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Abstract 

This is 1bc (unrudnblc) reference 11uu1unl for FL. 

1 Review of the Domai11 

l. I is the set of non-negative integers. 

2. Roughly speaking, the domain consists of the atoms and the codes for functions and is closed 11ndet 
sequence formation and lagging (for use ,vith abstract data types); the elements of the set Coll 
(consisting of J. and errors) collapse sequences and lag pairs. More formally, the set D is the 
smallest (free) set containing the set of atoms, the set {l.}, and the set C closed under the following: 

(a) if :z:1, ... , :z:., ED - Coll, then «: :z:1 , ••• , :z:., ~E D 

(b) if:z: ED-Coll and i EI, then-< i,:z: >-ED 

where t_he set Coll= {1.} U {-< O,:z: >-l:z: ED - Coll} 

3. All errors have the form -< 0, -v >- where O is the integer tag value fot euors and vis a value. A si.ring 
is a sequnce of chars. St1' denotes the set of strings. System generated errors will have the form 
-< 0, «: .SJ, .s2,v >>>-where .,J, -'2 E S1r and v ED - Coll. 

4. Ov.tS is a stream (i.e. a polentiaUy infinite tuple) that is just to record all external events (su.ch 
as 1/0 and file system activity). 0 utS J,n,t, is the subset of Ov.tS Lha.t corresponds to a finite 
number o{ ev11nts. More formally, 
OutS - (D - Coll)""' and OutS,., 111 , = (D - Cull)<'"'. 
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The history H consisu of an input oraclo (which is jusl an elemenl of C) and an outpul slream 

(which i• ju.st an ,1,m,n1 of OutS). 'Mote formally, 
H = C, OutS and HJ,not, = C" OtttS1,.,.,. 

h,,
0
11 is the olem,nt (nt,()} E H. 

APPEND is a binary op,ratot 1ba1 app,nds lh• seeond 11rellJ1\ onto the end of 1he llrst. (Tr th, 
first already has infinite length, then the APPEND operation just rM111n.s \he first.) 

s. An element or DH conslsis or an object (an element of Dl and a hisloty (an element of H) describing 
all 1he even I$. II 1hert are an infinitt number or evenlJ, thon the computation must b, non-1-,rmina\ing 
and h,nce 1h, object parl must be l.. More founally, 
DH=(D-{.L})"HJ.n,t, u {l.}~H 
II is &!so u,eful 10 have 1h, following ,cl«1or functions: 

Do/(d, {i, o)) = d 

Io/(d,(,,o)) =, 
Oo/(cL(,,o)) = o 

Ho/(d,(1,0)) = ( ,o) 

6. Ev•n though : represenu an application of" {n.n<-lion lo a.n i.rgumenl it must be defined even when 
somethinp; other 1ha.n a funCLion is applied 10 an argument. 
Fornuilly, 1ltt infix operation : map, D,. DH to DH so that 
:z:: (y,h) =\:t,ht if:: E Coll, 
:t :(y,h) =(1,61 if v E Co/land :t E Coll, 
o.nd :z: : (11, h) = l -· 0, < "oyply~. "rirg~, < ::, i >>'-, h) if :t il Cu Coll and y !/. Coll. 
: is utwdcd to map DH D 10 DH b1 (:z:, h): y = :z:: lY, h). 

: is oitended 10 map D D to D by: : ~ = { Do/(,: : ~• h •• 11)) 
if Ho/(:r.: (11, h. •• u)) = k...11 
oth~r-wise 

7. Asel Xis diretlcd iJf ,vtry finn• tub$et of X has an uppu bound in X. 
A panial ordet if compltlt !ff ••ery dir•Clod s,1 bu a ltas\ upper bound. 
A compltle pllrli&I order is called a c.p.o. 
A c.p.o. i• ,a,uuundy compltlt ill" e\'try set with an uppei bound bas a lean UPP" bound. 
A fonclion / if conJ,nuou, i1f /(uX) = Lt{/(X)J for .,,,ry direcled sel X. 

8. S4 if a consislcntly compltt• c.p.o. on D such 1ba1 

.J. $4 " Cot all z € D 
if 4 is an a.tom, lh~n a <, z iff' ti-;::. z. 

if c1 EC, \hen c, '.:4 c, iE c,,; C a.nd c,: z S,i c,: z for all :r.:: DH. 

< :z:,,.,., :t" :>:,, V ilf II=< J1, ••• , 9n :l> and :z., _, JI, for all r = I, ... ,"· 



-< i, :r: >-<J 11 itr y =-< i, l/O ;,- and :r: ,;., 'Vo• 

9. The ordering on DH is essenlially 1he ordering induced by lhe $.t ordering on I.he components. In 
addition, since all operations musl leave 1he inpnl stream unchanged, 1hese 1wo componen11 must 
be equal. Furlhtrmore, since a non-bouom D part indicates a completed compu&alion, the number 
of evenl• mual be identical in the cue th&I lhe D part is non-bollom. ~fore formally, 
$.th is a conaialently complete c.p.o. on DH such 1bat 
(di. (ci. (z,, ... , a:.,))) $.th (d2, (c2, (-vi. ... , 11 .. ))) holds Hf the following all hold 

~ ( J. k ) (=:;:, 
- IL. L ... 

:r:, <., v, for all J = !, ... ,111 

either d1 = .L or m = n. 

10. Lei 9 be a function from DH 10 iucl!. Then 9 ia 

,trier iJf g(,z:) = :r: whenever Do/[,z:) E Coll. 

inpul-p1"1'1truirrg ilf lo/(9(:)) = lo/(:) for all z E DH. 

K. 

outpul•t:i:lcnd111g iff lhert exists z such 1ha1 Oo/(9(:)) = APP £,\rD( Oo /(::.), z). 

hi,torg-prutrving iff ii i1 Input-preserving and oulpul-uteD.ding. 

hon,./ ilf H ia continuous, ,1ric1, and history-preserving. 

JI. C is isomorphic lo the set of hontst functions from DH 10 it.elf. ln particttla,. the function ,f, 

from C lo the ••I of honest functions from DH 10 DH is u isomorphism whue ,f, is defined by 
lf!(c)(:r:) = C: :Z:, 

t. iA)., '"' o .... l< ~, 
~--1 I / .-

'.: ~ ' ., i ,,. , lcl c{ 

;; "'c--
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2 Preliminary Definitions 

1. A' is tht set of function names .• '/""' is the ••' of function name• supersc;ript,d with the mark pa.I. 

1. An a,11j171mcn1 I a a function from A'v.\'""' lo eltmtnts or D {#} AssignmtnlS are &~ucnlly 
denotted by tbt leuu 1·. The 1(' is used 10 indicatt a meaningl,ss (or non,rxiJttnt) value. 

3. V1 5. 1•, ift' I 1(x) S, l':(x) for ..U x wbrr• ;r is vi,wed as strictly less 1ban any tltmeftl o( D. 

4. V1[1':] r•presenu 1h, union or 1he 1wo auignmen11 I I and 1; with v, ••ittnlng any cla.sh. More 
fonn..Uy, !or ••ch fn € //, 

\' I\' )(fu) - { l'2(fn) 
I 2 - V,(fnl 

if l',(fn) c£ # 
othuwls .. otherwise. 

5. ,lppDc /•II',:) rep,,.tnts applying ••trY de1inillon in V lo the ei,m,nt ,; € D. More rorma.lly, for 
each f'n '= ,\( ;l/f"11 and each , ,a D, 

D C
r rn { l'(fnl' ~ App •I• ,:o)( l = ;,. 

if l'(fu);,, # 
otherwise.. 

6. Ap.E(g) = .\(i,,, h.).(£{11), 6). Nole 1h11 1he in the notation .\::., both, and :z: rcpteaent elements of 
DH. Aho note thal the in lh• notation .u., both , and :,: 1tprtScn1 elemenLS of D. 

1. PF is a tow fnaction from A' IO C. PFtfl is 1bc tlem,nt or C that correspond• 10 the ptimilive 
function named by f. II f does not name a pti.mitiv< funclion, 
then PF(r) = Ar.(~. 0, "r •.VoS•ch~,, .>►). 



3 Some important elements of C 

Or couuo, a.II func1ion1 are strict and honct if 1h• a1gumen1 10 1h, runctioa hu 1he form (z, h) for some 
:z: E Coll lh•n lhe funciion re1urn1 (:z:, h). If Do/ applied 10 lhe a1gumenl la no1 in Coll, and i( lh• 
argument raib 10 unify wi1h lh• cXprtuion I in Al., lh•n lh• rtstlll is 
-< O,.;: /, "a.rg l",z >► where/ is lh• string vtrsion or 1b, fune1ion name and: is 1h• argumenl 10 lhc 
"1ne1iun. A similar cornmeal holds for At .. The second ugoml'DI lo a curru,d fone1100 is l&bdlcd wilb the 
siting "o,g '" if lb• s«ond 1ugum,n1 is erroneous. 

1. add= A<( z1,•••1'Zn :>.(sum ofO,zJ,.."'z") 

2. a.ru/ = A < ::1 ... ., z. > .( Boolean a.nd or trru, ::1, .... :.) whet• anything oihu 1ha11 /Al•• is 
tr,au•d u true. 

l. al; A< y.< ~,, ... ,::. >> .(,C:. y,:z:1, .... ::. >) 
4. apply=.\(< :,,:i:, >,h).(:i:,: (:i:2,kll 

6. /J = A/.>.(:, h).( 
/: (:, h) ir Hof(/ : (:z:, Ii))= h 

(J., kl 01ho1wi1e ) 

7. c111<:k = ,\ < J,g ~ .>.(:, h.).( 
g : ( < z, JI ..,,, ki} if .. , =-< 0, y ,,__ 

(:z1, It,) 01b,rwi1• 
wh•te (:r1,h 1) = /: (:,h) ) 

8. o = A< z,. ... , "• > .>.(y, k).(:z1 : ( ... [:.: (y, h)) .. . )) 

9. ol'"1 =A< ZJ, .. ,,:,; 0 ::I> .(K :¢. O :< z,, ... ,:z:0 >, ... ,o :<>>) 

10. cond= A< z1,z2,:t2 ~ . .\(y,h).( 
(v1, ha) iC YI € Coll 

2:J: (y, k1) if J/l "'/11/,c 
z2 : (y, '11) olhontise 

where 
(J11,htl=z1:(y,h) ) 

II. con, - A< z., ... •=• ,.\(1,ho),( 
(4: =1, ... ,;. "',lt 1) ifno ;, € Coll 

(; 1 ,h,) if,, t Coll a.nd no:,,; C.,1/ for 1 < j 
wher, 



14. FF = .1:.-fclH 

1~. ~ =-.\J.Az.(J: •l 

16. ,d = .\,., 

17. JO= ~(x,fc.fo, ...•. o.J)l.( < :< •••••·••••% > , (<,(•••·--••••"'ll ) 

I&. uX = .\t.(lr>< if I ••"" z; /al,r olhtrw~ ) (for X =-otom, boot, chor. J•n<, r,a.l, ,cq, i~I) 

U /\=.\: . .\r-l•l 

10 lift= .\f.l• :<: /.<••• >l 

21. Af clc 80<>1 = cond :< 1d, TT. FF > 

21. m..Crrr = hL <; O, t ._ 

24~ or,:::. ;\ < :::, ..... -:,.. > .( Boo1aa or o! /c.tn, za .... , :-n) whMr uything othct \ha.n Jal1t la IIC'atcd 
U Utte. 

25. ""'"" : \ < =•--.. , =,. > .A(r, ho).( 
(Jclu,i..) ifydoHnotha•rlhrform ....... ,.,, 

alMf : ( < .:1 ••••• .:.. >,A .. ) if no :-_ '; Coll whra (.:., h, -= ,.. : (Jtu A-.-,) 
I.Ad , :<, JIJ • • • •, )!n 

(.:,.1' 1 ) If : 1 E Coll and:,;. Coll Cot,< J wh«e 
1:.,h.)=:,:(y,,h,-rlandr=· ,., ... ,,.'>I 

27. rl ::::/J. < %.Jt •• ,:: .. >,z .. wbll"tf' n: ~ l. 

JO. ti=.\<,., .... ,.>.(<,, ..... :.,>) 

G 



Hert' &rt' lhe primitive ftt.Dclion na.mt's: odd, tUJd, flt 11pply, nr, 8, o. c11tcb. cond.. cons. Curry, 
dJv, Fl\ i, id, 10, lsnlom, isbool, lscltn.r-. isf'Wl.c, i.s:int, isren.L ls:seq. K. lin, mkur r:nu.l or, pcon.s, 
rl, sl, sub, ti, Ur, TT. 



4 Abbreviation Elimination 

'Beforr lho mraning it tomp111<d <t1lai11 ablu,via1lon1 arr rrmovtd, In 1hr (ollowang, ,.tnt drnOIH thr 
expr.1sion x wilh II primn on h and xn • y drnolN x: ( , (x yl .. ) wh,r• thorr arr II occorcncca of 
X and (u denote• fn whcrt' n .. f fn = PF f'lld . Th, notation C .. :J II o .. d to d,nol• 
optional rxpt6'11ons. Doring abbreYiaUon romoval, th• following operation, au performed (in any ordrr) 
11n1il no mo,o can b• applied: 

t Enclo,e 1hr •xpreuion by • whrrt daus, d•fining all prlmiliv, fune11on1. 

?. 1tnlx1, ... , x,.111 rrpla.ced by II1t11: c-ou,; :<. X1,, .. , Xn > 

l. [ 1
" 1x1,-• .. xn} is replactd b1· ITll" •pccna.,; :<.. Xt,·· ,Xn '> 

5. p _lnl x I replactd by p _lnl x; J{h : t mltcrr~f'•coud", """,@]). 

6. Def Po C Pt •. Pn :JC- p :J= c C Pot E ::, ii rcpla.crd by 
Def fu L Pt ··•Pn ..J1...- P :J= 

(Po - fu.:mkerr- '"ft,", 0 "l'"5Ull",iil 1-., 
C Pnt lPo - w;wltrrr ··"fu", ""pntr..,.ult",lil)l E::, 

for tacb fu gi••• a d•finilion by 1b, pauorn Po• 

7. Def fu L (Pt •• (Pnl .J- p =" C Pnt E::, is rtplacrd by 
Dl'f fu (pp .. {pn) ... -

Cl\tch : p, VY Utc:unnne; nJirrr,.--t-ufn" ... l\l'g 11 + 1,,, ttll 
C P1\l overliu«n1cl1 :< p, Pl'" ~ - E: mken-"!"-Cn", "pnll\J'll II + J ", Iii ::,. 

8. o .. r fn,p, l (Pou) = <' L P_nl E, 1. roplae,d by 
Def fnlp1 •• -!Pm t I - Pm = ~!Pm I<' C Pnt A(p.., )E :J 

9. x' 11 r,pla<•d by ITTt "- ·x II repla<td by K x. 

10. f. ls repla<t!d by f.'r"T. 

II. I,:! di in " is replacrd by r wh .. rr ell f'nd 

12. x :In) y is r•plac,d by ra,,.: llpply :•· x,1 for u I. 

ll. p _tnlet;e2 IJ replaced by II1t11 .coud:, p e1.e2 >-
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B•rauu h is an •xlra.lingllal no11on and dep,nd,nl on 1h• •n•ironmrnl in "hich 1h• programmtr is 
ran1nng PL programs, the nolion of an 'includ," C..cilily i., nol addresud in thu mannaJ. A typical 
prrp1ortt101 would do somuhiag lik, replacing 1hr llftlc,mrnt include n whur n ss a s1nng by 1h• 
drclar111ion li11 namN! b1 n Qurs1ion1 u to lThtr, 1hi1 dedara1io11 list , .. id• a1• dtprndrnl on 1hr 
•nvuonmenl and nol ~ddztlffd htr•. 
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5 The l\,leaning of Expressions 

Thr m,aoing or (1 pa11 or)•• <JCpttuion ,. gi••• lw tht two (uncuniod) m•ta fone1ion1 
i, £:t.7"tJ110n1 "ou,gnmcnl• x IJ1,.,., - DH U {~J 
ud p: £:Ft•sion," ou,gnmn,r, \ 1.,,\,.')-J)u{-=}. 
,. and p arr mtani11gfo\ ontr ia tht cut lhAI 1h, 1uignmrn1 gi••• a non-# mtaning 10 ,very Cr,, {uacuon 
a.amt in thr tl.pteuion. 
Th< 11011.llon p(e, \',•) is ns,d lo dtbOI< lh• ... ,g11m•nl V given by lo(Cn): p(e, \',Cu). 
G,nttally Sprwng, ,valua11on or subrxpttu1on, is don• in A 1,r1-11rngh1 (uhion. 

I. p(a. I' J,) = {o.h) i( n i• AD 110m. 

2 irf ia a £unction nam,. lhcn p(f, I". h) - (l"(r),h) 

3. p(<xi.,--,1'n --.,\',h) = { 
where-

ho - h 

(< .,,,. .. ,J. >.h.) 
lr,, h, I 

ir {y,, ... ,y.) r, Coll= 0 
i! {yi, .... y,} '1Coll= {y,} ud J _,. 

(J,.h,)=P(x;,l',h,_, £or,=l, ... ,n 

, ( . l''}-{r,:µ(x1,l',A1l 
, /I Xt l<?, •" - [ ' ) 

Ji. 111 

wh~tt 

;r v, c Coll 
if YI E Coll 

f (.. 

C 
V 

5. p(l(ple,1',h)•I l(~.Ao),(µ(r,I' .~ppD,J,(ptp,l',•),z)],ho)) , h ) 

G. µtf x. \', h) pix,\', h) 

7. µ xW,1',h) µot.l p(W,1, )1,h) whrr• \V tsa (gtntr.ul:rd) wh•rtcla...._ 

l~o,hol = 11(1', V,h) 
(11, h,l :: ,.Ix,. l"IPI p. \',·)I, 60) 
(P>, h: J = ~1x2, l'f pf p, 1·, • )1. Iii) 

tr {Jo,,,. Y!} n Coll= ii 
if {Jo, .. ,,,} nColl = {1,} and J < 2 

V • . 1,d :7 ( 1-{ -7 t w ) 
,, . . ~ -4 ~/ -7 ~, -"7 1' tf 

9, µ(,-, 1",b) = -i. ,f" 11 a. lgtnnruiu•d) wh,rr dau•• or a d«;;;•~;on. ~ 'C { _.:) ( \l-7 \I) ~ 
lT~: ,•,,J ~1l'-)(1J,:(J.1-1DH 

10 ~ 

•. ( ( >..f.x, I,). /' ( f. J{ \ Cf f :J •ttl•,(\'I'{(), A~,. (\, ~1))} 

r (; ~ ... " .• 11 ) 1.rLr. .. ~ 
1..'r ~ ·,, ( r)(v} 
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F turns an •xprtssion (tog•thrr w11h an usigamonl) into a fanc1ion. SpN'ifitally, 
F(x, I")= (~(y,h).(µ(x, l'.4): 1)). 

Fo: any expression-part e and &n~· a .. ignmtnt I , p(e, I',·),. tht lta•• aui~nmtnt such that tho follo••ing 
hold for all fn e A' • ,\I,., and all f ;: ,\' 

I. p( wh...-r 

?. p( wl,,.r,, 

tss dJ Ntd ,l',&q p(dl,l'fp{dl,1',•)l,£n 

non rrc di i,11d , l', fu) - p( dl, I', fu) 

3, if l ia • drflnition or • hidt or •xporl clau,c In thr drfinilion fut di, lbtn p(t, 1·, •) ~. p, dL I',·) 

4. p(i, W, l',fu) - p(c, l'[p(\V. I', l], fn) where W Is a (genctalited) wht1t clause. 

S. p( erport (f,, •.. ,£1) d1 eud ,l',Cn) =p((,l',£11,dl,l'fp{dl,I',·)},·) 
if fu F {ft,. .. , fj. f1'"'• .... t;•••} 

G. p( hJd,.. (ft,••·•f;) dl end , l',fh) = p{dl, Vt-{dl, 1·. 1t.·l 
if ru f {£1.. • fj, ,,,., .... Ci'"'} 

7. pi Def f= PF . I', fl = P F(C). 

8. p{ o.r r - x, I'. f) =-F(x. I') 

9. Pl Oof f=x Pnl y,l',f) F(x, I') 
p( !M r 

"' Pnl Y, l",f'"'')- F(y, I') 

10. Ltt II p Rep I q x, 1 ·,, ). -
11"(1•1) cond., .. rag: l,o ''- /1/al:cBool,-,: F(x. l'),anrag: 1-,,,FF 

ll'(mkt)-' <ond :,i 1 F(x. 1'),tog l,l\z.(- O,• "mkt","arg I",.: > 
ll'(un,t) = cond :4 IY(isl), untag: l,A:r.(-. 0,4" -umt", "arg l",:r >"-) > 
IY(f) corch:<Co: p(x,l',f).ll'(wut), ,l<J1,Y:>.(mkcrr:<"/",•arg l",,1 >)> 

If p(x. i,C) ¢- It and f ~ isl,rnlct, umi 

II. p(f.x, 1',f) = 1d 

p{f.x, 1',fu) = p(x, I, fn) if fn = r 
I~. lfi 5 n and p(y;,l',f)-z#, thrn p(g, y 1, ... ,y,. >,1',f)= 

o :, P<.Yt, V, f) , ,lpp1R :• ,i, V(i;""'), < F(Y1, I'), ... , F(,a, I')>> > 

wher,,lpp,R A• .:c,,:,,:z:,,-.,\\j,,h),( (.t1:(z,:(z1,II))):,) 

11 
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6 Tl1e l\1eani11g of l\leta-Prcdicnles 

r is the meaning function for n1cln predicntes. H mnps nn FL (m<>ta-)exprcssion 11.nd an assignmtnt lo a 
total ptcdiate over D. 

{ 
FALSE if rt {Jal.fl.} lt Coll 

t. BOOL(r) = TRCTE otherwise 

2. f(e, \')(z) f(P(e), l')(r) - /\{BOOL(Dof(l1(e, \',h): z))lh EH} if e is an FL expression. 

3. f(P111 Pa, l')(z) = J\{f(P1, \')(z), f(Pl, \')(z)}. 

-l. f(P1 v Pl, l')(z) = V{f(P1, \")(z},f(Pl, l')(z)}. 

s. f(P1 = P,, \')(z) = J\{r(Pl, \')(Dof(z: (y,h)))lr(P1, l')(y),h EH} 

TRCTE i{z=« '!/J,, .. ,Yn ::$>,n.~ I, 
f(P1, l')(y1), and f(P2, V)(« Y2,···,Yn ~) 

FALSE otherwise 

TRUE ifz =« y,, ... ,y" >>,n > l, 
r(P,,1')(« !11,, .. ,Yn-1 )>), and f(Pl,V)(Yn) 

F.-lLS E otherwise 

8 r((p P.l I'}()-{ TRUE ifz=«y 1, .•. ,y 0 .»,l'(P,,V)(y 1 )forallt=l, •.• n 
• 1 ' .. • ' n ' Z - F 'LSE h • .,. ot erw1se 

9_ f(!cqof: P, V)(z) = { TRl 1E ifx =~ y,, ... ,y" ».f(P, \/)(y;) fot all i = l, ... n 
FALSE otherwise 

10. f(V( F,, ... Fn )P(Fi, ... , Fn ), V )(z l = I\ {r( P(P,, ... , Pn ), V)IP,, ... , Pn are meta-predicates } 
where P( F 1, •.• , Fn) represents a meta-predicate exptession with all free occurences of F1, ... , Fn 

explicitly mentioned. 

The comment Sig e :: P is true ilf I'( P, l' )(Do f( µ( e, V, h ))) =TRUE for all h E Ho. 
The comment Asn e 1 = e2 is true ilf µ(e 1, 1',h) = µ(e2, \/,h) for all h E Ho. 
The Sig comments and the Asu comments need not be checked by an unplementaiion for 

veracity. Note tha.i if a compiler wanls lo make use of one of these commenls, iL must be checked beiore 
il can be used. 
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