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1. Introduction 

This paper identifies a fundamental difficulty with the practice 

of programming whose source lies at the deepest levels of our thought 

processes and in the foundations of the languages we use to express 

programs. Why does planning a program at a high level involve so many 

inappropriate details? Why are programming languages, and the concept 

of "program" itself, so complex, so lacking in mathematical elegance 

and power? Why is it so difficult to analyze programs to determine 

their effect? Why are there almost no general theorems that relate 

the structure of a program and its behavior, no theorems to guide us 

in choosing the proper structure of a program and to help us prove 

its correctness? Why, instead, do we find only correctness proofs 

that apply to individual programs? 

We present evidence to show that the answer to many of these 

questions is closely connected with our concept of what a "program" 

is. That concept is largely determined by the choice of "program 

domain" that "programs" map into itself. Thus conventional, von 

Neumann programs are those that map stores into stores, a "von 

Neumann store" being a set of name-object "cells"; thus the concept 

"von Neumann program" is determined by choosing t he program domain 

to be the set of "von Neumann stores". 

Once the concept of "program" is essentially determined by 

the choice of program domain, the remaining basic question for a 

programming language is how programs are to be constructed. The 
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modern answer to this question, suggested by the work of_ Scott and 

Strachey [ ] , is that programs are built from primitive entities 

by "operations". For example, identifiers, numbers, and other entities 

are common primitives; the expression "a+b" is built from the ex­

pressions "a" and "b" by the operation"+", and the program "while b 

do p" is built from the expression "b" and the program "p" by the 

operation iterate. 

Thus the most important components of a programming language 

are, first, the "programs" it represents (and these are determined 

by the choice of "program domain"), and second, the entity- and 

program-forming "operations" used to build its programs. These 

two components are relatively independent; once a program domain 

is chosen and hence the class of programs is determined, there is 

still a wide (and relatively unexplored) choice of operations that 

can be used to build programs from the primitives. 

This paper has two main theses. The first depends on the 

existence of program-forming operations that are both powerful 

program-builders and at the same time obey interrelating algebraic 

laws. A set of such pair-wise "strongly algebraic" program-forming 

operations was exhibited in an earlier paper [ ]; I refer pri­

marily to the basic set of operations, called "functional forms": 

composition, condition, and construction. The first thesis is that, 

if strong theorems are to exist about large classes of programs, 

then programs must be built by a strongly algebraic set of operations. 

The fact that strong theorems do then exist is illustrated by the 

general solution of "linear" functional equations and its depend-

ence on the algebraic laws satisfied by the program-forming operations 

involved (the treatment of linear equations comprises the last section 

of this paper). 

The second thesis is that the choice of "program domain" and 

hence of the class of "programs" can limit the choice of program­

forming operations so that it becomes difficult, perhaps impossible, 

to find a sufficiently algebraic set of operations (for building 

the chosen class of programs ) to make possible the proof of useful 
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theorems about large classes of programs. 

The evidence for these two theses that we present in the paper 

comprises a number of results of interest in themselves: 

(1) Any von Neumann language L can be extended to a non-von 

Neumann, functional language L* so that the programs of L form a 

tiny subset of those of L*. 

(2 ) The extension of the notion of "program" from that of L to 

that of L* is effected simply by extending the domain of L 

(stores) to form the program domain of L* (by forming the set of all 

stores, storeable objects, and names of Land then forming the closure 

of this set under cartesian products). 

(3) The non-von Neumann programs of L* have a more direct inter­

pretation than the programs of L. 

(4) The entities of L (constants, variables, expressions, assignments, 

and programs) all have images in L* that are programs of L*. 

(5) The entities and, at the highest level, programs of L tra­

ditionally require a considerable variety of types and of entity­

forming operations. 

(6 ) The larger, but simpler class of programs in L* can be built by 

four program-forming operations plus recursive equations. 

(7) This set of program-forming operations in L* form a strongly 

algebraic set; those of L do not. 

(8) The operation "construction" plays a fundamental role in L* but 

cannot be used in L because it alway s constructs a non-von Neumann 

p rogram. 

To illustrate the use of the program-forming operations in L* 

we show how they can be used to construct the L*-images of the entities 

of L. 
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Included in our comparison of Land L* is a discussion of the 

reasons why the L*-concept of "program" is disturbing and difficul t 

to accept. They relate to our profound conditioning by our use of 

natural language, by our use of a name to stand in the place of the thing 

it refers to. This conditioning is reflected in our mathematical 

notation and thought; it is the basis for our choice of the domain 

that defines "von Neumann" languages, for the role of the "von Neumann 

store" is to preserve our traditional naming practices. 

Despite the mental anguish many computer scientists may suffer 

in moving from the thought-world of von Neumann languages like L to 

the thought-world of non-von Neumann languages like L*, I believe 

that the comparison below will show that it is the tradition-dictated 

choice of the domain of L -- the set of von Neumann stores -- that 

has led us into a complex, un-mathematical world, that of conventional 

languages. I believe the comparison shows the difficulty, perhaps 

impossibility, of creating reasonable order in the constrained 

L-world, and the strong possibility that in the richer L*-world 

"programs" can become elegant mathematical objects subject to some 

very practical and far-reaching theorems. 

Following the sections on Land L* there is a section that 

discusses the power and the difficulties of the program-forming 

operations for lambda-calculus-based languages. Then comes a 

brief review of functional programming as a prelude to the final 

section. The latter develops the notion of "forms", abstract 

program-forming operations in one or more variables, in an FP 

setting. 

This final section defines "linear" forms Hf in the variable f 

to be those for which there exists a corresponding form H
1 

such 

t hat, for all functions (programs) a, b, and c, the following 

holds: 
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We then consider "linear" equations of the form 

( 1 ) f = p ➔ q; Hf I 

where p and q are any programs, Hf is linear and I-preserving 

(i.e., HI= I, where I is the everywhere-undefined program), and 

the program p➔q;r applied to an object x, written (p➔q;r) :x, yields 

q:x if p:x is "true", or r:x if p:x is "false", and otherwise yields 

L. We prove that the least solution f of any such equation can be 

expressed as an "infinite conditional": 

( 2) n n f = p ➔ q; H1p ➔ Hq; ... ; H1 p ➔ H q; ... 

where H1 is the "predicate transformer" associated with the linear H. 

This solution not only gives a case-by-case description of the map-

ping represented by f (that is often of great value in proving the 

"partial correctness" off), but also provides necessary and sufficient 

conditions for the termination off. 

The recursive definition (1) off and its solution (2) apply to 

any language that has (a) the program-forming operation condition 

(that maps programs p, q and r into the program p➔q;r), and (b) con­

tinuous, linear and I-preserving program-forming operations H that 

map a program f into Hf. Given any such linear and I-preserving forms 

Hf and Gf, it is shown that their composition HGf = H(Gf) is also 

linear and I-preserving, and that the predicate transformer (HG) 1 of 

HG is the composition of their individual predicate transformers H1G1 . 

This section also shows that the basic program-forming operations 

of L* -- composition, condition, and construction -- are linear in all 

of their variables by virtue of the algebraic laws that interrelate 

them. Thus a great many forms built by composing the basic program­

forming operations are linear, consequently the above "linear ex­

pansion theorem" applies to a great many recursive definitions in L* 

as well as in FP. 
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2. Basic concepts and goals of programming languages 

The main purpose of a general purpose programming language is 

to allow its users to express any algorithm of a large class clearly 

and concisely. The concepts it employs should also comprise a power­

ful set of intellectual tools to help users think about algorithms 

at the highest possible level. Programs should be mathematical ob­

jects in the sense that it is possible to state and prove useful 

theorems about large classes of programs, rather than just theorems 

about individual programs. 

There are two common meanings of "program", one refers to a 

mapping or function, the other to a representation of such a map­

ping, some finite object that "represents" the mapping. Thus a 

program in the first sense is an infinite object, in the second, 

a finite one. There may be many program-representations that 

represent the same program-mapping. In the following I shall 

use "program" to refer primarily to mappings but also to represent­

ations. A subsequent section shows how this ambiguity can be tolerated 

without much confusion. 

If programs are to be freely composed they must all have the same 

domain and range D. When we say that "pis a program on D" we mean 

that if xis any element of D, then the result of applying p to x, 

written "p:x", is an element of D. Following Scott [ ] , we include 

partially defined programs in the term "programs on D11 by assuming that 

any domain D has an element "undefined" or ''i", such that p:x = i 

if pis "not defined" for x; we also/'§e3tft~m~uitable partial orderin<J 

on D and that each program is a continuous mapping of D into D. 

Furthermore, if pis a program on D and Dis a subset of D' , 

then p on D corresponds to a unique p' on D', an extension of p, 

such that p:x = p' :x for all x in D and p' :x = i for all x in 

D'-D. In this situation we shall speak of the program p on Das 

if it were also a program on D', where in the latter case we really 
mean its unique extension p'. 
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We shall think of a programming language as having two main 

components, the first being the class of all programs -- continuous 

functions -- on some domain D; it will presumably contain representations 

for all programs on D. The other principal component of a program-

ming language is its set of operations used to build programs. 

If the concept of "program" is to become an elegant ~athernatical 

one -- rather than the complex mess it is now then I. be.li.eve that 

the following points must be accepted: 

(a) To each domain D there corresponds a concept of "program", 

namely, the set of programs on D. 

(b) If the concept of "programs on D" is to be simple and 

powerful, then the constructions used to build D must be simple 

and powerful. D should be closed under these constructions. 

(c) Programs on Dare constructed by a set of program-forming 

operations, each of whose arguments is a program on Dor an element 

of D. 

(d) Finally, and most importantly, the set of basic program­

forming operations should satisfy algebraic laws that interrelate 

their properties. The extent and power of these laws will deter-

mine the degree to which there exist general theorems about "programs". 

Points (a) and (b) are already widely accepted, at least in theory, 

as a result of the work of Scott and Strachey [ ]; but (c) and 

(d) are less widely accepted. The consequences of this general view 

for language design, including the last two points, have not been 

generally understood and so far it has had almost no impact on the 

practice of language design. In particular, few computer scientists 

have recognized the promise and practical importance of having a large 

body of general theorems about the behavior of large classes of programs, 

where each class is determined by the structure of the program-forming 

operations used to build programs in the class. Such general theorems 
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could be used by programmers both to guide their choice of structure 

for a program and to prove its correctness. Our failure to recognize 

the benefits of such theorems results from the fact that few such 
~ v ""::ii ll4,. t • -I'--•~ -f - , , 

theorems exist for the programs of most languages, since· their ·~' a:.2.<-4,----c.<-

program-forming operations obey almost no useful algebraic laws. ,L-~ 

The viewpoint we are advancing emphasizes three levels in con­

structing a programming language, level O being a domain D, level 1 

being the programs on D the continuous mappings of D into itself, 

and level 2 being a set of continuous program-forming operations 

that map tuples (composed of programs on D and elements of D) into 

programs on D. We shall see that there are important program-forming 

operations for building programs on a well-constructed D that are 

inadmissable for building programs on a poorly constructed D'. Thus 

it becomes intuitively clear that our hope of having program-forming 

operations at level 2 that obey simple and powerful algebraic laws 

depends heavily on the proper construction of D at level O. 

3. Programs as mappings vs. programs as expressions 

So far we have tended to identify "programs" with "mappings" 

[abstract programs]; we shall also want to think of programs as 

finite expressions [concrete programs]. Our purpose here is to 

sketch a correspondence between abstract and concrete programs so 

that when we speak of building "programs", either sense of the word 

can be used and yet give closely corresponding interpretations. 

We assume there is a set R of finite expressions [R may be a 

a subset of D] such that each r in R represents some abstract program 

pin P = [D + D]. (There may be many expressions r that represent a 

given p.) We let p map each r into the pit represents: p E [R + P]. 

We write r~r• when rand r' represent the same program p, i.e., when 

pr = pr' = p. 

If we identify the notion of an abstract program p with the 

equivalence class of expressions in R that represent p, then we can 



-9-

speak of this "program" usually without caring whether p, or the 

equivalence class, or some expression in it is meant. It remains 

now to establish a similar correspondence between abstract-program­

forming operations and concrete-program-forming operations; we shall 

then be able to use both "program" and "program-forming operation" 

in either sense without confusion in most contexts. 

Program-forming operations take one or more arguments that are 

either programs on, or elements of, D. Thus if TT is an abstract­

program-forming operation, its arguments are either abstract programs 

or objects: TT E [(PuD)n + P]. Similarly , a concrete-program-forming 

operation TT maps concrete programs or objects into concrete programs, 

thus TI belongs to [(RuD)n + R]. But TT must also be faithful with 

respect to the way expressions r represent programs: if r~r•, then we 

must have n( ... r ... ) ~ TT ( ... r' ... ); that is, the program represented 

by TT ( ... r ... ) does not change when r is replaced by another represent­

ation r' of the same program. 

For each abstract-program-forming operation TT there is a cor­

responding concrete-program-forming operation TT, so that, if TT builds 

p from p 1 , ... ,pn' p = TT (p 1 , ... ,pn), then TT builds a representation r 

of p from any representatives r 1 , ... ,rn of p 1 , ... ,pn; that is, 

there is an expression r = TT (r 1 , ... ,rn) in R that represents pin P, 

where pr= p and pri = pi. With this understanding we can speak of 

building programs with program-forming operations without specifying 

whether we are referring to abstract or to concrete programs and/ or 

program-forming operations. 

4 . Algebraic sets of operations 

We asserted earlier that it is important to have a set of program­

forming operations that satisfy some set of algebraic laws. Here we 

discuss briefly the basis for that assertion. 

Consider the set A of expressions built from numbers with t he 

operations "+ 11 and " x "; e.g., -7, 3 + 4.2, (1 + (5 x 2 ) ) x3. Each of the 
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operations of A obeys certain algebraic laws. The associative and 

commutative laws concern single operations and apply to both"+" and 

" x ''. The distributive law relates the behavior of the two; it holds 

for all numbers a, b, and c and states that a sum equals a product: 

(a xb) + (a xe) = ax (b+c) 

Since the operations, and hence the expressions of A, all yield numbers 

as results, the distributive law can be extended so that it holds 

for all expressions a, band c. Such laws are structural laws in 

the sense that they are not concerned with the values of the individual 

numbers a, band c, nor, if a, band care expressions, are they con­

cerned with their internal structure or values; rather, such a law 

is concerned only with the structure of the operations used to build 

an expression. Algebra is concerned with the consequences of such 

laws. 

We shall say, loosely, that a set of operations is "algebraic" 

to the extent that there exist algebraic or structural laws relating 

pairs of operations in the set (plus perhaps other laws concerning 

individual operations). Thus the set of operations used to build 

the expressions of A above is a "strongly" algebraic set, and conse­

quently there are many powerful and useful structural theorems about 

these expressions and about equations involving them. The general 

solution for all quadratic equations is an example of such a theorem. 

Now let us consider the set B of all expressions built from 

numbers with the operations "+" and 'v-1'. The set of operations of 

Bis not algebraic; if one has few laws relating a set of operations, 

then it is difficult to prove general theorems about them, conse­

quently there are few general theorems about the expressions of B. 

Thus for example, there is no form E(a,b) in B so that 

la+ /5 = E(a,b) 

holds for all numbers a and b, unless E(a,b) differs only trivially 
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from the left side of the equation. For the most part we can only 

prove theorems about particular expressions, e.g., 

/4+/g = 5. 

Finally, we note for future reference that B can be extended by 

extending (a) the domain of its operations and (b) its set of operations. 

Thus we can extend "numbers" to "complex numbers" and we can add the 

operation "x" to the operations of B. The result is a set B' of ex­

pressions that has an algebraic set of operations, and general theorems 

now exist. For example, there is now a general expression for E(a,b) 

above, where E(a,b) is in B' and differs non-trivially from 

ra + IE; thus 

la+ IE = / (a+b+(2 x/( a xb))) 

holds for all numbers a and b. 

5. The structure of a programming language vs. the structure of a program 

In any language that builds programs by means of a distinguished 

set of program-forming operations, a program is "structured" by the 

structure of the operations used to build it. Thus "while p do A" 

and "while q do B" have the same top-level structure, although the 

structure of programs A and B may differ. The term "structured pro­

gramming language" has been loosely applied to languages with (a) a 

distinguished set of program-forming operations and (b) a set of 

primitive program elements that make it possible to describe simply 

the program built from arbitrary elements by a given operation. 

Thus a language with GOTOs is not "structured" because it is difficult 

to describe the programs "if p then S else T" and "S;T" if programs 

Sand T have certain GOTOs in them. 

The above sense of "structured programming language" i s both 

trivial and misleading. If programs are to be built by reasonable 

operations, then of course those operations must be easily definable 
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for arbitrary parameters. If programs are built by such well defined 

operations, then every program is "structured" by those operations. 

And, most importantly, such a language does not necessarily have any 

structure at all, only its programs have structure. 

The set of program-forming operations of a language is one of 

its primary attributes, and that set can be said to have ''structure" 

to the extent that it is an algebraic set, since interrelating alge­

braic laws provide a useful notion of structure for a set of operations. 

Consequently I propose that a programming language should be called 

"structured" to the degree that its set of program-forming operations 

is algebraic. 

6. A maximal extension of the von Neumann concept of ·"program" 

6.1 Introduction 

Earlier we suggested that the notion of "program" should cor­

respond, following Scott and Strachey [ ] , to the continuous mappings 

of some properly constructed program domain D into itself and that 

the structure of D would have an important influence on the potential 

"structure" -- the set of algebraic laws -- of the program-forming 

operations available for building programs. In this section we show 

that the kind of program domain that defines the concept of "von 

Neumann program" is poorly chosen in that it leads to complex program­

forming operations that have almost no algebraic structure. We show 

that there is a natural extension D* of the program domain D (the 

set of "von Neumann stores" that defines "von Neumann program") such 

that D* defines a much richer class of programs. We shall argue 

that D* defines a concept of "program" that (a) maximally extends 

the conventional concept, (b) has a simpler, more direct interpretation 

(as a mapping of input into output, instead of stores into stores), and 

(c ) admits simpler, more powerful sets of program-forming operations 

that possess useful algebraic structure. 

We shall be explaining an extension of the concept of "program" 

that may be as puzzling and disturbing to many computer scientists 
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as the extension of "number" to "complex number" was to 17th-century 

mathematicians. It violates many of our mental habits that result 

from the profound conditioning of our thought processes by our use 

of natural language. Extending the concept of "program" demotes to 

a minor role the ability to refer to something by mentioning its 

name, that is, demotes it from the central role it plays in conven­

tional languages. Furthermore, it requires us to think more about 

combining programs, and less about combining objects (as we are 

accustomed to do). 

Since we shall be dealing with broad notions such as "convention­

al programming language", we shall not be concerned with many signif­

icant details but nevertheless hope to accurately reflect major 

issues. Although the basic ideas underlying our extension of von 

Neumann languages come from functional programming, my purpose is 

not to justify the latter but to present some constructive insights 

that can be used to radically improve conventional programming languages. 

I hope these insights can one day bring new life to the study of 

programming languages by extending the subject beyond its present 

narrow boundaries and by stimulating the invention of new k inds 

of languages in which "programs" become interesting mathematical 

objects. 

-\-\L~w~ 
The reader may suspect that S\¥ description of the ¥~e~2:f~n""J~ 

language Lis setting up a "straw man" to be knocked down by,. L*; 

but the fact is that I am trying to show that the problems of L 

are at the most fundamental level and hence have no need to intro-

duce extraneous difficulties. If any violence has been done to 

the concept of "von Neumann language" in L, it is to make it simpler 

than real l anguages. 

6.2 Basics of the von Neumann language L 

Consider some t ypical von Neumann language L. Its programs 

are defined by the program domains, the set of "von Neumann stores 

for L", where :::::;,a store is a set of cells, each cell having a 

"name" and a "contents " . We shall call any such name or contents 



-14-

an object of Land let O be the set of all objects of L. We shall 

assume that Lhasa rich set of objects built from elementary 

objects such as "true", "false", numbers, symbols, etc. by construe-

~ tions such as sequences, arrays, stacks, records, files, etc. 

The programs of Lare the continuous mappings of S into itself, 

of stores into stores. Let us call the set of all stores and 

objects of L, SuO, the total domain of L. Observe that the program 

c/ domain S of Lis a ~ subset of its total domain. 

6.3 Definition of L*; the extended concept of "program" 

We take as the set O* of objects of L* the closure under cartesian 

products of the total domain of L, SuO. Thus if x 1 , ... ,xn are stores 

or objects of L, or objects of L*, then each x . and <x 1 , ... ,x > are 
1 n 

objects of L*. The set O* of objects of L* will be both its program 

domain and its total domain. Thus the programs of L* are the continuous 

mappings of O* into itself; each such program maps L*-objects into 

L*-objects, and these are either stores of L, L-ob jects, or sequences 

built from these. 

The programs of L* represent our extended notion of "program". 

Let us look at some consequences of this extension in the following 

subsections. 

6.4 L* is an extension of L 

Let us roughly define 11 L2 is an extension of L1
11 to mean (a) the 

total domain of L2 includes that of L1 , and (b) the program domain of 

L2 includes that of L1 . From (b) it follows that every program of L1 
is a program of L2 in the sense discussed earlier: each program of L1 
has a unique extension in L2 that is everywhere "undefined" outside 

of the program domain of L1 . 

In the above sense L* is an extension of L, every program of 

Lis a program of L*, and L* is a maximal extension of L that has 

O* as its total domain, since that is also the program domain of L*. 

We have not lost any of the very restrictive von Neumann programs of 
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Lin the extension, if and when they are useful, and we have added a 

vast new territory of "non-von Neumann" programs that do not ~ d 
~ map stores into stores. ~ 

6.5 Interpretation of programs in L* is simpler than that of programs 

in L 

It would be nice to think of a "program" as mapping its input 

into its output. But, for example, if we want to describe a von 

Neumann program for factorial, we are compelled to say that it maps 

a stores (in which some cell 11 a 11 contains n) into a stores' (in which 

some cell 11 b 11 contains n!). We do not really care about the names of 

the cells that hold n and n!; furthermore, this description of the 

program is incomplete. It does not say what the program does to all 

the other cells (and it usually will do something to a few of them). 

In the strict sense of "program" we have been using, there does not 

exist a von Neumann program that maps n into n!; no von Neumann program 

can do that directly (since it maps stores into stores). 

In contrast, the non-von Neumann programs of our extension L* 

can map objects into objects as well as stores into stores, consequently 

there is a real factorial program that maps n into n! without involving 

any store. It does not require cells for n and n!; we do not have to 

concern ourselves with what it does to all the cells of a store, either 

directly, by convention, or by ignoring the question. 

Thus our extended notion of "program" admits a simpler, more 

direct kind of program with a simpler, more direct interpretation. 

At the same time, it includes the familiar von Neumann programs. 

6.6 The programs of L* admit algebraic sets of simpler program­

forming operations that cannot be used in L 

A number of subsections are required to make this point; these 

include the following topics: (a) a survey of program formation in L, 

(b) a description of new program-forming operations in L*, (_c) a dem­

onstration that program formation in L, with its many diverse operations, 

can be modelled in L* with its few new and orderly operations, and 
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(d) a demonstration that the program-forming operations of L* form 

an algebraic set, whereas those of L do not. 

6.6.1 Program-forming operations in L 

Programs in the von Neumann language Lare built from many different 

kinds of entities at several levels; each level of entity has its 

own entity-forming operations, with programs and program-forming op­

erations at the highest level. A rough survey is sufficient to ex­

hibit the confused variety of types that makes the program-forming 

and entity-forming operations of L so algebraically unstructured. 

6.6.1.1 Constant and variable formation. Variables are built 

from identifiers and subscript expressions; they map stores into 

objects, hence they are of type "expression", E = [S-+ O]. They 

are built by a variable-forming operation of type [IxE-+ E], where 

I is the set of identifiers of L. For example, this operation 

builds the variable v[i+1] from the identifier v and the expression 

i+1. We shall regard constants also as constant-valued mappings of 

type E. 

6.6.1.2 Expression formation. Expressions are built from 

constants, variables, and expressions by object-forming operations 

such as"+" and "cosine". Expressions are of type E. From each 

object-forming operation such as"+", where"+" is of type (O xO-+ O], • 

we form a corresponding expression-forming operation"+ 11 of type 
e 

[E xE-+ E] as follows. (We write e:s for the object obtained by 

applying expression e to stores; thus if bis a variable then b:s = 
contents of cell b, and 3:s = 3 .) Then"+" maps the pair of ex-

e 
pressions <a,b> into the expression "a+ b", where the mapping in [S-+ OJ 

e 
represented by "a+ b" is given by the following rule for any stores: 

e 
(a+ b) :s = (a:s) + (b:s) . e 

Thus (a+ 3) :s = a:s + 3:s = a:s + 3 , and (sqrt 4) :s = sqrt (4:s) = 
e e 

sqrt 4 = 2 , and (cos b) :s = cos (b:s), etc. In this way operations e 
of type O-+ Oare converted to type E-+ E and operations of type 

QxO-+ 0 are converted to operations of type ExE-+ E, etc. 
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6.6.1.3 Assignment formation. Assignments are built from ident­

ifiers and expressions. They are of type "program" P = [S + S]. 

They are built by the program-forming operation":=" of type [IxE + P]. 

Thus":=" builds the assignment "v:=e" from the identifier "v" and the 

expression "e". In this context Hv" is not a variable, i.e. expression, 

since no mapping associated with "v" is used in building the assignment. 

Thus "v" serves only as an identifier on the left, although it may 

occur as a variable in e. 

that satisfies 

The assignment "v:=e" denotes the mapping 

v: ((v:=e) :s) = e:s and v': ((v:=e) :s) = v' :s for all v'iv 

for any stores, where (v:=e) :sis the store obtained by applying 

v:=e to s. Thus assignments have the peculiar property of converting 

an identifier "v" into an expression, a mapping. 

6.6.1.4 Program formation. Programs are built from expressions, 

assignments, and programs by several program-forming operations. Of 

course, they are of type "program". The program-forming operation 

composition maps a pair of programs <p,q> into the program "p;q" 

whose mapping is (p;q) :s = q: (p:s). Composition is of type [PxP + P]. 

The operation conditional maps a boolean expression band programs 

p and q into the program "if b then p else q". Its mapping, 

(if b then p else q) :s is p:s if b:s = "true", and q:s if b:s = "false". 

Conditional is of type [E xPxP + P]. 

Similarly, the operation iterate maps <b,p> into "while b do p" -
which maps s into s if b:s is "false" and into ( (waH p ;p : s 

if b:s is "true 11
• Iterate is of type [E xP + P] ( f j ( c..,h,\e \.. b r )) : s 

6.6.1.5 Formation of procedure definitions. One remaining way 

of building expressions and programs in L involves the combination of 

a function or a prok~dure statement and a procedure declaration which 
~r~ 

they invoke. The~ roughly speaking, involves (a) a definition 

(e.g., identifying a function name with its defining expression) and 

(b) the operation of lambda abstraction that, for example, converts 

a form H (a program, built as above, involving variables x and y) 

X 
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into the function A(x,y) .Hor H(x,y). 

Although in other settings lambda abstraction permits the defin­

ition of many types of functions including program- or function-forming 

operations, procedure declarations cannot define program-forming 

programs in L. For no program in L can produce a program (unless 

programs are represented by stores, since programs produce only stores; 

that would be a very poor choice of representation). 

On the other hand, if programs in Lare represented by objects 

(a reasonable possibility), then defined functions could produce pro­

gram representations. However, in L functions can only appear as 

expressions, and expressions can nev~r appear where programs can. 

This makes the use of defined program-forming functions unwieldy at 

best; the result is that they are of no practical value in von Neumann 

languages and that all of the above complex entity- and program­

forming operations must be built into such languages. 

6.6.1.6 Remarks about program-forming operations in L. The 

main points to notice about the construction of L-programs are: 

(a) the large variety of types and entity-forming operations in L 

arise largely from the restrictive demand that only stores shall 

comprise the domain of expressions and the domain and range of programs; 

(b) expressions really describe the actual computations of L; and 

(c ) expressions are built with object-forming operations. 

Thus the principal parts of L-programs (expressions) are not 

built by program-forming, but by object-forming operations. Some of 

t hese object-forming operations obey algebraic laws that permit the 

proof of general theorems about the equivalence of expressions, where 

equivalence, e ~e•, means e:s = e' :s for all stores s. These theorems 

about expressions give rise to corresponding theorems about programs: 

if e is part of the program p (e) and e~e•, then (with some restrictions) 

p (e)~p (e' ) , that is, p(e) :s = p (e') :s for all stores s. These theorems 

are weak and not very helpful however; strong theorems about program 

equivalence require that the program-forming operations of L obex 
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algebraic laws. However, the existing program-forming operations 

for L listed above, and others such as Dijkstra's (composition, 

if-fi, do-od) that are based on the von Neumann concept of 

"program", satisfy few such laws (as we shall see below). Moreover, 

the jumbled type structure of languages like L (and of course our 

Lis very simple compared to real languages) makes it unlikely 

that new program-forming operations will be found for them that 

have a strong algebraic structure. 

6.6.2 Program-forming operations in L* 

We have seen earlier that each program p of Lhasa unique ex­

tension p* in L* such that p:s = p*:s for all stores s. In a similar 

manner each expression e in Lhasa unique extension into a program 

q* in L* such that e:s = q*:s for all stores s. 

In this way the entities of Lall have images (i.e., extensions) 

that are programs in L*; but these images are a tiny subset of all the 

programs of L*. The entity-forming operations of L also have images 

in L*, but most of them are useful only for building those L*-programs 

in the tiny subset of L-images. Therefore, to build the majority of 

programs in L* we shall need new program-forming operations, some of 

which are extensions of those of L (e.g., composition) and others that 

are new. It will turn out that four operations, plus the solutions 

of recursive equations, are adequate to build all the programs 

of L*, including the images of L-programs. 

(Note that we have a free choice of program-forming operations 

we use to build programs in both Land L*; we have discussed only 

those traditionally used in L, and we shall rely almost entirely 

on just four in L*. ) 

We shall describe four basic program-forming operations for use 

in L* and then (a ) sketch how they can be used to construct t he L*-image 

of any L-entity , (b) show that three of these four operations form a 

strongly algebraic set, and (c) show that one of these t hree operations 

can never be used in L to build its programs. 
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6.6.3 The basic program-faming operations of L* 

The basic program-forming operations we shall use in L* are the 

following. We shall use "object" to refer to L*-objects. 

-Constant maps any object x into the program x, where x:y = x 

for any object y~i. Constant is of type [O* ➔ P*]. 

Composition maps programs p and q into the program p 0 q, where 

(p oq) :x = p: (q:x) for all objects x. Composition is of type 

[ (P*) 2 ➔ P*]. 

Condition maps the programs p, q, and r into the program p➔q;r, 

where (p➔q ; r) :xis q:x if p:x="true", and is r:x if p:x="false", and 

is 11 11 otherwise, for all objects x. Condition is of type [ (P*) 3 ➔ P*]. 

Construction maps programs p 1 , ... ,pn into the program 

[p 1 , ... ,pn]' where [p 1 , ... ,pn]:x = < p 1 :x, ... ,pn:x ) for all objects 

x. Construction is of types [ (P*) n ➔ P*] for n=0, 1 , 2, ... 

Recall that the set O* of L*-objects is closed under cartesian 
n products: (O*) cO*, hence the result of a program built by construction 

is an L*-object. Note that construction plays a fundamental role: 

it is the principal means for building programs that produce elements 
n of (O* ) from elements of O*; thus it builds argument-forming programs 

that produce the arguments for n-ary programs that map (O*)n into O*. 

For example, if pis an L*-program defined on pairs <x,y > , then programs 

involving p will often contain an expression p 0 [q,r] in which [q,r] 

constructs the argument for p. Thus the L*-program for x + logx is 

+ 0 [id,log] , where id:x = x, and so + 0 [id,log] :x = +: <id:x, log:x > = 

+: <x, logx > = x + logx. 

6.6.4 L*-images of L-programs and L-entities 

If xis some entity of L (constant, variable, expression, program), 

we shall denote its image program in L* by x. For the various entities 

x of L we shall show how to build its image x in L* using the above 

four program-forming operations. It is hoped that our examples will 
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convince the reader that any program of L can be built in this way, 

although the L*-images of L-programs are seldom programs to be 

preferred in L*, since we shall seldom be interested in mapping 

stores into stores. 

6.6.4.1 L*-images of L-constants. The image 3 in L* of the 

constant 3 in Lis the program 3, since ifs is any store, then 

3:s = 3 in L*, just as 3:s = 3 in L. 

6.6.4.2 L*-images of L-variables. The image v in L* of the 

L-variable v requires the use of a program-forming operation fetch 

in L* that can be defined in terms of certain primitive L*-prograrns 

and the four basic program-forming operations of L*. We assume its 

existence; it maps a program pinto the program tp, where tp:s is 

the contents of the cell in stores whose name is p:s. Thus the 

image vis t v, since t v:s in L* is the contents of the cell named 

v:s = v, which is the same as v:s in L. 

6.6.4.3 L*-images of L-expressions. If e and fare expressions 

in Land if e and fare their image-programs in L*, then the image of, 

say, e+f in L* is + 0 [e,f]. Thus for any stores, + 0 [e,f] :s = +:<e:s, f:s> 

= +: <e ,f > = e +f , where e = e:s (in L*) = e:s (in L) and sim-s s s s s 
ilarly for fs. Thus + 0 [e,f] :sin L* gives the same result as (e+f) :s 

in L, for any stores. 

6.6.4.4 L*-images of L-assignrnents. Here we shall need another 

program-forming operation, store, analogous to fetch; we shall assume 

it is available, as we did for fetch. Store maps a program pinto the 

program +p; +p maps <x,s > , wheres is a store, into a stores' that 

has a unique cell whose name is p:<x,s> and whose contents is x; 

s' has all the other cells of s. 

The image of the assignment v:=e (in L) is then +v 0 [e, id]. For 

ifs is any store, then +v o [i, id] :s = +v: <i:s, id:s> = +v: <es,S > = s' 

in L*, wheres' is s with the new cell named v = v: <e ,s> having s 
contents e = e:s. Thus s' = (v:=e) :sin L. s 
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6.6.4.5 L*-images of L-programs. If p and q are L-programs, 

then the L*-image of "p;q" is q 0 p. If bis a boolean L-expression 

and p and q are L-programs, then the L*-image of "if b then p else q" 

is b+p;q. The reader may easily check that applying either L*-image 

to a stores gives the same store as applying the corresponding L­

program to s. 

It would be a simple matter to define an iterative program­

forming operation for L* analogous to "while-do" in L, but we will 

not do so. The principal program-forming operations in L*, composition, 

condition, and construction, form, as we shall see, a strongly algebraic 

set whose laws permit us to solve recursive equations that define 

a __ much larger class of prog rams than can be built with "while-do". --Consequently we choose to use such equations to define these programs 

in L*. 

If bis a boolean expression and pa program in L, then the L*­

image of the L-program "while b do p" is defined by the equation 

,,,,,-- :i ... 1. 
f : '1 ~ r,f'--

( 1 ) q = b + qop; id . - -
It is fairly easy to see that if _q is a program defined 

~~"" 
possible domain that satisfies (1), then q:s = (while b 

any stores. 

c~.J 

on the smallest 

do p): s for 

In a l a t e r e e ctia~ we shall exhibit a general solution for the 

class of "linear" equations in L* and in other systems, of which the 

equations of the form (1) form a small subset. 

6.6.4.6 L*-images of procedure definitions in L. As noted 

earlier, procedure definitions in L have two components, definition 

and lambda abstraction. Consider a simple Algol-like procedure dec­

laration for a function: 

Procedure f(x,y) result (f); 

f := X + y + 1 

1 
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The definition component identifies the symbol "f" with the lambda 

abstraction A(x,y). (x + y + 1). The lambda abstraction component 

is effected by listing "x" and "y" in the first line. (The need to 

name the result in the first line is a consequence of the requirement 

that the "body" of a declaration be a program and that the result of 

a program be a store, not an object.) 

When L*-programs are represented in a suitable way by L*-objects..,. 

a lambda abstraction operation can easily be defined (I plan to describe 

a combinatory version of such an operation in a future paper on 

extended functional programming). But such an operation is not 

needed to model most procedure declarations of Lin L*. 

If we look closely at our above example in L, we find that the 

function f is defined by describing how to combine the objects denoted 

by "x", "y", and "1" to obtain the result. The lambda abstraction 

operation's purpose is to indicate that xis an "abstract" object 

that is to be the first argument off, and similarly that y is "ab-

stract" and -e-iw 1!18 the second argument. Thus the lambda abstraction 

operation "erases" x and y and replaces them by the argument sequence /4 
~ arg1, arg2) , and thereby elevates a description of an "abstract" ~ 
object, x+y+1, to the level of a function. 

In L* the need for lambda abstraction can normally be dispensed 

with. Instead of describing how to combine objects and then converting 

that description into a function by lambda abstraction, the preferred 

technique in L* is to describe how to combine functions (i.e., programs) 

directly to form a desired function. In effect, after "abstracting" 

objects x to programs x, we then remain at the "program" level in 

building programs, without descending to the "object" level. 

Thus to define the L*-image of the L-program f above, we first 

build a totally "abstracted", variable-free program and then identify 

it with the symbol "f" by a definition: 

Def f = + o [ 1 , + 0 [ 2 , 1 ] ] 
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where "1" and "2" denote primitive programs that select the first and 

second elements, respectively, of a sequence. Thus f: <e,g> = +: <e,+:<g,1>> 

= e + g + 1. The above f is our L*-image of the procedure declaration 

in L. 

The L*-image of the L-expression "f(e,g)" for any L-expressions 

e and g is then 

fo[e,g] 

since f 0 [e,g] :s = f:<e:s, g:s> = f:<e ,g > = e + g + 1 in L*; and s s s s 
f(e,g) :s = f(e:s, g:s) = e + g + 1 in L. Thus we have replaced s s 
definition and lambda abstraction in L by definition, a kind of 

combinatory abstraction, and functional argument construction. 

6.6.5 Programming style in L* vs. programming style in L 

The preceding example emphasizes the principal differences 

between the programming style of Land the preferred style in L*. 

In L, programming is largely a matter of combining objects by use 

of their names, followed by the use of lambda abstraction to convert 

a particularized program into a "general" one, a "procedure", by 

"denaming" its arguments. These general programs are then used by 

converting them back into particular ones by "calling" them, i.e., by 

naming the desired arguments. 

In L*, programming is never a matter of combining objects (and 

seldom a matter of naming them, although there is a style of defining 

programs that use symbols in a way that resembles conventional use of 

names [a future paper will deal with that issue]). Objects are 

elevated to programs (x becomes x); thereafter programming consists 

of combining only programs to form new programs (all of which are 

general and never name their arguments) by the use of program-forming 

operations. The arguments for programs are built at the "program" 

level, instead of at the object level, by the use of construction. 
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6.6.6 The program-forming operations of L* form an algebraic set; 

those of L do not 

The three program-forming operations of L* (other than constant) 

obey, with one essential exception, virtually every reasonable "dis­

tributive" law between pairs of operations. For all programs p, f, 

g, h, f 1 , ... ,fn the following laws hold. 

1 ) f O ( p+g ; h) = p + f o g ; f o h 

2} (p+g;h}of = pof ➔ gof; hof 

4) [ ... ( p+g ; h) ... ] = p + [ ... g ... ] ; [ ... h ... ] 

For the pair composition and condition there are two laws that express 

a composition involving a condition as a condition involving composition. 

There is one such law-scheme for the pair composition and construction, 

the missing law for that pair corresponds to the necessary inequality 

fo[g,h] ~ [fog, foh] J '1, e,12c;6c 11•(·1~ 1 1'&'3 :ii L+•••4,-t• 11 '1j:(-t 1 '#'J ' 

Finally there is a very useful law-scheme relating condition and 

construction. (Its validity depends on sequence-construction being 

S tr i Ct : < ••• .L ••• > = .L • ) 

As we shall see in the section on linear functional equations r the ~e 
,~t.L.. et "- .... +i~i-..s ~ ... Lt f "°""' ..,.~~ l,,s,'L 

laws permit us to obtain a general solution for Ac:H.l SY9h e~uatien a. fe~"'-~ -
They also form the basis for a great many general theorems that 

concern the properties of programs whose program-forming operations 

have a given structure, theorems that do not depend on the details 

of the subprograms that occupy that structure. 

Now let us examine the program-forming operations of L. They 

obey one non-trivial interrelating law, the analogue of (1), (keeping 

in mind that f og is read right-to-left whereas p;q is read left­

to-right): 

(if b then p else q) ;r = if b then (p;r) else (q;r) 
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But, even if we permit (p;b) as an "expression", where pis a program 

and ban expression, and (p;b) :s = b: (p:s), even then the analogue of 

law (2) does not hold in L: 

p; (if b then q else r) ~ if (p;b) then (p;q) else (p;r) , 

since if p adds 1 to some variable, then the left side will increase 

its value by 1, but the right side would increase it by two. (The 

semantics of L could be changed, and probably should be, to make the 

equality hold; but this would mean discarding the notion of a single, 

serially modified state; the store received by the two arms of the 

conditional on the right would have to be the original one, not the one 

produced from it by the application of p.) Thus in Las it stands only 

one analogue of the two laws in L* relating composition and condition 

holds. 

Since the program-forming operation iterate (while-do) of L obeys 

no interrelating algebraic law with either composition or conditional, 

we are left with only one law for the three principal program-forming 

operations of L. If we consider other possible program-forming op­

erations for L that might give it some algebraic structure, the picture 

is discouraging because of the variety of entities of L (with their 

variety of entity-forming operations) and because of the restrictive 

program domain of L. 

In particular, since the operation of construction plays such 

a fundamental role in argument-formation and is so strongly related 

by algebraic laws to composition and condition, we might want to use 

it as a program-forming operation in L. But immediately we see that 

is impossible. The stores of Lare not closed under cartesian products: 

a sequence of stores is not a store, not a set of cells. If p 

and q are L-programs ands is a store, then [p,q] :s = <p:s, q:s> 

thus [p,q] maps a store into the non-store <p:s, q:s>, hence [p,q] 

is not an L-program. 



-27-

6.7 The "naming" and "forgetting" problems of programming in L* 

The above sections conclude our comparison of the concepts of 

"program" associated with the von Neumann language Land with its 

extension L*. This comparison raises one obvious question: why has 

computer science clung so long to the restricted and complex von 

Neumann concept of "program", based on serial changes in a store, 

when a richer, simpler and better-structured alternative exists, the 

L* concept, that includes the former? The answer may be that we simply 

did not have the latter concept around to consider; but now that we do 

there are still many factors that will make it difficult for us to 

give up the old von Neumann approach .. I would like to discuss two of 

these factors. 

The first factor is that L-programs strongly reflect traditions of 

our natural spoken languages, involving the use of names to stand in 

place of the objects they denote, with the store as the implicit 

source of name-object associations. The demotion of stores in L* 

to the role of ordinary objects weakens our ability to use names in 

the traditional way. This is the "naming" problem in L*. There 

are a number of solutions that use functions or symbols, in place of 

"names" that require an implicit store [I plan to deal with them 

in a future paper]. 

The second problem that makes L*-programming seem strange and 

difficult at first is the "forgetting" problem. In an L-program some 

data may go unmentioned for much of the program, but when it is 

needed it is magically there, preserved in some little-used cell. 

In a non-von Neumann L*-program that transforms an input object 

into an output object, there is no implicit store to preserve in­

cidental data. Even if the L*-program uses a store for data, the 

forgetting problem arises when evaluating an expression, because 

stores must be handled explicitly along with other objects. 

For example, if t a and t n are programs for fetching the contents 

of cells a and b from some stores, and if we want to compute 
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t a:s + t o:s = C (the equivalent of "a+b" in L), then the program 

p = +o [ t a, t b] when applied to s gives c. But at a terrible price, 

for p transforms the stores into the number c, ands, with all its 

information has been lost, "forgotten''. If c is to be our final result, 

then that is all right; but if c is subsequently to be combined with 

other values from s, we need to write a program that "remembers" sin 

addition to computing c. Thus we want the program [p,id], which when 

applied to s gives <c,s>, and we havecJpreserved) along with the 

result c. 

The forgetting problem is taken care of automatically and im­

plicitly in L, whereas it must be dealt with explicitly in L*. I 

believe that this fact, plus our unfamiliarity with the new and basic 

operation of construction, which is needed to deal with the problem, 

accounts for much of the difficulty the L* concept of "program" will 

encounter. 

7. Program-forming operations in lambda-calculus-based languages 

[In preparation] 

8. Review of functional programming and its algebra of programs 

[Please see accompanying paper or following pages for this draft] 

9. Linear forms and the solution of linear functional equations 

[Please see accompanying paper or following pages for this draft] 
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1. Introduction 

The purpose of this article is to provide a new basis for solving 

equations for programs in the algebra of functional programs des­

cribed in [1]. This new basis supplies simpler and clearer machin­

ery for solving equations, greatly enlarges the class of equations 

for which solutions were given in [1], and gives a single general 

solution for the entire class -- the class of ''linear" equations. 

This new basis makes clear why linearity of functional forms in 

a single variable is important for solving functional equations. 

As in [1] the general solution for the class of linear equations 

provides both a necessary and sufficient condition for the term­

ination of the solution-function . and a case-by-case description 

of its behavior. 

The new basis for solving equations replaces all the definitions 

and theorems in sections 12.4, 12.5, 12.6 and 12.8 in [1]. The 

"recursion" and "iteration" theorems of [1] are special cases of 

the "linear expansion theorem" given here. 

Section 2 of this article gives a brief review of functional pro­

gramming and its algebra of programs. Section 3 discusses forms 

in a single variable and gives examples. Section 4 defines 'lin­

ear' forms and shows that many basic functional forms are linear 

in all of their variables. Section 5 shows that the composition 

of linear forms yields linear forms and that the composition of 

I-preserving forms yields I-preserving forms. Section 6 states 

the main result the linear expansion theorem -- that gives the 

solution of all equations of the form 

f = P + q ; Hf 

where His any linear and I-preserving form. 

Section 7 discusses the range of applicablility of the linear 

expansion theorem and gives examples to show that it covers a 
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large class of equations. Sections 8 and 9 restate some stand­

ard definitions and results about limits, continuity , and fixed 

points and then give the proof of the linear expansion theorem. 

Section 10 discusses forms in two variables and, for some forms 

Hfg , gives necessary and sufficient conditions for Hff to be a 

linear form in the one variable f. 

2. Functional programming (FP ) and its algebra of programs 

For a fuller description than this brief summary, see [1 ] . A 

functional program is a function from objects into objects. Ob­

jects are (a) .1 "bottom" or "undefined", or (b) a t oms or (c) s e -
' de.,oiLPs ·H,,. E'114i-t2 St!<(k.ekct i 1.1."'1'\<t t'lJ lo\er~ ~ is o. s~,,u,u:~ • .._t: .. oi. °'"' .... 40....c . 

qu e nces built from atoms or sequences (but not from .i)A. An FP 

p r og ram is either (a) a p r i mi t ive function or (b) a fu nc tional 

fo r m that combines its "parameters" -- programs or objects -­

to form a new program, or (c) i t is de f ined , as i n 

where His a functional form involving the parameters g
1 

through gn and possibly the defined function symbol f . The 

effect of this definition is that when the application f : x is 

to be evaluated, the defined function symbol f is replaced by 

its definition, H (f , g 1 , . .. , g n ) . We write f :x to denote the ob­

ject resulting from applying the function f to the object x. 

Examples 

Objects 

atoms 1.4 

sequences 

A 

<A> 

uence ) 

ACD 1 X2 

<A , < B, C , D > , < B, C> > ¢ (the empty seq-

(<A,.1> =.1 is not a sequence ) 

Primitive functions (where x. denotes an object ) 
J. 

tl: <x 1> = ¢ 

+: <1 . 4 , 3 .5 > = 4 . 9 
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f 0 g where f 0 g:x = -f: (g:x) 

construction: [f,g] where [f,g] :x = <f:x, g:x> 

condition: (p+f;g) 

where (p+f:g) :x 

-constant: X where 

f:x 

= g:x 

l. 

-x:y 

if p :x = T 

if p :x = F 

otherwise 

= X if yc/,1. 

= l. if y =1. 

; 

(note that this form has an object as its parameter) 

apply-to-all: af where af:<x
1

, ... ,xn> = <f:x
1

, ... ,f:xn> 

af:¢ = ¢ 

insert: If where /f:<x> = x 

/f:<x 1 ,x2 , ... ,xn> = f:<x 1 ,/f:<x2 , ... ,xn>> 

[Note ". frer an1 one :.he :iinds f anc c±onal p 12 s3r arnrni ng d j f fisi'l,a.;J.t • • 

learning to use functional _programming consists, almost entirely, 

of becoming familiar with a few functional forms and how each 

of these produces a new function by the use of its parameters. 

If one really learns the significance and use of the above 

principal functional forms, one will then understand functional 

programming.] 

[1,tl] :< A , B, C> = <A ,< B, C>> 

(null 0 tl + 1 ;tl) :<A> = A 

(null 0 tl + 1 ;tl): <A, ff> = < B> 
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Definitions 

Def innerprod - (/+) 0 (ax ) otranspose 

innerprod: <<1,2>, <3 , 4 >> = (/+)o (ax) 0 transpose: <<1,2 > ,<3,4>> 

= (/+):(( ax ): (transpose:< <1,2 >, <3 , 4>> ) ) 

= (/+) : ( (a x ) :<<1, 3 >, <2 , 4 >>) = (/+} : <x :< 1 , 3 >, x : <2 , 4> > 

=(/+): <3,8 > = +:< 3 , /+: <8>> = +: <3,8> = 11 

Def last - null 0 tl + 1; last 0 tl 

last: <C , D> = (null 0 tl + 1 ; last 0 tl ) : <C , D> 

= last 0 tl:< C, D> since null 0 tl:< C,D> = null: <D> = F 

= last: (tl:< C, D> ) = last:< D> 

= (null otl + 1; last 0 tl) : <D> 

= 1 : <D> since null 0 tl: <D> =null:¢= T 

= D 

Algebra of programs 

The application of FP programs to objects comprises a calculus 

of functional programming. The corresponding algebra of pro­

grams has variables that range over over FP programs and oper­

ati ons that are FP functional forms. _Laws of the algebra cor­

respond to universally quantified equations of the calculus. 

Thus the algebraic law [f ~g ] 0 h = [f 0 h , g 0 h ] asserts that the 

following equation holds for all functions f , g , h and all ob­

jects x : 

[f , g ] 0 h :x = [f 0 h, g 0 h ] : x 
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i.e., the law asserts that [f,g] 0 h denotes the same function 

as [f 0 h,g 0 h], regardless of what functions one chooses for f, 

g , and h . 

Notice that such laws do not hold for conventional programs: if 

his a program that adds 1 to some variable, then the left side 

of our law would add 1 to it, whereas the right side would add 2 

to it. The reason the law works for FP programs is that they op­

erate on an operand rather than by changing a state. 

To establish a law in the algebra one must prove the corresponding 

proposition in the calculus. Thus to prove the above law, one 

must prove that the above equation of the calculus holds for all 

f , g , h and all x; for the proof, see [1]. 

The basic rules of the algebra are given by its laws. Twenty­

four such laws are given in [1]. The reader can easily discover 

others. here is a small sample of laws, some of which we shall 

use later in this paper. 

I.1 [ f , g ] oh = [f oh,goh] 

-
I. 2 /fo [g1,·••1 g n] = fo [g1 ,/fo[g 2,·••1 g n]] for n2::2 

I.5 1o[f,g] = f (holds only for objects x where g :x i~) 

II. 1 (p+f;g) oh = poh + foh; goh 

II.2 ho(p+f;g) = p + hof; hog 

I V .1 [f, (p+g;h)] = p + [f , g ]; [f,h] 

(The validity of this law depends on the fact that these­

quence constructor is ~-preserving: <x ,~ > = ~ .) 

3. Forms in a single variable 

In the following we shall be discussing arbitrary functional 
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expressions built from FP functions, functional forms, and a 

single variable ranging over FP functions. Thus a form Ef 

(or simply E, or For ~~ etc.) is an FP expression for a function 
f~>---!,,J~' . 

in which a 5-labeMpre ssion has been replaced by the variable f. 
We may also refer to an expression, e.g., h 0 [i,f 0 j], as a form 

in the variable f, without assigning it a capital letter name. 

We use lower case roman letters for arbitrary, but fixed, func­

tions in a particular form; e.g., h, i and j above. 

In the following discussion we shall refer to these example forms: 

Gf = for Kf = p+f;r 

Hf = [i' fl Lf = a.f 

If = hof Mf = [ro f' 50 fl 

Jf = ho [i, for] Nf = p ➔ Ef; Ff 

where lower case roman letters denote arbitrary fixed functions, 

and Ef and Ff are arbitrary forms. 

We can replace occurrences off in a form Ef by any function or 

form; thus G( f 0 g ) = (f 0 g) 0 r and Gh = h 0 r. If the variable f is 

replaced by a function h, then Eh denotes a particular function. 

Forms may be composed by replacing the variable of one by the other 

form; thus IHf = I(Hf) = h 0 Hf = h 0 [i,f], and IHGf ~ Jf. 

We use the name ID for the identity form: IDf = f. 

ft, li~ear Far~~ 

T\.,e {1.c. .. c."t~ol'\.:LI tar-~ coi.,J,i,01.1 1 p ➔ tj~ fl~'].J a.."" esse11{,· .... 1 r'Cl/e 

lY\ t-~~c...r-sive Je{i,,q'{ioi..s, l~i...sJ j.,. +,\,.Ji""'j ii,.- .soll,(t,·o"" of t!.te ""cl4rsiv< ey .. ~i.i'oH 

f = P -" r; Hf ) 
it 1.S V\tces.s.-c.r-; to .Je~I LJit~ Qxr,..essiP~.S of tkf for""" H( 'f ➔ 1i h); 
;( tl..ii.s el' fl'-l.Ssi,~ CAI,\ ~€ r-ewl'it.tei, ca..s p' ➔ H, j Hh l \.u~ r,1o1c.l 
We c.c..~ \1\\.:11.ke e"-sj ,pr-d~t--ess towo.,-J.s t~, n\""tio\.\ 1 otku·1J,.seJ ('1'-o~~~s.s 

i-5 J;f{,c~lt, 7''"'-i~ i;r-ov,J~.s lk~ \Mo-t.ivc...{,D"' tdr- t~-e to\\oi.>i~~ &,f-
~ ..... ~t~o\.\. o+ \ i hea.r to~IM.S, As we s~,\\ se~, c.. ~r-@a.t: """~""! tu·""', c.t-t. \;i-tt'f\l", 
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H,~ ft-t~ic-o.te i_,...Q,,""sfo~....,,_r ~~ ~ 
Definition Ef is linear iff there is a form E

1
~such that, for 

all functions a, b, c : 

We show that the following basic forms are linear: 

1) G(a+b;c) = (a+b;c) 0 r = a 0 r + bor; cor =Ga+ Gb; Ge 

Thus G1 = G. 

2) H(a+b;c) = [ i ' (a+b;c)] = a ➔ [i,b]; [i, C] = a ➔ Hb; He 

Thus H1 = ID. Similarly, [ ... ,f, ... ] is linear in f. 

3) I(a+b;c) = h 0 (a+b;c) = a ➔ hob; h 0 c = a ➔ Ib; Ic. And 

4) For this example we shall need the following law: 

p + (a+b;c);r = (p+a;T) + (p+b;r); (p+c;r) 

Thus K(a+b;c) = p + (a+b;c); r = K1a + Kb; Kc 

□ 

11 = ID. 

where K1a = p+a;T. Similarly, p+r;f and f+r;s are linear inf. 

5) If E and Fare linear, it is not hard to show that 

Nf= p + Ef; Ff is linear, where N1a = p + E1a; F 1a, since 

N(a+b;c) = (p + E1a; F 1a) ➔ (p + Eb; Fb); (p + Ee; Fe) 

The form M is not "basic" since it is merely an instance of 

If= h 0 f with h = [r,s]. Thus Mis linear. Lis not linear. 

In the next section we shall see that J, or any other compo­

sition of linear forms, is linear. 
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5. Composition of linear and I-preserving forms 

Composition theorem 

If E and Fare linear, then so is EF; 

proof 

EF (a+b;c ) = E (F1a + Fb; Fe) = E1F 1a + EFb ; EFc □ 

Example: Since we know that G, H, and I are linear , we can con-

elude that J=IHG is linear and that J 1 = G, since G1 = G and 

H1=I 1=ID. Thus J(a+b;c) = a 0 r + Jb; Jc. 
~ o.,e ~"'st l"ld1' co.,fl,4Se ~-c:oMpos,i ,oi., cFj = E(Ff), will.. r ..... c.t.1>-..-C:ol'\fOSC:t ; 0"'1) ~f O Ff 1 

I-preserving forms, composition of I-preserving forms 

A form Ef is I- pre serving if EI is the everywhere-~ function I. 

All of our example forms G t hrough N are I-preserving except 
Nf ii l. . P"'~.str\JI ... ,. •"'l!t i~ b,t:I, e .... .t F o.,.e. 

Kand L (aI : ¢ = ¢ ). ~ It is obvious that if E and Fare 

I-preserving, then so is their composition, EF. 

6 . The l inear expansion theorem 

We can now state the solution for a large class of recursive 

equations that define functions. The technical background 

(limits, contin~ous functionals, fixed points, etc. ) and proof 

of the linear expansion theorem follow, but readers interested 

only in solving lin ear equations can effectively do so without 

understanding t hat background and proof. Section 7 discusses 

the range of applicability of the theorem . 

Definition 

An infinite conditional e x pan s ion is an expression of t he form 

q ; ... n 

where the p . and q . are functions. It denotes a function f, 
]. ]. 

such that, for any object x , f :x = q :x if there is a i'lot'l-n"~~t ;11e n 
integer n such that pi: x = F for all i <n, and pn: x ·= T ; other-

wise f : x = ~ □ 
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Linear expansion theorem 

Let H be a linear and I-preserving form built from FP functions 

and functional forms (see [1 ] ). Let f be the least solution 

(every other solution is an extension off) of 

f = P + q; Hf 

Then 

f = p + q; ... ; 

(LE1) 

(LE2) 

Note that the solution (LE2) of the equation (LE1) gives a neces­

sary and sufficient condition for the 'termination' off (by the 

definition of infinite conditional expansion: if the required n 

does not exist, f is undefined). The solution also gives a 

case-by-case description of the computation for f. 

7. Range of applicability of the linear expansion theorem 

As our examples have indicated, the following basic forms are 

both linear in f and I-preserving provided that Ef and Ff are 

also. 

Following each form His its corresponding predicate 

transformer H1a as applied to an arbitrary function a. 

( 1 ) E f O r I E 1 a O r 

( 2) r O E f JE 1a ( 5) [ ... , Ef , ... ] 

(3) r + Ef ; Ff 

Thus the most fundamental functional forms (composition, con­

dition, and construction) are 'transparent' to linearity . Onl y 

condition is not transparent to I-preservation (unless f occurs 

in the predicate or in both consequent positions; e.g., p+I; r ~I). 
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Since the composition of two linear and L-preserving forms is 

linear and L-preserving, a great many forms possess these prop­

erties; and for any such form H the linear expansion theorem 

gives the solution of 

f = P-+ q; Hf 

for any p and q. For example, the following two forms are easily 

seen to be linear and L-preserving: 

(from (1) above with Ef = h 0 f and r=k) 

ho(i, foj] (from (2) (5) and (1) above) 

Using these forms for H, the linear expansion theorem reduces, 

respectively, to the "iteration theorem" and the "recursion 

theorem" of [ 1] . 

8. Limits, continuous forms, least fixed points 

Before we can prove the linear expansion theorem we need some 

standard definitions and facts. Following Manna et al [2], 

pp492-494, we define below: partial orderings on objects and 

on functions; the limit of an increasing sequence of functions; 

continuous forms; the least fixed point of a form. In these 

definitions a form is treated as a mapping from functions into 

functions. We then state without proof some facts about contin­

uous forms; for a more complete discussion, further references, 

and proofs, see [2]. 

Definitions (with respect to the objects, functions, and forms 

of some given FP system) 

D1) If x and y are objects, then x~y iff x=~ or x=y. 

D2) If£ and g are functions, then f~g iff f:x ~ g:x for all objects x. 
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D3) If {f. I iEN} where 
l. 

N={1,2, ... } is an increasing sequence of 

iEN), then f is the limit, lim{f.}, of the 
i -+oo l. 

sequence iff (1) f.$f for all iEN, and (2) 
l. 

f.$g, for all iEN, then f$g. 
l. 

for every g such that 

D4) A form Eis continuous iff for every increasing sequence of 

functions { f. Ii EN}, { Ef. Ii EN} is an increasing sequence of func-
1. l. 

tions and 

E lim{f.} = lim{Ef . } . 
l -+oo l. l -+oo l. 

D5) A function f is the least fixed point of a form E iff f is the 

least function (under$) such that f=Ef. 

Facts 

F1) If Eis a continuous form, then {Eii l iEN } is an increasing 

sequence of functions, and E has the least fixed point lim{EiI}. 
i-+oo 

F2) All the basic functional forms given in [1] are continuous. 

F3) If E and Fare continuous forms, then so is EF. 

The above standard facts give the following direct conclusions: 

C1) All forms built from the functional forms of [1] are con­

tinuous. 

C2) Every such form E in one variable has the least fixed point 

lim{EiI } . 
i-+oo 

C3) If fi+1 =Po-+ qo; . . . ; pi-+ qi; ~ for all iEN, then 

{f. l i EN} is an increasing sequence of functions and 
l. 

lim { f . } = p O -+ q O; ..• ; p -+ q ; , . , 
. 1. n n 
l. -+OO 

by definition of the infinite conditional expansion on the 

right and of lim{f. } . 
. l. 
l. -+oo 
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9. Proof of the linear expansion theorem 

Using the above three conclusions we can now prove the linear 

expansion theorem. We shall need the following lemma. 

Linear approximation lemma 

If His linear and I-preserving and 

Ef = p + q; Hf, 

n+1- n n then E i = p + q; ... ; H1p + H q, i for n~O 

proof By induction on n. 

Now (1) holds for n=O, since EI= p + q; HI= p + q; i. We 

( 1 ) 

assume that (1) holds for some n~O and prove that it holds for n+1. 

En+2-i = E(En+1-i) n+1-= p + q; HE i by defs of En+ 2 and E. 

n n -= p + q; H(p + q; ... ;H
1

p + H q;~) by induction 

H1p n+1 Hn+1 1-n by linearity = p + q; + Hq; ... ; H 1 p + q; of 

H used n+1 times 
n+1 n+1 - since H is I-preserving = p + q; ... ;H1 p + H q;i 

Thus (1) holds for n+1 when it holds for n~O, and it holds for n=O, 

hence it holds for all n~O. D 

Linear expansion theorem 

Let H be a linear and I-preserving form built from FP functions 

and functional forms (see [1]). Let f be the least solution of 

f = P + q; Hf . 

Then f 
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proof 

Let Ef = p ➔ q; Hf. Then, by C1, Eis continuous, and, by C2, 

the least fixed point of Eis lim{Ei~}. By the linear approx-
i➔oo 

l·mat1·on lemma, Ei+ 1 -1. = Hi Hi -p ➔ q; ... ; 1P ➔ q;1.. Hence, by C3, the 

least fixed point of Eis lim{Ei~} 
i➔oo 

Hn Hn = p ➔ q; ... ; 1P ➔ q; ... 

Since, by hypothesis, f is the least fixed point of E, the con­

clusion of the theorem follows. 0 

1 0 . Forms in two variables, Hfg; linearity of Hff 

Here we consider forms Hfg in two variables. We say that Hfg is 

linear inf if there is a form H1fg such that, for all a, b, c and 

all g 

H(a➔b;c) g = H1ag ➔ Hb g ; Hcg . 

Similarly, Hfg is linear in g if there is an H2fg such that, 

for all a, b, c and all f 

Hf(a➔b;c) = H2fa ➔ Hfb ; Hfc . 

If Hfg is linear in both f and g and if H1fg depends only on f 

and H2f g depends only on g , then Hfg is bilinear. Thus when H 

is bilinear, we have, for all f, g , h 

When His bilinear we shall write H1f [=H 1f g] and H2g [=H 2f g] for 

the two predicate transformers of H, since H1f g and H2fg do not 

depend, respectively, on g and on f. 

Examples 

We shall show that most basic forms in two variables are bilinear, 
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with one key exception. Thus, if E and Fare linear forms in one 

variable, p-+ Ef; Fg and [Ef, Fg] are bilinear, whereas Hfg = 

Ef ° Fg is linear in both f and g but not bilinear since H1fg 

depends on both f and g. 

(1) Let Hfg = p-+ Ef; Fg. Then 

H(a-+b;a)g = p -+ (E
1 

a -+ Eb, Ea) ; Fg 

= (p -+ E1a;T) -+ (p -+ Eb;Fg) ;(p -+ Ea;Fg) 

= (p -+ E1a ;T) -+ Hbg; Hag 

Similarly, 

Hf(a-+b;a) = (p-+ T;F 1a) -+ Hfb; Hfa 

Thus H1f = H1fg = (p-+ E1f;T) and H2g = H2fg = (p-+ f;F
1

g) 

and His bilinear. 

(2) Let Hfg = [Ef, Fg] . Then 

H( a-+b ;a) g = [ (E
1 

a -+ Eb; Ea) , Fg ] 

= E1a -+ [Eb,F g] ; [Ea,Fg] 

= E1a -+ Hbg; Hag 

Similarly, 

Hf(a-+b;a) = F 1a -+ Hfb; Hfa 

Thus H1f = E1f and H2g = F1 g and H is bilinear. 

( 3) Let Hfg = Ef 0 Fg . Then 

H(a-+b ;a) g = (E
1 

a -+ Eb;Ea) °Fg 

= E1a 0 Fg ➔ (Eb)oFg; (Ea)oFg 

= E1a 0 Fg -+ Hbg; Hag 

Similarly, 

Hf (a-+b; a) = F 1a ➔ (Ef) °Fb; (Ef) oFa 

= F 1a -+ Hfb ; Hfa 
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Thus H1fg = (E 1f) °Fg and H2g = H2fg = F 1g and Hfg is linear in 

both f and g but not bilinear since H
1
fg depends on both f and g. 

Composition 

If Hfg is linear in both f and g [resp., bilinear] and if Ef is 

linear, then EHfg [=E(Hfg)], H(Ef)g and Hf(Eg) are linear inf 

and g [resp. bilinear]; (EH) 
1 

= E
1
H

1 
and (EH) 

2 
= E

1
H

2 
and if 

Ifg = H(Ef)g, then I 1fg = H1 (E 1f)g and I 2 fg = H
2

(Ef)g etc .. 

Linearity of Hff 

If Hfg is linear in both f and g, the question arises: when is 

Hff linear inf? The following theorem answers this question 

when His bilinear by providing a necessary and sufficient con­

dition for Hff to be linear. The problem is more complex when 

His not bilinear. 

Theorem Let Hfg be bilinear; then Hff is linear inf if and only 

if there exist functions rands with values in {T,F} except at~, 

such that, for all functions a, f, g 

( 1 ) r -+-+ Hfg = Hff 

( 2) s -+-+ Hfg = Hgg 

( 3) ~s & ~H 1a & H2a -+-+ r 

( 4) ~r & H1a & ~H 2a -+-+ s . 

And, when Gf = Hff is linear, then 

(Where ~r = not 0 r and p -+-+ f=g holds when p:x=T and f=x=g:x 1 or P=x=F.) 
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