Also, f>g:h is linear

with H_f = IDf.

Thus all three basic FP functional forms with one cccurrence of a

single variable are linear in every variable position.

Composition of linear forms

We now show that if G and H are linear, then their composition (form
composition) GH is also linear and (GH)t = Gth. (I owe the following
lemma and the proof of the composition theorem to John H. Williams.)

We shall need the following lemma.

'Lemma If H is linear, then, for any function p,

Hi = Hp > Hi;1



Proof Let p be given. Let x be given. We show that the two sides of i
the abcve equation give the same result at x. We consider two cases.
Case 1 Hi:x # 1. Then, by (L2) since H is linear, Htp:x = T. Therefore
(Htp - Hi;1):x = Hi:x and our equation holds for x.
Case 2 Hi:x = 1. There are three possibilities for the value of Htp:x ;
either it is T or it is F or it is neither of these. If it is T, then
(Htp+HI;I);x = Hi:x ; if it is F, then (Htp+HI;I):x = 4 = Hi:x ; finally,
if it is neither T nor F, then (Htp+HI;I):x = | = HlI:x. Thus in all
three cases our equation holds for x.

Q.E.D.

We can now prove the

COMPOSITION THEOREM If G and H are linear forms with predicate trans-

formers Gt and Ht’ then GH is linear with the predicate transformer
(GH)t = Gth.

Proof First we show that GH and Gth satisfy (L1). Let a, b, and c
be given. Then
(L1) GH (a+b;c) = G(Hta + Hb;Hc) = Gtha + GHb; GHc
by (L1) used once for H, then once for G. Thus (L1) is satisfied.
To show that (L2) is satisfied we must show that if GHi:x # L, then
Gtha:x = T for any function a. Let x be given such that GHI:x # ..
(If no such x exists, then (L2) is vacuously satisfied.) Let some func-
tion a be given. We consider two cases.
Case 1 Gi:x # L. Then by (L2), th:x = T for any function p; hence
Gtha:x = T as required.
Case 2 GI:x = 1. By the preceding lemma

HI = H.a - Hi; 1 .
Taking G of both sides gives

GH1L = Gtha - GH1; GI
by (L1) since G is linear. Now by our choice of x, GHi:x # 1 and, in
this case 2, Gi:x = 1. Therefore, if the above equation is to hold, as
it must, we must have Gtha:x = T, as required.

Q.E.D.

Examples of composite linear forms

Using the composition theorem and the linearity of basic forms with
a single occurrence of the variable, we see that all forms Hf built with
'composition, construction and condition, and having a single occurrence
of s are-linear. For example, if

Hf = foj Gf = [i,f] Ff = hef,



then ’ 2.0
FGHf = he[i,f°]]
and FGH is linear, since it is the compcsition of lineaf forms. Further-
more (FGH)tf fej = ID(ID(Htf)) since G, = Ft = ID. Similarly if
If = p>q;f ,
then
IHf = p'> q; f°]

is“;inear.and (IH)tf =p > T; feo]j = IHLT-

Partial characterization of linear forms

From the above we know that there are many linear forms Hf in which
f occurs once. Unfortunately, we have no test as yet (even i1if one ex-
ists) to determine whether a form Hf in which there are multiple occur-
rences of f is linear (many are). Such a test must probably await a
classification of forms yet to be developed. However, we can give nec-

essary and sufficient conditions for H to be linear when H has the form
Hf = p - Ef; Gf .

(It is sufficient for H to be linear to have E and G linear, and a bit
less will do,) We can also give a sufficient condition for H to be lin-

ear when
Hf = [Efle] .

(It requires that E and G be linear and have predicate transformers
that "differ only by a constant".) Although this condition is not
known to be necessary, it appears to be "close": we can prove that if
H has the above form and is linear, then the following must hold for

all a, b, and cl
[E(a»b;c),G(a»b;c)] = [(H.a ~+ Eb; Ec),(Hta ~ Gb; Gc)] .

Unfortunately, this does not mean that E and G satisfy (L1) individually
and in fact, as the sufficient condition shows, E and G need not have
identical predicate transformers as this result seems to indicate they

should, even if they are linear.

For the other ways of building a form H, we have no useful results
at this time. Thus we have no linearity test in terms of the components

of H when H has one of the following forms:

Hf = EfoGf ,



Hf = Ef » Ff; Gf | 2
Hf = /Ef
Hf = o (Ef)

In the important case Hf = EfoGf, H is not easily made linear unless
one of the forms is linear and the other does not depend on f.
In [Back79] ancther approach to studying linearity of forms with
multiple occurrences of the variable was begun. It involved the study
of forms in two or more variables, say Hfg, that are linear in each var-

iable independently and then asking, when is Gf = Hff linear?

To summarize our present state of knowledge about which forms Hf are
linear: if H is built only by composition, construction, and condition,
and has only one occurrence of f, it is linear. If Hf = p - Ef; Gf,
then H is linear if and only if E is linear when p is true and G is
linear when p is false. 1If Hf = [Ef,Gf], E and G are of the form
p>r;E'f and g—+s;G'f respectively and E; and G' are linear and Eé = Gé,
then H is linear (a simpler corollary: if E and G are linear and Et = Gt,
then H is linear). Below we give the theorems that support these re-
sults (beyond those given earlier). We begin with the case

Hf = p » Ef; Gf.

We shall need the following definition.

Definition Hf is p-linear (linear in the domain in which p is true) iff
there is an Htf such that

(L1') For all a, b, c,
p -+ H(a»b;c) = H_a » Hb; Hc

t
(L2') For all objects x, if p:x = T and Hi:x # 1, then Hta:x = T for
all functions a.
THEOREM 1 (conditional linear forms) If Hf = p - Ef; Gf , then Hf is

linear if and only if E is p-linear and G is (notep)-linear; and
Htf=p+Etf; th' B

Proof If. Let E be p-linear and G be (notep)-linear. Then
H(a»b;c) = p »:E(a»b;c); G(a-b;c)

= p > (Eta +~ Eb; Ec);(Gta + Gb; Gc)

Now the following holds for all p, g, ¥, s, t, u, v, (law V.1):
p »~ (g»r;s); (tru;v) = (p»g;t) » (prr;u); (p>s;v) .

Applying this law to the above gives:
H(a»b;c) = (p+Eta;Gta) + (p~Eb;Gb) ; (p~Ec;Gc)
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= (p»E,a;G,a) » Hb; Hc
Thus H satisfies (L1) with Htf =p - Etf; th. Now suppose that
Hi:x # L. There are two cases, p:x = T or p:x = F; otherwise HI:x = L.

If p:x = T, then EI:x # 1, hence E,a:x = T for all a. Therefore

t

Hta:x = T for all a. Similarly, if p:x = F, then Gta:x = T and Hta:x = T

for all a and (L2) is satisfied. Thus H is linear with the specified
Ht'

Only if. Let H be linear with H,. Then
(a) H(a»b;c) Hta -+ Hb;Hc

= Hta + (p>Eb;Gb) ; (p>Ec;Gc) by definition of H.

By using law V.1 cited above, we obtain
(b) H(a»b;c) = (Hta+p;p) > (Hta+Eb;Ec);(Hta+Gb;Gc)
= p - (Hta+Eb;Ec);(Hta+Gb;Gc)
(The last line follows from the fact that when H,a is undefined, bocth

t
lines give undefined.) From the definition of H we have

I

(c) H(a»b;i;c) = p » E(a»b;c); G(a»b;c)
From (b) and (c) ,

(d) p == E(a»b;c) = Hta + Eb; Ec
and

(e) notep »» Gl{a-b;c) = Hta - Gb; Gc .
Thus E and G satisfy (L1') for p-linearity and for (notep)-linearity
with E, = Gt = H,. Now let x be such that p:x = T and E1:x # 1. Then,

t t

by definition of H, Hi:x # 1; therefore Hta:x = Eta:x = T for all- func-

tions a. Thus E satisfies (L2') for p-linearity with E_ = Hy . Similar-

t
ly, G satisfies (L2') for (notep)-linearity. The required form,

a;G,a = p > H

£ t a;H,a is consistent with the above.

Ha=p~E £
Q.E.D.
We shall need the following lemma for ocur next theorem.
Lemma For all a,b,c,d,e,p,q,r,s, the following holds
[(p>r;a+b;ic), (g»s;a»d;e)] = Ppga » [(p>r;b),(g»s;d)];:[(p>xr;c), (g>s;el.

where Ppga = péq » T; a , and pég = ande[p,q])

" Proof outline We shall use laws IV.1 (in the general form given in

[Back78]) and V.1 and the fact that .g = T»q;g . We proceed to trans-
‘form the left side of the equation by these laws until it becomes the
right side. )

=p » [r,(g»s;a»d;e)];[(arb;c), (grs;adie)]
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p - (g+[r,s]l;lxr,(a»d;e)]); (g>[(a»b;c),s]l;[(a»b;c), (a>d;e)]) =29

p > (g>{r,s]l;(a»[xr,d);[r,el)); (g>(a>[b,s];[c,s]); (a>{b,d]; [c,el))
Letting [r,s] = T>[r,s]; [r,s] and applying V.1,

=p » ((g>T;a) » (g»[r,s);[r,d]);(g~[x,s);lr,el) );

((g»a;a) » (g»{b,sl;[b,d]); (g>[c,sl:[c,el) )
= (p»(g~»T;a); (g»a;a)) » (p>(g~[r,s);[r,d]); (g~[b,s];[b,dl)));:
‘ (p>(g>[r,s); [(r,el); (g s)ilc,el)))
(pég~T;a) » (p~Ir,(g»s;d)1; (b, (g+s;d)1);
(p>[r, (grs;e)]l:ilc, (g»s;e)])

Ppga > [(p>r;ib),(g»s;d)]; [(p>r;ic),(grs;e)]

S "

THEOREM 2 (constructed linear forms) Given
(a) Hf = [E'f,G'f]
(b) E'f =p > r; Ef
(c) G'f =g+ s; Gf
(d) E and G are linear with Et and Gt
(e) E,_ = Gt

t -
Then Hf is linear with Htf = p&q > T; Etf .

Proof By the above hypotheses we have
ta—+Eb;Ec),(q—>s;Gta—>Gb;Gc)] .

Using the above lemma with the following instantiations

H(a»b;c) = [(p»r;E

(theorem element - lemma variable):

(p*P)(r+r)(Eta+a)(Eb+b)(Ec+c)(q*q)(S+S)(Gta+a)[since Et = Gt](Gb+d) and

(Gec»e), we. get

H(a-»b;c)

i

Ppga -~ [(p~r;Eb), (g+s;Gb)]; [(p>r;Ec), (g>s;Gc)]
(pég ~ T; Eta) -+ [E'b,G'b]; [E'c,G'c]

Hta - Hb; Hc

It

Thus H and Hy satisfy (L1). Now suppose HI:xX # 1. Then by (a) E'L:x # 1
and G'I:x # L. Hence by (b) and (c) p and g must have boolean values
at x. Now E' is a linear form whose predicate transformer is
ELf = P-TiE.f,
since E'Ff is the composition of the linear form p-r;f and the

linear form Ef (E is linear by (d)). Therefore, since E'lI:x # 1, then
by (L2), Eéa:x = T ; thus either p:x = T or Ela:x = T. Similarly,
‘either g:x = T or Gta:x = Eta:x = T. (Both of these hold for every a.)
"Thus if pég:x = T then Hta:x = T for every a, and if pég:x = F then

Eta:x = T for every a. Thus H_a:x = T for every a and (L2) is satisfied.

t
Q.E.D.



'COROLLARY If Hf = (Ef,Gf] and E and G are linear and E_ = G, then 24
H is linear with Ht = Et = Gt'
Proof Let p =g = F in the above theorem. Q.E.D.

This concludes our partial characterization of linear forms.

The solution of linear functional equations

Sc far wa have defined linear forms and given some characterization

of them. Now we come to the main business of showing that linear

equations,

(6) f=p > q;i Hf ,

where H is linear, have a general solution of the form
(7) f=p->qg;...; ng > an;... ’

where by the right side of (7) we mean 1lim fn where

(8) fn =P > gie.as Hzp > an; I .
By the solution of (6) we mean the least fixed point of E where
Ef = p > q; Hf .

Since the bottom-up operational semantics of FP definiticns as given
earlier is not, in general, a safe computation rule for computing the
least fixed point of E (see [MNV73] and [Cadi72]), one might think the
FP function computed by '

Def f = p - gq; Hf
might be less defined than the least fixed point of E. However, when
all the functions in E are strict, as they are in FP, then the bottom-
up rule is a safe rule. Manna et al. and Cadiou do not consider this
case because the programs they treat all require the non-strict function
conditional, whereas FP functions are all strict but use the (non-strict)

functional condition. This question of the correct correspondence of

FP and least fixed point semantics was first raised and answered by

Williams. For a fuller discussion of this point see [Will80].

In our proof of the linear expansion theorem we shall assume and use

a number of standard notions and arguments about ordering of objects



and functions, about limits of increasing sequences of functions and )

O

about least fixed points of continuous functionals, etc. We shall fol-

low the treatment of these questions given in [MNV73], which the feader

maf consult for details and references. To bring the FP material into

that treatment we note that the basic ordering on FP objects x and y is
x<y 1iff x =1 or x =y. .

We shall treat an FP form Ef as a functional and assume without proof

that all FP forms Ef are continuous functionals. OCur treatment of stand-

rd issues will be rather limited.

As stated above, in order to solve (6) we want to find the least

fixed point £ of
(9) Ef = p » q; Hf .

We know that £ = 1lim EnI, but it will be more convenient to start with
p>g;L rather than with L . That is, we want to show that £, the least
fixed point of E, is the limit of the following fr'

(10) £ = EM(pvqiI) .

Now

(11) 1 < p»g;1 < E1 = p»q;HI .

Therefore
(12) E"I < EM(p-qg;I) < ENTOT .
And so we must have: 1im E"I = lim En(p*q;I) = the solution of (6).

Wit., this fact in hand we can prove the following lemma and theorem.

Linear approximation lemma If H is linear and
(13) Ef = p > qg; Hf 7
then, for all n=20,
. n - _ » n .n -
(14) E (p*qil) =P > Qiese; Hp > Hq; I .

Proof By induction on n. Now (14) holds for n=0; both sides reduce
to p+q;Ll, since for any form F, Fof = f. We assume (14) holds for nz0

and prove it holds for n+1.
+ -
E" 1(p—rq;i)

E(En(p+q;I)) by def of form composition

E(p+q;.--;H2p+an;I) by induction hypothesis

PqiH (P+q; ... Hpp-H q;I) by (13)

n+1 ‘n+1

= p+q;Htp+Hq;...;Ht p~+H q;HL by use of (L1) for H

n times



n+

M
)

=p > qiHp > Hq;...;H2+1p > H 1q; 1.
The last line follows from its predecessor, since for any object x, if
'HI:x = L, then replacing H1 by 1 makes no change at x. On the other
lhand, if Hi:x # 1, then by (L2) Htp:x = T; thus in this case the value
of En+1(p+q;I) at x is Hg:x and it does not matter what function fills
the last place in the expansion. Thus (14) holds for n+1 (for every

x) when it'holds for n=0.

- ; . Q.E.D.

Now we can prove the

LINEAR EXPANSION THEOREM Given H linear. Then the least solution of

(15) f=p > q; Hf
is
(16) £

n n
P> di...; Htp - H'g:;...

Proof By our earlier discussion [(9) (10) (11) (12)] we know that the
least solution of (15) is £ = lim En(p+q;I). From the linear approx-
imation lemma we know that

EN(prq;I) =P > Qieee; Hzp > H'g; I
And, by our definition of infinite conditicons (8), the right side of
(16) is the limit of En(p+q;I); thus it equals £, the least solution
of (15), as required.

Q.E.D.

To see that the above treatment of linear forms and the linear esx-
pansion theorem replaces and generalizes the treatment of these matters
in [Back78], it is only necessary to consider the "recursion theorem"
of that paper. It states that the eguation

f=p~9; Qf , where Qf = h [i,f°]] ,
has the solution

f=p->g;...; p°jn - Qng;... .

Now our discussion of linear forms makes it clear that Q is linear,
since it is the composition of basic linear forms, and that

Q.f = fei . '

Therefore the "recursion theorem" is a very special case of the present
linear expansion theorem for one particular linear form Q, since its

conclusion is that of the linear expansion theorem for H = Q.

The earlier discussion of linear forms shows, for example, that we

could apply the linear expansion theorem to solve (15) when H is the



form
Hf = a » fob; he[(e+d;ifeg), (i»J;ke[m,feg])]

.and 4

| Htf = a + fob; efi - T; feg

although it is not likely that H

a=R

p and an are going to be tractable

expressions unless the parameters of H conspire to make them so.

Extended definitions

Introduction

One of the principal difficulties with the FP style of programming
is that function definitions without variables are hard to read. The
problem is illustrated by the FP definition of the function f, whose

object level definition is,

(1 fi<x,<y,2>> = <<xT,y>,<T,3>> .

The corresponding proper FP definition at the function level is:
(2) Def £ = [[1,1;2],[1, 202]]

Not only is this definition less clear than (1), but also (2) really
defines an extension of the function defined by (1). For example, (2)
gives ‘

f:<a,<b,c,d>,e> = <<a,b>,<a,c>> ,
whereas the intent of (1) is that £ be undefined for this argument.

)

Thus proper FP definitions have two severe problems: (A) the compos-
itions of selector functions that replace variables are difficult to
read as compared to (1), and (B) the FP definition does not properly
limit the domain of the defined function unless a cumbersome explicit

condition clause is introduced.

We propose here a new style of FP function definition, called extend-

ed definitions that (a) provides the readability of (1) and (b) limits

the domain of definition in the manner of (1), while at the same time
the new style remains at the function level and provides an immediate

algebraic law about the defined function. For example,
(3) xdef folx,[y,2]] = [[z,y],[x,2]]

is an extended definition that defines precisely the same function as (1).
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That is, f is undefined unless its argument has the form indicated in (1)

' The principal difference between (1) and (3) is that z, y, and z in (3)
are function variables (whereas in (1) they are object variables) and (3),
like (2), is a function level definition, but is as readable (with some

practice) as (1).

The extended definition (3) holds for all functions x, y, and z; thus
it serves not only as the definition of f, but also as a very useful
algebraic law about f. 1In most FP programs g that use f, f will occur
in a context such as

folr,[s,t]]
where r, s, and t are particular functions used to construct the three
parts of f's argument for this use within the program g. Thus in reason-
ing about g, one can use the extended definition of f as an algebraic
law and replace the function feo[r,[s,t]] by [[x,s],[r,t]] in the func-
tion g, just as one can use (1) as a law about objects that allows one
to replace the object f:<x,<y,z>> by the object <<x,y>,<x,z>> . Of
course, in reasoning about programs, it is more directly helpful to be
able to replace one subprogram by another than it is to be able to re-

place one object by another.

Another important requirement that extended definitions must meet is
that they can be easily converted into proper, variable-free FP defini-
tions. We shall carefully define extended definitions and prove that
the function they define is the same as the function defined by a cor-
responding proper definition, and that the function defined by the prcper
definition satisfies the extended definition equation for all values of
the function variables of the extended definition. This last will guar-
antee that the extended definition serves as a universal algebraic law

for the defined function.

Before looking at the general form of extended definitions, let us
consider some further examples, along with the proper definitions of the

functions they define.
xdef lastoco[x,y] = nulley -+ z; lastoy

In this definition, last is defined only when y produces a seguence;
when y does not, last will "see" 1 and produce 1; when y does, last will
"see" a non-empty sequence whose first element is produced by =z.

Thus z "names" the function that will produce the first element of

(53]
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‘the argument of last, and y "names" the function that will produce
the tail of the argument. This extended definition is the eguivalent
.0f the following proper definition.

Def 1last = p » (nullotl > 1; lastoetl);:
where p = eqge[ce[1,tl],id] 1is the predicate formally needed to assure
that last will be defined only fcr non-empty sequences (in this instance

it is redundant). One further example:
xdef folx,x] = gox

This defines a function on pairs whose elements are required to be ecual.

The corresponding proper definition of f is
Def f = ege[[1,1],1id] » ge1; 1 .

Observe that extended definitions can be changed into object level
definitions by changing "o" to ":" and square brackets to angle brackets.

Thus the above example becomes
fi<x,x> = g:x

As the above examples indicate, the general form of an extended def-

inition for a function symbol f is

(4) xdef f°Ex1...xn = fo1...xn '

where E and F are suitably restricted forms in LyeeX (F may have an
additional variable, which is replaced by £, when the definition is re-
cursive). Our examples also indicate that we.have two implicit assump-

tions about (4) that we can make explicit as follows:

Assumption 1 - If, for some functions Xgee X and some object vy,
. = . v o .=
(Ex1...xn).y L and (fo1...xn).y #¥ L, then (£ Ex1...xn).y L,

that is, £ is to be strict, even if (4) indicates otherwise.

Assumption 2 For any object z, if z cannot be produced by
(Ex;...x ):y = z for any functions Xy...%x_and object y (thus f will
" such a z in (4)), then f:z = 1, that is, £ is to be de-

fined only for arguments that f£f can "see" in (4).

never see
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Now it is not certain that (4) with the abcve assumptions defines any—" -
thing at all. However, we shall confirm that it does. First we shall
define

a) distributive forms

b) invertible forms

c) range predicates p_, of a distributive and invertible form E.
Then we shall say that (Z) is an extended definition if

a) Ex1...xn is distributive and invertible, and

b) fo1...xn is distributive in LgeesZ
and that (4) defines the least function f that (i) satisfies

o f =—‘of £ e Py
(5) foEf,...f = TeBf ...f_ > Fff, ...f ;I

for all functions f1"'fn ({5) already incorporates assumption 1) and

(ii) satisfies assumption 2.

Finally we shall prove (the extended definition theorem) that every
function that satisfies (5) plus assumption 2 also satisfies the follow-
ing equation (and vice versa).

(6) 4 f Pp ~ F]s1...sn;¢
where Pp is the range predicate of E and Sq...85  are certain "inversion

functions" associated with E.

Thus the extended definition theorem asserts that extended defini-
tions (4) define the same function that is defined by the proper defini-

tion (6) that is directly obtained from the extended definition.

(The discussion of extended definitions in this paper covers some of
the work on this subject that will appear in a paper being prepared by
the present author and S. W. Smoliar. In the latter paper definitions
will be further extended to allow the introduction of new function vari-
ables in the predicates on the right side of a definition,'variab;es

whose scope is the consequent of the predicate in which they appear.)

The following more formal treatment is accompanied by examples illus-

trating the definitions and issues involved.



Formal description and justification of extended definitions

Definitions and examples

(a) Distributive forms

If Ex1...xnv1...um is a form, then it is said to be distributive
in (the variables) v,...v_ 1ff

.(Ef1...fng1...gm)oh = Ef1...fn(g1oh)...(gmoh)
holds for all functions f1"'fn assigned to the non-distributive vari-
ables LgeeoZ o all functions 979, assicned to the distributive vari-
ables VgV and all functions h. If Ex1"'xn is distributive in
Tqeee s then we say that Ex1...xn is simply distributive.

Examples of distributive forms

!

Exy = re[gox,y]
Fxy = pox -+ hox; gelx,y]
Gxy = [z,y] (for some object z)

The above are distributive forms (in both x and y).

Exy = xoy
Fxy = xo[y,g°y]
Gxy = [xz°z,hey]

The abcove forms are distributive in y but not in zx.

Exy = p > xiy

Fxy = [p,gex,hey]

Gx = ax
Here E and F are not distributive in either variable unless p is a con-
stant-valued function; if it is, both are distributive. G is not dis-

tributive.

As the above examples show, a form Ex1"'xnu1"'vm is distributive
when the only variables or functions in E that "see" the argument of
E directly are either distributive variables or constant-valued func-
tions. Note that Ezy = z is distributive in y as well as in . It is
clear that if Ezy...x ~ is distributive and if E,...E_are each dis-
ﬁributive in VyeosV s then EE1...En is a form that is distributive in
ORI

(B) Invertible forms

A form Exj...z is invertible for x. iff there is an inversion

...f

function si (for{xi in Ezx 1 n

1...xn) such that, for all functions f



ToEf ...fn > sioEf .. = f_. . 5o

t(Recall that T is a strict function, thus the qualification is that
Ef1...fn be defined.) If Ex1...xn is invertible for all variables
Tgew®y (by 51...sn), we say that Ex1...mn is invertible.

Examples of invertible forms

_Exy = [x,y]

E has inversion functions s1 = 1 (for z) and s, = 2 (for y).
Fry = co[z,y]
has inversion functions Sy = 1 and 32 = tl.

Gxyz = [x,coly,z]]

has inversion functions Sq = 1, s, = 102, and s3 = tlo2.
Hr = [z,x]
has two distinct inversion functions for g: sy = 1 and s% = 2.
Ixyz = distloe[z,[y,z]]
has inversion functions s, = 11 or s; = 102, S, = 2.1, and Sy = 202.

(C) Range predicates of a form

Let Ex1...xn be a distributive and invertible form with inversion

...S_. Then

functions s
1 n

PE = er[Es1...§n, id]

-

is a range predicate for the form Ex

RN (which has the property that

Ppix = T if there are f1"'fn and object y such that x=(Ef1...fn):y).

Examples of range predicates

Exy = [x,y]

il

has Pg eqe [[1,2],1id]. Note that Ppi2 is 1L for z an atom or a sequence
of length 1, Pp:2 is T for pairs and F for longer segquences.

Fxy = [x,y,x]
has two distinct range predicates since there are two inversion functions
for =z, s1 = 1 and si = 3. Thus we have

Pp = eqe[[1,2,1],1id] and p% = eqe[[3,2,3],1id]
Of course, by definition of range predicates, it is not possible to use
different inversion functions for z in the different positions in which
it occurs in F, thus

eqe[[1,2,3],1id]

is not a range predicate for F.

Observe that Ppi<u,v> = F, whereas pé:<u,v> = 1. Hence there may be



‘some ambiguity about the range predicate for a form. However, wc shall
use range predicates Pg only to restrict the domain of definition of a
‘function, that is, only in the context

Pg £:1 .
In this context there is no ambiguity. If P and pé are two range pred-

icates for E, we prove that
Pg ” £;1 = Py > £;1 .

Since a form E has distinct range predicates only when it has distinct

inversion functions for a variable, the following theorem suffices:

THEOREM Let Ex1...xn be distributive and invertible by Sq---5,- Let
s. and s! be inversion functions for x.. Let e = Es,...S....s and

1 i 1 1 i n
e' = Es1...si...sn. Let Pp = ege [e,id] and pé = eqge [e',id]. Then, for
any £,

Pp £; 1 = pé > f£; 1 -

proof It suffices to show that for any object vy, pE:sz iff pé yv=T
By symmetry, we need show this in only one direction. Sc we let
pE:y=T and prove that pé:y=T. 1f pE:y=T, then by definition of Pgr

e:y=y or
(@) ey =¥

By distributivity of E,

b) eoy = Es1o§...sio§...sno§ .

Since si is an inversion function of E,

-O Q— - IO O— 0- O— = O'—-
(c) Toegoy - s; Es1 Ye.:8;°Y...8_°y S;°Y -
Or, using (b),

Toooy Yopoy = v
(d) Tee Yy »> sjcecy s;°Y .
But, from (a) we obtain

(e) sioeo§ = si°§ .

Now since by (a) e°y = y, we have Toeoy = Toy = T (since y cannot be 1L
since Py = T). Therefore the qualification of (d) can be dropped and
from (d) and (e) we have

(£) si°§ = sio? .

Therefore, replacing sio§ by Si°§ in (b),

(g) ee°y = Es1°§...si°§...s oy = e'oy .

n .
./ And from (a) and (g) we get e'cy = y, hence e':y = y. Thus pé:y = T,

as required. Q.E.D.



(D) Extended dcfinitions ’ 2o

Let Ex,...x be distributive and invertible. Let F”x1...x be dis-
]

-tributive 1in Lgee Then

(7) xdef fOEx1...xn = fo1...mn
is an extended definition of the function symbol f. It is understood

that the function f defined by (7) is the least function that satisfies,

for all functions f1"'fn’

(8) feBEfy...f = ToEf ...f > Fff ...f_ ;

1
-

and that satisfies also the following conditicn:

(9) For all objects z, £f:z # 1 implies that there are functions

f1"'fn and an object y such thét z = (Ef1...fp):y

Together, the requirement that £ satisfy (8) and (9) guarantees that

f satisfies assumptions 1 and 2 given in the introductory discussion.

Example of an extended definition

xdef golx,y] = eqOcx » y; geo[sboex,multe(y,x]]
(where sb is subtract 1 and mult is multiply) defines an iterative
function such that go[id,T] is the factorial function. The proper def-
inition of g is

Def g = ege[[1,2],id] - (eg0e.1 = 2; geo[sbel,multe[2,1]]); 1

The extended definition theorem

It is convenient to prove the following lemmas before we come to

the main theorem.

Lemma 1 (qualified substitution) Given:

“(a) Ex1...xnv1...um distributive in Vqeeev

(b) p -~ gl = g]‘-
Then, for all f1“'fn’ gq+-+9 ¢

m
for some i in [1...m] .

(c) p > Ef1...fng1...gi...gn =vEf]...fng1...g....g

Proof Let fl"'fn' 91+ be given and let (b) hold for 95 and g;.
Let x be any object such that p:x = T. Then gioi = gioi by (b). And



(Ef1...fng1...g....g

= Ef1...fng1

'.l
s
€
i

l,.l

)
X...9.°%...g_ oX = (Bf,...f 91...g....gn)0§

by the distributivity of E. Thus (c¢) holds for any x for which p:x=T,

as required. . Q.E.D.

t
Lemma 2 Given:

(a) Ex1...xn distributive and invertible by Sqe--S, -
(b) foﬂ"'xn distributive in TyeesZp
Then, for all f, f1"‘fn ,
T £ o (E = F .
(c) TOEf1...rn > (Ffs1...sn) (Ef1...fn) ff1.. fn , and
To o (EF = Ef £
(a) T Ef1...fn > (Es1...sn) (h*1"'fn) Bf .. E )

Proof Let f1"'fn be given. Let e = Ef1...fn. Then, since E is invert-
ible,
(e) Toe »-» sioe = fi
And since F is distributive in
(£) (Ffs
Then, applying lemma 1 to (f) and (e) n times gives
(g) Teoe -~ (Ffs1...sn)oe = Fff1...fn .
This establishes (c); and (d) is a special case cf (c} since E is

1ncon,
1...sn)oe = Ffs1oe...snoe .

distributive. Q.E.D.

Lemma 3 Given: Fof >+ gof = wof . Then geof = wof .

Proof Let x be given. If f:x is defined, then wof:x = geof:x,

by the hypothesis. If f:x = ., then both sides of the conclusion give 1.
Q.E.D.

Lemma QA Given:

(a) EC,...x distributive and invertible by Sq---5, -

‘ n
(b) p a range predicate for E: p_ = ego[Es,...s_,id] .
E E 1 n
Then, for any functions f1"'fn’

" (c) pEoEf1...fn = ToEf1...fn

Proof Let f1"'fn be given. Let e = Ef1...fn. Then
(d) Pp°e = eqo[Es1...sn,1d]oe = eqo[(Es1...sn)oe,e]
= eqo[Es1oe...snoe, e] .
Let Hx, ...z y = eqe[Exq ...z ,yl- Then H is distributive and, by (d),
(e) Pgoe = Hs ce...s ce e
Since E is invertible,

(£) Toe »»> sjce = fi



Using lemma 1 n times with (f) and the right side of (e) gives

(g) Toe -+ Ppee = HL,...f e = eqe{e,e] = Toe

.By lemma 3 we then have

(h) pPgee = Toe . Q.E.D.

EXTENDED DEFINITION THEOREM Given:

(a) Exi"’xn distributive and invertible by s1...sn.
(b) fo1...xn distributive in TqeeeTy

(c) Pp & range predicate for E
Then, for any function £, f satisfies (10) for all functions f1...f

and f satisfies (11) if and only if f satisfies (12), where

n

(10) FeBL,...f = TeEf ...f -~ Fff ... £ i

1

(11) For all objects x, f:x # 1 implies that there are functions

f1"'fn and an object y such that x = (Ef1...fn):v .

<

(]

e = .
(12)  f = py > Ffsy...s_

Proof Only if: Let f satisfy (10) and (11). Let Hf = Ffs

10 -Sy-
Let e' = Es1...sn. Then, since f satisfies (10) for all f1"'fn’ it

satisfies (10) for Sq---5,- Thus f satisfies

(d) fee' = Toe' » Hf ; 1
Now I = loe' and by lemma 2, Toce' -»> Hfoe' = Hf, therefore we can
replace Hf by Hfee' in (d) since the gualification Tece' will always
hpld. Finally, by lemma 4, Toe' = pEoe‘. We can thus rewrite (d) as

(e) £foe' = pEoe' +~ Hfoe'; loe'
Now, since Pp = eqge [e',id],

(£) Pp e' = id
We want to use the qualified substitution lemma to replace e' by id in
(e); to do so we need a distributive form. Let Wx = Ppo% Hfox;lox .
Then W is distributive and (e) becomes

(g) foe' = We' .
Applying lemma 1 to both sides of (g) usiag (f) gives Pp > foid = wid,
that is, using the definition of W and the properties of id,

(h) Pp f = Pp Hf; 1 .
We now assert that .

(i) For all objects x, f:x # ; implies PpiX = T .
To see that (i) holds, let f:x # .; then by (11) x = (Ef]...fn):y for
some functions f1"'fn and some object y. Since f:x # 1, x # 1 (f is
strict), hence (TbEf1...fn):y = T. Thus by lemma 2, (e'oEf1..‘fn):y =
(Efq...fp):y. But (e'°Efq...f,):y = e':(Efq...f, : y) = e':x. And so

W

G
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e':x = x and pgix = T. Tnus (i) holds as claimed.

()

Now the contrapositive of (i) is
(j) For all x, if Ppi¥ # T, then f:x = .

Together (h) and (j) show that the unqualified eguation
(k) £ = Pp ~ Ef; I

=~

holds for every object x, for if Pgpix = T, then (k) holds by (h); other-

wise it holds by (j). This completes the only if part of the proof.

If Let f satisfy (12). We want tc show it satisfies (10) for all

f1"'fn and that it satisfies (11). Let f1"'fn be given. Let

e = Ef1...fn. Let Hf = Ffs1...sn as before. Then if we compose e with
both sides of (12) and distribute it on the right side by law II.1, we
have

I

(1) foe Pgee ~ Hfoe; Ioe

[

Since ice =
(m) foe
By lemma 2

(n) Toe »» Hfee = Fff,...f .
. n

» and by lemma 4 pgoe = Toe, (1) becomes

Toe - Hfoe; I.

Since Hfoe in (m) always meets the qualification of (n), we can use
(n) to oktain the following from (m).

(0) foe = Toe » FEf,...f 5 T .
Thus £ satisfies (10) for arbitrary f1"'fn' Now let x be such that
f:x # 1; then by (12) PpiX = T and hence (EST°“Sn):X = x. Therefore
there are functions Sqe--S and object x such that x = (Es1...sn):x,
as required by (11), thus f satisfies (11).

Q.E.D.

Related Work

It is not possible to even mention here all of the many articles
concerned with proving theorems about programs, or even, more narrow-
ly, those concerned with transforming programs from one form to another
without changing their meaning. I believ2 the complexities of conven-
tional, von Neumann programming languages make it unlikely that proof
or transformation methods designed for them will ever become practical
for the programmer to use himself without the aid of automated systems.
In any case the flavor of most work on proof £echniques for von Neu-
mann languages (much of the best of it is based on the axiomatic ap-
proach founded by Hoare [Hoar69]) is very different from the approach
proposed here. Therefore we shall discuss only work directed toward

proof or transformation of purely functional programs.



Much of this related work concerns proofls about recursively defined
functions; its foundaticns lie principally in the work of Church |
[Churt1], Curry [Curr58], Kleena [Klee52], and Scott [Scot70]. Among
the early work in the field is that cf de Bakker [deB&S69], Burstall
[Burs69], Floyd [Floy67], Manna and his associates [M&P70], McCarthy
[McCab3], J. H. Morris, Jr. [Morr71], Naur [Nauré6], and Fark [Park69].

Much of this work is well summarized in [MNV73].

In contrast to most work on proof and transformation methods for
recursively defined functions, the apprcach here attempis to provide
orderly methods for proofs about non-recursively defined, as well as
about recursively defined ones, within a unified algebraic system cap-
able of expressing many useful general theorems about both kinds of A

functions.

Recently there has been a rapid increase in work on the relationship
of functional languages and new computer architectures. In view of its
rapid growth and small overlap with the work reported here, I shall

leave discussion of it to a future paper.

F. Y. Rafmond [Raym75] [Raym77] has developed, independently ard
earlier; an interesting algebra of functions having many similarities
to the present FP algebra. He has made a somewhat different use cf
his algebra than we have of ours (one of his results is a generaliza-
tion of the well-known Bohm & Jacopini "factorization" theorem [B&J66]).
Two minor differences: (a) his set of functionals seem to make it dif-
ficult to express functions of the form fo.[g] and (b) he includes
in his set of functionals the operator S1 that depends on a "contexte";
this differs again from the approach here. Nevertheless, his axioms
have much the same consequences as the FP algebraic laws of [Back78].
His algebfa is constructed from a more abstract basis, whereas the
FP algebra, developed later, grew out of the FP calculus begun in
[Back73]. The algebra sections of [Back78] were written without know-

ledge of Raymond's work.

There is an interesting and as yet not precisely determined relation-
éhip between the linear forms of this paper and the linear recursion
schemas in [W&S72]. Here we have defined linear forms H in terms of
the semantic properties of H, and then characterized such forms, in-
completely, by their structure. Théy, on the other hand, characterize
linear schemas structurally in a style fairly different from ours.

Nevertheless, it seems that there is a one-one relationship between our

0))]
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lirear forms and their linezar schemas. Our purpose 1

m

to formally solve 3%
linear equations in order to facilitate reasoning about the functions

they define. Their éurpose is to characterize those sciiemas that are
flowchartable, and they show that many non-linear schemas as well as

linear ones are flowchartable. Flowchartability of schemas involves

quite different issues than solvability of eguations in our sanse; many
flowchartable schemas denote infinitely-branching unwound processcs

that do nct have tractable formal sclutions; however, [Will€Q] gives

useful formal sclutions for two classes of non-lineaxr equations.

Perhaps the most elegant work on transforming functional programus
is that of Burstall and Darlington [BED77]. By their "folding" and
"unfolding” methcds they are often able to prove two recursively defined
functions equivalent in a simpler way than is possibhle with other metih-
ods. It appears that their methods and our algebraic approach comple-
ment each other nicely. Although they tend to reason at the object
level, it is usually a simple matter to restate their arguments at the
function level. The use of algebraic laws and theorems can then some-
times help in making precise the arguments required at certain steps
i a trensformation. If used with care, the algebraic approach may

ip clarify questions about the domain in which an eguation hoids.
Since elgebraic equations preserve termination properties (i.e., f=g
means £ and g are both defined or undefined together), it may be possi-
kEle to develop an algebraic modification of the folding-unfolding meth-
od that preserves termination properties, which is not presently the
case.

The algebraic approach may sometimes help with another difficulty
in the folding-unfolding method. It is sometimes easier to define the
final function (that is, the target of a set of transformations) than
it is to invent just the right definitions and instantiations (relating
the original and final functions) that form the basis of the method.
In such a case it may be possible to use the linear expansion theorem
or a non-linear extension of it [Will80] to solve the equations for the
original and final functions and then use the solutions to prove the
desired relationship between them. This approach may help in another
way: it may make clear that the proposed final function is not equiv-
dlent to the original in certain special cases. The identification cof"
these cases is often the most troublesome part; after the adjustment of
the proposed final function, the proof'of equivalence is then often

" not difficult, whereas getting the right proposal is hard.
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In [Burg73] Burge prepcses some interesting multi-perameter functioit-

als in the lambda style that arc uscful for bullding programs at the

function level and that go beyond the usual functionals employed in

the lambda style (e.g., "map" "maplist"). Such functionals are partic-

ularly useful in the area of "streams", where Burge uses stream functions

in place of objects and hence must combine functions instead of objects
In addition to the work discussed above, there is a great amount of

work on automating proofs about functional programs using various theo-

rem-proving or proof-checking techniques. Important efforts of this

kind include the work of Milner and his colleagues on LCF [Miln76],

that of Guttag, Horowitz and Musser [GHEM78] on theorem proving in

equational systems using rewrite rules, and that of Boyer and Moore

on proving theorems about LISP functions [BEMT7S¢]. In addition Lhere

are many extensive efforts to create better languages and better fcun-

dations that will simplify the problems of reasoning about programs.

Important among the latter are the work of the ADJ group on initial

algebra semantics [GTWEW77], that of Burstall and Goguen on the use

of theories for making specifications [B&G77),[BEGBO], that of Arbib

and Manes on partialily additive semantics and canocnical fixed points

[pEM79], [AEMBO], and that of Turner on SASL [Turn79], [Turn7Yaj.

A1l of the last-mentioned work is too diverse and it is still too
¢arly to be able to say much at this point about its relaticnship with
the present work. A few remarks are possible, however. OCne point is
the - rauch of this related work is based on theories that are stronger
than the kind of limited equational theory we are trying to develop
and hence can prove theorems that cannot be proved in our algebra
(e.g., [Miln76],[B&M79]). Eowever, it is likely that equational theo-
rem provers such as those discussed in [GHM78] and [Muss78] will be of

help in proving theorems in our algebra.

There seems to be a close relationship between the partially add-
itive functions of [A§M79] and the functions on sets proposed by Martin
[Mart80] that develop an FP-like style in a new domain. We hope to

study this relationship in the future.

There is also the question of the possible value of looking again
at some of the above related work that presently uses an object level
approach from a viewpoint that emphasizes the function level more.

In particular, the work on data types in [GHM78] and elsewhere and the

FP algebra of programs seem to complement each nicely and have the pos-

-(‘.\.“
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sipility of together producing some simplificaticr in the work on data

types.
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