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ABSTRACT :

Conventional programming languages are growing ever more enormous, but
not stronger. Inherent defects at the most basic level cause them to

be both fat and weak: their primitive word-at-a-time style of pro-
gramming inherited from their common ancestor--the von Neumann computer,
their close coupling of semantics to state transitions, their division

of programming into a worid of expressions and a world of statements,
their inability to effectively use powerful combining forms for building
new programs from existing ones, their lack of useful mathematical
properties for reasoning about programs.

An alternative functional style of programming is founded on the use of
combining forms for creating programs. Functional programs deal with
structured data, are often nonrepetitive and nonrecursive, are hierarchically
constructed, do not name their arguments, and do not require the complex
machinery of procedure declarations to become generally applicable.

Combining forms can use high level programs to build still higher level

ones in a style not possible in conventional languages.

Associated with the functional style of programming is an algebra of
programs whose variables range over programs and whose operations are
combining forms. This algebra can be used to transform programs and to
solve equations whose "unknowns" are programs in much the same way one
transforms equations in high school algebra. These transformations are
given by algebraic laws and are carried out in the same language in

which programs are written. Combining forms are chosen not only for their
programming power but also for the power of their associated algebraic
laws. General theorems of the algebra give the detailed behavior and
termination conditions for large classes of programs.

A new class of computing system uses the functional programming style both
in its programming language and in its state transition rules. Unlike

von Neumann languages, these systems have semantics loosely coupled to
states--only one state transition occurs per major computation.

IBH Research Division
i Yorktown Heights, New York * San Jose, California * Zurich, Switzeriand






\

"Can Programming be Liberated from the
von Neumann Style? A Functional
Style and its Algebra of Programs"

John W. Backus

IBM Research Laboratory
San Jose, California 95193

ABSTRACT:

Key Words and Phrases: functional programming, algebra of programs,
combining forms, functional forms, programming languages, von Neumann
computers, von Neumann languages, models of computing systems, applica-
tive computing systems, applicative state transition systems, program
transformation, program correctness, program termination, metacomposition.

CR Categories: 4.20, 4.29, 5.20, 5.24, 5.26.

IBM Research Division
Yorktown Heights, New York * San Jose, California * Zurich, Switzerland






0. Introduction

I deeply appreciate the honor of the ACM invitation to give the
1977 Turing Lecture and to publish this account of it with the details
promised in the lecture. Readers who wish to see a summary of this

paper should turn to section 16, the last section.

1. Conventional Programming Languages: Fat and Flabby

Programming languages appear to be in trouble. Each successive
language incorporates, with a little cleaning up, all the features
of its predecessors plus a few more. Some languages have manuals
exceeding 500 pages; others cram a complex description into shorter
manuals by using dense formalisms. The Department of Defense has
current plans for a committee designed language standard that could
require a manual as long as 1,000 pages. Each new language claims
new and fashionable features, such as strong typing or structured
control statements, but the plain fact is that few languages make
programming sufficiently cheaper or more reliable to justify the

cost of producing and learning to use them.

Since large increases in size bring only small increases in
power, smaller, more elegant languages such as Pascal continue to
be popular. But there is a desperate need for a powerful method-
ology to help us think about programs, and no_conventiocnal language
even begins to meet that need. In fact, conveﬁtional languages create

unnecessary confusion in the way we think about programs.

For twenty years programming languages have been steadily pro-
gressing toward their present condition of obesity; as a result, the
study and invention of programming languages has lost much of its

excitement. Instead, it is now the province of those who prefer to
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work with thick compendia of details rather than wrestle with new
ideas. Discussions about programming languages often resemble medieval
debates about the number of angels that can dance on the head of a
pin instead of exciting contests between fundamentally differing

concepts.

Many creative computer scientists have retreated from invent-~
ing languages to inventing tools for describing them. Unfortunately,
they have been largely content to apply their elegant new tools
to studying the warts and moles of existing languages. After exam-
ining the appalling type structure of conventional languages, using
the elegant tools developed by Dana Scott, it is surprising that
so many of us remain passively content with that structure instead

of energetically searching for new ones.

The purpose of this article is twofold; first, to suggest that
basic defects in the framework of conventional languages make their
expressive weakness and theilr cancerous growth inevitable, and second,
to suggest some alternate avenues of exploration towards the design

of new kinds of languages.

2. Mcdels of Computing Systems

Underlying every programming language is a model of a computing
system that its programs control. Some models are pure abstractions,
some are represented by hardware, and others by compiling or inter-
pretive programs. Before we examine conventional languages more closely,
it is useful to make a brief survey of existing models as an introduction

to the current universe of alternatives. Existing models may be
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crudely classified by the following criteria:

2.1 Criteria for models

2.1.1 Foundations. Is there an elegant and concise mathematical

description of the model? 1Is it useful in proving helpful facts
about the behavior of the model? Or is the model so complex that its

description is bulky and of little mathematical use?

2.1.2 History sensitivity. Does the model include a notion of

storage, so that one program can save information that can affect the

behavior of a later program, i.e., is the model history sensitive?

2.1.3 Type of semantics. Does a program successively transform

states (which are not programs) until a terminal state is reached
(state transition semantics)? Are states simple or complex? Or
can a "program" be successively reduced to simpler "programs" to
yield a final "normal form program", which is the result ({reduction

semantics) ?

2.1.4 Clarity and conceptual usefulness of programs. Are programs

of the model clear expressions of a process or computation? Do they

embody concepts that help us to formulate and reason about processes?

2.2 Classification of Models

Using the above criteria we can crudely characterize three classes

of models for computing systems:

2.2.1 Simple operational models. Examples: Turing machines,
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various automata. Foundations: concise and useful. History sensitivity:
have storage, are history sensitive. ©Semantics: state transition with
very simple states. Program clarity: programs unclear and conceptually

not helpful.

2.2.2 Applicative models. Examples: Church's lambda calculus {11},

Curry's system of combinators [2], pure LISP [3], functional programming
systems described in this paper. Foundations: concise and useful. History
sensitivity: no storage, not history sensitive. Semantics: reduction

semantics, no states. Program clarity: programs can be clear and con-

ceptually useful.

2.2.3 Von Neumann models. Examples: von Neumann computers, con-

ventional programming languages. Foundations: complex, bulky, not use-
ful. History semnsitivity: have storage, are history sensitive. Seman-
tics: state transition with complex states. Program clarity: programs

can be moderately clear, are not very useful conceptually.

The above classification is admittedly crude and debatable.

Some recent models may not fit easily into any of these categories; e.g.,
the data flow languages developed by Arvind and Gostelow [4], Dennis [5],
Kosinski [6] and others partly fit the class of simple operational models,
but their programs are clearer than those of earlier models in the class
and it is perhaps possible to argue that some have reduction semantics.

In any event, this classification will serve as a crude map of the ter-
ritory to be discussed. We shall be concerned only with applicative and

von Neumann models.



3. Von Neumann Computers

In order to understand the problems of conventional programming
languages, we must first examine their intellectual parent, the von
Neumann computer. What is a von Neumann computer? When von Neumann
and others conceived it over thirty years ago, it was an elegant,
practical, and unifying idea that simplified a number of engineering and
programming problems that existed then. Although the conditions that
produced its architecture have changed radically, we nevertheless
still identify the notion of "computer” with this thirty year old

concept.

In its simplest form a von Neumann computer has three parts: a
central processing unit or CPU, a store, and a connecting tube that
can transmit a single word between the CPU and the stdre (and send
an address to the store). I propose to call this tube the von
Neumann bottleneck. The task of a program is to change the contents
of the store in some major way; when one considers that this task
must be accomplished entirely by pumping single words back and
forth through the von Neumann bottleneck, the reason for its name

becomes clear.

Ironically, a large part of the traffic in the bottleneck is not
useful data but merely names of data, as well as operations and data
used only to compute such names. Before a word can be sent through
the tube its address must be in the CPU; hence it must either be sent
through the tube from the store or be generated by some CPU operation.
If the address is sent from the store, then its address must either

have been sent from the store or generated in the CPU, and so on.
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If, on the other hand, the address is generated in the CPU, it

must be generated either by a fixed rule (e.g., "add 1 to the
program counter”) or by an instruction that was sent through the
tube, in which case 7ts address must have been sent... and so on.

Surely there must be a less primitive way of making big changes
in the store than by pushing vast numbers of words back and forth through
the von Neumann bottleneck. Not only is this tube a literal bottleneck
for the data traffic of a problem, but, more importantly, it is an
intellectual bottleneck that has kept us tied to word-at-a-time think-
ing instead of encouraging us to think in terms of the larger concept-
ual units of the task at hand. Thus programming is basically planning
and detailing the enormous traffic of words through the von Neumann
bottleneck, and much of that traffic concerns not significant data

itself but where to find it.

4. Von Neumann Languages

Conventional programming languages are basically high-level,
complex versions of the von Neumann computer. Our thirty year
0ld belief that there is only one kind of computer is the basis of
our belief that there is only one kind of programming language, the
conventional--von Neumann--language. The differences between Fortran
and Algol 68, although considerable, are less significant than the fact
that both are based on the programming style of the von Neumann computer.
Although I refer to conventional languages as "von Neumann languages"”
to take note of their origin and style, of course I do not blame the

great mathematician for their complexity. In fact, some might say that
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I bear some responsibility for that problem.

Von Neumann programming languages ﬁse variables to imitate the
computer's storage cells; control statements elaborate its jump and test
instructions; and assignment statements imitate its fetching, storing
and arithmetic. The assignment statement is the von Neumann bottle-
neck of programming languages and keeps us thinking in word-at-a-time

terms in much the same way the computer's bottleneck does.

Consider a typical program; at its center are a number of assignment
statements containing some subscripted variables. Each assignment state-
ment produces a one word result. The program must cause these statements
to be executed many times, while altering subscript values, in order to
make the desired overall change in the store, since it must be done one
word at a time. The programmer is thus concerned with the flow of words
through the assignment bottleneck as he designs the nest of control

statements to cause the necessary repetitions.

Moreover, the assignment statement splits programming into
two worlds. The first world comprises the right sides of assignment
statements. This is an orderly world of expressions, a world that
has useful algebraic properties (except that those properties are
often destroyed by side effects). It is the world in which most

useful computation takes place.

The second world of conventional programming languages is

the world of statements. The primary statement in that world is
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the assignment statement itself. All the other statements of the
language exist in order to make it possible to perform a computation
that must be based on this primitive construct, the assignment

statement.

This world of statements is a disorderly one, with few useful
mathematical properties. Structured programming can be seen as a mod-
est effort to introduce some order into this chaotic world, but it
accomplishes little in attacking the fundamehtal problems created by
the word-at-a-time von Neumann style of programming, with its primitive

use of loops, subscripts, and branching flow of control.

Our fixation on von Neumann languages has continued the primacy
of the von Neumann computer, and our dependency on <t has made non-
von Neumann languages uneconomical and has limited their development.
The absence of full scale, effective programming styles founded on
non-von Neumann principles has deprived designers of an intellectual
foundation for new computer architectures (for a brief discussion of

that topic, see section 15).

Applicative computing systems' lack of storage and history sens-
itivity is the basic reason they have not provided a foundation for
computer design. Moreover, most applicative systems employ the substit-
ution operation of the lambda calculus as their basic operation; this
operation is one of virtually unlimited power, but its complete and
efficient realization presents great difficulties to the machine de-

signer. Furthermore, in an effort to introduce storage and to
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improve their efficiency on von Neumann computers, applicative systems
have tended to become engulfed in a large von Neumann system. For
example, pure LISP is often buried in large extensions with many von
Neumann features. The resulting complex systems offer little guidance

to the machine designer.

5. Comparison of von Neumann and Functional Programs

To get a more detailed picture of some of the defects of von
Neumann languages, let us compare a conventional program for inner
product with a functional one written in a simple language to be

detailed further on.

5.1 A von Neumann Program for Inner Product

c := 0
for i :=1 step 1 until n do
c :=c¢c + al[i]lxb[i]

Several properties of this program are worth noting:

a) Its statements operate on an invisible "state" according to
complex rules. ;

b) It is not hierarchical. Except for the right side of the
assignment statement, it does not construct complex entities from
simpler ones. (Larger programs, however, often do.)

c) It is dynamic and repetitive. One must mentally execute
it to understand it.

d) It computes word-at-a-time by repetition (of the assignment)
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and by modification (of variable i).

e) Part of the data, n, is in the program; thus it lacks generality
and works only for vectors of length n.

f) It names its arguments; it can only be used for vectors a and b.
To become general, it requires a procedure declaration. These involve
complex issues (e.g., call-by-name versus call-by-value).

g) Its "housekeeping" operations are represented by symbols
in scattered places (in the for statement and the subscripts in the as-
signment). This makes it impossible to consolidate housekeeping
operations, the most common of all, into single, powerful, widely use-
ful operators. Thus in programming those operations one must always
start again at square one, writing "for i:=..." and "for j:=..."

followed by assignment statements sprinkled with i's and j's.

5.2 A Functional Program for Inner Product

Def Innerproduct = (Insert +)c° (ApplyToAll x)eTranspose

Or, in abbreviated form:

Def IP = (/+)c°(ax)eTrans

Composition (o), Insert (/), and ApplyToAll (a) are
functional forms that combine existing functions to form new ones.
Thus fog 1is the function obtained by applying first g and then
f, and «of 1is the function obtained by applying f to every member
of the argument. If we write f:x for the result of applying f to the
object x, then we can explain each step in evaluating Innerproduct

applied to the pair of vectors <<1,2,3>,<6,5,4>> as follows:
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IP:<<1,2,3>,<6,5,4>> =

Definition of IP => (/+)e(ax)eTrans:<<1,2,3>,<6,5,4>>
Effect of composition, o =>  (/+):((ax): (Trans:<<1,2,3>,<6,5,4>>))
Applying Transpose =>  (/+) i ({ax):1<<1,6>,<2,5>,<3,4>>)
Effect of ApplyToAll, « => (/+)s<x:<1,6>,%x:<2,5>,x:<3,4>>
Applying x => (/+):<6,10,12>

Effect of Insert, / => +:<6, +:<10,12>>

Applying + =>  +:<6,22>

Applying + again => 28

Let us compare the properties of this program with those of

the von Neumann program.

a) It operates only on its arguments. There are no hidden states
or complex transition rules. There are only two kinds of rules, one for
applying a function to its argument, the other for obtaining the function
denoted by a functional form such as composition, feg, or ApplyToAll, af,
when one knows the functions f and g, the parameters of the forms.

b) It is hierarchical, being built from three simpler functions
(+, x, Trans) and three functional forms fo°g, of, and /f.

c) It is static and nonrepetitive, in the sense that its structure
is helpful in understanding it without mentally executing it.
E.g., if one understands the action of the forms fog and af, and of
the functions x and Trans, then one understands the action of «ax
and of (ax)eTrans, and so on.

d) It operates on whole conceptual units, not words; it has three

steps; no step is repeated.
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e) It incorporates no data; it is completely general; it works
for any pair of conformable vectors.
f) It does not name its arguments; it can be applied to any pair
of vectors without any procedure declaration or complex substitution rules.
g) It employs housekeeping forms and functions that are generally
useful in many other programs; in fact, only + and x are not concerned with
housekeeping. These forms and functions can combine with others to create

“higher level housekeeping operators.

Section 14 sketches a kind of system designed to make the above
functional style-of programming available in a history sensitive
system with a simple framework, but much work remains to be done
before the above applicative style can become the basis for elegant
and practical programming languages. For the present, the above
comparison exhibits a number of serious flaws in von Neumann pro-
gramming languages and can serve as a starting point in an effort

to account for their present fat and flabby condition.

6. Language Frameworks vs. Changeable Parts

Let us distinguish two parts of a programming language, first its
framework which gives the overall rules of the system, and second, its
changeable parts , whose existence is anticipated by the framework
but whose particular behavior is not specified by it. For example, the
for statement, and almost all other statements, are part of Algol's
framework but library functions and user defined procedures are
changeable parts. Thus the framework of a language describes its

fixed features and provides a general environment for its changeable
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features.

Now suppose a language had a small framework which could accom-
modate a great variety of pcwerful features entirely as changeable
parts. Then such a framework could support many different features and
styles without being changed itself. 1In contrast to this pleasant
possibility, von Neumann languages always seem to have an immense
framework and very limited changeable parts. What causes this to

happen? The answer concerns two problems of von Neumann languages.

The first problem results from the von Neumann style of word-
at-a-time programming, which requires that words flow back and
forth to the state, just like the flow through the von Neumann bottle~
neck. Thus a von Neumann language must have a semantics closely
coupled to the state, in which every detail of a computation changes
the state. The consequence of this semantics closely coupled to
states is that every detail of every feature must be built into

the state and its transition rules.

Thus every feature of a von Neumann language must be spelled
out in stupefying detail in its framework. Furthermore, many complex
features are needed to prop up the basically weak word-at-a-time style.
The result is the inevitable rigid and enormous framework of a von

Neumann language.

7. Changeable Parts and Combining Forms

The second problem of von Neumann languages is that their change-
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able parts have so little expressive power. Their Gargantuan size
is eloquent proof of this; after all, if the designer knew that
all those complicated features, which he now builds into the frame-
work, could be added later on as changeable parts, he would not

be so eager to build them into the framework.

Perhaps the most important element in providing powerful changeable
parts in a language is the availability of combining forms that can
be generally used to build new procedures from old ones. Von Neumann
languages provide only primitive combining forms, and the von Neumann

framework presents obstacles to their full use.

Cne obstacle to the use of combining forms is the split between
the expression world and the statement world in von Neumann languages.
Functional forms naturally belong to the world of expressions; but
no matter how powerful they are they can only build expressions that
produce a one word result. And it is in the statement world that these
one word results must be combined into the overall result. Combining
single words is not what we really should be thinking about, but it
is a large part of programming any task in von Neumann languages. To
help in assembling the overall result from single words these languages
provide some primitive combining forms in the statement world--the for,

while, and if-then-else statements--but the split between the two worlds

prevents combining forms in either world from attaining the full power

they can achieve in an undivided world.

A second obstacle to the use of combining forms in von Neumann
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languages is their use of elaborate naming conventions, which are
further complicated by the substitution rules required in calling pro-
cedures. Each of these requires a complex mechanism to be built into
the framework so that variables, subscripted variables, pointers, file
names, procedure names, call-by-value formal parameters, call-by-name
formal parameters, and so on, can all be properly interpreted. All
these names, conventions and rules interfere with the use of simple

combining forms.

8. APL vs. Word-at-a-time Programming

Since I have said so much about word-at-a-time programming, I
must now say something about APL [7]. We owe a great debt to Kenneth
Iverson for showing us that there are programs that are neither word-
at-a-time nor dependent on lambda expressions, and for introducing
us to the use of new functional forms. And since APL assignment
statements can store arrays, the effect of its functional forms

is extended beyond a single assignment.

Unfortunately, however, APL still splits programming into a world
of expressions and a world of statements. Thus the effort to write
one line programs is partly motivated by the desire to stay in the
more orderly world of expressions. APL has exactly three functional
forms, called inner product, outer product, and reduction. These are
sometimes difficult to use, there are not enough of them, and their use

is confined to the world of expressions.

Finally, APL semantics is still too closely coupled to states;



-17-

consequently, despite the greater simplicity and power of the language,
its framework has the complexity and rigidity characteristic of

von Neumann languages.

9. Von Neumann Languages Lack Useful Mathematical Properties

So far we have discussed the gross size and inflexibility of von
Neumann languages; another important defect is their lack of useful
mathematical properties and the obstacles they present to reasoning
about programs. Although a great amount of excellent work has been
published on proving facts about programs, von Neumann languages have
almost no properties that are helpful in this direction and have

many properties that are obstacles (e.g., side effects, aliasing).

Denotational semantics [8] and its foundations [9, 10] provide
an extremely helpful mathematical understanding of the domain and
function spaces implicit in programs. When applied to an applicative
language (such as that of the."recursive programs" of [11]), its
foundations provide powerful tools for describing the language and
for proving properties of programs. When applied to a von Neumann
language, on the other hand, it provides a precise semantic description
and is helpful in identifying trouble spots in the language. But
the complexity of the language is mirrored in the complexity of the
description, which is a bewildering collection of productions,
domains, functions and equations that is only slightly more helpful
in proving facts about programs than the reference manual of the

language, since it is less ambiguous.

Axiomatic semantics [12] precisely restates the inelegant pro-
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perties of von Neumann programs (i.e., transformations on states) as
transformations on predicates. The word-at-a-time, repetitive game
is not changed thereby, merely the playing field. The complexity of
this axiomatic game of proving facts about von Neumann programs makes
the successes of its practioners all the more to be admired. Their
success rests on two factors in addition to their ingenuity: first,
the game is restricted to small, weak subsets of full von Neumann
languages that have states vastly simpler than real ones; and second,
the new playing field (predicates and their transformations) is richer,
more orderly and effective than the old (states and their transforma-
tions). But restricting the game and transferring it to a more effec-
tive domain does not enable it to handle real programs (with the
necessary complexities of procedure calls and aliasing), nor does it
eliminate the clumsy properties of the basic von Neumann style. As
axiomatic semantics is extended to cover more of a typical von Neumann
language, it begins to lose its effectiveness with the increasing

complexity that is required.

Thus denotational and axiomatic semantics are descriptive formal-
isms whose foundations embody elegant and powerful concepts; but using
them to describe a von Neumann language can not produce an elegant
and powerful language any more than the use of elegant and modern

machines to build an Edsel can produce an elegant and modern car.

In any case, proofs about programs use the language of logic,
not the language of programming. Proofs talk about programs but

cannot involve them directly since the axioms of von Neumann languages
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are so unusable. In contrast, many ordinary proofs are derived
by algebraic methods. These methods require a language that has
certain algebraic properties. Algebraic laws can then be used in
a rather mechanical way to transform a problem into its solution.
For example, to solve the equation

ax + bx = a+ b
for x (given that a+b # 0), we mechanically apply the distributive,
identity, and cancellation laws, in succession, to obtain

(a + b)x = a+b

(a + b)x

(a + b)1

x = 1.
Thus we have proved that x = 1 without leaving the "language" of
algebra. Von Neumann languages, with their grotesque syntax, offer few

such possibilities for transforming programs.

As we shall see later, programs can be expressed in a language
that has an associated algebra. This algebra can be used to transform
programs and to solve some equations whose "unknowns" are programs, in
much the same way one solves equations in high school algebra. Algebraic
transformations and proofs use the language of the programs themselves,

rather than the language of logic, which talks about programs.

10. What are the Alternatives to von Neumann Languages?

Before discussing alternatives to von Neumann languages, let me
remark that I regret the need for the above negative and not very precise
discussion of these languages. But the complacent acceptance most of

us give to these enormous, weak languages has puzzled and disturbed me
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for a long time. I am disturbed because that acceptance has consumed
a vast effort toward making von Neumann languages fatter, which might
have been better spent in looking for new structures. For this reason
I have tried to analyze some of the basic defects of conventional lan-
guages and show that those defects cannot be resolved unless we dis-

cover a new kind of language framework.

In seeking an alternative to conventional languages we must first
recognize that a system cannot be history sensitive (permit execution
of one program to affect the behavior of a subsequent one) unless the
system has some kind of state (which the first program can change and
the second can access). Thus a history sensitive model of a computing
system must have a state-transition semantics, at least in this weak
sense. But this does not mean that every computation must depend
heavily on a complex state, with many state changes required for each

small part of the computation (as in von Neumann languages).

To illustrate some alternatives to von Neumann languages, I
propose to sketch a class of history sensitive computing systems,
where each system:

a) has a loosely coupled state~transition semantics in which
a state transition occurs only once in a major computation;

b) has a simply structured state and simple transition rules;

c¢) depends heavily on an underlying applicative system both to
provide the basic programming language of the system and to describe

its state transitions.

These systems, which I call applicative state transition (or AST)
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systems, are described in section 14. These simple systems avoid
many of the complexities and weaknesses of von Neumann languages
and provide for a powerful and extensive set of changeable parts.
However, they are sketched only as crude examples of a vast area

of non-von Neumann systems with various attractive properties. I
have been studying this area for the past three or four years and
have not yet found a satisfying solution to the many conflicting
requirements that a good language must resolve. But I believe this
search has indicated a useful approach to designing non-von Neumann

languages.

This approach involves four elements, which can be summarized
as follows:

a) A functional style of programming withcocut variables. A

simple, informal functional programming (FP) system is described.
It is based on the use of combining forms for building programs. Several
programs are given to illustrate functional programming.

b) An algebra of functional programs. An algebra is described

whose variables denote FP functional programs and whose "operations"
are FP functional forms, the combining forms of FP programs. Some
laws of the algebra are given. Theorems and examples are given that
show how certain function expressions mav be transformed into equiv-
alent infinite expansions that explain the behavior of the function.
The FP algebra is compared with algebras associated with the classical
applicative systems of Church and Curry.

c) A formal functional programming system. A formal (FFP)

system is described that extends the capabilities of the above in-
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formal FP systems. An FFP system is thus a precisely defined system
that provides the ability to use the functional programming style
of FP systems and their algebra of progfams. FFP systems can be
used as the basis for applicative state transition systems.

d) Applicative state-transition systems. As discussed above.

The rest of the paper describes these four elements, gives some brief

remarks on computer design, and ends with a summary of the paper.

11. Functional Programming Systems (FP Systems)

11.1 Introduction

In this section we give an informal description of a class of
simple applicative programming systems called functional programming (FP)
systems, in which "programs" are simply functions without variables.

The description is followed by some examples and by a discussion

of various properties of FP systems.

An FP system is founded on the use of a fixed set of combining
forms called functional forms. These, plus simple definitions,
are the only means for building new functions from existing ones;
they use no variables or substitution rules, and they become the
operations of an associated algebra of programs. All the functions
of an FP system are of one type: they map objects into objects and

always take a single argument.

In contrast, a lambda calculus based system is founded on the

use of the lambda expression, with an associated set of substitution
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rules for variables, for building new functions. The lambda expression
(with its substitution rules) is capable of defining all possible
computable functions of all possible types and of any number of arg-
uments. This freedom and power has its disadvantages as well as its
obvious advantages. It is analogous to the power of unrestricted
control statements in conventional languages: with unrestricted
freedom comes chaos. If one constantly invents new combining forms
to suit the occasion, as one can in the lambda calculus, one will
not become familiar with the style or useful properties of the few
combining forms that are adequate for all purposes. Just as structured
programming eschews many control statements to obtain programs with
simpler structure, better properties, and uniform methods for understand-
ing their behavior, so functional programming eschews the lambda
expression, substitution, and multiple function types. It thereby
achieves programs built with familiar functional forms with known
useful properties; these programs are so structured that their be-
havior can often be understood and proven by mechanical use of alge-
braic techniques similar to those used in solving high school algebra

problems.

Functional forms, unlike most programming constructs, need not
be chosen on an ad hoc basis. Since they are the operations of an
associated algebra, one chooses only those functional forms that not
only provide powerful programming constructs, but that also have
attractive algebraic properties: one chooses them to maximize the
strength and utility of the algebraic laws that relate them to other

functional forms of the system.
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In the following description we shall be imprecise in not dis-

tinguishing between (a) a function symbol or expression and (b) the

function it denotes. We shall indicate the symbols and expressions

used to denote functions by example and usage. Section 13 describes
a formal extension of FP systems (FFP systems); they can serve to

clarify any ambiguities about FP systems.

11.2 Description

An FP system comprises the following:
1) a set O of objects;
2) a set F of functions f that map objects into objects;

3) an operation, application;

4) a set F of funetional forms; these are used to combine existing

functions, or objects, to form new functions in F.
5) a set D of definitions that define some functions in F and

assign a name to each.

What follows is an informal description of each of the above en-

tities with examples.

11.2.1 Objects, O. An object x is either an agtom, a
sequence <Xy,...,T > whose elements x, are objects, or L ("bot-
tom" or "undefined"). Thus the choice of a set A of atoms determines

the set of objects. We shall take A to be the set of non-null strings
of capital letters, digits and special symbols not used by the not-
ation of the FP system. Some of these strings belong to the class of

atoms called "numbers". The atom ¢ is used to denote the empty
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sequence and 1is the only object which is both an atom and a sequence.

The atoms T and F are used to denote "true" and "false".

There is one important constraint in the construction of objects:

if x is a sequence with L as an element, then « = 1. I.e., the

"sequence constructor" is "i-preserving". Thus no proper sequence

has L as an element.

Examples of objects

i 1.5 @ AB3 <AB, 1, 2.3> <4, <<B>, C>, D> <4,

11.2.2 Application. An FP system has a single operation,

application. If f is a function and « is an object, then f:x is an

application and denotes the object which is the result of applying

f to x. f is the operator of the application and x is the operand.

Examples of applications

+:<1,2> = 3 tl:<4,B,C> = <B,C> 1:<4,B,C> = 4 2:<4,8,C> = B

11.2.3 Functions, F. All functions f in F map objects into

f:r = 1, for all f in F. Every

objects and are bottom-preserving:

function in F is either primitive, that is, supplied with the system,

or it is defined (see below), or it is a functional form (see below).

It is sometimes useful to distinguish between two cases in which

fi:x=L. If the computation for f:x terminates and yields the object .,

we say f 1is undefined at x, that is, f terminates but has no meaning-

ful value at x; otherwise, we say f is nonterminating at x.



-26-

Examples of primitive functions

Our intention is to provide FP systems with widely useful and
powerful primitive functions rather than weak ones that could then
be used to define useful ones. The following examples define some
typical primitive functions, many of which are used in later examples
of programs. In the following definitions we use a variant of
McCarthy's conditional expressions [3]; thus we write

Pp 7 €95 5 Pn 7 ©en' Chyeq
instead of McCarthy's expression

(p1 T €1> s Py T epe = en+1)'

The following definitions are to hold for all objects x, z., Y, Y., 8, 2

i i i’

Selector functions

T:x = £=<L,,0..,8_> > L,; 1L
— 1 * E] n 13
and for any positive integer s,
s:x = x=<x1,...,xn> &€ nzs ~ xs; L

Thus, for example, 3:<4,B,C> = ¢ and 2:<4> = 1. Note that the function

symbols 1, 2, etc. are distinct from the atoms 1, 2, etc.

Tail
tl:x = L=<z, > > & LT=<L gy, X > & n=2 - SXps e, X > L
Identity
id:x = x
Atom
atom:x = x is an atom > T; x=2l1 ~» F; 1
Equals
eq:x z x=<y,2> & y=z > T, x=<y,z> & y=zz - F; 1
Null
nall:z = x=¢ > T; x=21L > F; 1



Reverse

reverse:x = x=9¢ > @,

x=<x
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,L_ > > <L 4.
n n

R

Distribute from left, and Distribute from right

distl:x =z 2=<y,%> > @; LECY S8y e s B >> > S<YL B>, <Y L8 2> L

distr:x = x=<@,y> > ¢; LY gs e v sY 758> 7 <<Y 8>, <Y L8225 L
Length

length:x = LTy o w2 > > N x=¢ > 0; 1L
Add, Subtract, Multiply,'and Divide

t:x = x=<y,2> & y,z are numbers - y+z; 1

-1x = x=<y,3> & y,2 are numbers > y-z; 1L

X:1x = Xx=<y,2> & Y,z are numbers > yxz; 1

tix = x=<y,’3> & y,3 are numbers - yiz; 1L (where y:0 = 1)
Transpose

trans:x = x=<@,...,%> > @&; x=<x1,...,xn> - <y1,...,ym>; 1

where Ly ST gs e, > and yj=<x1j,...,xnj>, 1<ign, 1<j<m.

And, Or, Not

and:x = x=<T7,7> » T, x=<T,r> v x=<F,T> V X=<F,F> > F,; 1

etc.
Append left and Append right

apndl:x = x=<y,8> > <y>; LY <y v e 2> > <Y,By,.. .3 25 L

apndr:x = x=<¢,3> > <3>; TI<<Y g5 ee ey 758> > <y1;...,yn,z>; L

Right selectors and Right tail

1r:ix = x=<x,,...,6_> > & _; L
1 n n
2r:x = x=<X ches,X_ > & N22 > x ;1
= 1’ >n n-1
etc.
tlr:x = X=<X,> > P; BI<T 1, 00.,L. > & N22 + <L ,,0..,8 >3 L
— 1 ¢3 1 £l n 1’ £ n—1 b4

Rotate left and Rotate right

rotl:x =

etc. .

=0 > @; L=< > > <

>; xr=<x

1

17" .,xn> & nx2 ~» <x

AR
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11.2.4 Functional forms, F. A functional form is an expression

denoting a function; that function depends on the functions or objects
which are the parameters of the expresSion. Thus, for example, if f and
g are any functions, then fog is a functional form, the composition of
f and g,rf and g are its parameters, and it denotes the fuﬂ;£ién éaéh -
that, for any object x,

(fog):x = fi(g:x)
Some functional forms may have objects as parameters. For example,
for any object x, ¥ is a functional form, the constant function of z,
so that for any object y

Tiy = y=L > L; «x

In particular, 1 is the everywhere-i function.

Below we give some functional forms, many of which are used
later in this paper. We use p, f, and g with and without subscripts
to denote arbitrary functions; and z, Lypeeer®o, Y aS arbitrary
objects. Squaré brackets [...] are used to indicate the functional
form for comnstruction, which denotes a function, whereas pointed
brackets <...> denote sequences, which are objects. Parentheses

are used both in particular functional forms (e.g., in condition)

and generally to indicate grouping.

Composition

(feg):x = f:(g:x)

Construction

[f1,...,fn]:x = <f1:x,...,fn:x> (Recall that since <...,Ll,...> =

and all functions are 1-preserving, so is [f1,...,f 1)
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Condition

(p > fig):ix = (p:x)=T -~ f:x; (p:x)=F »> g:x; L

Conditional expressions (used outside of FP systems to describe
their functions) and the functional form condition are both identified
by "»". They are quite different although closely related, as shown
in the above definitions. But no confusion should arise, since the
elements of a conditional expression all denote values, whereas the
elements of the functional form condition all denote functions, never
values. When no ambiguity arises we omit right associated parentheses;
we write, for example, pe f1; Py > f2; g for (p1 > f1; (p2 > f2;g)) .

Constant (here x is an object parameter)

Ty = y=1 > L;
Insert
/f:x = LICL > 7 Ly TI<Ty,0e.,T > A Nnz2 - f:<x1,/f:<x2,...,xn>>; 1

Thus /T i<4,5,6> = +:<U4,/+:<5,6>> = +:<U,+:<5,/+:<6>>> = +:<U4,+:<5,6>> = 15

Apply to all

af:x = x=¢ - @; LI<L gy e, X > > <f:x1,...,f:xn>; L

Binary to unary (a2 is an object parameter)

(bu f x):y

Fi<z,y>

Thus (bu + 1):z 1+x

i

wWhile

(while p f):x = p:x=T » (while p F):(f:x); p:x=F » x; 1

The above functional forms provide an effective method for com-
puting the values of the functions they denote (if they terminate)

provided one can effectively apply their function parameters.



-30-

11.2.5 Definitions. A definition in an FP system is an ex-

pression of the form
Def 7 =z r
where the left side 7 is an unused function symbol and the right side
r is a functional form (which may depend on 7). It expresses the
fact that the symbol [ is to denote the function given by ». Thus
the definition Def lastl = 1oreverse' defines the function last!
that produces the last element of a sequence (or 1). Similarly,
'ggg last = nulletl - 1; lastotl

defines the function last, which is the same as last1. Here in

detail, is how the definition would be used to compute last:<1,2>:

last:<1,2> =
definition of last => (nullotl - 1; lastotl):<1,2>
action of the form (p-+f;g) => lastotl:<1,2>
since nullotl:<1,2> = null:<2> = F
action of the form fog => last:(tl:<1,2>)

definition of primitive tail =»> last:<2>
definition of last => (nulletl - 1; lastotl):<2>
action of the form (p-+fig) => 1:<2>

since nulloetl:<2> = null:¢ = T

definition of selector 1 => 2

The above illustrates the simple rule: to apply a defined symbol,
replace it by the right side of its definition. Of course, some
definitions may define nonterminating functions. A set D of def-

initions is well formed if no two left sides are the same.
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11.2.6 Semantics. It can be seen from the above that an FP

system is determined by choice of the following sets:

a) The set of atoms A (which determines the set of objects).

b} The set of primitive functions P.

c) The set of functional forms F.

d) A well formed set of definitions D.
To. understand the semantics of such a system one needs to know how
to compute f:x for any function f and any object x of the system.
There are exactly four possibilities for f :

1) f is a primitive function,

2) f is a functional form,

3) there is one definition in D, Def f = r,

4) none of the above.
If f is a primitive function, then one has its description and knows
how to apply it. 1If f is a functional form, then the description of
the form tells how to compute f:x in terms of the parameters of the
form, which can be doﬁe by further use of these rules. If f is de-
fined, Def f = r, as in (3), then to find f:x one computes r:x, which
can be done by further use of these rules. If none of these, then
fixz L . Of course, the use of these rules may not terminate for

some f and some x, in which case we assign the value f:x = 1.

11.3 Examples of functional programs

The following examples illustrate the functional programming
style. 8ince this style is unfamiliar to most readers, it may cause
confusion at first; the important point to remember is that no part
of a function definition is a result itself; instead, each part is

a function that must be applied to an argument to obtain a result.
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11.3.1 Factorial

Def ! =z eq0 » I; xo[id, !osubl]
where

Def eq0 = egeo(id, 0]

Def subl = -o[id, 1]

Here are some of the intermediate expressions an FP system would
obtain in evaluating !:2 :
1:2 => (eq0 - I; xo[id, !osubl1]):2 => xo{id, !osubl]:2
=> x:<id:2, l!osubl:2> => x:<2, l:1> => x:<2,x:<1, !:0>>
=> x:1<2, x:<1,1:0>> => x:<2, x:<1,1>> => x:<2,1> => 2 .

In section 12 we shall see how theorems of the algebra of FP programs

can be used to prove that ! is the factorial function.

11.3.2 Inner product. We have seen earlier how this definition

works.

Def IP (/+) o (ax)otrans

11.3.3 Matrix multiply. This matrix multiplication program

yields the product of any pair <m,n> of conformable matrices, where
each matrix m is represented as the sequence of its rows:
Mmo= <My ..M > where My T SMigseee Mo
Def MM = (aaIP)o(adistl)edistre{1, transo-2]

> for 1 = 19,...,r.

The program MM has four steps, reading from right to left; each
is applied in turn, beginning with [1, trans-2], to the result
of its predecessor. If the argument is <m,n>, then the first
step yields <m,n’'> where n' = trans:n. The second step yields

<<m1,n'>,...,<mr,n’>>
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where the m, are the rows of m. The third step, adistl, yields
<distl:<m1,n’>,...,distl:<mr,n’>> = SPqsee P>

—_ 3 » 1] - 3 —_
where p; = dlstl.<mi,n > = <<mi,n1’>,...,<mi,ns'>> for 1 = 1,...,r

and nj' is the jth column of »n (the jth row of »n’).

Thus p;. @ sequence of row and column pairs, corresponds to the ith pro-
duct row. The operator oaaIP, or o« {aIP), causes alIP to be applied

to each Py which in turn causes IP to be applied to each row and

column pair in each py- The result of the last step is therefore

the sequence of rows comprising the product matrix. If either matrix

is not rectangular, or if the length of a row of m differs from that

of a column of n, or if any element of m or »n is not a number, the

result 1is ..

This program MM does not name its arguments or any intermediate
results; contains no variables, no loops, no control statements nor
procedure deciarations; has no initialization instructions; is not
word—-at-a-time in nature; is hierarchically constructed from simpler
components; uses generally applicable housekeeping forms and operators
(e.g.; af, distl, distr, trans); is perfectly general; yields i1 when-
ever its argument is inappropriate in any way; does not constrain
the order of evaluation unnecessarily (all applications of IP to
row and column pairs can be done in parallel or in any order); and,
using algebraic laws (see below), can be transformed into more
"efficient" or into more "explanatory" programs (e.g., one that
is recursively defined). None of these properties hold for the

typical von Neumann matrix multiplication program.

Although it has an unfamiliar and hence puzzling form, the
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program MM describes the essential operations of matrix multiplication
without overdetermining the process or obscuring parts of it, as

most programs do; hence many straightfofward programs for the operation
can be obtained from it by formal transformations. It is an in-
herently inefficient program for von Neumann computers (with regard

to the use of space), but efficient ones can be derived from it

and realizations of FP systems can be imagined that could execute

MM without the prodigal use of space it implies. Efficiency questions
are beyond the scope of this paper; let me suggest only that since

the language is so simple and does not dictate any binding of lambda-
type variables to data, there may be better opportunities for the
system to do some kind of "lazy" evaluation [13, 14] ‘and to control
data management more efficiently than is possible in lambda calculus

based systems.

11.4 Remarks About FP Systems.

11.4.1 FP systems as programming languages. FP systems are

so minimal that some readers may find it difficult to view them as
programming languages. Viewed as such, a function f is a program, an
object x‘is the contents of the store, and f:x is the contents of the
store after program f is activated with z in the store. The set of
definitions is the program library. The primitive functions and the
functional forms provided by the system are the basic statements of

a particular programming language. Thus, depending on the choice of
primitive functions and functional forms, the FP framework provides for
a large class of languages with various styles and capabilities. The

algebra of programs associated with each of these depends on its
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particular set of functional forms. The primitive functions, functional
forms and programs given in this paper comprise an effort to develop

just one of these possible styles.

11.4.2 Limitations of FP systems. .FP systems have a number

of limitations. For example, a given FP system is a fixed language;
it is not history sensitive: no program can alter the library of pro-
grams. It can treat input and output only in the sense that z is an
input and f:x is the output. If the set of primitive functions and
functional forms is weak, it may not be able to express every comput-

able function.

An FP system cannot compute a program since function expressions
are not objects. Nor can one define new functional forms within an
FP system. (Both of these limitations are removed in formal function-
al programming (FFP) systems in which objects "represent” functions.)
Thus no FP system can have a function, apply, such that

apply:<x,y> = x:y
because, on the left, x is an object, and, on the right, x is a function
(note that we have been careful to keep the set of function symbols and
the set of objects distinct: thus 1 is a function symbol, and 1 is an

object).

The primary limitation of FP systems is that they are not
history sensitive. Therefore they must be extended somehow before
they can become practically useful. For discussion of such
extensions, see the sections on FFP and AST systems (sections

13 and 14).
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11.4.3 Expressive power of FP systems. Suppose two FP systems,

FP1 and FPZ’ both have the same set of objects and the same set of
primitive functions, but the set of functional forms of FP1 properly
includes that of FPZ' Suppose also that both systems can express all
computable functions on objects. Nevertheless, we can say that FP

1

is more expressive than FPZ’ since every function expression in FP2
can be duplicated in FP1, but by using a functional form not belonging

to FPZ’ FP1 can express some functions more directly and easily than

FPZ'
I believe the above observation could be developed into a

theory of the expressive power of languages in which a language A

would be more expressive than language B under the following roughly

stated conditions. First, form all possible functions of all types

in A by applying all existing functions to objects and to each other

in all possible ways until no new function of any type can bg formed.

(The set of objects is a type; the set of continuous functions [T-U]

from type T to type U is a type. If felT»U] and ¢¢T, then ft in U

can be formed by applying f to t.) Do the same in language B. Next,

compare each type in A to the corresponding type in B. If, for every

type, A's includes B's corresponding type, then A is more expressive

than B (or equally expressive). If some type of A's functions is incom-

parable to B's, then A and B are not comparable in expressive power.

11.4.4 Advantages of FP systems. The main reason FP systems

are considerably simpler than either conventional languages or lambda

calculus based languages is that they use only the most elementary
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fixed naming system (naming a function in a definition) with a simple
fixed rule of substituting a function for its name. Thus they avoid
the complexities both of the naming systems of conventional languages
and of the substitution rules of the lambda calculus. FP systems
permit the definition of different naming systems [see sections 13.3.4
and 14.7] for various purposes. These need not be complex, since many
programs can do without them completely. Most importantly, they treat
names as functions that can be combined with other functions without

special treatment.

FP systems offer an escape from conventional word-at-a-time
programming to a degree greater even than APL [7] (the most successful
attack on the problem to date within the von Neumann framework) because
they provide a more powerful set of functional forms within a unified
world of expressions. They offer the opportunity to develop higher

level techniques for thinking about, manipulating, and writing programs.

12. The Algebra of Programs for FP Systems

12.1 Introduction

The algebra of programs described below is the work of an amateur
in algebra, and I want to show that it is a game amateurs can profitably
play and enjoy, a game that does not require a deep understanding of
logic and mathematics. In spite of its simplicity, it can help one
to understand and prove things about programs in a systematic, rather

mechanical way.

So far, proving a program correct requires knowledge of some
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moderately heavy topics in mathematics and logic: properties of com-
plete partially ordered sets, continuous functions, least fixed points
of functionals, the first order predicate calculus, predicate transformers,
weakest preconditions, to mention a few topics in a few approaches
to proving programs correct. These topics have: been very useful for
professicnals who make it their business to devise proof techniques;
they have published a lot of beautiful work on this subject, starting
with the work of McCarthy and Floyd, and, more recently, that of
Burstall, Dijkstra, Manna and his associates, Milner, Morris, Reynolds,
andAmany others. Much of this work is based on the foundations laid
down by Dana Scott (denotational semantics) and C. A. R. Hoare (axio-
matic semantics). But its theoretical level places it beyond the

scope of most amateurs who work outside of this specialized field.

If the average programmer is to prove his programs correct,
he will need much simpler techniques than those the professionals
have so far put forward. The algebra of programs below may be one
starting point for such a proof discipline and, coupled with current
work on algebraic manipulation, it may also help provide a basis

for automating some of that discipline.

One advantage of this algebra over other proof techniques is
that the programmer can use his programming language as the language
for deriving proofs, rather than having to state proofs in a separate

logical system that merely talks about his programs.

At the heart of the algebra of programs are laws and theorems
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that state that one function expression is the same as another.
Thus the law [f,glch = [foh, geh] says that that the construction
of f and g (composed with k) is the same function as the construction
of (f composed with #) and (g composed with %), no matter what the
functions f, g, and 7 are. Such laws are easy to understand, easy to
justify, and easy and powerful to use. However, we also wish to use
such laws to solve equations in which an "unknown" function appears on
both sides of the equation. The problem is that if f satisfies some
such equation, it will often happen that some extension f' of f will
also satisfy the same equation. Thus, to give a unique meaning to
solutions of such equations, we shall require a foundation for the al-
gebra of programs (which uses Scott's notion of least fixed points of
continuous functionals) to assure us that solutions obtained by

algebraic manipulation are indeed least, and hence unique, solutions.

Our goal is to develop a foundation for the algebra of programs
that disposeé of the theoretical issues, so that a programmer can
use simple algebraic laws and one or two theorems from the foundations
to solve problems and create proofs in the same mechanical style we
use to solve high-school algebra problems, and so that he can do so
without knowing anything about least fixed points or predicate

transformers.

One particular foundational problem arises: given equations
of the form

f=2pg > aps--5py 955 Ef(F) (1)
where the pi's and qi's are functions not involving f and Ei(f) is

a function expression involving f, the laws of the algebra will often



-40-
permit the formal "extension" of this equation by one more "clause"
by deriving

E;(F) 2 Piyq > dy4q5 Ejpq () | (2)
which, by replacing Ei(f) in (1) by the right side of (2), yields

F 2Py > dg3--3Pj41 ™ digqs Ejp (D) (3)
This formal extension may go on without limit. One question the foundations
must then answer is: when can the least f satisfying (1) be repre-
sented by the infinite expansion

f = Py MK ATREEE Pp ™ dps--- (4)
in which the final clause involving f has been dropped, so that we now
have a solution whose right side is free of f's? Such solutions are help-
ful in two ways: first, they give proofs of "termination" in the sense
that (4) means that f:x is defined if and only if there is an n such
that, for every i less than n, pj:x=F and pnix=T and qni& is defined.
Second, (4) gives a case-by-case description of f that can often clar-

ify its behavior.

The foundations for the algebra given in a subsequent section are
a modest start toward the goal stated above. For a limited class of
equations its "linear expansion theorem" gives a useful answer as to
when one can go from indefinitely extendable equations like (1) to in-
finite expansions like (4). PFor a larger class of equations, a more
general "expansion theorem” gives a less helpful answer to similar
questions. Hopefully, more powerful theorems covering additional
classes of equations can be found. But for the present, one need
only know the conclusions of these two simple foundational theorems in

order to follow the theorems and examples appearing in this section.
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The results of the foundations subsection are summarized in
a separate, earlier subsection titled "expansion theorems", without
reference to fixed point concepts. The foundations subsection itself
is placed later where it can be skipped by readers who do not want

to go into that subject.

12.2 Some Laws of the Algebra of Programs

In the algebra of programs for an FP system variables range over
the set of functions of the system. The "operations" of the algebra
are the functional forms of the system. Thus, for example, [f,gleon
is an expression of the algebra for the FP system described above, in
which f, g and % are variables denoting arbitrary functions of that
system. And

(frgleh = [feh, gohl
is a law of the algebra which says that, whatever functions one
chooses for f, g, and k, the function on the left is the same as
that on the right. Thus this algebraic law is merely a restatement
of the following proposition about any FP system that includes the
functional forms [f,g] and feg

Proposition: For all functions f, g, and » and all objects «,

([frgleh):x

[feh, gehl:x .

Proof:

([frglen):x (figl:(h:x) by definition of composition
= <fi(h:z), g:(h:x)> by definition of construction
= <(foh):x, (goh):x> by definition of composition

= [foh, gohl:x by definition of construction

end proof
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Some laws have a domain smallér than the domain of all objects.
Thus 1°[f,g] = f does not hold for objects z such that g:z = 1.
We write
definedeg »+ 1[f,g]l = f
to indicate that the law (or theorem) on the right holds within the
domain of objects x for which definedeg:x = T. Where

Def defined

ore [atom, notecatom] ,
i.e. defined:xz = x=1. » 1; T . In general we shall write a qualified
functional equation:

p>>f=g

to mean that, for any object x, whenever p:x = T, then f:xz = g:x .

Ordinary algebra concerns itself with two operations, addition
and multiplication; it needs few laws. The algebra of programs is
concerned with more operations (functional forms) and therefore needs

more laws.

Each of the following laws requires a corresponding proposition
to validate it. The interested reader will find most proofs of such
propositions easy (two are given below). We first define the usual or-
dering on functions and equivalence in terms of this ordering:

Definition f<g 1iff for all objects x, either f:x = L, or

fiz = g:x .

Definition f =g 1iff f<g and gsf .
It is easy to verify that < is a partial ordering, that f<g means
g 1is an extension of f, and that f = g iff f:x = g:x for all objects
z. We now give a list of algebraic laws organized by the two principal

functional forms involved.
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I Composition and construction
I.1 [f1,...,fn]°g = [f1°g,...,fn°g]
I.2 O‘f°[g1r'°-rgn] = [f°g»]l-..lf°9n]

I.3 /f°[91r---:gn] f°[g1, /f°[g2,...,gn]] when nx2

H

f°[g1,f°[92,...,f°[gn_1,gn]---]]
/feolgl

I.4 felx,gl = (bu f x)eg

1.5 Tolf ieeanf) < fy
SO[f1,...,fs,...,f ] < fF

definedofi (for all izs, 1<isgn) -~ so[f1,...,fn] = fs

g

for any selector s, s<n

I.5.1 [f1°1,...,fn°n]°[g1,...,gn] = [f1°g1,---,fn°gn]
1.6  tlolf,] <@ and tlelf,,...,f ] < [fy,...,f ] for n22

definedof1 > tlo[f1] ¢ and tlo[f1,...,fn] = [f2,...,fn] for n=2

[[f:g1],---,[f,gn]]
definedef +» distle[f,3] = &

I.7 distl°[f,[g1,...,gn]]

The analogous law holds for distr.

I.8 aPndl°[f:[91,‘--r9n]]

nulleg »» apndle[f,g] = [F]

[frg1r-'°rgn]

And so on for apndr, reverse, rotl, etc.

I.10 apndle [fog,afoh] = afocapndle(g,h]
I.11 pair & notenullel -+ apndle[[1¢1,2],distro[tle1,2]] = distr

Where fé&g = ande[f,g]; pair = atom - F; eqgec[length,?]

ITI Composition and condition (right associated parentheses omitted)
(Law II.2 is noted in Manna et al. [11], p. 493.)
II1.1 (p>fig)eh = peh » foh; goh

II.2 ho(p>fig) p > hef; heg

i



Y.
II1.3 ore[g,noteg] +- ande{p,ql]l +f; ando [p,noteq] -+ g; &
=p > (g>fig): h
IT.3.1 p » (p~>fig)lih =p =~ F;h

IIT Composition and miscellaneous

—

III. Tof < &
definedeof =+» Zxof = x
ITI. 1.1 Iof = foI =1

III.2 Ffoid = idof

f‘
ITI.3 pair -+ 1ledistr = [1°1,2] also: pair »-» le.apndl = 1 etc.
III.4 a(feg) = af o ag

III.5 nulleg »+ afeg = @

Iv Condition and construction
Iv.1 [f1,...,(p*g;h),...,fn] =p - [f1,...,g,...,fn];[f1,...,h,...,fn]

Iv.1.1 [f1,...,(p1+g1;...;pn+gn;h),...,fm]

p1"'[f1r---rg1,---;fm];---:pn*[f1,---,gn,---,fm];
[Fyreeeitpene, £l

This concludes the present list of algebraic laws; it is by no means

exhaustive, there are many others.

Proof of two laws

We give the proofs of validating propositions for laws I.10

and I.11, which are slightly more involved than most of the others.
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Proposition 1

apndle [fog, afoh] = afeapndle(g,h]
Proof. We show that, for every object x, both of the above functions
yield the same result.
Case 1. h:x is neither a sequence nor ¢. Then both sides yield 1
when applied to .

Case 2. h:x = ¢. Then

8
I

apndle [fog,afeoh]: apndl:<fog:x,®> = <f:(g:x)>

afeapndle [g,h] :x afeapndl:<g:x,®> = afi<g:x> = <f:(g:x)>
Case 3. h:x = Yqreeery > - Then

apndle [feg,afoh]:

8
1l

apndl:<fog:x,af:<y1,...,yn>>

<f:(g:x),f:y1,...,f:yn>

i

afeapndle [g,h] :x afoapndl:<g:x,<y1,...,yn>> = afi<gi yqreesyy”
= <f:(g:x),f:y1,...,f:yn>
end proof.

Proposition 2

pair &€ notenullel -~ apndlo[[12,2], distre [tle1,2]] = distr
where fég is the function: ando[f,g], and f2 = fof.

Proof. We show that both sides produce the same result when applied

to any pair <x,y>, where x = ¢, as per the stated qualification.

Case 1. g« is an atom or 1. Then distr:<z,y> = 1, since x = ¢.
The left side also yields . when applied to <x,y>, since tlol:<x,y> = 1

and all functions are i-preserving.
Case 2. g = STqreessly> - Then
apndlo [[1%,2], distre[tlel,2]]:<z,y>

= apndl:<<l:x,y>, distr:<tl:x,y>>

apndl:<<x1,y>,¢> = <<xq,y>> if tlix = ¢
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apndl:<<x1,y>,<<x2,y>,...,<xn,y>>> if tl:x # ¢
= <<x1,y>,,,,,<xn,y>>
= distr:<x,y>

end proof.

12.3 Example: equivalence of two matrix multiplication programs

We have seen earlier the matrix multiplication program:
Def MM = calPeadistlodistre([1,trans-2] .
We shall now show that its initial segment, MM', where
Def MM' = calIPeadistledistr ,
can be defined recursively. (MM' "multiplies" a pair of matrices
after the second matrix has been transposed. Note that MM', unlike
MM, gives L for all arguments that are not pairs.) That is,
we shall show that MM' satisfies the following equation which recursively
defines the same function (on pairs):
f = nullel » @; apndloe[aIPedistloe[101,2], fo[tlel,2]] .
Our proof will take the form of showing that the following function, R,
Def R = nullel + 3; apndle[aIPedistle[101,2], MM'o[tle1,2]]
is, for all pairs <z,y>, the same function as MM'. R "multiplies"”
two matrices, when the first has more than zero rdws, by computing
the first row of the "product" (with aIPodistle[1.1,2]) and adjoining
it to the "product" of the tail of the first matrix and the second
matrix. Thus the theorem we want is
pair »- MM' = R ,
from which the following is immediate:
MM = MM'o [1,trans<2] = Ro[1,trans-2] ;

where Def pair = atom > F; ege{[length,?]
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Theorem

pair - MM' = R
where

Def MM' = caIPeadistledistr

Def R = nullel - 3; apndle[aIPodistle[12,2], MM'o[tle1,2]]
Proof
Case 1. pair & nullel -»» MM' = R,

pair & nullel >+ R = @ by def of R

pair & nullel >+ MM' = &

since distr:<g,x> = ¢ by def of distr

and af:p = ¢ by def of Apply to all.

and so: aqalIPeoadistloedistr:<@g,x> = ¢

Thus pair & nullel -»» MM' = R
Case 2. pair & notenullel »» MM' = R,

pair & notenullel »+~ R = R' , by def of R and R', (1)
where

Def R' = apndle [aIPodistlo[1%,2], MM'o[tle1,2]]
We note that

R' = apndle [feog, afoh]
where

f = aIPodistl

g = [1%,2]

h = distre[tle1,2]

of = a(aIPedistl) = aalIPcadistl (by III.4) . (2)
Thus, by I.10,

R' = afeapndle[g,h] . (3)
Now apndls(g,k] = apndle[[1%,2], distroe[tle1,2]],
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thus, by I.11,

pair & notenullel -»» apndle{g,Z] = distr . (4)
And so we have, by (1), (2), (3) and (4),

pair & notenulle?l -+ R = R' = afodistr = aalPocadistledistr = MM'

Case 1 and Case 2 together prove the theorem.

end proof.

12.4 Expansion Theorems

In the following subsections we shall be "solving" some éimple
equations (where by a "solution" we shall mean the "least" function
which satisfies an equation). To do so we shall need the following
notions and results drawn from the later subsection on foundations
of the algebra, where their proofs appear.

12.4.1 Expansion. Suppose we have an equation of the form

f

1]

E(f) (E1)
where E(f) is an expression involving f. Suppose further that there
is an infinite sequence of functions fi for i=0,1,2,... , each having
the following form:

%o

T

L . '— °
Fipr T Po7dqie--iP37q 74 (E2)
where the p;'s and q,'s are particular functions, so that E has the
property:
E(f{) = F{4q for i=0,1,2,... (E3)

Then we say that E is expansive and has the fi's as approximating

functions.

If E is expansive and has approximating functions as in (E2),
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and if f is the solution of (E1), then f can be written as the
infinite expansion

f=2py > qpicei Py > dpice- (E4)
meaning that, for any x, f:x # L iff there is an n>0 such that
(@) p;:z = F for all i<n, and (b) p,ie = I, and (c) q,i® # L.
When f:x # L, then f:x = 9% for this n. (The foregoing is a

consequence of the "expansion theorem".)

12.4.2 Linear expansion. A more helpful tool for solving some

equations applies when, for any function 7%,
E(h) = Po > 497 E1(h) (LE1)

and there exist p; and g; such that

E1(pi+qi;h) = P41 Qi) E1(h) for i=0,1,2,... (LE2)
and E1(I) =1 (LE3)
Under the above conditions E is said to be linearly expansive. If

so, and f is the solution of

f = EW) (LES)
then E is expansive and f can again be written as the infinite ex-
pansion

f= Po > dgivesi Py > dpicee _ (LES)

using the pi‘s and qi's generated by (LE1) and (LE2).

Although the pi's and qi's of (E4) or (LE5) are not unique for
a given function, it may be possible to find additional constraints
which would make them so, in which case the expansion (LE5) would
comprise a canonical form for a function. Even without uniqueness
these expansions often permit one to prove the equivalence of two

different function expressions, and they often clarify a function's
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behavior.

12.5 A Recursion Theorem

Using three of the above laws and linear expansion, one can prove
the following theorem of moderate generality that gives a clarifying
expansion for many recursively defined functions.

Recursion theorem
Let f be a solution of

f=p~>g:Qlf) (1)
where

Q(k) = nof7Z,ked] for any function k (2)
and p, g, h, ©, § are any given functions, then
F=p~giped>Q@ieees podt > Qg i (3)
(where Q%(g) is holi,0% ' (g)e7], and 4% is joj° ' for n22)

and

Q% (g) = /holi,iog, e, iog™  ,g0o5"] (4)

Proof. We verify that p »+ g; Q(f) is linearly expansive.

Let p_, 9, and k be any functions. Then

Qlp, ~ q7k) = held, (py > qsk)=jl by (2)
= heli, (pyod » qu°di ked)] by II.1
= ho(pn°j_+ [Z,q,°71: [Z,k°d]) by IV.1
= p,°d > helt,q odli heli, kel by II.2
Q(pn > qn;k) = pn°j > Q(qn); Q (k) by (2) (5)

Thus if Pg =P and d99 = 97 then (5) gives pqy = ped and 9, = Q(g) and
in general gives Fhe following functions satisfying (LE2)
p, = ped and q =Q(g) . (6)

Finally,
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Q(1) = heli,1o4]
= hol[Z,1] by IITI.1.1
= hol by I.9
= 1 by IITI.1.1 . (7)

Thus (5) and (6) verify (LE2) and (7) verifies (LE3), with E1 = Q.

If we let E(f) = p » g; Q(f) , then we have (LE1); thus E is linearly
expansive. Since f is a solution of f = E(f), conclusion (3) follows
from (6) and (LE5). Now

B no (2,97 T (g) o 41

g)

holi, holiog, v holiog® ¥, go™...11 by I.1, repeatedly

/ol i9G, eee,iogt , gog] by I.3 (8)

Result (8) is the second conclusion (4).

end proof.

12.5.1 Example: correctness proof of a recursive factorial function.

Let f be a solution of

f = eq0 -~ I; xo[id,fos]

Def s = -o[id,T1] (subtract 1)

Then f satisfies the hypothesis of the recursion theorem with p = eq0,

g=1, h = x, £ =1id, and 4 s. Therefore

!

f = eq0 » T;...5eq00s™ = 0™(T);...

and
Q% (1) = /xo[id, ides,..., ides™ !, Togh]
Now idosk = sk by ITII.2 and
n - n _ = . n ; . . n
eqloes™ 2> 1log™ = 1 by III.1, since egQOocs :z implies definedoes :x ;
and also erosn:x = eq0: (x-n) = x=n. Thus if erosn:x = T, then x=n and

o™ (1) :n = nx(n-1)x...x(n-(n-1))x(I: (n-n)) = n!
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Using these results for Tosh, erosn, and Q"(I) in the previous
expansion for f, we obtain
fiz = 2=0 > 1;...;2=n > nx(n=1)x...x1x1;...
Thus we have proved that f terminates on precisely the set of non-

negative integers and that it is the factorial function thereon.

12.6 An Iteration Theorem

This is really a corollary of the recursion theorem. It gives
a simple expansion for many iterative programs.

Iteration theorem

Let f be the solution (i.e., the least solution) of

F=p>g: hefek

then
f=p > g; pok > hoegok;...; pok™ ~ Wlogok™; ...
E;Qgi. Let W' = he2, 2z' = id, j' = k, then
f=p>gi hiel!,fog’]

since ho2e([id,fok] = heofok by I.5 (id is defined except for 1, and the
equation holds for .). Thus the recursion theorem gives
F=p >gieee; pokn - Qn(g);...
where
noQ" 1 (g) ek = nPegek® by I.5

Q™ (g) = ho2e[id, Q" ' (g) k]

end proof.

12.6.1 Correctness proof for an iterative factorial function.

Let f be the solution of

f

where Def s = -o[id,1] (subtract 1).

eq0°1 > 2; f°[30’],x]
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We want to prove that f:i:<x,1> = x!

Let p = eq0el1, g =2, h = 1d, k = [se1,x].
f=p~>gi hefok

and so
F=p + gie.oipok® » gokPy...

by the iteration theorem, since n" = id.

pair »+ ko = [a_,b ]

holds for every n21, where
a_ = Mo
n
b= /xo[s8 Vo1, . ,801,1,2]
n
Now (2) holds for n=1 by definition of k.

some nx1 and prove it then holds for n+1.

n+1 n

pair -»»> k = kok =

[seo1,x]o0 [anrbn]

since (2) holds for n. And so

n+1

iff xr is a non-negative integer.

Then

(1)
We want to show that

(2)

(3)

(4)
We assume it holds for
Now

(5)

pair -»»> k by I.1 and 1.5 (6)

[8°an,X°[an,bn]]

To pass from (5) to (6) we must check that whenever a, or bn yield

L in (5), so will the right side of (6). Now
= Nt o _
8 an = 8 1 = an+1 (7)
xola_,b.] = /xols™e1,s% 11 s01,1,2] = b by I.3 . (8)
nl n - ’ r =7 ’ ’ = n+1 Y . *

Combining (6), (7) and (8) gives

n+1 _
= lapqebppqd -

Thus (2) holds for n=1 and for n+1 when

(9)

pair > k

it holds for n, therefore, by

induction, it holds for every n21. Now (2) gives, for pairs:

definedok™ ++ pok” eq0eosTo1 (10)

ero1o[an,bn]

eq0°an
n

definedek™ »» gok™ = 20la_,b_1 = /xo[s" Te1,. . ,801,1,21  (11)

(both use I.5). Now (1) tells us that f:<x,1> is defined iff there
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is an n such that poki:<x,1> = F for all i<n, and pekMi<x,1> = T,
that is, by (10), erosn:x =7, i.e., x=n; and gokn:<x,1> is defined,
in which case, by (11),

fi<z,1> = /x:<1,2,...,2-1,2,1> = n! ,

which is what we set out to prove.

12.6.2 Example: proof of equivalence of two iterative programs.

In this example we want to prove that two iteratively defined programs,
f and g, are the same function. Let f be the solution of

f

Let g be the solution of

po'] > 23 hofo[ko'],Z] . (1)

g = pol » 2; golkel,no2] . (2)

Then, by the iteration theorem:

f = Pg ™ dgi-=+iPp > dgi=-- (3)

g=p'y T qlgieein’ > q e (4)
where (letting »0 = id for any »r), for n=0,1,...

P, = p°1°[ka1,2]n = p°1°[kn°1,2]‘ by I.5.1 ‘ (5)

q, = hMe20 [ke1,2]1" = nMe20 [k701,2] by I.5.1 (6)

p'y = pelelkel,ho2]™ = pola[kPel,AM02] by I.5.1 (7)

q', = 200ke1,ko2]™ = 20[k7e1,nMe2] by I.5.1 . (8)

Now, from the above, using I.5,

definede2 +» p = peokiol (9)

defineder™e2 »» p’ = poklel (10)

definedokPo1 »- 9, = q', = a2 . (11)
Thus

p, = ande [definedo2,pok™e1] (12)

p’n = ando[definedOhHOZ,pOkn°1] ' (13)

and



-55-

n
f = Po > Qgic+-iPpy ™ he2; ... (14)
n
g =p'g > Qlgieeeip T 025 (15)
since 2 and p'n provide the qualification needed for 9, = q'n = o2,

Now suppose there is an x such that f:x # g:x. Then there is
an n such ﬁhat pyix = p’i:x = F for i<n, and P i< # p’n:x. From
(12) and (13) this can only happen when WPe2:2 = 1. But since %
is i-preserving, nPe2:z = 1 for all m=n. Hence fix = g:ix = 1 by (14)
and (15). This contradicts the assumption that there is an z for

which f:x # g:x. Hence f = g.

This example (by J. H. Morris, Jr.) is treated more elegantly in
[11] on p.498. However, some may find that the above treatment is
more constructive, leads one more mechanically to the key questions,

and provides more insight into the behavior of the two functions.

12.7 Non-linear equations

The preceding examples have concerned "linear" equations (in
which the -"unknown" function does not have an argument involving it-
self). The question of the existence of simple expansions that

"solve" "quadratic" and higher order equations remains open.
The earlier examples concerned solutions of f = E(f), where
E is linearly expansive. The following example involves an

E(f) that is quadratic and expansive (but not linearly expansive).

12.7.1 Example: proof of idempotency. ([11] p.497)

Let f be the solution of
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= - . 2,
f=E(f) =p - id; fen . (n
We wish to prove that f = f2. We verify that E is expansive (section
12.4.1) with the following approximating functions:
fo=t (2a)
f

First we note that p - fn = id and so

p o> id;...iper™ V= 2PN T for nso (2b)

n

poh’ >> fooht = n' . (3)
Now E(f,) = p - id; Ien = f, , and (4)

E(f,) I

n-1 N hn 1) ok
n

!

p » id; Fpelp = id;...;poh

p > id; Foe(poh > hi...ipoh” » n";Ien)

p - id; poh > fnoh;"';pohn - fnohn; f‘noI

= p > id; peh » hj...ipeh” » A% I by (3)
= fhet - (5)
Thus E is expansive by (4) and (5); so by (2) and section 12.4.1 (E4)
Ff=p~>id;...;pen™ = ... . ‘ (6)
But (6), by the iteration theorem, gives
f=p > 1id; feh . (7)
2

Now, if p:z = T, then fiz = z = f2:z , by (1). If p:z = F, then
fiz = fPeniz by (1)
filfoh:z) = f:(f:x) by (7)
= rl.z .
2

If p:x is neither T nor F, then f:xz = + = f7:xz. Thus f = F°.

12.8 Foundations for the Algebra of Programs

Our purpose in this section is to establish the validity of the

results stated in 12.4, Expansion Theorems. Subsequent sections do

not depend on this one, hence it can be skipped by readers who wish

to do so. We use the standard concepts and results from [11],
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but the notation for objects and functions, etc., of this paper.

We take as the domain (and range) for all functions the
set O of objects (which includes 1) of a given FP system. We
take F to be the set of functions, and F to be the set of function-
al forms of that FP system. We write E(f) for any function expression
involving functional forms, primitive and defined functions, and the
function symbol f; and we regard E as a functional that maps a
gunction f into the corresponding function E(f). We assume that
all f ¢ F are L-preserving and that all functional forms in F cor-
respond to continuous functionals in every variable (e.g., [f,g] is
continuous in both f and g). (All primitive functions of the FP
system given earlier are L-preserving, and all its functional

forms are continuous.)

efinitions. Let E(f) be a function expression. Let

To

1

fi+1 Py > dgi---iP; > 4y I for i=0,1,...

where Pir 4; € F. Let E have the property that

E(fy) = fi for i=0,1,...

H

Then E is said to be expansive with the approximating functions fi.
We write

f = Py > dgi-=-iPy > qpi---
to mean that f = limi{fi}, where the fi have the form above. We call
the right side an infinite expansion of f. We take f:x to be defined
iff there is an n20 such that (a) pix = F for all i<n, and

(b) pix = T, and (c) qpn % is defined, in which case f:x = R
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Expansion theorem
Let E(f) be expansive with approximating functions as above.
Let f be the least function satisfying

= E{) .

Then

f

Proof. Since E is the composition of continuous functionals (from

po > QO;---7pn - qn7...

F) involving only monotonic functions (.L-preserving functions from F)

as constant terms, E is continuous ([11] p.493). Therefore its

least fixed point f is lim {E*(D)} = lim {f,} ([11] p.494), which

by definition is the above infinite expansion for f.

end proof.

Definition. Let E(f) be a function expression satisfying the following:
E(h) = Py ~ 4q’ ET(h) for all » ¢ F (LE1)

where Py € F and q; € F exist such that

E1(pi > qi;h) ? Piv1 ™ 95417 E1(h) for all » ¢ F and i=0,1,... (LE2)

and

E, (1) r . (LE3)
Then E is said to be linearly expansive with respect to these

p;'s and qi's.

Linear expansion theorem

Let E be linearly expansive with respect to p; and q; i=0,1,... .
Then E is expansive with approximating functions

fo=1 (1)

Figq T Pg 7 dgi--+iPy > 437 L+ - (2)
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Proof. We want to show that E(fi) = fi+1 for any iz0. Now

E(fo) = Py~ 9g7 E1(i) = Py T 9git = f1 by (LE1) (LE3) (1). (3)
Let i>0 be fixed and let

fl = po > q07 w1 (4a)

W9 2P T 497 ¥y (4b)
etc.

Wisq T Pi1 7 9597+ - (4-)

Then, for this i>0

E(fy) = py > 9qgi Eq(F)) by (LET)
E1(fi) = Pq > qqi E1(w1) by (LE2) and (ta)
E1(w1) =Py T qyi E1(w2) by (LE2) and (4b)
etc.
E1(wl_1) = p; > qy; E1(I) by (LE2) and (4-)
=p; *q;id by (LE3)

Combining the above gives
E(fy) = £ for arbitrary i>0, by (2). (5)
By (3), (5) also holds for i=0; thus it holds for all i=0. There-

fore E is expansive and has the required approximating functions.

end proof.
Corollary. If E is linearly expansive with respect to Py and g
i=0,1,... , and f is the least function satisfying

f = E(f) (LE4)
then

F2pg > qgie--iPy > Qui--- . (LES5)



-60-

12.9 The Algebra of Programs for the Lambda Calculus and for Combinators

Since Church's lambda calculus [1] and the system of combinators
developed by Schonfinkel and Curry (2] are the primary mathematical
systems for representing the notion of application of functions,
and since they are more powerful than FP systems, it is natural to

enguire how an algebra of programs based on those systems would look.

The lambda calculus and combinator equivalents of FP composition,
feg, are

Afgx.(f(gz)) = B
where B is a simple combinator defined by Curry. There is no direct
equivalent for the FP object <x,y> in the Church or Curry systems
proper; however, following Landin [15] and Burge [16], one can use
the primitive functions prefix, head, tail, null, and atomic to intro-
duce the notion of.list structures that correspond to FP sequences.
Then, using FP notation for lists, the lambda calculus equivalent for
construction is Afgx.<fz,gx>. A combinatory equivalent is an expression
involving prefix, the null list, and two or more basic combinators.

It is so complex I shall not attempt to give it.

If one uses the lambda calculus or combinatory expressions for
the functional forms fog and [f,g] to express the law I.1 in the FP
algebra, [f,gl°h = [feh,goh]l, the result is an expression so complex
that the sense of the law is obscured. The only way to make that
sense clear in either system is to name the two functionals:

composition = B, and constructicn = A, so that Bfg = feg , and
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Afg = [f,g9]. Then I.1 becomes
B(Afg)h = A(Bfh) (Bgh) ,

which is still not as perspicuous as the FP law.

The point of the above is that if one wishes to state clear laws
like those of the FP algebra in either Church's or Curry's system,
one finds it necessary to select certain functionals (e.g., composition
and construction) as the basic operations of the algebra and to
either give them short names or, preferably, represent them by some
special notation as in FP. If one does this and provides primitives,
objects, lists, etc., the result is an FP~like system in which the
usual lambda expressions or combinators do not appear. Even then
these Church or Curry versions of FP systems, being less restricted,
have some problems that FP systems do not have:

a) The Cﬂurch and Curry versions accommodate functions of many
types and can define functions that do not exist in FP systems;
thus, Bf is a function which has no counterpart in FP systems.

This added power carries with it problems of type compatibility. E.g.,
in fog , is the range of g included in the domain of f? In FP systems
all functions have the same domain and range.

b) The semantics of Church's lambda calculus depends on
substitution rules that are simply stated but whose implications are
very difficult to fully comprehend. The true complexity of these
rules is not widely recognized but is evidenced by the succession of
able logicians who have published "proofs" of the Church-Rosser
theorem that failed to account for one or another of these com-

plexities. (The Church-Rosser theorem, or Scott's proof of the ex-
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istence of a model [17], 1is required to show that the lambda calculus
has a consistent semantics.) The definition of pure LISP contained
a related error for a considerable period (the "funarg" problem). Anal-

ogous problems attach to Curry's system as well.

In contrast, the formal (FFP) version of FP systems (described
in the next section) has no variables and only an elementary sub-
stitution rule (a function for its name), and it can be shown to
have a consistent semantics by a relatively simple fixed-point argu-
ment along the lines developed by Dana Scott and by Manna et al. [11].

For such a proof see McJones [18].

12.10 Remarks

The algebra of programs outlined above needs much work to
érovide expansions for larger classes of equations and to extend its
laws and theorems beyond the elementary ones given here. It would
be interesting to explore the algebra for an FP-like system whose
seqguence constructor is not l1-preserving (law I.5 is strengthened, but
IV.1 is lost). Other interesting problems are: (a) find rules that make
expansions unique, giving canonical forms for functions; (b) find al-
gorithms for expanding and analyzing the behavior of functions for various
classes of arguments; and (c) explore ways of using the laws and theorems
of the algebra as the basic rules either of a formal, pre-execution "lazy
evaluation" scheme [13,14], or of one which operates during execution;
such schemes would, for example, make use of the law 1°[f,g] < f to avoid

evaluating g:z.
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13. Formal Systems for Functional Programming (FFP Systems)

13.1 Introduction

As we have seen, an FP system has a set of functions that depends

on its set of primitive functions, its set of functional forms, and its

set of definitions. In particular, its set of functional forms is fixed

once and for all, and this set determines the power of the system in a
major way. For example, if its set of functional forms is empty, then
its entire set of functions is just the set of primitive functions.

In FFP systems one can create new functional forms. Functional forms
are represented by object sequences; the first element of a sequence
determines which form it represents, while the remaining elements

are the parameters of the form.

The ability to define new functional forms in FFP systems is one
consequence of the principal difference between them and FP systems:
in FFP systems objects are used to "represent" functions in a
systematic way. Otherwise FFP systems mirror FP systems closely.
They are similar to, but simpler than, the Reduction (Red) languages

of an earlier paper [19].
We shall first give the simple syntax of FFP systems, then
discuss their semantics informally, giving examples, and finally

give their formal semantics.

13.2 Syntax

We describe the set 0 of objects and the set E of expressions of

an
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FFP system. These depend on the choice of some set A of atoms,
which we take as given. We assume that T (true), F (false),

¢ (the empty sequence), and # (default) belong to A, as well as
"numbers" of various kinds, etc.

1) Bottom, 1, is an object but not an atom.

2) Every atom is an objeect.

3) Every object is an expression.

4) 1If Lyrees sz are objects [expressions], then

<z ;o>

RERENE N
is an object [resp., expression] called a sequence (of length n)
for n>1. The object [expression] zg for 1<izn, is the ith element
of the sequence N AR RARRRL A (¢ is both a sequence and an atom;
its length is 0.)
5) If x and y are expressions, then
(x:y)
is an expression called an gpplication. z is its operator and y
is its operand. Both are elements of the expression.
6) If x = <x1,...,xn> and if one of the elements of x is 1, then
X = L. T.€., <eeeysl,ieae> = L.
7) All objects and expressions are formed by finite use of the above

rules.

A subexpression of an expression x is either =z itself or a sub-
expression of an element of &. An FFP object is an expression that
has no application as a subexpression. Given the same set of atoms,

FFP and FP objects are the same.
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13.3 Informal Remarks About FFP Semantics

13.3.1 The meaning of expressions; the semantic function y.

Every FFP expression e has a meaning, ue, which is always an object;
pe is found by repeatedly replacing each innermost application in ¢
by its meaning. If this process is nonterminating, the meaning of

e is 1. The meaning of an innermost application (x:y) (since it is
innermost, z and y must be objects) is the result of applying the
function represented by ¢ to y, just as in FP systems, except that

in FFP systems functions are represented by objects, rather than

by function expressions, with atoms (instead of function symbols)
representing primitive and defined functions, and with sequences rep-

resenting the FP functions denoted by functional forms.

The association between objects and the functions they represent
is given by the representation function, p, of the FFP system. (Both
p and p belong to the description of the system, not the system itself.)
Thus if the atom NULL represents the FP function null, then
PNULL = null and the meaning of (NULL:4) is
UW(NULL:A) = (pNULL):A = null:4 = F.
From here on, as above, we use the colon in two senses. When it is between
two objects, as in (NULL:4), it ideﬁtifies an FFP application that
denotes only itself; when it comes between a funetion and an object,
as in (pWNULL):A or null:4, it identifies an FP-like application that

denotes the result of applying the function to the object.

The fact that FFP operators are objects makes possible a function,
apply, which is meaningless in FP systems:

apply:<x,y> = (x:y)
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The result of apply:<z,y>, namely (x:y), 1s meaningless in FP systems
on two levels. First, (x:y) is not itself an object; it illustrates
another difference between FP and FFP systems: some FFP functions,
like apply, map objects into expressions, not directly into objects
as FP functions do. However, the meaning of apply:<x,y> +<s an
object (see below). Second, (x:y) could not be even an intermediate
result in an FP system; it is meaningless in FP systems since_x is
an object, not a function and FP systems do not associate functions
with objects. Now if APPLY represents apply, then the meaning of
(APPLY:<NULL,A>) 1is

W(APPLY:<NULL ,A>) = u((pAPPLY) :<NULL,A>) = p(apply:<NULL,4>)

= B(NULL:4) = W((pNULL):4) = p{(null:4) = ur

F.

The last step follows from the fact that every object is its own
meaning. Since the meaning function u eventually evalustes all ap-
plications, one can think of apply:<VNULL,A> as yielding F even

though the actual result is (NULL:4).

"13.3.2 How objects represent functions; the representation

function p. As we have seen, some atoms (primitive atoms) will rep-

resent the primitive functions of the system. Other atoms can rep-
resent defined functions just as symbols can in FP systems. If
an atom is neither primitive nor defined, it represents 1, the

function which is 1 everywhere.

Sequences also represent functions and are analogous to the func-
tional forms of FP. The function represented by a sequence is given

(recursively) by the following
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Metacomposition rule

(p<x1,...,xn>):y = (px1):<<x1,...,xn>, y> ,
where the xi's and y are objects. Here px, determines what functional
form <x1,...,xn> represents, and x2,...,xn are the parameters of the
form (in FFP, z itself can also serve as a parameter). Thus, for

example, let Def pCONST

Hi

201 ; then <CONST,x> in FFP represents

the FP functional form x, since, by the metacomposition rule, if y # 1,
(p<CONST,x>):y = (pCONST) :<<CONST,x>,y> = 201:<<CONST,x>,y> = x

Here we can see that the first, controlling, operator of a sequence

or form, CONST in this case, always‘has as its operand, after meta-

composition, a pair whose first element is the sequence itself and

whose second element is the original operand of the sequence, y

in this case. The controlling operator can then rearrange and reapply

the elements of the sequence and original operand in a great variety

of ways. The significant point about metacomposition is that it

permits the definition of new functional forms, in effect, merely by

defining new functions. It also permits one to write recursive func-

tions without a definition.

We give one more example of a controlling function for a functional
form: Def pCONS = capplyotledistr . This definition results in
<CONS,f1,...,fn>-—where the fi are objects--representing the same
function as [pf1,...,pfn], as the following shows:

(p<CONS, fyreeesf >)ia = (pCONS):<<CONS,f1,...,fn>,x>

by metacomposition

aapplyotIOdistr:<<CONS,f1,...,fn>,x> by def of pcons

aapply:<<f1,x>,...,<fn,x>> by def of tl and distr and »
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<apply:<f1,x>,...,apply:<fn,x>> by def of «

<(f1:x),...,(fn:x)> by def of apply

In evaluating the last expression, the meaning function u will produce

the meaning of each application, giving ofi:x as the ith element.
Usually, in describing the function represented by a sequence,

we shall give its overall effect rather than show how its control-

ling operator achieves that effect. Thus we would simply write
(p<CONS,f1,...,fn>):x = <(f1:x),...,(fn:x)>

instead of the more detailed account above.

We need a controlling operator, COMP, to give us sequences rep-
resenting the functional form composition. We take pCOMP to be a prim-
itive function such that, for all objects z,

(0<COMP,f seesf >) iz = (f1:(f2:(...:(fn:x)...))) for n=21.

(I am indebted to Paul McJones for his observation that ordinary
composition could be achieved by this primitive function rather than
by using two composition rules in the basic semantics, as was done

in an earlier paper [19].)

Although FFP systems permit the definition and investigation of
new functicnal forms, it is to be expected that most programming would
use a fixed set of forms (whose controlling operators are primitives),
as in FP, so that the algebraic laws for those forms could be employed,
and so that a structured programming style could be used based on

those forms.
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In addition to its use in defining functional forms, metacom-
position can be used to create recursive functions directly without
the use of recursive definitions of the‘form Def f = E(f). For
example, if PpMLAST = nulletle2 - 102; applye[1,tle2], then

p<MLAST> = last, where last:x

x=<x1,...,x > > x_; 1 . Thus the
n n
operator <MLAST> works as follows:

UW(<MLAST>:<4 ,B>) = W(pMLAST:<<MLAST>,<A,B>>) by metacomposition

u(applye [1,tl02] :<<MLAST>,<4,B>>)

= u(apply:<<MLAST>,<B>>) = W(<MLAST>:<B>)
= YW(PMLAST :<<MLAST>,<B>>) = u{102:<<MLAST>,<B>>)
= B

13.3.3 Summary of the properties of p and u. So far we have

shown how p maps atoms and sequences into functions and how those
functions map objects into expressions. Actually p and all FFP functions
can be extended so that they are defined for all expressions. With
such extensions the properties of p and y can be summarized as
follows:

1) u e [expressions + objects]

2) If x is an object, urxr=x.

3) If e is an expression and e=<e .- r€, >, then

He = <je,, ... ,ue > .

4) p € [expressions -+ [expressions » expressions]]

5) For any expression e, pe = p(ue)
6) If x is an object and e an expression, then px:e = px:(ue).
7) If x and y are objects, then u(z:y) = u(px:y). In words:

the meaning of an FFP application (x:y) is found by applying px,
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the function represented by x, to y and then finding the meaning of
the resulting expression (which is wuswually an object and is then its

own meaning).

13.3.4 Cells, fetching and storing. For a number of reasons

it is convenient to create functions which serve as names. In par-
ticular, we shall need this facility in describing the semantics of
definitions in FFP systems. To introduce naming functions, that is,
the ability to feteh the contents of a cell with a given name from

a store (a sequence of cells) and to store a cell with given name and
contents in such a sequence, we introduce objects called ¢ells and

two new functional forms, feteh and store.

Cells N
A cell is a triple <CELL,name,contents>. We use this form
instead of the pair <name,contents> so that cells can be distinguished

from ordinary pairs.

Fetch
The functional form fetch takes an object n as its parameter
(n is customarily an atom serving as a name); it is written +n (read

"fetch n"). Its definition for objects n and z is

tn:x

x=¢ -+ #; atom:x -+ i1; (l:x)=<CELL,n,e> + c¢; 4+notl:z ,

where # is the atom "default". Thus +n (fetch n) applied to a sequence
gives the contents of the first cell in the sequence whose name is »n;
If there is no cell named n, the result is default, #. Thus +»n is

the name function for the name n. (We assume that pFETCHZ is the prim-
itive function such that p<FETCH,n> = +n. Note that +n simply passes

over elements in its operand that are not cells.)
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Store and push, pop, purge

Like fetch, store takes an object n as its parameter; it is
written +n ("store n"). When applied to a pair <x,y>, where y is a
sequence, ¥n removes the first cell named »n from y, if any, then
creates a new cell named »n with contents x and appends it to y.
Before defining +n (store n) we shall specify four auxiliary func-
tional forms. (These can be used in combination with fetch »n and
store n to obtain multiple, named, LIFO stacks within a storage
sequence.) Two of these auxiliary forms are specified by recursive
functional equations; each takes an object n as its parameter.

(cellname n) = atom + F; eqgec[length,3] - eqe[[ClELL,n],[1,2]11; F

(push n) = pair - apndle [[CELL,n,1],2]; L

(pop n) = null » @; (cellname n)o1 - tl; apndle[1, (pop n)eotl]

(purge n) = null » @; (cellname n)e°1 =+ (purge n)otl;
apndle [1, (purge n)otl]
+n = pair - (push n)e[1,(pop n)e2]; 1
The above functional forms work as follows. For x#1, (cellname n):x is
T if x is a cell named n, otherwise it is F. (pop »n):y removes the
first cell named »n from a sequence y; (purge »n):y removes all cells
named n from y. (push n) :<x,y> puts a cell named n with contents z

at the head of sequence y; +n:i<zx,y> is (push n):<z, (pop n):y>.

(Thus (push n):<x,y> = y' pushes z onto the top of a "stack"
named »n in y'; x can be read by +tn:y’ = x and can be removed by
(pop n):y'; thus tne(pop n):y' is the element below x in the stack =,

provided there is more than one cell named »n in y'.)

1
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13.3.5 Definitions in FFP systems. The semantics of an FFP,

system depends on a fixed set of definitions D (a sequence of cells),
just as an FP system depends on its infbrmally given set of definitions.
Thus the semantic function u depends on D; altering D gives a new p~
that reflects the altered definitions. We have represented D as an
object because in AST systems (section 14) we shall want to transform

D by applying functions to it and to fetch data from it--in addition to

using it as the source of function definitions in FFP semantics.

If <CELL,n,e> is the first cell in D whose name is the atom »n, then
it has the same effect as the FP definition Def n = pe, that is,
the meaning of (n:x) will be the same as that of pe:x. Thus for
example, if <CELL,CONST,<COMP,2,1>> is the first cell in D named
CONST, then it has the same effect as Def CONST = 201, and the FFP
system with that D would find

W(CONST:<<z,y>,2>) =y
and consequently

L(<CONST,A>:B) = 4 .

In general, in an FFP system with definitions D, the meaning of
an application of the form |

(atom:x)
is dependent oﬂ D; if +atom:D # # (that is, atom is defined in D),
then its meaning is u(e:x), where ¢ = tatom:D, the contents of the
first cell in D named atom. If tatom:D = #, then atom is not defined
in D and either qtom is primitive, i.e., the system knows how to

compute patem:x, and uf(atom:z) = p(patom:x), or u(atom:x) = L.
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13.4 Formal Semantics for FFP Systems

We assume that a set A of atoms, a set D of definitions, a set
PcA of primitive atoms and the primitive functions they represent have
all been chosen. We assume that pa is the primitive function represented
by a if a belongs to P, and that pa = I if g belongs to Q, the set of
atoms in A-P that are not defined in D. Although p is defined for
all expressions (see 13.3.3), the formal semantics uses its definition
only on P and Q. The functions that p assigns to other expressions x
are implicitly determined and applied in the following semantic rules
for evaluating p(x:y). The above choices of A and D, and of P and
the associated primitive functions determine the objects, expressions
and the semantic function My for an FFP system. (We regard D as
fixed and write u for uD.) We assume D is a sequence and that
ty:D can be computed (by the function ty as given in 13.3.4) for any
atom y. With these assumptions we define pu as the least fixed
point of the functional 1, where the function Ty is defined as follows

for any function u (for all expressions z, ir Yo Yo By and w) :

(Ty)x = xcA > x;
x=<x1,...,xn> > <ux1,...,uxn>;
x=(y:23) -
(yeA & (ty:D)=#%# - u((py) (uz2));
yeA & (t+y:D)=w - u(w:z);

Y=<Yqree-0¥d> > Wy i<y, 2>)i vluy:z) )i L

The above description of u expands the operator of an application

by definitions and by metacomposition before evaluating the operand.
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It is assumed that predicates like "zeA" in the above definition of
TU are r-preserving (e.g., "ieA" has the value 1) and that the condi-
tional expression itself is also. Thus (tu)iL = 1 and (tup) (L:3) = L.

This concludes the semantics of FFP systems.

14. Applicative State Transition Systems (AST Systems)

14.1 Introduction

This section sketches a class of systems mentioned earlier as
alternatives to von Neumann systems. It must be emphasized again that
these applicative state transition systems are put forward not as
practical programming systems in their present form, but as examples
of a class in which applicative style programming is made available
in a history sensitive, but non-von Neumann system. These systems
are loosely coupled to states and depend on an underlying applicative
system for both their programming language and the description of
their state transitions. The underlying applicative system of the
AST system described below is an FFP system, but other applicative

systems could also be used.

To understand the reasons for the structure of AST systems, it

is helpful first té review the basic structure of a von Neumaﬁn system,
ALGOL, observe its limitations, and compare it with the structure of AST
systems. After that review a minimal AST system is described; a small,
top-down, self-protecting system program for file maintenance and run-
ning user programs 1is given, with directions for installing it in the AST
system and for running an example user program. The system program

uses "name functions" instead of conventional names and the user may

do so too. The section concludes with subsections discussing variants

of AST systems, their general properties, and naming systems.
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14.2 The Structure of ALGOL Compared to That of AST Systems

An ALGOL program is a sequence of statements, each representing
a transformation of the ALGOL state, which is a complex repository
of information about the status of various stacks, pointers, and
variable mappings of identifiers onto values, etc. Each statement
communicates with this constantly changing state by means of com-
plicated protocols peculiar to itself and even to its different parts
(e.g., the protocol associated with the variable x depends on its
occurrence on the left or right of an assignment, in a declaration,

as a parameter, etc.).

It is as if the ALGOL state were a complex "store" that com-
municates with the ALGOL program through an encrmous "cable" of many
specialized wires. The complex communications protocols of this cable
are fixed and include those for every statement type. The "meaning"
of an ALGOL program must be given in terms of the total effect of a
vast number of communications with the state via the cable and its
protocols (plus a means for identifying the output and inserting
the input into the state). By comparison with this massive cable
to the ALGOL state/store, the cable that is the von Neumann bottle-

neck of a computer is a simple, elegant concept.

Thus ALGOL statements are not expressions representing state-
to-state functions that are built up by the use of orderly combining
forms from simpler state-to-state functions; instead they are complex
messages with context dependent parts that nibble away at the state.
Each part transmits information to and from the state over the cable
by its own protocols. There is no provision for applying general

functions to the whole state and thereby making large changes in it.
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The possibility of large, powerful transformations of the state S
by function application, S »+ f:S, is in fact inconceivable in the
von Neumann--cable and protocol--context: there could be no assurance
that the new state f:S would match the cable and its fixed protocols
unless f is restricted to the tiny changes allowed by the cable in |

the first place.

We want a computing system whose semantics does not depend
on a host of baroque protocols for communicating with the state;
and we want to be able to make large transformations in the state
by the application of general functions. AST systems provide one
way of achieving these goals. Their semantics has two protocols
for getting infor@ation from the state: (1) get from it the definition
of a function to be applied, and (2) get the whole state itself.
There is one protocol for changing the state: compute the new state
by function application. Besides these communications with the
state AST semantics are applicative (i.e., FFP). It does not depend
on state changes because the state does not change at all during
a computation; instead, the result of a computation is output and
a new state. The structure of as AST state is slightly restricted
by one of its protocols: it must be possible to identify a definition
(i.e., cell) in it; its structure--it is a sequence--is far simpler

than that of the ALGOL state.

Thus the structure of AST systems avoids the complexity and
restrictions of the von Neumann state (with its communications proto-
cols) while achieving greater power and freedom in a radically dif-

ferent and simpler framework.
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14.3 Structure of an AST System

An AST system is made up of three elements:

1) An applicative subsystem (such as an FFP system).

2) A state D that is the set of definitions of the applicative
subsystem.

3) A set of transition rules that describe how inputs are

transformed into outputs and how the state D is changed.

The programming language of an AST system is just that of its

applicative subsystem (from here on we shall assume that the latter

is an FFP system). Thus AST systems can use the FP programming style
we have discussed. The applicative subsystem cannot change the state
D and it does not change during the evaluation of an expression; a new
state 1s .computed along with output and replaces the old state when
output is issued. (Recall that a set of definitions D is a sequence
of cells; a cell name is the name of a defined function and its con-
tents is the defining expression; here, however, some cells may name
data rather than functions; a data name n will be used in +n (fetch n)

whereas a function name will be used as an operator itself.)

We give below the transition rules for the elementary AST system
we shall use for examples of programs. These are perhaps the simplest
of many possible transition rules that could determine the behavior

of a great variety of AST systems.

14.3.1 Transition rules for an elementary AST system. When the

system receives an input x, it forms the application

(SYSTEM : )
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and then procedes to cbtain its meaning in the FFP subsystem, using
the current state D as the set of definitions. SYSTEM is the dis-
tinguished name of a function defined in D (i.e., it is the "system
program"). Normally the result is a pair

W(SYSTEM:x) = <o0,d>
where o i1s the system output that results from input z and d becomes
the new state D for the system's next input. Usually d will be a
copy or partly changed copy of the old state. If u(SYSTEM:x) is not

a pair, the output is an error message and the state remains unchanged.

14.3.2 Transition rules: exception conditions and startup. Once

an input has been accepted, our system will not accept another (except
<RESET ,z>, see below) until an output has been issued and the new
state, if any, installed. The system will accept the input <RESET,x>
at any time. There are two cases: (a) if SYSTEM is defined in the
current state D, then the system aborts its current computation with-
out altering D and treats x as a new normal input; (b) if SYSTEM is
not defined in D, then xz is appended to D as its first element.
(This ends the complete description of the transition rules for our
elementary AST system.)

If SYSTEM i; defined in D it can always prevent any change in

its own definition. If it is not defined, an ordinary input z will

produce p(SYSTEM:x) L and the transition rules yield an error
message and an unchanged state; on the other hand, the input

<RESET ,<CELL ,SYSTEM,s>> will define SYSTEM to be s.



-79~-

14.3.3 Program access to the state; the function plDEFS. Our

FFP subsystem is required to have one new primitive function, defs,
named DEFS such that for any object x#.,

defs:x = pDEFS:x = D
where D is the current state and set of definitions of the AST system.
This function allows programs access to the whole state for any

purpose, including the essential one of computing the successor

state.

14.4 An Example of a System Program

The above description of our elementary AST system, plus the
FFP subsystem and the FP primitives and functional forms of earlier
sections, specify a complete history sensitive computing system. Its
input and output behavior is limited by its simple transition rules,
but otherwise it is a powerful system once it is equipped with a
suitable set of definitions. As an example of its use we shall

describe a small system program, its installation and operation.

Our example system program will handle queries and updates for
a file it maintains, evalua;e FFP expressions, run general user"
programs that do not damage the file or the state, and allow author-
ized users to change the set of definitions and the system program
itself. All inputs it accepts will be of the form <key,input> where
key is a code that determines both the input class (system-change,
expression, program, query, update) and also the identity of
the user and his authority to use the system for the given input class.
We shall not specify a format for key. Input is the input itself, of

the class given by key.
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14.4.1 General plan of the system program. The state D of our

AST system will contain the definitions of all nonprimitive functions
needed for the system program and for users' programs. (Each definition
is in a cell of the sequence D.) In addition, there will be a cell in
D named FILEZ with contents file, which the systems maintains. We shall
give FP definitions of functions and later show how to get them into
the system in their FFP form. The transition rules‘make the input

the operand of SYSTEM, but our plan is to use name-functions to refer
to data, so the first thing we shall do with the input is to create
two cells named XEY and INPUT with contents key and input and append
these to D; this sequence of cells has one each for key, input, and
file; it will be the operand of our main function called subsystem.
Subsystem can then obtain key by applying +XEY to its operand, etc.

Thus the definition

Def system = pair - subsystemef; [NONPAIR,defs]

where

f

causes the system to output NONPAIR and leave the state unchanged if the

yINPUTo [2,vKEY-[1,defs]]

input is not a pair. Otherwise, if it is <key,input>, then
f;<key,input> = <<CELL,INPUT,input>,<CELL,KEY,key>,d1,...,dn>
where D = <d1""’dn>' (We might have constructed a different operand
than the one above, one with just three cells for key, input, and file.
We did not‘because real programs, unlike subsystem, would contain )

many name functions referring to data in the state, and this "standard"

construction of the operand would suffice then as well.)
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14.4.2 The "subsystem" function. We now give the FP definition

of the function subsystem, followed by brief explanations of its six

cases and auxiliary functions.

Def subsystem =
is-system-changec+XEY -+ [report-change,applyle [+INPUT,defs];
is-expressione+XEY » [+INPUT,defs];
is-programec+XEY -+ system-checkecapplye [+INPUT,defs];
is-querye°+KEY -+ [query-responsee [+INPUT,+FILE] ,defs];
is-update<t+XEY » [report-updatec [id,update],+FILE. [update, defs]]
o [+INPUT ,+FILE];

[report-errore [+KEY ,+INPUT] ,defs].

Thus subsystem has five "p+f;" clauses and a final default function, for
six classes of inputs; the treatment of each class is given below.
Recall that the operand of subsystem is a sequence of cells containing
key, input and file as well as all the defined functions of D, and that

subsystem:operand = <output,newstate>.

Default inputs. 1In this case the result is given by the last (default)

function of the definition when key does not satisfy any of the pre-
ceding clauses. The output is report-error:<key,input>. The state
is unchanged since it is given by defs:operand = D. (We leave

to the reader's imagination what the function report-error will gen-

erate from its operand.)

System-change inputs. When is-system-changec+tKEY:operand =

is-system-change:key = T, key specifies that the user is authorized
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to make a system change and that <nput = +INPUT:operand represents
a function f that is to be applied to D to produce the new state f:D
(0f course f:D can be a useless new state; no constraints are placed

on it). The output is a report, namely report-change:<input,D>.

Expression inputs. When is-expression:key = T, the system understands

that the output is to be the meaning of the FFP expression input;
+INPUT:operand produces it and it is evaluated, as are all expressions.

The state is unchanged.

Program inputs and system self-protection. When is-program:key = T,

both the output and new state are given by (pinput):D = <output,newstate>.
If newstate contains file in suitable condition and the definitions of
system and other protected functions, then
system-check:<output,newstate> = <output,newstate>.
Otherwise, system-check:<output,newstate> = <error-report,D>.
Although program inputs can make major, possibly disastrous changes
in the state when it produces newstate, system-check can use any
criteria to either allow it to become the -actual new state or to keep
the old. A more sophisticated system-check might correct only prohibited
changes in the state. Functions of this sort are possible because
they can always access the 0ld state for comparison with the new

, \
state—-to-be and control what state transition will finally be allowed.

File query inputs. If is-query:key = T, the function query-response

is designed to produce the output=answer to the query input from its

operand <input,file>.
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File update inputs. If is-update:key = T, input specifies a file

transaction understood by the function update, which computes
updated-file = update:<input,file>. Thus +FILE has <updated-file,D>
as its operand and thus stores the updated filg in the cell FILE in
the new state. The rest of the state is unchanged. The function
report-update generates the output from its operand

<<input,file>,updated-file>.

14.4.3 Installing the system program. We have described the

function called system by some FP definitions (using auxiliary functions
whose behavior is only indicated). Let us suppose that we have FP
definitions for all the nonprimitive functions required. Then each
definition can be converted to give the name and contents of a cell

in D (of course this conversion itself would be done by a better system).
The conversion is accomplished by changing each FP function name

to its equivalent atom (e.g., update becomes UPDATE) and by replacing
functional forms by sequences whose first member is the controlling
function for the particular form. Thus +FILEc [update,defs] is

converted to <COMP,<STORE,FILE>,<CONS,UPDATE,DEFS>>, and the FP

function is the same as that represented by the FFP object, provided
that update = pUPDATE and COMP, STORE, and CONS represent the

controlling functions for composition, store and construction.

All FP definitions needed for our system can be converted to
cells as indicated above, giving a sequence DO' We assume that
the AST system has an empty state to start with, hence SYSTEM 1is
not defined. We want to define SYSTEM initially so that it will

install its next input as the state; having done so we can then input
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D, and all our definitidns will be installed, including our program,
system, itself. To accomplish this we enter our first input

<RESET ,<CELL ,SYSTEM,loader>>
where

loader = <CONS,<CONST,DONE> ,ID>
then, by the transition rule for RESET when SYSTEM is undefined in D,
the cell in our input is put at the head of D=¢, thus defining

o SYSTEM = ploader

[DONE,id]. Our second input is D the set of

OI
definitions we wish to become the state. The regular transition

rule causes the AST system to evaluate

>

0 0
Thus the output from our second input is DONE, the new state is D

u(SYSTEM:DO) = [DONF,id]:D, = <DONE,D
OI
and pSYSTEM is now our system program (which only accepts inputs of

the form <key,input>).

Our next task is to load the file (we are given an initial value
file). To load it we input a program into the newly installed system
that contains file as a constant and stores it.in the state; the input is:

<program-key, [DONE,store-file]>
where

pstore-file = +FILE°|[file,id].

Program-key identifies [DONE,store-file] as a program to be applied

to the state DO to give the output and new state D1, which is:
pstore-file:D, = +FILE°[?TTZ,id]:D0,

or Dy with a cell containing file at its head. The output is 55WE:DO =

DONE. We assume that system-check will pass <DONE,D1> unchanged.

FP expressions have been used in the above in place of the FFP objects

they denote, e.g., DONE for <CONST,DONE>.



-85~

14.4.4 Using the system. We have not said how the system's

file, queries or updates are structured, so we cannot give a detailed
example of file operations. However the structure of subsystem shows
clearly how the system's response to queries and updates depends on

the functions query-response, update, and report-update.

Let us suppose that matrices m, n named ¥ and N are stored in D
and that the function MM described earlier is defined in D. Then the
input

<expression-key, (MMo [+M,+N] oDEFS: %) >
would give the product of the two matrices as output and an unchanged
state. Expression-key identifies the application as an expression to
be evaluated and since defs:4 = D and [+M,+4N]:D = <m,n>, the value

of the expression is the result MM:<m,n>, which is the output.

Our miniature system program has no provision for giving control
to a user's program to process many inputs, but it would not be dif-
fult to give it that capability while still monitoring the user's

program with the option of taking control back.

14.5 Variants of AST Systems

A major extension of the AST systems suggested above would pro-,
vide combining forms, "system forms", for building a new AST system
from simpler, component AST systems. That is, a system form would
take AST systems as parameters and generate a new AST system, just as
a functional form takes functions as parameters and generates new

functions. These system forms would have properties like those
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of functional forms and would become the "operations" of a useful
"algebra of systems" in much the same way that functional forms
are the "operations" of the algebra of programs. However, the prob-‘
lem of finding useful system forms is much more difficult, since
they must handle <resets, match inputs and outputs, and combine hist-

ory sensitive systems rather than fixed functions.

Moreover, the usefulness or need for system forms is less clear
than that for functional forms. The latter are essential for build-
ing a great variety of functions from an initial primitive set; where-
as, even without system forms, the facilities for building AST systems
are already so rich that one could build virtually any system (with
the general input and output properties allowed by the given AST scheme).

Perhaps system forms would be useful for building systems with complex

input and output arrangements.

14.6 Remarks About AST Systems

As I have tried to indicate above, there can be innumerable vari-
ations in the ingredients of an AST system--how it operates, how
it deals with input and output, how and when it produces new states
and so on. In any case, a number of remarks apply to any reasonable
AST system:

a) A state transition occurs once per major computation and
can have useful mathematical properties. State transitions are not
involved in the tiniest details of a computation as in conventional
languages; thus the linguistic von Neumann bottleneck has been
eliminated. No complex "cable" or protocols are needed to communicate

with the state.
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b) Programs are written in an applicative language ;hat.can
accommodate a great range of changeable parts, parts whose power
and flexibility exceed that of any von Neumann language so far.

The word-at-a-time style is replaced by an applicative style; there
is no division of programming into a world of expressions and a
world of statements; programs can be analyzed and optimized by an
algebra of programs.

c) Since the state cannot change during the computation of
system:x, there are no side effects. Thus independent applications
can be evaluated in parallel,

d) By defining appropriate functions one can, I believe, intro-
duce major new features at any time, using the same framework. Such
features must be built into the framework of a von Neumann language.
I have in mind such features as: "stores" with a great variety of
naming systems, types and type checking, communicating parallel
processes, nondeterminacy and Dijkstral!s "guarded command" constructs
and improved methods for structured programming.

e) The framework of an AST system comprises the syntax and
semantics of the underlying applicative system plus the system frame-
work sketched above. This is a tiny framework for a language by cur-

rent standards, and is the only fixed part of the system.

14.7 Naming Systems in AST and von Neumann Models

In an AST system naming is accomplished by functions as indicated

in section 13.3.3. Many useful functions for altering and accessing
a store can be defined (e.g., push, pop, purge, typed fetch, etc.).

All these definitions and their associated naming systems can be

[20],
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introduced without altering the AST framework. Different kinds
of "stores" (e.g., with "typed cells") with individual naming systems
can be used in one program. A cell in.one store may contain another

entire store.

- The important point about AST naming systems is that they util-
ize the functional nature of names (Reynolds' GEDANKEN [21] also
does so to some extent within a von Neumann framework). Thus name
functions can be composed and combined with other functions by
functional forms. In contrast, functions and names in von Neumann
languages are usually disjoint concepts and the function-like nature
of names is almost totally concealed énd useless, because

a) names cannot be applied as functions;

b) there are no general means- to combine names with other
names and functions;

c) the objects to which name functions apply (stores) are not

accessible as objects.

The failure of von Neumann languages to treat names as functions
may be one of their more important weaknesses. In any case, the ability
to use names as functions and stores as objects may turn out to be a
useful and important programming concept, one which should be thor-

oughly explored.

15. Remarks About Computer Design

The dominance of von Neumann languages has left designers with
few intellectual models for practical computer designs beyond variations
of the von Neumann computer. Data flow models [4][5] [6] are one

alternative class of history sensitive models. The substitution rules
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of lambda calculus based languages present serious problems for the
machine designer. Berkling [22] has developed a modified lambda
calculus that has three kinds of applications and that makes renaming
of variables unnecessary. He has developed a machine to evaluate
expressions of this language. Further experience 1is needed to show
how sound a basis this language is for an effective programming

style and how efficient his machine can be.

Magé [23] has developed a novel applicative machine built from
identical components (of two kinds). It evaluates, directly, FP-
like and other applicative expressions from the bottom up. It has
no von Neumann store and no address register, hence no bottleneck;
it is capable of evaluating many applications in parallel; its built-in
operations resemble FP operators more than von Neumann computer
operations. It is the farthest departure from von Neumann computer

that I have seen.

There are numerous indications that the applicative style of
programming can become more powerful than the von Neumann style.
Therefore it is important for programmers to develop a new class
of history sensitive models of computing systems that embody such
a style and avoid the inherent efficiency problems that’ seem to attach
to lambda calculus based systems. Only when these models and their
applicative languages have proved their superiority over conventional
languages will we have the economic basis to develop the new kind
of computer that can best implement them. Only then, perhaps, will

we be able to fully utilize large scale integrated circuits in a
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computer design not limited by the von Neumann bottleneck.

16. Summary

The fifteen preceding sections of this paper can be summarized

as follows:

Section 1. Conventional programming languages are large, complex,
and inflexible. Their limited expressive power is inadequate to

justify their size and cost.

Section 2. The models of computing systems that underlie programming
languages fall roughly into three classes: (a) simple operational
models (e.g., Turing machines), (b) applicative models (e.g., the
lambda calculus), and (c¢) von Neumann models (e.g., conventional
computers and programming languages). Each class of models has an
important difficulﬁy: the programs of class (a) are inscrutable;
class (b) models cannot save information from one program to the next;
class (¢) models have unusable foundations and programs that are

conceptually unhelpful.

Section 3. Von Neumann computers are built arocund a bottleneck: the
word-at-a-time tube connecting the CPU and the store. Since a
program must make its overall change in the store by pumping vast
numbers of words back and forth though the von Neumann bottleneck,
we have grown up with a style of programming that concerns itself
with this word-at-a-time traffic through the bottleneck rather than
with the larger conceptual units of our problems.

-

Section 4. Conventional languages are based on the programming
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style of the von Neumann computer. Thus variables = storage cells;
assignment statements = fetching, storing, and arithmetic; control
statements = jump and test instructions. The symbol ":=" is the
linguistic von Neumann bottleneck. Programming in a conventional--
von Neumann--language still concerns itself with the word-at-a-time
traffic through this slightly more sophisticated bottleneck. Von
Neumann languages also split programming into a world of expressions
and a world of statements; the first of these is an orderly world,
the second is a disorderly one, a world that structured programming
has simplified somewhat, but without attacking the basic problems of
the split itself and of the word-at-a-time style of conventional

languages.

Section 5. This section compares a von Neumann program and a functional
program for inner product. It illustrates a number of problems of

the former and advantages of the latter: e.g., the von Neumann program
is repetitive and word-at-a-time, works only for two vectors named

a and b of a given ;ength n, and can only be made general by use of

a p;pcedure declaration, which has complex semantics. The functional
program is nonrepetitive, deals with vectors as units, is more
hierarchically constructed, is completely general, and creates
"housekeeping" operations by composing high-level housekeeping
operators. It does not name its arguments, hence it requires no pro-

cedure declaration.

Section 6. A programming language comprises a framework plus some
changeable parts. The framework of a von Neumann language requires

that most features must be built into it; it can accommodate only
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limited changeable parts (e.g., user-defined procedures) because
there must be detailed provisions in the "state"” and its transition
rules for all the needs of the changeable parts, as well as for all
the features built into the framework. The reason the von Neumann
framework is so inflexible is that its semantics is too closely

coupled to the state: every detail of a computation changes the state.

Section 7. The changeable parts of von Neumann languages have little
expressive power; this is why most of the language must be built

into the ﬁramework. The lack of expressive power results from the
inability of von Neumann languages to effectively use combining

forms for building programs, which in turn results from the split
between expressions and statements. Combining forms are at their
best in expressions, but in von Neumann languages an expression

can only produce a single word; hence expressive power in the world
of expressions is mostly lost. A further obstacle to the use of

combining forms is the elaborate use of naming conventions.

Section 8. APL is the first language not based on the lambda calculus
that is not word-at-a-time and uses functional combining forms.

But it still retains many of the problems of von Neumann languages.

Section 9. Von‘Neuménn languages do not have useful properties

for reasoning about programs. Axiomatic and denotational semantics

are precise tools for describing and understanding conventicnal
programs, but they only talk about them and cannot alter their ungainly

properties. Unlike von Neumann languages the language of ordinary

PRI
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algebra is suitable both for stating its laws and for transforming

an equation into its solution, all within the "language".

Section 10. In a history sensitive language, one program can affect

the behavior of a subsequent one by changing some store which is saved
by the system. Any such language requires some kind of state trans-
ition semantics. But it does not need semantics closely coupled to
states in which the state changes with every detail of the computation.
"Applicative state transition",(AST)’systems are proposed as history
sensitive alternatives to von Neumann systems. These have: (a) loose-
ly coupled state transition semantics in which a transition occurs
once per major computation; (b) simple states and transition rules;
(c) an underlying applicative system with simple "reduction" semantics;
and (d) a programming language and state transition rules both based
on the underlying applicative system and its semantics. The next four
sections describe the elements of this approach to non-von Neumann

language and system design.

Section 11. A class of informal functional programming (FP) systems

is described which use no variables. Each system is built from objects,
functions, functional forms and definitions. Functions map objects into
objects. Functional forms combine existing functions to form new ones.
This section lists examples of primitive functions and functional forms
and gives sample programs. It discusses thé limitations and advant-

ages of FP systems.

Section 12. An "algebra of programs" is described whose variables

range over the functions of an FP system and whose "operations" are
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the functional forms of the system. A list of some twenty-four laws
of the algebra is followed by an example proving the equivalence of
a nonrepetitive matrix multiplication program and a recursive one.
The next subsection states the results of two "expansion theorems"”
that "solve" two classes of equations. These solutions express the
"unknown" function in such equations as an infinite conditional
expansion that constitutes a case by case description of its be-
havior and immediately gives the necessary and sufficient conditions
for termination. These results are used to derive a "recursion
theorem" and an "iteration theorem", which provide ready-made expansions
for some moderately general and useful classes of "linear" equations.
Examples of the use of these theorems treat: (a) correctness proofs
for recursive and iterative factorial functions, and (b) a proof of
equivalence of two iterative programs. A final example deals with

a "quadratic" equation and proves that its solution is an idempotent
function. The next subsection gives the proocfs of the two expansion

theorems.

The algebra associated with FP systems is compared with the
corresponding algebras for the lambda calculus and other applicative
systems. The compaiiSOn shows some advantages to be drawn from the
severely restricted FP systems, as compared with the much more powerful
classical systems. Questions are suggested about algorithmic reduc-
tion of functions to infinite expansions and about the use of the

~algebra in various "lazy evaluation" schemes.

Section 13. This section describes formal functional programming (FFP)

systems that extend and make precise the behavior of FP systems.

Their semantics are simpler than that of classical systems and can



-95-

be shown to be consistent by a simple fixed point argument.

Section 14. This section compares the structure of ALGOL with that

of applicative state transition (AST) systems. It describes an AST
system using an FFP system as its applicative subsystem. It des-
cribes the simple state and the transition rules for the system.

A small self-protecting system program for the AST system is described,
and how it can be installed and used for file maintenance and for
running user programs. The section'briefly discusses variants of

AST systems and functional naming systems that can be defined and

used within an AST system.

Section 15. This section briefly discusses work on applicative com-

puter designs and the need to develop and test more practical models

of applicative systems as the future basis for such designs.
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