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Abstract: We consider languages whose operational semantics is given by a set of rewrite
rules. For such languages, it is important to be able to determine that there are enough rules
to be able to compute the correct meaning of all expressions, but not so many that the system
of rules is inconsistent. We develop a formal framework in which to give a precise treatment
of these completeness and soundness issues, and then investigate them in the context of an
extended version of the functional programming language FP. We show that the rewrite
rules of FP are sound and complete with respect to three different notions of completeness.
In the latter half of the paper we turn our attention to rewrite strategies. In order to
implement a language based on rewrite rules, it does not suffice to know that there are
“enough” rules in the language; we also need to have a good strategy for determining the
order in which to apply them. But what is “good”? Corresponding to each of our notions
of completeness there is a notion of a good rewrite strategy. We examine and characterize
these notions of goodness, and give examples of a number of natural good strategies. Although
we have confined ourselves to FP here, we believe that our techniques (some of which are
nontrivial extensions of techniques first used in the context of A-calculus) will apply well
beyond the realm of FP rewriting systems.

Preliminary versions of portions of this paper appear in the Proceedings of the 12th ACM Conference on Principles of Program-
ming Languages and the Proceedings of the IEEE Symposium on Logic in Computer Science.







Recently there have appeared in the literature a number of programming languages where
rewrite (or reduction) rules have been used to provide operational semantics or a means of
proving program equivalence ([P177,0’D77,Ba78,Tu79,BMS80,B082,Wi82,GMP82,HO84]).
When rewrite rules are used in this way, there are two obvious questions that can be asked:

1. Do we have too many rules, thus making equivalent two expressions that should be
different?

2. Do we have enough rules to be able to compute the correct meaning of all expressions?

In this paper we develop a formal framework in which to give precise answers to these
soundness and completeness questions. We investigate these issues in the context of an
extended version of the functional programming language FP [Ba78]; however, the applicability
of these techniques extends far beyond the realm of FP rewriting systems.

Our first step is to give a formal denotational semantics to FP. This in itself is a nontrivial
task. FP can be viewed as an untyped combinatory calculus, so we have the usual difficulties
of giving semantics in such a way that every expression can be viewed as both a function

and an argument to a function (cf. [Me82]), as well as the problems involved in representing
infinite sequences.

Once we have given the semantics, answering the first question above becomes straight-
forward. We must simply show that any two expressions that we intend to be distinct are
assigned different meanings, and then show that the reduction rules preserve meaning. Thus
if x -y is a reduction rule, we must show that p(x) = u(y), where g is the semantic function
that assigns a meaning to each FP expression.

Proving completeness is a somewhat more delicate task. Part of the problem is that it is
not even clear what it means for there to be “enough” rules. We might hope to be able to
prove that whenever two FP expressions x and y have the same meaning (i.e., u(x) =u(y)) it
is possible to show that there exists some z such that both x and y reduce to z. This turns
out to be too much to expect. Just as for combinatory calculus, we know that all recursive
functions can be encoded in FP [Wi81], so doing this would be at least as hard as proving
the equality of two recursive functions, a problem well known not to be recursively enumerable
(cf. [Ro67]). Thus we must aim for somewhat weaker notions of completeness.

The first notion of completeness we consider depends on the observation that in FP,
although programmers can write higher-order functions, programs are usually written to
compute observable expressions, where an observable expression is one that can be formed from
atoms using the sequence constructor. Roughly speaking, what we will show is that if the
meaning of an FP expression x is the same as that of an observable expression y, then we
have enough rewrite rules to reduce x to y. We call this type of completeness observable

completeness.
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L-safety in terms of FP/, and then use that characterization to show that S-safety implies
L-safety. We conclude in Section 8 with some directions for future work and some remarks
on the Church-Rosser property for FP. We have written the paper with two audiences in

mind: the researcher in the field of programming semantics and the casual reader with little



background in the field of programming semantics. We have therefore attempted to make

the paper completely self-contained, and have deferred many of the more technical proofs to
the appendices.

2. Syntax and Semantics

Our language is the result of a desire to extend the language of [Ba78] to allow the use
of infinite sequences, lazy evaluation, and programmer defined functionals, and at the same
time to preserve as much of the original flavor of FP as possible.

To accommodate these extensions, some modifications to FP are necessary; the primary
differences between the language of [Ba78] (here denoted FP78) and our FP are:

1. We allow expressions whose meaning is a sequence, some of whose elements are undefined;
i.e., the sequence constructor is no longer required to be strict. This enables us to realize
normal order evaluation and laziness (see [FW76, HM76] for further discussion of the
advantages of lazy evaluation).

2. We allow expressions whose meaning is an infinite sequence of elements. Thus, in FP78
it is not possible to write an expression whose meaning is the sequence of all positive
integers, but in ours it is. Since FP78 sequences are symmetric in the sense that elements
can be appended and accessed from either end, the design desideratum of preserving as
much of FP78 as possible has led to the notion of (potentially) infinite sequences that
are manipulable from either end.

3. We use a conditional function rather than a conditional functional as our if-then-else
construct. This wasn’t possible in FP78 since all functions were strict. We employ it
to simplify the rewrite rules for conditionals.

4. We allow the definition of new functionals, thus allowing the programmer to define his
own combining forms. This is accomplished by making the application of combining
forms explicit rather than by using special syntactic forms. Thus, the expression [fy, ..., f,]
of [Ba78] becomes cons: < f1,...,f, > in our treatment. (We remark that the variant FFP
([Ba78]) also allows for programmer defined combining forms. However, it employs the
Lisp-like device of using objects to represent functions, resulting in a non-denotational

semantics; i.e., the meaning of fi:f; cannot be described as the meaning of f; applied to
the meaning of f,.)

Note that this last modification results in all functions being expressed in a prefix notation
which very quickly becomes difficult to read, but it allows us to avoid nonessential details
in our mathematical analysis. It would be well to view our definitions as an abstract syntax
for FP; indeed, when we need to write example programs of any complexity, we use the infix
forms of FP78 as abbreviations for our strict, prefix expressions.

We stress that the language we describe here is not intended to be taken as a convenient
or expressive language for writing programs. Few of the usual primitive functions that



provide programming ease and power are included; in fact, we do not even have the basic
arithmetic operations. To include them would only clutter our proofs with uninteresting
details and trivial case analyses, without adding any conceptually different mathematical
considerations. In the following definition we present a language that contains the mathe-
matically interesting and challenging essence of extended FP when considered from the
viewpoint of rewrite rule soundness and completeness.

Syntax. We assume the existence of a set «& of atoms which includes the integers and
strings of letters. We require that T and F be atoms. We also assume the existence of a set
¥ of primitive functions that is disjoint from . The set # we consider in this paper is
{al, first, tl, ar, last, tr, null, comp, cons, apply, K, id, cond}. This set of functions is sufficiently rich
to allow us to encode all recursive functions.

Definition 2.1. The FP expressions are the least set containing & U# and closed under:

1. The formation of sequences: if xy,...,x, are FP expressions (for n > 0), then <x1y,...,x, >
is also an FP expression.

2. Application of expressions: if x; and x; are FP expressions, then (x1:x3) is also an FP
expression.

As usual, we include parentheses only for the sake of clarity and assume that application
associates to the left, so that we write x:y:z rather than (x:y):z. The following are examples
of FP expressions: a, <a,<b > >, null: < >, comp: < first, tI > :(al: <a, <b > >), comp:ar, and
a:tl

Semantics. We provide a denotational semantics for FP as usual by defining a domain D*
and a mapping p from FP expressions to D*. Before doing so, however, we give a brief
intuitive description of the intended meaning of each of the primitive functions and of our
treatment of infinite objects. In this informal description of the primitives we anticipate the

definition of g by using “u(x) = u(y)” as an abbreviation for “the meaning of x is the same
as the meaning of y.”

1. al takes a pair as argument and forms a new sequence by adding the first argument to
the left of the second argument (if the second argument is a sequence); thus
plak < X, < Y1557 > D) = p(<X,¥1,0.,¥n >)-

2. first takes a sequence as argument and returns the first element of the sequence; thus
p(first: < x1, ..., X, >) =p(x1). '

3. tl removes the first element of a sequence, sO p(th < X1,y Xp D) = p(<X25eeey Xp >).

4. There are symmetric operations ar, last, and tr which operate on the right side of the
sequence instead of the left in an analogous manner to al, first, and tl.

5. null returns T when given the empty sequence and F when given a non-empty sequence
or an atom. Thus, for example, p(null: < >) =u(T) and p(null: < x4, ...,Xx, >) = u(F).




6. cons takes a sequence of functions <fj,...,f; > as an argument and returns the function
that, when applied to x, returns the sequence <f:x,...,f,:x >. Thus p((cons: < f1, ..., >):x)
= p(<fX,....f:x>). (We sometimes use the expression [fy,...,f,] of [Ba78] as an
abbreviation for cons: < fq,...,f;>.)

7. cond is the if-then-else function, so  p(cond: < T,x,y>) = u(x) and
p(cond: < F,x,y >) = u(y).

8. comp denotes composition, so p(comp: < f,g > :x) = u(f:(g:x)). (Again, we view fog as
an abbreviation for comp: <f,g>.)

9. apply, when given a pair of elements, applies the first to the second; thus
p(apply: < f,x >) = u(f:x).

10. K is the familiar combinator from combinatory calculus that converts an expression x
to a constant function that always returns x; thus p((K:x):y) =u(x).

11. id is the identity function, so u(id:x) = p(x).

In order to accomplish the modifications mentioned above and to define the primitives
formally, we require a richer semantic domain than that of FP78. For example, to incorporate
laziness, the semantics of al and first must be such that an entire sequence need not be
evaluated before its first element can be accessed: i.e., we want u(first:(al: < x,y >)) = u(x)
to hold for all FP expressions x and y. Therefore there must be some element z in the
domain such that al'«a, L» =z and first:z = a, where u(al) = al, p(first) = first, and p(a) = a.

We also wish to write expressions whose meanings are infinite sequences. For example,
we want f:a to have the meaning «a,a,...», where f is the recursive function f =ale[id,f].
(Note that although our syntax doesn’t provide for such recursive definitions, it is possible
to write the fix function in terms of our primitives, where the meaning of fix:g is the same
as the meaning of g:(fix:g), cf. [Wi81]. Thus for f we can take the expression
fix:(compeo[K:al, consc[K:id,id]]). Again, we view f =alo[id,f] as an abbreviation for this
expression.) Thus the semantic domain must include such items as the infinite sequence of
all a’s.

We handle both of these extensions by including sequences of the form
X1, e Xms ¥y Xma1s -y Xp> i0 the domain where, intuitively, * is a place-holder for some (as
yet unknown) sequence of items. Roughly speaking, we will take the meaning of the expression
f:a defined above to be the “limit” or sup of the sequence «a, *»,«a,qa, *»,... . Similarly, we
take the meaning of al:«a, L» to be «a, *». Note that * acts quite differently from L; * stands
for a list of items yet to be computed, while L stands for a single item yet to be computed.
Thus, as we shall see, «aq, *» < «a,a,a», while «a, L>» and «a,a, a» are incomparable.

We will construct a domain D* that satisfies the domain equation
D* = o + Segs(D*) + (D* - D*) where Segs(D*) contains all sequences (including infinite
sequences) whose elements are members of D*. More precisely, every element of Segs(D*)
will have one of the five forms (where all x; and y; are members of D*): «xi,...,Xp>,



KLy s X * sy oo s Vn» XDy eeesXmps oo s ¥ 3 V1, -5 Yp>  (an  infinite number of  x;’s),
Xy eee s Xy ¥y eee s Ypy -, y1> (an infinite number of y’s), or <y, ..., Xpmy ey *5eee y Vns oo 31> (an
infinite number of both x;'s and y;’s). To construct a suitable domain we would like to be
able simply to give the domain equation and then rely upon the well-developed body of work
on denotational semantics to guarantee us that its solution would serve as the desired domain
([St77, SP82]). Unfortunately, because of the two-sided nature of our sequences, no solution
to the above equation is possible using the standard constructors +, x, and -. For, consider
the set of partial sequences {«a, *», <*,a»}. Both «a>» and «a, *, &> are minimal upper bounds
for this set, but since they are incomparable this set has no least upper bound. But we know
([SP82]) that any solution to a domain equation built with the constructors +, x, and -
has the property that any set in the domain that has an upper bound does have a least upper
bound. Nickl ([Ni85]) encountered a similar difficulty in attempting to provide a denotational
semantics for a somewhat different approach to extending FP ([DM84]). She started with
standard constructions but then was forced to make some special ad hoc modifications to
obtain the proper domain.

We choose to begin from basics, both because we feel that doing so results in a semantic
domain that is simpler and more easily understood by the programmer, and because by doing
so we can illuminate the difference between this approach and others and develop useful
terminology for our subsequent completeness proofs. Our approach is of course very similar
to ([St77, Wa77]) in that we define an ascending chain of domains each with a < relation

and close off under a limiting process. However, we are able to avoid the use of inverse
limits. In order to describe our domains, we recall a few standard technical definitions.

Definition 2.2. A domain (D, <) consists of a set D and a reflexive, transitive ordering <.
Intuitively, x <y if y has at least as much “information™ as x. (Note that we do not require
that < be anti-symmetric, so that it is not in general a partial order. Thus we may have
distinct elements x and x’ with x < x’ and x’ < x; in this case we write x=x".) A subset X
of D is directed iff xi,x; € X implies that there exists x3 € X such that x; <x3 and x; < x3.
(D, <) is complete iff every directed subset of D has a least upper bound in D. If X is a
directed set with a least upper bound x, we denote this by x € uX. Note there may be more
than one least upper bound for X, since < is not necessarily anti-symmetric. (However, if
both x and x” are least upper bounds of X, then we must have x=x") If (D, <) and (D’, <’)
are two domains and f:D - D', then f is said to be monotonic iff, whenever d;, & € D such
that dj < d, then fld)) <'ldy); f is continuous iff, whenever X is a directed subset of D with
a least upper bound x’, then {f(x)|x € X} is a directed subset of D’ and has f(x') as a least
upper bound. Note that a continuous function must be monotonic. x is a finite element of D
iff whenever x <y and y e uY for some nonempty directed subset Y of D, then x < y' for some
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We now inductively define a sequence of domains (Dg, <g), (D1, £1),... so that D,<D, 1
and <, is the restriction of <,.1 to D,. In addition, we define auxiliary functions Pp,:D, = Dp,
for 0 < m < n, and :, mapping D, x D,_1 into D, for 1 < n. Intuitively, Py, projects elements
of D, to D, so that Pp,(x) is the best approximation to x in D,, in a sense to be made
precise below, while f:,x is the result of applying f to x (although :;, must be defined even
in cases where f is not a function). (Note we write f7,x, using infix notation, rather than
'n(f,x).) These domains will serve as steppingstones in the construction of D*, the domain
in which we will be ultimately interested; D* will be defined as the completion of their union.

The elements of D,, n=0,1,... are called items. Dy consists of L and, for each atom
a € «Z, a corresponding atomic item a. (Note that we have adopted the notational convention
of using boldface for syntactic entities and italics for their semantic counterparts.) For
x, y € Do, we define x <gy iff x=1 or x=y. Finally, we define P8(x) =x for x € Dy.

Suppose we have defined (Dg, <¢), ---» (Dy, SN)» Py m Sn <N, and :,, n < N, such that the
following seven conditions all hold. Using clauses 1-4, we then define Dy, 1, P,IX“, ‘N+1, and
<~+1. The other clauses are useful as induction hypotheses to make the construction go through.

1. For 1 £n <N, D, consists of all the items in D,_; together with all items of the form:
a. «xq,...,xp>, where {xj,...,xx}<€D,_1U{*} and at most one x;=* (where * is a distinct
symbol not equal to any item); if some x;=* then we must have k > 2. Such an
item is called a sequence item, and if no x;=*, it is further called a sequence (item) of
definite length.
b. f, where fis a continuous function from D,_; into itself. Such domain elements are
called function items. The set of all such function is denoted (D,_; - D,_1).
2. For 1 € m < n <N, the projection functions Pj, satisfy:
x if x is an atom
P(x) = { )
L otherwise

P}.(x) =x, if x is an atom or L
Pl (<xqy ooy ) = <PEZN(x1), o Pmli(x)>  (where we take PR=i(*) =*)
f if fe (D= D), k<m
PrL(N=<Rg if fe(Dy=Dy), k2m
where g € (Dp—1 = Dpm—1) is defined by g(x) = P2} (f(x)).
3. For n < N, we have
, {ﬂPk‘l(x)) if fe (Dy D)
fipx = ]
L otherwise.

4. For 1 <n <N, <, is the least reflexive, transitive relation on D, satisfying:
a. L <, x for any item x € D,

b, ALy X Sy W1y i X Spoyy5 0F Xj=* =y, for j=1,..,]



Co XLy X1y ¥ 3V s Im® S X1y ooy XI5 Z1s ooes Zks 1y -y Y fOT k 20,
d. f<pgif Vxe Dp_1(finx Sp-18:nx), where f and g are function items.

5. For n < N, if X is a bounded, directed subset of D,, then there is an x € D, that is a least
upper bound (with respect to D,) of X.

6. For 1 £n <N, 5, is continuous in each of its arguments. Thus, if X, Y are directed sets,
XU ix}eD,, YU{ylcD,_ 1, x € UX, y € UY, then for all ze D,_1, x:,z is a least upper bound
of the directed set {x":,z|x’ € X} and for all 2’ € D,, z';,y is a least upper bound of the
directed set {z':,)' |} € 1.

7. Pp, is a continuous function for m < n < N.

We now define Dy, using clause 1 above (with n replaced by N+ 1 of course), Pﬁ“ for
m < N+ 1 using clause 2, :y+1 using clause 3, and <y,1 using clause 4. We must check that
Pﬁ"’l is well defined; in particular, we must check that if fe (Dy = Dy), k > m, then P%‘*‘l 62
as defined is indeed a continuous function, and so is an element of (D,,—1 - D,,—1). But since
in this case (1"%"1 N = Pﬁ_l(f(x)), the result follows from the continuity of f and P,I,Y_l.
‘By definition, clauses 1-4 hold; all that remains is to check that clauses 5-7 hold. This
requires some work; the details can be found in Appendix A.

This completes the definition of our chain of domains. A few remarks are now in order.
Note that in clause 1 above we explicitly disallow «*>» as an item; we identify it with L.
We could have included it and treated it as the unique minimal sequence item, but we chose
not to, since there is no primitive that is capable of distinguishing it from L. The reader
will also notice that at the ‘“‘top level” of a sequence item we allow only one *. This is all
that we require since, as will be seen when we give the meanings of the primitive functions,
we have chosen to allow “access” to a sequence only from the left or right hand sides (via
first and last). Therefore, we can safely identify such sequences as «x,*,»» and «,*,z,*,)»
(since the z between the *’s in the latter sequence can never be accessed).

The definition of <, guarantees that function items, sequence items, and atomic items are
pairwise incomparable. By clause 5, we also know that bounded directed sets in D, have
least upper bounds in D,. However, (D,, <,) is not complete if n > 1; for example, the
directed set {«a,*», «a,a,*>», «a,a,a,*»,...} has no least upper bound in D,, for all n> 1.
We remark that bounded sets of items that are not directed also do not necessarily have least
upper bounds. For example, consider {«a,*»,<*,a»}. This subset of D; is bounded by both
«a» and «a,*,a», but these two items are incomparable. It is easy to check that both of
these items are minimal upper bounds and hence there is no least upper bound.

Also note <, is not a partial order since it is not antisymmetric. For example, if f is the
function in D3 that maps all elements in D, into a and g is the function in Ds that maps all
elements of D4 into a, then f=5g. (This is why we have been careful to talk about a least
upper bound rather than the least upper bound; upper bounds are not necessarily unique.)
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It is easy to see that clause 1 guarantees that D,<€D,.;. Similarly, clauses 2-4 guarantee
that P} is the restriction of P%t! to D,, <, is the restriction of <,.1 to Dy, and :p, is the
restriction of :,,1 to D, x D,_1. It is thus natural to consider the union of this chain (D, <)
(the I is for semantic item) defined by D =lr.‘JD,, and <;= L,,J <p-  Similarly, we can define

P,:D - D,, as the union (over n) of the P}’s and define : mapping D x D to D as the union
of the :’s.

Lemma 2.3. The projection functions satisfy the following properties.
Pr(x)=xif xe D
P (P (X)) = Prin(k,m)(x)

Ppi1(f)x = Pp(f:P, (X))
Pr(x) <1x

“noA W N~

Py (x) is the best approximation to x in Dy; ie., if y<;x and y € Dy, then y <y Py (x).

Proof. Parts 1, 2, 4, and 5 follow by a straightforward induction on k, with a subinduction
on the structure of x, while part 3 follows from the definition of :. [J

The domain D has a crucial property of which we make essential use in the sequel. Let
Fin, be the set of finite elements in D,, and let Fin=U,Fin,. The following proposition
shows that every element of D, is the limit of its finite approximations.

Proposition 2.4. Suppose x € D,,. Then Fin,(x) = ix' < nX |x" € F in,} is directed, and x € UFin,(x).
Proof. See Appendix B.

In the proof of Proposition 2.4 we also give a complete characterization of the finite
elements of D,. It easily follows from the characterization that if x € Finy and n’ < n, then
x € Fin,. 1t is interesting to note that an element of Fin, is not necessarily a finite element
of D. The finite elements of D form a strict subset of Fin. We give an example in Appendix
B (see Example 10.3) of an element % € Finp and a directed subset Y of D (which of course
is not a subset of D, for any n) such that h is a least upper bound of Y in D, but h€; y for
all ye Y. Related examples show that D does not have some of the nice properties enjoyed
by the D,’s. In particular, we extend Example 10.3 to show that : is not continuous in its
first argument, while Example 10.4 shows that in contrast to D,, bounded, directed subsets
of D do not necessarily have least upper bounds.

These examples suggest that the domain D we have constructed, while it has many useful
properties, does not suffice as a semantic domain for FP. Its most important drawback from
our point of view is that it is not complete (since, for example, it does not have infinite
sequences). D contains arbitrarily good approximations to infinite sequences (and to infinitely
nested sequences), but it does not contain the infinite sequences themselves. Thus we consider
the completion of D, which intuitively bears the same relation to the D as the real numbers
bear to the rationals. The idea is to add to D all least upper bounds of directed sequences.

11



Our approach conveniently identifies elements that are indistingushable under <;, so that
the resulting domain is in fact a partial order. To make our construction precise, we need
a few more technical definitions.

Definition 2.5. Let X be a subset of D. X¢ = fx|x <7y, ye X} is called the downward closure
of X. X! = {x|3n,X'(xeuX', X’<XND,, and X is directed)} is called the limit closure of X.
X is downward closed iff X = X%, and X is limit closed iff X=X'. We abbreviate (x¢)’ by x?.

We now define the semantic domain (D*, €) by taking

D* = {X<D | X is nonempty, downward closed, limit closed, and directed}.

Note that elements in D*, which we again call items, are ordered by the subset relation, so
that D* is a partial order. In particular, this means we can write X=u&" to denote that X
is the least upper bound of the directed set &, since least upper bounds are now unique. We
can essentially view D as a subset of D* by identifying the item x ¢ D with the downward
closure of {x}, (although, since <; is not antisymmetric, two distinct elements of D may be
identified with the same element of D*). Although, as we mentioned above, the finite
elements of D form a strict subset of Fin, it is easy to show that the finite elements of D*
are precisely the elements of Fin (viewed as elements of D*).

If Xj,...,X, are elements of D*, then we can view «Xj,...,X,> as an element of D* by
identifying it with {<p1,..., >y € X,-}dl (this set is an element of D* by Proposition 2.6).
Thus we can view D* as closed under the formation of sequences. We extend the terminology
for D to D* by saying that an item X in D* is an atom (resp. sequence item, function item)
iff one of the elements of X is an atom (resp. sequence item, function item). Since X is
directed, this terminology is well defined.

We would like to extend the : operation to D*. If X, Y e D* it may seem that the obvious
candidate for X:Y is fxy|x € X, y e Y}. While it can be shown that this set is directed and
downward closed, in general it is nor limit closed, and so may not be an element of D*! (See
Example 11.7 in Appendix C.) Thus, we define : on D* x D* by

XY={xylxeX ye Y}‘”.
In order to show that X:Y is an element of D*, we need

Proposition 2.6. If X is a directed subset of D, then x4 e D*.
Proof. See Appendix C. [
Corollary 2.7. If X,Y e D*, then X:Y € D*.

Corollary 2.8. D* is a cpo (complete partial order). Moreover, if & is a directed subset of D*,
then LA = (UXe g)f)dl.

Proof. Clearly D* is partially ordered by €. Let & be a directed subset of D*. Note that
if X1, Xp € &, then, because & is directed, there must be some X3 € & such that X;<X; and
X,€X3. Let Y=Uyx.aX. If y,)/ € Y, then (by the observation) for some X € &, we must have
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v, € X. Since X is directed, there must be some "’ € X such that y,y’ <;»”. Since y” € ¥ by
construction, Y is directed. By Proposition 2.6, it follows that Y¥ ¢ D*. 1t is clear that Y¥

"+ is the least upper bound of & in D*. []

Since in many instances, an element of D* is presented in the form X4 where X is a
directed subset of D, it is very useful to have a proposition that tells us how to apply : in
terms of the underlying sets. The next proposition gives us just such a technique.

Lemma 2.9. If X and Y are directed subsets of D, then x4.yd - fxylxeX, ye Y}dl.
Proof. See Appendix D. O

Finally, we justify our definition of application (:) in D* by showing that it is continuous
in each of its arguments and that it makes our function items extensional; i.e., if two function
items give the same result when applied to all elements in D*, then they must be equal.

Proposition 2.10.
1. : as defined on D* is continuous in each of its arguments.
2. D* is isomorphic to € + Seqs(D*) + (D* - D*).
3. If F,G e D* are function items and F:X = G:X for all X € D*, then F=G.

Proof. See Appendix D. [J

We remark that we required elements of D* to be limit closed precisely so that we could
get extensionality for function items. Without this requirement, extensionality would not
hold. For example, for 1 < n <, let h,(x) =T if for some m < n, x is a sequence of definite

length m, and h,(x) = L otherwise. Then {h,|ne lN}d acts the same (as a function) as {h,‘,}d,
yet they are different sets.

We are now ready to give a meaning in the semantic domain D* to each syntactic
expression. We define such a meaning function g from syntactic expressions to D* as follows:

u(a) = {a}d for any atom a

p(<X1, ey Xp ) = <(x1), ..., p(xp)>

p(xzy) = u(x):p(y).

All that remains is to define u(f) for each primitive function symbol f. Our first step in
doing so is to define approximating functions f,,1 for each primitive function symbol f by
restricting its domain to D, in such a way that P, (f,) = f,, for m < n. For example, al, 1 is
that function in (D, - D,), which, when applied to an element in D, of the proper form,

yields the proper result (eg, al3: <a,<b,c» = «a,b,c>») and when applied to anything else
yields L. We then use these approximations to define the full meaning in D* of each primitive.

In presenting these approximating functions, we use the notation

xn=xn ifp
Jat1:
Xy = Y if Py
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to stand for the ordered conditional definition, “f,,; yields yy if applied to an argument (in
D,) of the form x; and the predicate p; is true, otherwise ..., otherwise f,,1 yields y, if

applied to an argument (in D,) of the form x,, and the predicate p,, is true, otherwise f,,1
yields L.”

Using this notation, the definition of al,,1 is

/ O Yy ooy I P> = Xy Yy ey > i X+
al .
+1 <, > =<, > if xg#*s£y

which says that any item x appended to the left of a sequence item yields the usual result,
and appended to the left of a non-sequence item (such as an atom, a function, or L) yields
«,*». We note in passing that there are several interesting design decisions embodied in
this definition for al. This specification is the least monotonic function consistent with the
requirement that al:«a, L» = «a,*» as discussed earlier. Thus, al:<a, b» can no longer be an
error as in FP78, but must be at least as defined as «a,*». Many other choices are possible,
such as al:«a,b>» = «a, b», and result in computationally interesting variations on the language
we present. Since our interest here is the mathematical treatment of rewriting rules, we
refrain from pursuing such considerations and leave them to be described in a forthcoming
paper which will concentrate on programming language design issues. ‘

We have already seen the definition of ai,,;; the remaining approximating functions are:

) O s I > X = Wy ey Yy X i x A
arn-l-l' * s *
<, x> = <* x> if y##*#x

firsty 1 i <xqy e X» =X if m21 and x; #*

last, 1 @ <xXq, ey X > =X, if m2>1 and x,, #*

<«p, %> =1
19 Cpyeer Xp> =, ., X,,>» il m21and x;#*
< Xy X3y ey X > = € Xg, X > i M2 3
<*, x> =1
a1’ Spoeeer X> =y, Xy_> i m21and x, #*
Yy ey Xy 13 Xy ¥ > = Xy ey X1, "> I m 22
<> =T
null, 1:4a = F if a an atom
Ky ey Xy»=F if m2>1
2T A =heD,_1-+D,_pif f;#*,
where h(x) = <f]:x, ..., f,,, x>
cons, 1 :

) <fyeees fier *s Soq1s -S> = h € (Dpy =~ Dp_y)
where A(X) = <f]:X, ey fi X, ™, fie 417Xy woes fr X>
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ond <Tuyv»=uif ut*s#v
con :
1Y Fouym=vif ug*sy

comp, 1:<f,@= he(D,_1 = D,_,) if f#*#g, where h(x) = f:(gx)
apply, 1 <, = fix if f#*#x
K,,1:x=he(D,_y=D,_q), where h(z) =P,_,(x)

idn +1 X =X.
We now complete the definition of u by taking, for each primitive function symbol f,

u(f) = i, I n e 7.

Of course, we must check that u(f) is well defined for each primitive function symbol f. In
particular, we must check that f, is indeed a continuous function. The details in each case
are straightforward and left to the energetic reader. We remark, however, that we must use
the fact that :, is continuous in each of it arguments to prove that cons,,.1, comp,,1, and
apply,,1 are continuous. Also note that u(f) e D* by Proposition 2.6.

Most of the definitions of the primitive functions are straightforward consequences of our
desiderata for extending FP, but the behaviour of tai/ when applied to a partially defined
sequence may appear somewhat unusual. Essentially, we have chosen it to be as defined as
possible and still be monotonic. Since «<*,x,»» <j<y,..., %, X, > for any elements z,..., 2,
we must have t:<*,x,)» <; <,...,%,X, . Since we might have kK =0, we also require that

th:<*,x,» <y<» The greatest element that meets these requirements is <*,y». Again, other
consistent choices are also possible.

3. Rewrite Rules, Observable Completeness, and Strong Completeness

Now that we have a denotational semantics, the next step is to describe the set of rewrite
rules that we use as the basis of computation in FP and to show that the rules are sound
with respect to the semantics. The entire set of rewrite rules (which are sometimes also
called reduction rules) is given in Figure 1 below.

As usual, each of these is actually a rule schema, which stands for all the substitution
instances gotten by substituting actual FP expressions for variables. E.g.,
al:<a, < <b>,e>> =+ <a, <b>,c> is a substitution instance of rule 1. The infinite col-
lection of rules thus obtained is taken to be the basis of a rewrites to relation (-). Of course,
we also want to allow rewriting to occur if a substitution instance appears as a subexpression
of a larger expression.

Definition 3.1. An expression is a redex iff it is a substitution instance of the left hand side
of some rule. A context is an FP expression with a “hole” in it. (This is just the FP analogue
for the corresponding definition in the A-calculus.) If C is a context, we write C[x] for the
result of filling the hole in context C by x.
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Al <X, <Y1, Y2 D> D > <X, ¥, 0 Y D>
A< <Yy ¥n >H,X> > <Yy Yy X >

first: < X1,...,X, > + X1 (12> 1)

first:(al: < x,y >) - x

first:(ar: < al: <X,y >,z>) = x

first:(ar: < ar: <X,y >,z >) = first:(ar: < x,y >)

last: < X1,..., Xy >+ X, (12 1)

last:(ar: < x,y >) »y

last:(al: < x,ar: <y, z>>) »z

last:(al: < x,al: <y,z > >) = last:(al: < y,z>)

th <Xy Xp > > <X2,.0,X,> (121)

th(ak < x,ali <y, z>>) »ak <y, z>

thi(al: < x,ar: <y, z>>) s ar: <y, z>
th(ar: <ak <x,y>,z2>) = ar: <y, z>

th(ar: <ar: <x,y>,z>) »ar: < tl:(ar: < x,y >),z>

<Xy, 00 Xp D> * <Xy Xp1> (121)

tr:(ar: <ar: <x,y>,z>) - ar: <X,y >

tr:(ar: <al: < x,y>,z>) »al: <x,y>

tr:(al: < x,ar: <y, z>>) »al: < x,y>

tr:(al: < x,al: <y, z>>) = al: < x, tr:(al: <y, z>) >
mnll:<>->T

null: a - F (for any atom a)

null: <x1,..,x,>=+F (n21)

null:(ak: < x,y>) = F

null:(ar: <x,y>) - F

(cons: < f1,..., T >)x - <f1ix, ..., x>
(coms:(al: < f,g >)):x - al: < f:x, (cons:g):x >
(cons:(ar: < f, g >)):x = ar: < (cons:f):x, g:x >
cond: <T,x,y>—=+x

cond: <F,x,y> >y

(comp: < f,g >):x - fi(g:x)
apply: <f, x> = fix
(Kix)iy - x

id:x - x

Figure 1: The FP rewrite rules.
For example, if C is the context al: < ,<a>>, then C[b] is al: <b,<a>>. An

expression x rewrites to an expression y, written x -y, iff there is some context C such that
x =C[x'], y=C[y'], and x' -y is an instance of a rewrite rule. As usual, the reflexive,



transitive closure of the - relation is denoted -*; thus we write x +*y if there is a sequence
XQs ..., X; such that x = xg, y =xg, and x; » x;;,1 for i=0,...,k-1.

Some of our rewrite rules may seem surprisingly complex. For instance the treatment of
tail could seemingly be simplified to tl:(al: < x,y >) = y. Such a rule would not be consistent
with the semantic definition of tl and al however. The meaning of tl:(al: <a,b>) is not b
(since al:«a,b» = «a,*» and tl:<a,*» = 1). What is true is that tl:(al: <x,y >) =y, provided
y is a sequence. Syntactically, we are guaranteed that y is a sequence exactly if it has one of
the forms <...>, al: <x,y >, or ar: <x,y>. So, for example, the second and third rules for
tl are really instances of the rule tl:(al: < x,y>) -y, specialized to cases where y has the
appropriate form. Similar remarks hold for the fourth and fifth tl rules.

This also accounts for the remarkable behavior mentioned in the introduction, that an
expression of the form tl:xx which is not a redex can be rewritten to th:x’ which is a redex,
which can in turn be rewritten to tlx” which is not a redex. To see this, consider
tl:(id:(al: < a,al: <b, <c > > >)). This expression is not itself a redex, but it can be rewritten
to th:(al: <a,al: <b,<c¢>>>), which is a redex (w.r.t. the rule th:i(al: <x,al: <y, z>>) -
al: <y,z >). This in turn can be rewritten to tl:(al: <a, <b,¢ > >) which is again nor a redex.
Of course, this last expression can be rewritten to an expression (namely tl: <a,b,c>) to
which a tail rule will again apply.

We are now ready to address the first question posed in the introduction, “Do we have
too many rules, thus making equivalent two expressions that should be different?” To show

that this is not the case, we need to show that the -* relation preserves meaning, i.e., that
the rewriting rules are sound.

Theorem 3.2. If x»*y, then pu(x) = u(y).

Proof. It clearly suffices to show that if x =y is an instance of a rewrite rule, then
p(x) = u(y). We proceed by a case-by-case analysis of each rewrite rule. Since the proofs

in all cases are similar and quite straightforward, we limit ourselves to two representative
cases here.

First consider the rule (coms: <fy,...,f, >):ix » <f1:x,...,fp:x >. In this case we have
p((cons: < fq, ..., f, >):x)

= {cons,, Im=1,2,3, ...}dl.’{<g1, e &y> g€ ,u.(fi)}dl.'{_y lye y(x)}dl (by definition of u)

= {(cons,, <gy,-...g,»)ylg € u(f), ye px), m=1,2,3,..} 4 (by Lemma 2.9)

= {8 lgenf)ND, 1, yepu(x),m=1,2,3,..}  (by definition of cons,,)

= {1 P88 e nf), ye w0y

= p(<fyx,....f:x>) (by definition of : and u).
The reader will note that most of the work in this case is involved in checking that the
mathematical machinery of D* is working correctly: only the fourth step above depends on
the particular computational details of cons.
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The other case that we consider is tl:(ar: <ar: < x,y >,z >) -+ ar: < tl:(ar: < x,y >),z >; this
is one of the rules that involves the most computational detail. In our discussion, we omit
the repetition of the machinations of D*, and present instead only the analogue of the crucial
step above. Note that the meaning of each side of the rule varies according to the meaning
of x. There are four possibilities: u(x) is the null sequence, a non-null sequence with first
element # *, a non-null sequence with first element = *, or a non-sequence. We show that
in each case the meaning of the two sides is the same by the following table of values of
the component subexpressions according to the meaning of x. Note we write x for u(x), ar
for u(ar), etc.

x <> &1, e Xy> (12 1) «C* X2, ey Xp>» (12 2) non-seq
ar:<x, y» o> €X],y eny Xy, > €™ X2, ey X, I <*,
ar:<ar:<x, y»,z» <, 2> XY,y eeey X, ¥y 2> C¥ XD, ey Xy Py 2> «*, y,2»
ti:(ar:-<ar:<x, y»,2») <> «X2, ceey Xy Yy 2> € ¥, X3, veey Xy V) 2> <*,2>
ti:(ar:<x, y») <> €D, crey Xy > €* X3, ceey Xy, > L
ar:<l:(ar:<x, y»), 2> «» «X2, ceey Xy Vy 2> C*, X3, eeey Xy Vs 2> «*, 2>

Observe that rows 3 and 5 in the table, representing the left and right sides of the rewrite
rule, are identical. Thus, for all possible meanings of x, the rule is sound. [J

Besides soundness, we also want to know, as we said in the introduction, that we have
enough rewrite rules. Do the rewrite rules really capture the semantics of the language? Do
they allow us to carry out all the computing we want? .

Ideally we would like to show that if p(x) = p(y), then we have some z such that x -*z
and y -*z. As we mentioned in the introduction, this goal is unattainable. However, it is
attainable if we restrict x and y to be expressions whose meaning is observable. Since these
are the expressions the programmer most cares about, this is a reasonable sense in which we
do indeed have enough rules. To make this precise, we need some definitions.

Definition 3.3. Let the observable expressions be those that can be formed starting with atoms
and closing off under the sequence constructor. More formally, the set of observable expres-
sions is the least set & such that:

1. <O,
2. if xq,...,x, € €, then <x1,...X, > €.

To each observable expression there corresponds an observable item which is obtained by
replacing <, >, and boldface wherever they occur in the observable expression by «, », and
italics respectively. Note that neither L nor * appears in any sequence item which is
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observable. It is easy to check that every observable item is finite (i.e., an element of Fin).
Given an observable item x, let x° be the observable expression to which it corresponds.

Thus, one reasonable notion of there being “enough” rewrite rules is:
(&) If x is an FP expression such that p(x) is an observable item, then x -»* y(x)e.

For example, if we have an expression x such that p(x) = «a,<b»», where a and b are
atomic items, then from (*) it would follow that x -*<a,<b>>, even if x contains
subexpressions whose meanings are functions or infinite sequences.

We call the kind of completeness described in (*) observable completeness. If we could show
that observable completeness held for FP, then we would know that, at least for expressions
whose meanings are observable, there would be enough rewrite rules in FP. In this precise
sense, (sound) rewrite rules such as first:((cons:x):y) - (first:x):y or tl:(cons:x:y‘) -
(cons:(tl:x)):y would not be needed in our system.

But it is also desirable to be able to say something about FP expressions whose meanings
are not observable. For example, if we have an expression whose meaning is a sequence,
then we would want there to be enough rewrite rules to enable us to rewrite the expression
to one that is a sequence, or at least one that begins with al or ar. Similarly, we might
expect that an expression whose meaning is a function rewrites to something that looks like
a function. These intuitions motivate the following definition.

Definition 3.4. An FP expression x is transparent iff

1. if u(x) = a for some atomic item a, then x =a,

2. if u(x) = oy,..., wy>», then x is of the form <yji,....,y, >, al: <y,z >, or ar: <y,z >; if p(x)
is a sequence item of definite length, then x is of the form <yj,...,y, >, and

3. if u(x) is a function item, then x is either a primitive function symbol f, or of the form
K:y, comp:y, or cons:y.

Note that if u(x) = L, then x is automatically transparent. Also note that if x is transparent
and x -y, then y is also transparent.

By looking at a transparent expression, provided its meaning is not L, we can immediately
tell whether it is an atomic item, sequence item, or function item (hence the name transparent).
This leads us to the following notion of having ‘“enough” rules.

Definition 3.5. A set of rewrite rules is strongly complete for FP iff for all FP expressions x
there is a transparent expression y such that x =*y.

We remark that in the sequel, when we discuss strong completeness or observable com-
pleteness, we always take the set of rewrite rules under question to be those listed above.

Proposition 3.6. Strong completeness implies observable completeness.

Proof. Suppose we have strong completeness for FP. We show by a straightforward induction
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on the number of brackets («>’s) in u(x) that if p(x) is an observable item, then x -* u(x)°.
If there are no brackets in u(x), then u(x) is an atomic item and it is immediate from the
definition of strong completer;éﬁs that x -=*pu(x)’. For the general case, suppose
p(x) = <y, ...,y> Note that since we are dealing with observable items here, no y;=*. From
strong completeness it follows that x +* <yy,...,y,>. By the soundness of the FP rewrite
rules, it follows that p(y,) =y, i=1,...,n. But y; has fewer brackets than x and is also an
observable item. By the induction hypothesis, y; +*)§, i=1,...,n. Since u(x)’ = <35, ...,y >,
it follows that x =* u(x)® as desired. []J

In Section 5, we prove that strong completeness holds for FP. By Proposition 3.6,
observable completeness also holds for FP. The proof is nontrivial. As we shall see, the
proof is strongly intertwined with notions of normalization, which is the subject of the next
section. The techniques introduced there will also allow us to give a relatively easy proof
of strong completeness for a large subset of FP.

4. Normalization

Since rewriting can be viewed as a computing process, we might want to ask if that process
always terminates. (Some computation paths mayterminate by producing an expression to
which no rules apply, while other computation paths may run forever.) Intuitively, we say
an expression x is weakly normalizable iff there is some computation starting with x that
terminates; x is strongly normalizable iff all computations starting with x terminate, or
equivalently, iff there are no infinite computations starting with x. This motivates the
following definitions.

Definition 4.1. An expression is in normal form iff no subexpression is a redex. An expression
is weakly normalizable (respectively, strongly normalizable) iff some (respectively, every) reduction
sequence for it leads to a normal form. A language is weakly normalizable (respectively, strongly
normalizable) iff every expression in that language is weakly normalizable (respectively, strongly
normalizable).

Not all FP expressions are strongly normalizable or even weakly normalizable for that
matter; for example, it is easy to check that fix:id is not weakly normalizable. However,
large subsets of FP expressions are strongly normalizable. Let FP-{apply} (resp. FP-{cons},
FP-{comp}) consist of all FP expressions which do not contain the primitive function apply
(resp. cons, comp).

Theorem 4.2. FP-{fapply}, FP-{cons}, and FP-{fcomp} are all strongly normalizable.

Proof. The idea in all cases is to assign a natural number to the expressions in each of these
sublanguages in such a way that every rewrite rule forces the number of the expression to
decrease. For the case FP-{apply}, we do this as follows:

N(a) =1 if a is an atom or primitive function,

N(<x1, s Xp >) =N(X1) + ... + N(xp) + 1,



N(f:g) = 2Y® x N(g).
Whenever we apply a rewrite rule (except for the apply rule), the number of the expression
goes down. We prove this for the comp rule:

N((comp: < x,y >):z) = 2% XMO+ND+D o nisy
> 2V 5 2N0) o N(z)
= N(x:(y:z)).
All the other rewrite rules (of FP-{apply}) are just as easy.

For FP-{comp}, we need another way of assigning numbers to expressions. The following
one works: .

L(a) =1 for any atom or primitive function a other than null, X, or id,

L(null) = L(K) = L(id) = 2,

L(<X1yeeesXp >) =14+ L(x1) + ... + L(x,),

L(f:g) L) x L(g)L(g) if f#al, ar
8= L(g) otherwise.

We again leave it to the reader to check that for any rewrite rule x -y other than that for
comp, we have L(x) > L(y). Thus FP-{comp} is strongly normalizable.

For the case FP-{cons}, we assign numbers to FP expressions in a different fashion. Note
that all the rules (other than the ones for cons) have a right-hand side whose length is no
longer than the left-hand side. Indeed, all the rules except
th(ar: <ar: <x,y >,z >) = ar: < tl:(ar: < X,y >),z > and the corresponding rule for tr decrease
length. Thus, for any FP expression x, we define

M) =< |x|,NXx)>,

where |x| is the length of x roughly viewed as a string of symbols. More formally, we
define [Ix] =1 if x is an atom or a primitive function symbol,
| <X1ye0sXp >l =14+ |Ix1| +...+ Ix,|,and |y:z| =1+ |y| + |z|. If we now define the
obvious lexicographic order on pairs of integers (<myn> < <m’,A'>  iff
m<m', or m=m' and n<n'), then it is an easy matter to check that for every rewrite rule

x - y other than those involving cons, we have M(x) > M(y). Thus FP-{cons} is strongly
normalizable. [J

This result is essentially optimal, since we know from the examples given above that full
FP is not weakly normalizable. The examples together with the theorem just proved indicate

that somehow it is the interaction of apply, cons, and comp, rather than any of them individually,
that makes FP computation so complicated.

The following theorem relates the notions of normal form and strong completeness.
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Theorem 4.3. If x is an FP expression in normal form, then X is transparent.

Proof. We proceed by induction on the structure of x... The cases where x is an atom,
primitive function symbol, or a sequence are all trivial. Suppose that x is of the form x1:x;.
Since x is in normal form, then so must be x; and x,. If p(x1) is not a function item, then
p(x) = 1, and again the theorem holds vacuously. Suppose that p(x1) is a function item. By
the induction hypothesis, x; is of the form f for some primitive function symbol f, or of the
form K:y, comp:y, or cons:;y. We show that in each of these cases one of the following
happens: (a) xj:xp is a redex (contradicting the assumption that x is in normal form), (b)
u(x) = L (in which case the theorem holds vacuously), (c) u(x) is a function item and x is
of the form K:y, comp:y, or cons:y, so the theorem holds, or (d) p(x) is a sequence item of
indefinite length and x is of the form al: <y,z> or ar:<y,z >, so again the theorem holds.

If xp is one of K,comp, or cons, then it is easy to see that one of (b) or (c) must hold.
If x; is of the form id or K:y, then we immediately have that x;:x; is a redex. If xj is of
the form apply, then either p(xq:x;) = L, or u(xp) = «f,», where f,z#*. But then by the
induction hypothesis, x; is of the form <f,z >, so that xi:x, must be a redex. The argument
in the case where x; is of the form cond, null, cons:y, or comp:y is similar. and left to the
reader. If x; is of the form al, then either u(x) = L or u(xj) is of the form «y,», where
y,z# ™. Thus, u(x) is of the form «wy,..., w,,» and, by the induction hypothesis, x; is of the
form <y,z>. If p(x) is a sequence of definite length, then in fact z must be a sequence of
definite length. Thus, by the induction hypothesis, z is of the form <zy,...,z,>, and x is a
redéx. The arguments in the case that x; is ar, tl, tr, first, or last are similar and again left
to the reader. []

As an immediate corollary to Theorem 4.3, we get

Corollary 4.4. If X is in normal form and u(x) is an observable item, then x = p(x)°.

Proof. By an easy induction on the depth of nesting of «»’s in u(x), similar to the proof
of Proposition 3.6. [J

From Theorem 4.3, it immediately follows that strong completeness holds for a large
subset of FP terms, namely all those terms in (FP — {apply}) U (FP — {comp}) U (FP — {cons}).
Indeed, Theorem 4.3 shows that strong completeness holds for all weakly normalizable FP
expressions. However, as we have shown, there are some FP expressions that are not weakly
normalizable. Nevertheless, we can show that strong completeness holds for full FP: every
expression can be rewritten to a transparent expression. This is the subject of the next section.

5. FP’ and strong completeness for FP

The key idea in the proof of strong completeness is to construct a variant of FP called
FP’ on which we impose a notion of zype. The proof then proceeds in three steps. The first,
quite simple, is to show that any FP expression can be approximated arbitrarily well by a
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corresponding FP’ expression (Proposition 5.3). Secondly, we show that FP’ reduction se-
quences correspond in a precise sense to FP reduction sequences (Proposition 5.8). Next, by
extending techniques of typed A-calculus (cf. [FLOS83]), we show that FP’ is essentially
strongly normalizable, in a sense to be made precise below. We then prove an analogue to
Theorem 4.3 for FP’. The results then follow using techniques similar to those sketched at
the end of the previous section.

We now define FP’, a meaning function g’ that maps FP’ expressions to elements of D, a
type function 7 that associates with every FP’ expression a natural number (its type), and a
“pull-back” function p that associates with each FP’ expression a corresponding FP expression.
FP’ expressions look essentially like FP expressions, except that primitive function symbols
are subscripted by integers; p removes these subscripts. For technical reasons, we also allow
expressions of the form P, (x) in FP/, where P,, projects the meaning of x to D,,. We also
allow expressions of the form (x), where x is an FP expression, and elements of the form
*(x1,...,X,) to appear in sequences, where xi,...,x, are FP expressions. For every FP’ expres-
sion x, y.'(x) (which is in D) can be viewed as a “finite” approximation to p(p(x)) (which is
in D*).

Remark. The version of FP’ we define here is somewhat different from that of an earlier
version of this paper ([HW385]). In [HW385] primitive function symbols were subscripted
by elements of D rather than integers, and there were no expressions of the form Pp,(x).
The changes we have made allow us to simplify our proof and also bring our techniques
closer to those used by Wadsworth ([Wa78]) to prove limiting completeness for the untyped
A-calculus. Wadsworth considered a typed variant of the A-calculus in his proof. Our p
corresponds to his *. Wadsworth required that all expressions have integer subscripts, which
essentially corresponds in our case to applying P,, to the expression. However, not all FP/
expressions are of the form P,,(y). By considering this version of FP/, it will be easier for
us to point out the essential differences between FP and A-calculus.

Definition 5.1. FP’ expressions, and the functions &', 7, and p are defined inductively as follows:

1. Every atom in « is an FP’ expression; ¢'(a) = a, 7(a) =0, and p(a) =a.

2. If f € &, then f, is an FP’ expression for every integer n; u'(f,) = f,, 7(f,) = n, and p(f,) =f.

3. If x is an FP expression, then 2(x) is an FP’ expression; u'(2(x)) = 1, 7(2(x)) =0, and
p(2(x)) = x.

4. f xq,..,x, are FP' expressions, then <xi,..x,> is an FP’ expression;
1 (X1 yoreXp D) = <’ (X1), ooy ¢ (Xp)>, T(<X1yeesXp >) = 1 + max{t(x1),..., T(Xz)}, and
(KX yeeenXp D) = < p(x7), o0y p(x,) >

5. If x1,..yXp, 121, are FP' expressions, and Z1,...,2x, k 20, are FP expressions, then
KX yeeesXy *(Z1y ey Z1) Xig 1yeeerXpy > is an FP/ expression;

#’(<X1,.-.,Xi, *(219 seey Zk),XH. 1se-+0Xp >) = (‘1!(X1), seey P-’(xi)’ *v Il-,(xi+1), ceoy p',(xn))»
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T(KX15ee0sXis *(Z15 o0y ZH) Xjg 15eesXp ) = 1 + max{r(xy), ..., 7(xp)}, and
P(KX 155Xy * (215 o0y Z) Xig 1oeesXpy D) = < P(X1),5 oens P(X;), 21, oony Zi, P(Xi 1), -ons (X)) >
6. If x and y are FP' expressions, then x:y is an FP’ expression; p'(x:y) =p'(x):}:‘."’('y) and
p(x:y) = p(x):p(y). The definition of = splits into three cases:
a. if n21 and m=min(my,..,m), then 7(aly:Pp (...(Pp, (<21,22>))...) =
minfn — 1, max(min(m, 7(z1) +1), min(m — 1, 7(23)))],
b. f #7221 and m=min(my,...,m), then T(@ary P, (...(Ppy, (<21,22 >))...)) =
min[n — 1, max(min(m — 1, 7(z1)), min(m, 7(z3) +1))],
c. Tt(x:y) =maxi{0,7(x) — 1} otherwise.
7. If x is an FP' expression, then P, (x) is an FP’ expression; g'(P,(x)) =P, (1 (x)),
T(Pr, (x)) = min(m, 7(x)), and p(P,(x)) = p(x).

We remark that the special case for al and ar in the definition of T is needed to make
Proposition 5.6 below go through. Although the expression looks somewhat complicated, the
intuitive idea is motivated by the fact that since al: < z, < 2y, ...,z > > +* < z,21, ..., Zx >, for
sufficiently large n» we want 7(al,: <z, <z1,...,2x > >) = 7(<2,21,...,2k >)-

The following proposition shows that an expression in FP’ semantically approximates the

corresponding FP expression. The second half of the proposition shows that this approximation
can be made arbitrarily good.

Definition 5.2. A star-free FP’ expression is one with no subexpressions of the form *(z;, s Zj)-

Proposition 5.3.
1. For any FP expression x’, we have p'(x") <; p(p(x")).
2. If x is an FP expression, xo <y p(X), and xo € Fin, then there exists a star-free FP' expression
x’ such that X0 &g y.'(x’) and p(x’) = x.

Proof. The first part is immediate by induction on the structure of FP’ expressions. For
the second part, we proceed by induction on the structure of the FP expression x. If x is an
atom, then we can clearly take xX'=x. If xisa primitive function symbol f, we take x' = fn,
where xg € D,. If x is a sequence of the form <x,...,x, >, then there exist yy,...,y, € Fin such
that xo <7 1,.-..n> and y; < u(x;). (We can actually choose i, ...,yp so that xo = <1,...,)n>
unless xo has a * as one of its components, in which case the corresponding y;’s are taken to
be L’s.) From the induction hypothesis, it follows that we can find FP’ expressions Y1s s ¥n
such that y; <; p.'(yj) and p(y;) =x; Thus we can take x' = <y1,...,¥p>. Finally, if x is of
the form y:z and xg <ju(x), then there must be yp,zy € Fin such that yy <;u(y), 2 <ju(z),
and xg <7)p:z9. To see this, note that by Proposition 2.4 and Lemma 2.9, we have

. ! . dl . . dl

p(x) = u(y):p(z) = (Finn p.(y))d (FinOp(z))” ={yzlye FinNu(y),ze FinNu(z)} .
Since xg is finite, we must have xg € {y:z|y e FinNu(y),z € FinN p(z) }d. Thus we can find the
required yp and z. By the induction hypothesis we can find FP’ expressions y' and z’ suck



that p(y") =y, p(z") =z, 3p <; 1’ (y'), and z9 < u’(2)). 1t is easy to check that x’ =y':2’ satisfies
the proposition. [J

Lemma 5.4. If x’ is an FP’' expression and 7(x") = n, then y'(x") € D,
Proof. A straightforward induction on the structure of x’. [J

Intuitively, we view FP’ as a typed language, where the type of an expression x is given
by 7(x). We define an FP’ expression x to be well-typed iff for every subexpression of x of
the form y:z we have 7(z) < 7(y). Note that there are legal FP’ expressions that are not
well-typed; however, we will restrict FP-style rewriting in FP’ to expressions that are, among
other things, well-typed.

Actually, we will have four kinds of FP’ rewrite rules: FP-style rules, lowering rules, P-rules,
and bottom rules. FP-style rules simulate the rewrite rules of FP, lowering rules allow us to
reduce an expression to a well-typed expression (in general, by introducing P,’s into the
expression), P-rules allow us to manipulate the P,,’s, and bottom rules allows us to rewrite
an FP expression that is the argument of an @ or *. We list the FP-style rewrite rules in
Appendix E, since they are so similar to the FP rewrite rules; the remaining FP’ rewrite rules
are given in Figure 2 below. Note we use -, to denote FP' rewriting. We remark that the
restrictions in the second lowering rule and the fifth P-rule (P,,(y):z -+, P,,_1(y:z)) have been
added for purely technical reasons (see Proposition 5.7, Lemma 14.11).

Remark: It is easy to see that FP’ does not have the Church-Rosser property. For
example, consider the expression P;(compg): <id4,id4s>. We can’ rewrite this to both
compy: < id4, idg > and Pg(compg: < id4,id4 >). These last two expressions are both in normal
form, and hence cannot be rewritten to a common third expression.

Definition 5.5. An expression to which no lowering rules or P-rules apply is said to be
well-formed.

Note that a well-formed expression must be well-typed (otherwise a lowering rule would

apply to it). We impose the requirement that FP-stvle rewrite rules may be applied only to
well-formed expressions.

Proposition 5.6. If x',y’ are FP/ expressions such that X' =%y, then p'(x') = ¢'(y)); ie, FP
rewriting is sound. Moreover, T(x') > T(y).

Proof. It suffices to check that each instance of a rewrite rule is sound and does not increase
type. The cases are all straightforward, so we limit ourselves here to a few comments and
leave details to the reader. Note that the result would not be true if we did not insist that
the left-hand side of an FP-style rewrite rule be well-formed. For example, in general it is
not the case that g'(comp,,: < f,g > :x) = ¢’ (f:(g:x)), but equality does hold if comp,,: < f,g > :x
is well-typed. Well-formedness is also necessary to ensure that type goes down. The type
of comp,,: < f,g > :x is m — 2; if this expression is well-formed, then the type of f is at most
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Lowering rules:
X+, Qp(x) if p'(x) =1
Xy =+, XPp_1(y) if 7(x)=m, m21, 7(y) 2 m, p(x:y) # L
P-rules:
P,(x) =, x if m > 7(x)
(fn) *a fmin(m,n)
Pp(<X1,0e0sXp D) =g <Prpo1(X1)s ety P1(xp) > if m 21, x; 5 * (21, ...2¢)
P (<X *(Z15 oo0s ZE) 5o esXp ) g < P 1(X1)5 o0y * (Z15 09 ZE) s ooy P 1 (X)) > if m > 1
P, (y):z »4 Pp_1(y:z) if m > 1, Pp,(y):z is well-typed, and p'(P,,(y):z) # L
P,(al,: <y, z>) = al,: <P, 1(y),Pp(z) > if m2>1
Pn(ar,: <y, z>) »5ar,: <P, (y),Ppr_1(2) > if m2>1
Pp(P,(2)) -, Pmin(m,n)(z)
Bottom rules:
Qx) -5 Qy) if x>y
KX Jyeres ¥(Z1y coes Zis veiZf) geeesXpy D> > g <X1,e.., ¥(21, ...,zf, s ZE) geeesXpy > if Zj > zf

Figure 2: Lowering rules, P-rules, and bottom rules for FP’.

m-—2, so the type of f:(g:x) is at most m—-3. Note that the P,_, in the rule
K,,:x:y =, P,,_2(x) is necessary both to ensure soundness and the fact that type goes down.
Finally, note that the special cases in the definition of 7 for expressions of the form
al,:<y,z> and ar,:<y,z> are needed to show that P-rules involving al and ar do not
increase type. [

The following proposition assures us that an FP’ expression can always be rewritten to a
well-formed expression in at most finitely many steps. Recall that |x| denotes the length
of an FP expression viewed as a string of symbols. We extend this notation to FP’ expressions
as well (where we take |f,|=1, |P,(x)|l=1+Ix"], 1Qx)i=1+|x| and
| X1y ees * (21 e Zi)s eon X > = 14+ IX] )+ oo+ lz1 ] + e+ Lz | + oo+ |X) |.) Itis easy
to see that if x’ is an FP’ expression, then |x'| > |p(x)].

. ’
Proposition 5.7. No more than 4 x| lowering rules and P-rules can be applied before X' is reduced
to a well-formed expression.

Proof. For an FP’ expression x’, we assign a number W(x') by induction on the structure
of x" as follows:

W(a) =1 for an atom a

W({,) =2 for a primitive function symbol f

W) =1

W(Pn(y)) = W) + 1 p(y) |

W(<LX] Xy D) = WI(x]) + ... + W(x),) + 1 (where we take W(*) =0)
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Wy'sz') = W) x (1p') | +3) + W(z) if r(y)>7(), '(y:z)# 1
v Wiy ) x (1pz) | +3)+ W)+ |p(z)| +1 otherwise

A straightforward induction on structure now shows that W(x') < 4 1<l for all FP’ expres-
sions x’. It is also not hard to see that if x' =, y’ using a P-rule or lowering rule, then
W(y') < W(x"). The proof is by a case-by-case analysis of all the P-rules and lowering rules.
The only difficulty comes in showing that if T(x}) > 7(x5) and x:x5 -, y’:y5 using a lowering
rule or a P-rule, then either p'(x}:x5) =L or 7(y]) > 7(y3). (Note that if this property did
not hold, then by the second clause of the definition of W, we might have W(y}:y5) > W(x]:x5).)
It is easy to see that all the P-rules preserve type, as does the second lowering rule. Thus
the only problem comes if we apply the rule z’ -, Q(p(z')) to some subexpression z’ of x].
But it is also easy to show by induction on structure that if x} -, y}] as a result of using
this rule, then either 7(x]) = 7(y}) or g/(x}) is not a function item, so that u'(x]:x3) = 1. [

The following proposition assures us that in a precise sense, FP’ rewriting simulates FP
rewriting.

Proposition 5.8.

1. If X' and y' are FP' expressions such that x’ -2 y, then p(x") =* p(y").

2. If x is an FP redex and x' is a well-formed FP’ expression such that p(x") = x and y.'(x') # 1,
then the FP-style rule corresponding to the FP rule for which x is a redex applies to x', or x' is
of the form P,,(x"") and the FP-style rule applies to x".

3. If x and y are FP expressions such that x -y and x" is an FP' expression such that p(x') = x,

then there exists an FP' expression y' such that p(y') =y and X’ =%y’ using exactly one FP-style
or bottom rule.

Proof. It suffices to show that part (1) holds if x" -, y’ is an instance of an FP’ rewrite
rule. If x’ »,y' via a lowering rule or a P-rule, then it is easy to see that p(y') = p(x’), and
we can just take y=x. For bottom rules the result is also immediate from the definition.
If x' -,y via an FP-style rewrite rule, then it is easy to see that p(x') = p(y') via the
corresponding FP rewrite rule.

For part (2), we check all the rewrite rules on a case-by-case basis. For example, suppose
p(x) =comp:<f,g>:y and p'(x)s L. A priori, it is possible that x’ is of the form
compg :P,, (<f,g >):y, so the comp FP-style rule does not apply. However, if x’ were of this
form, then it would not be well-formed. Note that we added P-rules for pushing P,, past al
and ar so that an expression such as firstq:(P;(alg: <ids,b >)) would not be well formed. By
using P-rules, we can rewrite it to firstq:(alg: <idp,b>), which is well formed, and the
appropriate FP-style rule applies.

For part (3), it suffices to show the result in case x -y is an instance of an FP rewrite
rule. If u(x’) =1, then x'=Q(x) or x -, Q(x) via a lowering rule, and Q(x) -, Q(y) via a

bottom rule. And if u(x') s L, then we can rewrite x’ to a well-formed expression by
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Proposition 5.7. If x” is the resulting expression, then we clearly have p(x”) = p(x’). The
result is now immediate from part (2). [J

FP’ is not strongly normalizable or even weakly normalizable. Consider, for example,
Q(x), where x is any FP expression that is not weakly normalizable. Since x -y iff
Q(x) »; Q(y), we must have that (x) is not weakly normalizable. However, it turns out
that this is essentially the only counterexample to the strong normalizability of FP’. Prop-
osition 5.7 already shows that lowering rules and P-rules by themselves cannot be applied
infinitely often to an FP’ expression. In the remainder of this section, we will show that
FP-style rules - the ones we are mainly interested in - also cannot be applied infinitely often
to an FP’ expression. This motivates the following definition.

Definition 5.9. An FP’ expression x’ is in essential normal form (e.n.f.) iff the only -, rules
that apply are instances of bottom rules.

It is interesting to note that although no FP-style rules may apply to an expression in
e.nf., it may happen that an FP-style rule can be made to apply to an expression in e.n.f.
after applying a bottom rule. For example, consider the expression x’ = aly: < a, Q(id: <a >) >.
It is easy to check that x’ is in e.n.f. However, we can rewrite x’ to x” =als: <a,(<a>) >,
to which an FP-style rule does apply. This and the corresponding case with ar are the only
sources of this unusual phenomenon.

We would like to show that every FP’ expression can be rewritten to one in essential
normal form. Note that this is essentially a weak normalization result. The strategy would
then be to prove an analogue to Theorem 4.3 for FP’ and pull this back to a strong
completeness result for FP using Proposition 5.8.

Showing that typed A-calculus is weakly normalizable is relatively straightforward. The
idea is the following (cf. [Wa78]). The degree of a redex (Ax.y)z is defined to be the type of
Ax.y. We say an expression has maximal degree n iff it contains a redex of degree n, but no
redexes of higher degree. Suppose we have an expression x of maximal degree n. It is not
hard to show that if we reduce (i.e. apply a B-rewrite rule to) the righlinost redex in x of
degree n, the resulting expression has one fewer redex of degree n, and no redexes of degree
greater than n. By repeating this process, we end up with an expression of maximal degree
at most n — 1. Continuing, we eventually get an expression of maximal degree 0, which must
be in normal form.

We might hope that this idea would also work for FP'. However, there are a number of
difficulties involved in applying it, mainly stemming from the added structure of FP rewrite
rules. Suppose we define the degree of an FP-style redex of the form f,:x to be n, by analogy
with the A-calculus case, ignoring for now what to do for redexes involving comp, cons, and
K. Consider an expression of the form tls:(al3: <a,<b>>). Now the only redex in this
expression is al3: < a, <b> >, and it has degree 3. But this expression rewrites to tly: <a,b >,
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which has degree 4. Thus, if we define the maximal degree of an FP’ expression in the naive
way, then the maximal degree of this expression goes from 3 to 4 (when we apply the only
redex possible).

We can get around this problem, essentially by taking into account potential redexes as well
as actual redexes when computing the maximal degree of an expression, where a potential
redex is an expression that can be rewritten to a redex (so, for example, tlg:(al3: <a,<b>>)
is a potential redex although it is not a redex). However, there is a much more serious
problem that arises due to primitive function symbols such as comp whose rewrite rules
involve two arguments. Consider an expression such as applys: < Py(comp7: <f,g>),a>. The
apply redex is the only one contained in the expression, and it has degree 4. But after
rewriting this and applying a P-rule, we end up with the expression Pj(comp;: <f,g > :a),
which has a redex of degree 7!

It is possible, with some effort, to get a proof in the same spirit as the typed A-calculus
“weak normalization proof which shows that every FP’ expression can be reduced to one in
essential normal form. We do not present this proof here. Instead, we will prove a stronger
result, showing that every FP’ expression is essentially strongly normalizable where:

Definition 5.10. An FP’ expression is essentially strongly normalizable (e.s.n.) iff every reduction
sequence for it has at most finitely many FP-style rules.

Remark: We cannot hope to show that every reduction sequence leads to an expression in
e.nf. To see this, suppose that x is an FP expression which is not weakly normalizable.
Then starting with an expression of the form first,: < a, 2(x) >, we can keep applying bottom
rules to the expression Q(x) without ever applying the obvious FP-style rule. This gives us
an infinite reduction sequence that does not lead to an expression in e.n.f.

Theorem 5.11. Every FP' expression is essentially strongly normalizable.

Proof. Not surprisingly, we prove our result by adapting techniques used to show that typed
A-calculus is strongly normalizable (cf. [FLO83]). However, just as in the case of weak
normalizability, adapting the proof to FP requires some effort, mainly due to the greater
structure of FP rewrite rules. The details can be found in Appendix F. [J

Corollary 5.12. For all FP’ expressions X', there exists an FP' expression y' such that x' -4y and
y' is in essential normal form.

Proof. We first show that for every FP’ expression z{ there exists an FP’ expression z] such
that zg -5 z} and either z] is in e.n.f. or the reduction used at least one FP-style rule. By
Proposition 5.7, zg +2 z”’ for some well-formed z”. If z” is in e.n.f., then the claim follows
by taking z] =z”. If z” is not in e.n.f., then z”’ contains an FP-style redex (since it has a
non-bottom rule redex and no P-rule or lowering rule redexes) and so z”’ -, z by an FP-style
rule and again the claim follows. Since Theorem 5.11 implies that no rewrite sequence has
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infinitely many reductions involving FP-style rules, it easily follows from the claim that we
can eventually rewrite every FP’ expression x’ to an expression y’ in e.nf. [J

We need one more fact before we can prove strong completeness for FP. The following

is the FP’ analogue of Theorem 4.3. Its proof is quite similar to that of Theorem 4.3, so we
omit it here.

Proposition 5.13. Let x’ be an FP' expression such that x' is in essential normal form and let
x = p(x'). Then:

1. if p'(x') =a fbr some atomic item a, then x = a,

2. if W (x) = <wy,...,w>, then X is of the form <y1,...yp>, al: <y,z>, or ar:<y,z >; if p'(x")
is of definite length, then in fact x must be of the form <yi,...,yp >,

3. if W' (X') is a function item, then x is either a primitive function symbol £, or of the form Ky,
comp:y, or cons:y.

We are finally ready to prove strong completeness for FP.

Theorem 5.14. For all FP expressions x there is a transparent expression y such that x -*y.

Proof. Suppose x is an FP expression such that u(x) is a sequence item. By Proposition
5.3, there is an FP’ expression x’ such that p(x’) = x and p'(x") is also a sequence item. If
p(x) is of definite length, then we can also assume without loss of generality that p'(x’) is
of definite length. By Corollary 5.12, there is some y’ such that x’ =%y’ and y’ is in e.n.f.
Since -, rewriting is sound, we must have y'(y') = u’(x"), and so p'(y’) is also a sequence
item. Thus, by Proposition 5.13, p(y') is of the form <yi,...yp> or al:<yj,y2> or
ar: <yi,y2 >, with the first case holding if p(x) is of definite length. By Proposition 5.8,
x =* p(y"), so we are done.

The argument in the case that p(x) is a function item or an atomic item is completely
analogous and left to the reader. [

6. Good Strategies for Rewriting

Theorem 5.14 shows that we can always rewrite an expression to a transparent expression
(and, as a corollary, always rewrite an expression whose meaning is an observable item to
the corresponding observable expression). While this is an interesting theoretical result (and
provides justification for our claim that we have provided enough rewrite rules for FP), it
is not sufficient for an implementer of FP. Simply knowing that there is some way to rewrite
an expression to a transparent expression is not enough. We need a good strategy for doing
so. In this section we consider several notions of “good rewriting strategy”, characterize
them in terms of FP/, and give examples of good rewriting strategies for FP.

We begin by defining the notion of a rewrite strategy. Intuitively, a rewrite strategy is
an algorithm that, given an FP expression x, selects a subexpression of x which is a redex.
The appropriate rewrite rule is then applied to this redex, and the process begins all over
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again. Since the redex selected might depend on which reductions have already been performed,

we allow the algorithm to depend on the entire history of rewriting. More formally, we have

Definition 6.1. A rewrite strategy R is a function R : (FP expressions) x IN - (FP expressions)
such that R(x,0) =x for all FP expressions x, and for all n, either R(x,n) - R(x,n + 1) or
R(x,n) = R(x,n+ 1). Thus R(x,n) describes the nth step of rewriting when starting with x
according to strategy R. We write x -} y iff for some n we have R(x,n) =y.

We say R is history independent iff, intuitively, it performs the same rewriting when it
reaches an expression y starting from x as it does starting from y. More formally, R is
history independent iff for all x and n, if R(x,n) =y and R(y,1) =y’, then R(x,n+ 1) =y
Note that if R is history independent, then R is completely determined once we give R(x, 1)
for all FP expressions x.

R is said to stop prematurely if for some x and n, we have R(x,n) not in normal form, but
R(x,n"y = R(x,n) for all n’ > n. If x is strongly normalizable, then it is easy to see that any
rewrite strategy that does not stop prematurely will reduce x to normal form.

In obvious analogy to observable completeness, we say a strategy R is O-safe iff for any
FP expression x such that u(x) is an observable item, x =% u(x)°. We also want an analogue
to strong completeness. It would seem that the obvious definition is to say that R is S-safe
iff x -k y for some transparent expression y. Unfortunately, with this definition we do not
get an analogue to Proposition 3.6; S-safety would not imply O-safety. For example, suppose
we have an expression x such that g(x) = «a». For an O-safe strategy R, we have x =% <a>.
But if we define S-safe as suggested above, then if R is an “S-safe” strategy, we can conclude
X =% <y> where u(y) =a, and that y -} a. However, we have no way of concluding that
x =k <a>, since, for example, R may stop prematurely at <y >.

Intuitively, the problem is that although transparency guarantees that x =% <y>, there
is no guarantee that y itself is transparent. These observations motivate the following definition.
Definition 6.2.

1. An FP expression x is I-transparent iff it is transparent.
2. An FP expression x is (n+1)-transparent iff x is transparent and, if x is of the form

<Xi,....Xg >, then x; is n-transparent for i=1,...,k, and if x is of the form y:z and
1(x) # L, then y, z are both n-transparent.

Definition 6.3. R is S-safe for x iff for all n, there exists an n-transparent y such that x =% y.
R is S-safe iff R is S-safe for all FP expressions x.

An argument by induction on the depth of nesting of brackets, analogous to Proposition
3.6, can be used to show that

Proposition 6.4. Every S-safe rewrite strategy is also O-safe.
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We remark that it follows by an easy induction on n that an expression in normal form
is n-transparent for all n (using Theorem 4.3), and that for all x, there is some n-transparent
y such that x =} y (using Theorem 5.14). Thus, we can conclude that there does exist a (not
necessarily recursive) S-safe strategy. In the remainder of this section we will show that
there are also some natural (and recursive) S-safe strategies.

Observe that the two rewrite strategies perhaps most often considered in the literature,
leftmost-outermost and leftmost-innermost (cf. [MNV73]), are not S-safe; in fact, they are not
even O-safe. Consider the leftmost-outermost strategy, LO. LO is history independent and
LO(x,1) is the result of applying the rewrite rule corresponding to the redex which starts
lexically leftmost in x. To see that LO is not O-safe, let x be the expression
tl:(al: < fix:id,id: <a > >). It is easy to check that the meaning of this expression is the
observable «a». It is also easy to see that for all n, LO(x, n) is of the form tl:(al: <y,id: <a > >),
where y is the result of rewriting fix:id. Therefore the leftmost-outermost strategy does not
rewrite this expression to <a >, and hence is not O-safe.

The leftmost-innermost strategy chooses the leftmost redex which does not have another
redex as a subexpression. The same example used above also shows that leftmost-innermost
is not O-safe either.

It is interesting to note that we can modify the leftmost-outermost strategy to get a
natural rewrite strategy which is not S-safe but is O-safe.

Definition 6.5. The modified leftmost strategy ML 1is history independent. Thus, in order to
describe it, we need only give ML(x,1) for each FP expression x. If x is in normal form,
then clearly ML(x,1) =x. Otherwise we compute ML(x,1) by taking the first rule in the
list below that applies:

1. if x is itself a redex, then ML(x,1) is (the unique) y such that x -y is an instance of
a rewrite rule

2. if x = <x1,...,X, >, then ML(x,1) = <x1,...,X;—1, ML(x;,1),X;41, ..., X, > Where i is such
that x; is not in normal form and x; is in normal form for all j<i

3. if x =y:z and y is not in normal form, then ML(x,1) = ML(y,1):z

4. if x =al: <x1,x2 > and x; is not in normal form, then ML(x,1) =al: < x1, ML(x3,1) >

5. otherwise, x must be of the form y:z with z not in normal form, and we take
ML(x,1) =y:ML(z,1).

Note that rule 4 is the only one that distinguishes modified leftmost and leftmost-outermost.
It is also interesting to note that al and ar are not treated symmetrically in this rule.

It is easy to see that the modified leftmost strategy is not S-safe. Consider the expression
<fix:id,id:a >. The modified leftmost strategy will spend all its time working on fix:id, and
never get around to rewriting id:a to a. However, we have
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Proposition 6.6. The modified leftmost strategy is O-safe.
Proof. See Appendix G. [J

We now characterize S-safe rewrite strategies in terms of FP’. This characterization plays
a key role in our analysis of rewrite strategies.

Definition 6.7. A tracking sequence for (R,x) is a sequence xg,x},.. of well-formed FP’
expressions such that p(x}) = R(x,? and x} -3 x},1 using at most one FP-style or bottom
rewrite rule, for i=0,1,2,.... We say that a tracking sequence reaches essential normal form
iff some expression in the tracking sequence is in e.n.f. -

Lemma 6.8. If R is a rewrite strategy, X is an FP expression, and x is a well-formed FP' expression
L) p p

such that p(x") = x, then there is a tracking sequence for (R,X) starting with x'.
4 4

Proof. Immediate from Proposition 5.8 and Proposition 5.7. O

Theorem 6.9. The following are equivalent:
1. R is S-safe for x.

2. Every tracking sequence for (R,Xx) reaches e.n.f.

Proof. The proof is quite technical, and is deferred to Appendix H. [J

We next define fair strategies, a large class of strategies that are provably S-safe. Intuitively,
a fair strategy is one in which every redex either “‘disappears” or is eventually rewritten. In
order to make this precise, we must first describe what it means for a given redex (called
the parent redex) to have a child. Suppose x -y and x’ is a subexpression of x which is a
redex. Then a subexpression y’ of y is a child of x’ iff it is a redex that “corresponds” to
x’ in y; in particular, both x’ and y’ are instances of the left-hand sides of the same rewrite
rule and occupy the same “position” in x and y, respectively. Rather than giving a formal
definition of child here, we give a more easily understood informal definition, supplemented
by examples.

A child can occur in one of three ways:

1. The parent redex is disjoint from the rewritten redex. For example, if we take
X = < id:a,id:b >, y = <id:a,b >, and x” =id:a, then x’ is disjoint from the rewritten redex
id:b, and the occurrence of id:a in y is a child of x'.

2. The rewritten redex is a subredex of (i.e. subexpression of the instantiation of a schema
variable in the rewrite rule schema of) the parent redex. For example, if we take
x =x’ =first: <id:a> and y =y’ = first: <a >, then the rewritten redex id:a is a subredex
of x’ and y’ is a child of x’.

3. The parent redex is a subredex of the rewritten redex. For example, if
X = cons: < z1, 2 > :(id:a), y = < z1:(id:a), z5:(id:a) >, and x' =id:a, then the parent redex
x’ is a subredex of x. In this case x’ has two children in y; i.e., the two occurences of
id:a.
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Note that the rewritten redex never has any children and that in cases 1 and 2, the parent
always has exactly one child. Also note, for example, that in the reduction
first:(al: <a, <b > >) - first: <a,b >, no redexes have any children. Given a reduction se-
quence Xg - ... = X;, we say that a subexpression y; of x; is a descendant of a subexpression
yo of xg iff there are occurrences of redexes y; in x; such that y; is a child of y;,_; fori=1, ..., k.

Definition 6.10. A rewrite strategy R is fair for x iff for all » and all redexes y that are
subexpressions of R(x,n), there exists n' >n such that y has no descendants in R(x,n').
Intuitively, either the redex y was applied by the time R(x,n) was rewritten to R(x,n’), or
it “disappeared’ (for example, if we rewrite K:xj:x, -+ X1, any redexes that are subexpressions
of x, disappear). R is fair iff R is fair for all FP expressions x.

Theorem 6.11. If R is fair for x, then R is S-safe for x.

Proof. Suppose R is fair for x. By Theorem 6.9, in order to show that R is S-safe for x,
it suffices to show that every tracking sequence for (R, x) reaches e.n.f. So let xf), x'l,... be
a tracking sequence for (R,x). Since FP’ is e.s.n., we know there must exist some n such
that no FP-style rules are applied from x), on. Since x;, is well formed, it must be the case
that x)/, 1 is the result of applying a bottom rule to some subexpression of x} for all n’ > n.
We claim that x), is actually in e.nf. Suppose not. Then there is a subexpression y’ of x,
such that g'(y") # L and p(y') is an FP redex. Since R is fair, there must exist n' >n such
that p(y’) has no descendants in R(y,n"). We now get an immediate contradiction by applying
the following lemma, which is proved by a case-by-case analysis of all the FP-style rewrite
rules.

Lemma 6.12. If x’ -4 y' is an instance of a bottom rule, where x' is a well-formed FP' expression,
and xq is an FP-style redex that is a subexpression of X', then there is a subexpression yo of ¥ such
that yq is an FP-style redex and p(yp) is a child of p(xp).

Proof. Left to the reader. (Note that cases 1 and 2 in the definition of child are the only
ones that apply.) [J

Corollary 6.13. Every fair strategy is S-safe.

We are now in a position to describe a number of strategies that are provably fair and
hence S-safe. These strategies are not history independent. The idea for each of them is that
we proceed in phases: for all FP expressions x there is a sequence of numbers ng, 1y, ..., where
np =0, but all the other numbers depend on x, such that all the redexes that appear in R(x, n;)
have no descendants in R(x,n;1).

Definition 6.14. We define the strategies breadth-first (BF), cons-last (CN), comp-last (CM), and
apply-last (A4P) as follows. Each strategy proceeds in phases, where all the redexes that appear
at the beginning of the it? phase have no descendants by the end of the i phase.
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~ « Breadth-first: Given x, suppose inductively we have found numbers 0 =ng < ... < n; such
that all the redexes that appear in BF(x,n)), j<i, have no descendants in BF(x,n;,.1). We
now define n; +1 and BF(x,n) for n; <n <n;q. Number the redexes in BF(x,n;) in any
order. Suppose there are k such redexes. We then rewrite the first redex, then all the
descendants of the second redex in the resulting expression, all the descendants of the third
redex in that resulting expression, and so on up to the k™™ redex. If this takes n’ steps,
then nj, 1 =n;+n'.

e cons-last: The (i + l)St phase consists of two subphases. In the first subphase we rewrite
all the non-cons redexes (i.e., all those noi of the form cons:x:y) until there are no more,
while in the second subphase we rewrite all the cons redexes until there are no rhore (at
this point, of course, we will in general have non-cons redexes appearing again). We omit
the formal definition here.

e comp-last: CM is analogous to CN, except that we first rewrite the non-comp redexes, and
then rewrite the comp redexes.

« apply-last: Again, AL is analogous to CN, except that we first rewrite the non-apply redexes.

It should be clear from the definitions that BF is indeed a fair strategy. The only problem
in showing that CN is a fair strategy is that, a priori, it is not clear that n;, 1 is finite; it may
be the case that the (i + 1)St phase as defined never terminates. HoWever, from Theorem
4.2, we know that FP-{cons} is strongly normalizable, so it is easy to see that the first
subphase terminates in a finite number of steps. And since FP-{comp} is strongly normalizable,
it follows that the second subphase also terminates in a finite number of steps. Similar
arguments can be used to show that CM and AP are fair strategies. Note that any hybrid

of these strategies (for example, one where we alternate between CM and CN in consecutive
phases) will also be fair.

7. Limiting Completeness

The notion of strong completeness we have defined has a strong syntactic component, since
it requires that an expression with a certain meaning can be rewritten to another expression
with a prescribed syntactic form. We would like to be assured that our rewriting also
produces arbitrarily good semantic approximations. To understand this point, consider an
expression x whose meaning is the limit of «a,*, >, «a,q,*,b, b», «a,a,a,*,b,b,b»,..... Thus,
the meaning of x is a double-sided infinite sequence with a’s added from the left and &’s
added from the right. Strong completeness assures us that x can be rewritten to an expression
of the form al: <a,x; > or ar: <x1,b>. Furthermore, it also assures us that in either case,
X1 can be rewritten to an expression of the form al: < a,x, > or ar: < x;,b>. We can continue
this argument indefinitely. However, it is consistent with the definition of strong completeness
that we can only rewrite x to an expression of the form al: < a,al: <a,al:... > >, without ever
getting information about the right-hand sequence of &’s in u(x). This seems somehow

unsatisfactory. To handle this phenomenon, we are led to the notion of limiting completeness,
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which is the FP analogue to the notion with the same name defined by Wadsworth for
A-calculus (cf. [Wa78]). Of course, once we have defined limiting completeness, we will
consider the corresponding notion for rewrite strategies, which we call L-safery. Perhaps
surprisingly, it turns out that in the context of FP, S-safety implies L-safety, although not
conversely. 4

The intuitive idea behind limiting completeness in the A-calculus is that we rewrite an
expression for awhile, replace all the redexes in the resulting expression by a special symbol
 (whose meaning is L), apply some obvious rewrite rules involving £ (namely, Qx - Q and
Ax.Q - Q), and then consider the meaning of the resulting expression. Limiting complet?ness

says that we can approximate the meaning of an expression arbitrarily well by this process.

We capture this in FP by defining a meaning function g, (the r stands for redex) which
maps redexes to bottom. The relationship between the u,. meaning of an expression and its
syntactic structure is described in Proposition 7.2 below. We define g, by induction on structure:

ir(x) = p(x) if x is an atom or primitive function symbol

Br(<X1y eeXp D) = <pp(X1), -0, (Xp)>

' r(x):n.(y) if xcy is not a redex
r(x:y) = K

if x:y is a redex.

The following lemma relates g, to g and ',

Lemma 7.1.

1. p.(x) <7p(x) for all FP expressions X.

2. p,(x) =pn(x) if x is an FP expression in normal form.

3. If X' is an FP' expression in essential normal form, then y'(x") <;p, (p(x")).

4. If de Fin, d <y pu,(X), then there exists a star-free FP' expression x' in essential normal form
such that p(x') =x and d <; ¢ ).

~ Proof. Parts 1, 2, and 4 are proved by induction on the structure of x, while part 3 is
proved by induction on the structure of x’. The details are straightforward. [J

The following proposition, which generalizes Theorem 4.3, relates the p, semantics to
syntax. The proof is much like that of Theorem 4.3, so we omit it here.

Proposition 7.2.

1. If p,(x) =a for some atomic item a, then X =a.

2. If u,(x) is a sequence item, then X is of the form al: < X1,X3 >, ar: < X1,X2 >, 0F <X{,...,.Xp >;
if u(x) has definite length, then in fact x has the form <xi,...,Xp>.

3. If u(x) is a function item, then x is either a primitive function symbol or of the form

K:y, comp:y, or cons:y.
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Using u,, we can now capture the intuition of approximating the semantic meaning of an
expression arbitrarily closely, and get another notion of having “enough” rules.

Definition 7.3. A set of rewrite rules has the limiting completeness property iff for all FP
expressions x and all d € Fin such that d <; u(x) there is an FP expression y such that x ="y
and d <ju,(y). A rewriting strategy R is L-safe for x iff for all d € Fin such that d <y pu(x),
there exists n such that d <ju.(R(x,n)). R is L-safe iff it is L-safe for all FP expressions x.

Remark: There is one intuition behind the notion of limiting completeness in the A-calculus
which is nor captured by our definition of g,. To explain our point, we need a little notation.
If M is a A-calculus expression, let M, be the result of replacing all redexes in M by £ and
then applying the rewrite rules Qx -  and Ax.Q - @ until there are no more rzdexes of this
form. If M +*N, then it is easy to see that M, and N, have the same structure and N, is
more defined than M,; i.e., N, looks just like M, except that some £'s in M, may be replaced
by other, more completely defined expressions. This is not the case in FP because of the
greater structure of the rewrite rules. For example, consider the expression
x =al: <a,id: <a>>. The only redex here is id: <a >; thus u,.(x) = al:<a, L» = «<a,*>» Had
we taken the route in FP of replacing redexes by {2, we would get x, = al: <a,2>. However,
x rewrites to y =al: <a,<a> >, which is a redex, so g, (y) =L and y,=. Thus y, is less
defined than x,. Moreover, y rewrites to z= <a,a>, and clearly z;=z. Thus z, has a
different structure from x,, although x =*z. The root cause of this situation is that, due to
the greater structure of FP rewrite rules, it is possible that x -y but g,.(y) <7 #,(x). In order
to avoid this situation, we must not only replace redexes by {2, but also potential redexes
(expressions that rewrite to redexes). This leads us to define a semantic function g,,, which
is just like p, except that it maps potential redexes to L (the pr stands for potential redex).
We investigate u, further in Appendix J. While u, and g, are distinct, similar definitions
in the A-calculus would not result in distinct notions because of the simpler structure of the
B-rule.

Note that limiting completeness is just what we need to show that if the meaning of x is
a double-sided infinite sequence with a’s added from the left and b’s added from the right,
as in the example at the beginning of this section, we can rewrite x to an expression with
arbitrarily many a’s and arbitrarily many b’s.

Theorem 7.4, FP has the limiting completeness property.

Proof. Given an FP expression x and d e Fin with d <; u(x), by Proposition 5.3, we can find
an FP’ expression x’ such that p(x) = x and d <;p'(x). By Theorem 5.11, we can find y’ in
e.nf such that x'+35y. Since -, rewriting is sound, we have u'(y) =p'(x"), so that
d<rp'(y'). Since y is in e.n.f., by part 3 of Lemma 7.1, we know that u’'(y") < g, (p(y")), so
that d <; u,(p(y")). Finally, by Proposition 5.8, x =*p(y'). O
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Theorem 7.5. L-safety implies O-safety.

Proof. Suppose R is L-safe and p(x) is observable. Thus u(x) € Fin and since R is L-safe,
there must be some y such that x =% y and u(x) <;u.(y). An easy induction on the number
of brackets («»’s) in u(x), using Proposition 7.2, can now be used to show that y = u(x)°.
Thus x -* u(x)°, and R is O-safe. [J

The converse to Theorem 7.5 does not hold. The modified leftmost strategy is O-safe,
but the same example that we used to show it is not S-safe, namely the expression
<fix:id, id:a >, also shows that it is not L-safe.

In order to show that S-safety implies L-safety, we characterize L-safety in terms of- FP/
tracking sequences, in the same spirit as our characterization of S-safety. In order to formulate
our characterization, we need to define a generalization of -, rewriting for FP’ (which is
also used in Appendix F).

Definition 7.6. The rewrite rules for -+, consist of all the rewrite rules of -, together with:
x =y Pp(x))

x' =5 Qp(x"))

Although -, rewriting is clearly not sound, it is easy to see that if x"-=}y’, then
W) ;' (X)) (cf. Lemma 14.2).

By analogy to the notion of a tracking sequence, we define a -», tracking sequence for
(R,x) to be a sequence xp, x], ... of well-formed FP’ expressions such that p(x}) = R(x,n) and
X} =} X},1 using at most one FP-style rule or bottom rule.

Theorem 7.7. Let R be a rewrite strategy. Then the following are equivalent:

1. R is L-safe for x.
2. For all d € Fin with d < u(x), there exists a - tracking sequence X0, X1, ... for (R,x) such
that for some n, X, is in en.f. and d <pp'(x}).

Proof. See Appendix . []
Corollary 7.8. If R is S-safe for x, then R is L-safe for x. Thus S-safety implies L-safety.

Proof. Suppose R is S-safe for x. Thus, given d e Fin with d <jpu(x), choose xg such that
d <y p(xp) and p(x0) =x and x( is well-formed (such an x( exists by Proposition 5.3 and
Proposition 5.7). Consider any (—-,) tracking sequence for (R,x) starting with X(, Say
X0, X1,.... By Theorem 6.9, there is some n such that x;, is in e.n.f. Since -, rewriting is
sound, d <;p'(x},). Since d was chosen arbitrarily, by the characterization of L-safety given
in Theorem 7.7, it follows that R is L-safe for x. [

Of course, it is immediate from the corollary that all the fair strategies described in the
previous section are also L-safe. The converse of Corollary 7.8 is false as the next example
shows.

o
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Example 7.9. Let x=comp: <K:a,id:b>. Then x is 2-transparent but not 3-transparent
because of the subexpression id:b. On the other hand, p(x) = u(K:a) = g, (x). Let R be a
strategy that does nothing on x, i.e., R(x,n) =x for all n. Then R is L-safe for x but not
S-safe for x.

8. Conclusions

We have answered the two questions posed in the introduction. We have given a denotational
semantics for FP where distinct observable expressions get different meanings, shown that
the rewrite rules are sound for that semantics, and shown that they are complete in three
different senses. For each of our notions of completeness, we have defined a corresponding
notion of a “good” rewrite strategy. We have characterized and compared these notions, and
given natural examples of good strategies. While we have proved these results in the context
of FP, we believe that our techniques will readily apply to other languages.

Throughout this paper we have not discussed, nor have we needed to discuss, the Church-
Rosser property for FP. (CR would say that for all FP expressions x, yj, and y, if x -*y;
and x -*y,, then there exists z such that y; =*z and y; -*2.) We conjecture that FP with
the particular set of rewrite rules we have described is in fact CR, but we have not yet
proved this. But even if we had proved CR, it is not clear how interesting it would be.

To understand this point, first note that CR for expressions whose meaning is observable
follows immediately from our results on observable completeness. Indeed, observable com-
pleteness assures us that CR holds for observables in the following strong sense: We can add
arbitrarily many new (sound) rules to the system and still be assured that expressions with
observable meanings are CR. This is because the addition of rules necessarily preserves
observable completeness (as well as the other properties we have considered), and observable
completeness implies CR for expressions with observable meanings.

Our feeling is that any basic property of the language should be robust, in the sense that
. it is preserved under the addition of sound rewrite rules. But consider what happens when
we add the following two (sound) rules to our system:

comp: < comp: < f,g >,comp: < h,i> > - comp: < f,comp: < g,comp: <h,i>>>

comp: < comp: < f,g >, comp: <h,i > > - comp: < comp: < comp: <f,g >, h>,i>
(Note that the soundness of these rules follows from the associativity of composition; it is
perhaps more easily seen if we rewrite the rules using infix notation as
(feg)o(hoi) = fo(go(hei)) and (fog)o(hei) = ((fog)oh)ei respectively.) It is easy to see
that if f,g,h, and i are replaced by primitive function symbols, then both of the above right
hand sides are themselves in normal form. Thus, even if CR held for the system using the
rewrite rules described in Figure 1, it would not be a robust property.

While the language we have presented is universal, it is by no means sufficient as a useful
programming language. There are many more functions to be added, some defined in terms
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of the primitives given and some as new primitives, and there are useful extensions that could
be made to some of our functions. Although the addition of new primitives will necessarily
make our proofs longer (there being more cases to consider and rules to check), we believe
that the structure of the proofs is such that it will be relatively easy to make modifications
to the language. In fact, in the development of this paper we have had occasion to make
various perturbations in the definitions of the primitive functions, and we have found the
proofs of completeness and safety to be remarkably insensitive to such modifications. More-
over, though it is computationally Spartan, we believe that the language already includes
instances of all the essential complexities. For example, it might be useful to extend the
meaning of comp to allow the rule comp:(al: < f,g >):x - f:(comp:g:x), but the complications
that would result from such an extension have already been considered in our treatment of

cons.

At the same time, while we don’t expect that such additions will pose any significant
mathematical difficulties for our proof technique, there is a great deal of interesting work to
be done to make the language more usable computationally. We are presently engaged in
developing an extension of this kernel language that will have the same richness of algebraic
properties as the original language of [Ba78]. As we extend the language, we hope to be
able to use the degree .to which these mathematical considerations are complicated as a
criterion for choosing among various alternative extensions.
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9. Appendix A: Properties of Dy, 1
We want to prove clauses 5-7 in the construction of Dy.1.

For clause S, let X be a bounded, directed set in Dy,1. The proof breaks into cases
depending on the type of items in X. If X contains an atom a, then because it is directed, X
must either be {L,a} or {a}, and in either case a least upper bound is . If X contains a
sequence item, then all of its elements must be sequence items or L (since function items
and sequence items are incomparable with respect to <y.1), and any upper bound of X must
also be a sequence item. We only consider the case where X has no sequence items of definite
length and leave the case with sequence items of definite length to the reader. Since X is
bounded there must be a smallest / and j so that every member of X has at most i components
to the left of the * and at most j components to the right of the *. We leave it to the reader
to check that X has a least upper bound of the form «,...,5;,*,¥i4+1, - »is;> Where each
of the y’s is the least upper bound of the appropriate component set. (Note that we need
that X is directed since {«a,* », <*,a>»} has no least upper bound.)

If X consists of function items, define x:Dy - Dy by x(») € ufx":y,1v1x" € X}. x is well-
defined since the set is a bounded, directed subset of Dy. We leave it to the reader to check

that x is a continuous function and hence an element of Dy,1. x is clearly a least upper
" bound of X.

We leave it to the reader to show that :y,1 is continuous in its first argument (using a
proof similar to the proof that a bounded, directed set of function items has a least upper
bound) and that :y, 1 is continuous in its second argument (using the fact that Pﬁ is continuous).

Finally, for clause 7, we must show that P,JX”'I, m < N+ 1 is continuous. We proceed by
induction. For m =0 the argument is obvious. If m>0, let X be a directed set in Dy,
with x’ e uX. Let Y= {P¥*1(x)|x ¢ X}. It is easy to check that PN*1 is monotonic. Thus
Y is directed and bounded by Pﬁ"'l (x"). Since Y is a bounded, directed subset of D,,, it has
a least upper bound by clause 5. (The existence of a least upper bound is the principal reason
for including clause S in the induction hypothesis.) We want to show that PI,X"'I(X') € uyY.
We focus on the case where x’ is a function item and leave the other cases to the reader.
For all ze D,,_1, we have that

Pt ()ipgy12
= P,Jz_l(x':N +12) (by definition of P,
€ U{P,,_1(x:n.12) I x € X} (since P,Jx_l, ‘N4+1 are continuous)
= u{PY* 1 (x):y, 12| x € X} (by definition of PX*1)
= (u{P;’X”'l(x) | x € X}):y, 12 (since :y,; is continuous and u{P,I,‘:“(x) | x € X} exists)

N+1)

Since PY*1(x"):y412= (UY):N41z for all z € Dp_y, we have that PN*1(x") e uY, as desired.
This completes our proof.

41



10. Appendix B: Finite Elements in D,

Our primary goal in this section is to prove Proposition 2.4, which states that every item
is the limit of its finite approximations. In order to do this, it is helpful to define for all m
a subset Finy, of Fin,, that essentially contains all the elements of Fin,, (in that for all y € Fin,
‘there exists some y' € Fin}, such that y=,)’). The elements of Fin/, are easy to characterize,
and this characterization will be useful in our proofs. The only subtlety comes in characterizing
the function items in Fin;,,, m>1. These turn out to be “step functions” of the form
[x{ > ¥1, ..., Xk = yx] where Xxq1,...,Xk, 01,0k € Finyp,_1 and for all ze D,_;, we define
[x1 = ¥15 ... » Xk = ¥ ](2) =;, where x; is the best approximation (among xi,... ,x;) to z. In order
to guarantee that the notion of “best approximation” is well defined, we need the following
definition.

Definition 10.1. McSD,, has best approximations in D, iff MN{x" € D, | x' <,x} is directed for
all xe D,

Note that if M is finite and has best approximations in D,, then for all x € D, if there is
some z e M such that z <,x, then there is a best approximation y to x in M, i.e., ye M and if

¥ € M and y' <,x, then y' <,y. In particular, if L € M, then for all x € D, there is a best
approximation to x in M.

We now define Fin), by induction on m, taking Fing= Do, and Finj,,1SDpy41 to consist
of Fin), together with all the items of the form:
1. <1,.... x> Where y; e Finl,,U{*} for i=1,...,k
2. [x1 =+ »1,... y X = yx] where
a. X1, -0 X0M ...,yk}sFin;,,
b. {x1,...,x} has best approximations in D,
C. Xy Spmx; implies y <pmy;
d. y/=my; implies y; =y,
and for z e D,,, we define

L if there does not exist j such that X; SppZ

X * Y1y s X = 0 ](2) = . . e
b =1, k= Xl@ {yj if x; is a best approximation in {xy,...,x} to z.

This completes the definition of Finj,,1;. We must check that h=[x; = y1,...,x > x] is a
well-defined, continuous function. First note that although it may be the case that there is
more than one best approximation to z in {xy,...x,}, clauses 2(c) and 2(d) above guarantee
that h(z) is well defined. Now assume that z e uZ, where Z is a directed subset of D,, If
there does not exist j such that Xj Sm2 then h(z)=1 and h()=L for all 2/ ¢Z so
h(2) e ufh(Z) |7 € Z}. So assume that x;j is a best approximation to z in {xq,...,x;}. Since X;
is finite, x;j<mzo for some z € Z. Hence, h(z) =yj=h(z). Thus, h(z) € ufh(z) 17 € Z} by
clause 2(c) above.



We are now ready to prove a result from which Proposition 2.4 follows as an immediate
corollary.

Proposition 10.2. For all m > 0, we have
1. Fin),<Fin,, |
2. if X is a finite subset of Finly, then there exists a finite subset X'2XU{L} of Fin}, which has
best approximations in Dy,
3. for all y € Dy, the set Finly(y) =1y’ <y |y € Finp,} is directed
4. forallye D, yeuFinh,Q®)
5. for all y € Finy, there exists y € Fin), such that y=p,y'.

Proof. We proceed by induction on m. The case m =0 is straightforward. For m >0,
suppose x € Finy, If x is an atom or a sequence item, the fact that x e Fin, follows from
the induction hypothesis. If x is a function item, then x is of the form [x; =y, ..., X = ]
Suppose Z is a directed subset of Dy, 2’ € UZ, and x <2, Thus yj <1 2 imxj for j=1,..,k.
By the continuity of :p,, it follows that Z’ ‘mXj € Ufzimx; |z € Z}.  Since y; is finite, we must
have y; <p Zj mX; for some €2 j=1,.,m And since Z is directed, there is some zye Z
such that z; <z , j=1,...,m. Thus x <,2. Since Z was chosen arbitrarily, it follows that

x € Fin,,.

To prove part 2, given X, a finite subset of Finty,, let Xoms Xeq» and Xppe consist,
respectively, of the atoms, sequence items, and function items in X. It clearly suffices to
find sets Xpm» Xsep and Xp,. with the appropriate properties. We can simply take
Xoom = XaomVU iL}. To find X;eq, let Y consist of all components of sequences in X, Thus
Y is a finite subset of Finl,_;. By the induction hypothesis, there is a finite subset ¥’ of
Fin}_1 containing YU{i} which has best approximations in D,_j;. Suppose the longest
sequence in X, has (either definite or indefinite) length N. Let X' consist of all sequences
(all of whose components are members of Y’) that either have definite length at most 2N or
have indefinite length and at most N components to the left of the * and at most N components
to the right of the *. We leave it to the reader to check that X;eqU{J.} has the required
properties. Finally, to find X"fu,,c, let Y (resp. Z) be the set of all y (resp. z) such that a
function of the form [...,y +z,..] € Xgp.. Clearly Y and Z are finite subsets of Fin,_1, so,
by the induction hypothesis, there exist finite subsets Y’ and Z’ of Fin),—1 containing YU {1}
and ZU {1} respectively such that ¥’ and Z’ have best approximations in Dpy—1. Let X func
be the set of all elements of Fin), of the form [y = z1,...,y, = z,] where {y,...,»,}€Y and
{21,...,2n}€Z’. We leave it to the reader to show that X7, = X'nU{L} has the required
properties.

To prove property 3, suppose y € D,, and y;,)» € Finl,(y). By property 2, there exists a
finite set Y such that {i,y;,)5}SYcFin), and Y has best approximations in D,, In particular,
there is a best approximation to y in Y, say y3. Thus )3 € Finp,(y), and y1,00 <03 Since y
and y, were chosen arbitrarily, we have shown that Fin),(y) is directed.
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Property 4 is immediate if y is an atom and follows readily from the induction hypothesis
if y is a sequence item. If y is a function item, clearly y is an upper bound of Fin,(y). To
show it is a least upper bound, let 3’ be any other bound. By the continuity of y and induction
hypothesis 4, it suffices to show that y:,z <,_1):mz for all ze€ Finj,_1. So let z e Finh_1
and let te Finp,_1(y:mz). Then [z 1] € Finl,(»), so [z-+1]<,. Thus, t<,y ;mz Since
t € Finj,_1(y:,2) was arbitrary, y':,,z is an upper bound of Fin),_1(;pz). By induction hy-
pothesis 4, y:mz <1/ :mz as desired.

Finally, for property 5, suppose y € Fin,, By property 4, y € UFin},(y). Since y is finite,
there must be some y' € Fin,,(y) such that y <,,»'. By definition of Fin,,(y), we also have
¥ <my. Thusy' =, O

This completes the proof of Proposition 2.4. We conclude this appendix with two examples
showing that D lacks a number of properties enjoyed by D,,. In particular, we show that :
is not continuous in its first argument and that bounded, directed sets in D do not necessarily
have least upper bounds in D. The fact that : is not continuous follows immediately from
the following example of an element of Finp which is not a finite element of D.

Example 10.3. Let nesty= L and nest;, 1 = «est;». Let f; = [nest; » a] and let g;=[f; = b]. Let
h=[[1L = L] - b]. Note that h € Finy, nest; € Fin;, f; € Fin;,1, and g; € Fin;, for all i. Moreover,
{...,nest;, ...} is an increasing sequence, so {...,f;,...} is a decreasing‘sequence,'and f....8i» .-} is
an increasing sequence. Also note that f;:x = L for all x € D;_1. Thus, P;(f;)) =;[L = L]. Clearly,
h is an upper bound of the directed set Y= {g; | i ¢ IN}. Notice that h€ g since hfL - L]=b
but gg:[L - L]= 1. Let A’ be an upper bound of Y. Hence, 4’ € (D - Dy) for some k. Thus,
b=grfx <th i =h' (P(fi)) =h'([L - L]). Hence, h <;h’. Thus, h is a least upper bound of
Y, and so cannot be a finite element of D. Since g;:;[L - L] = L, while h:[L - L] = b, we have
that : is not continuous in its first argument (whereas, by contrast, we have shown that .,
is for all n). Also note this example shows that P, is not continuous on D, since
Py(g;) =[[L = a] = b] while Py(h) = h.

Example 10.4. We now show that bounded, directed sets in D do not necessarily have least
upper bounds in D. Define deepy(x) = x and deepj,.1(x) = «deep;(x)> for any x € Dg. For i>1,
let f; = [deepi(a) = b, ... ,deep;(a) = b], and let g; = [deepi(a) + b, ..., deep;_1(a) = b,deep;(L) = b].
Since P;(deepj(x)) = deep;(L) for i<, each g is an upper bound of the directed set
X={f; |ie IN}. Suppose X had a least upper bound 4. Then h € (D; - D;) for some k. Since
h is a least upper bound, & <;gr. Furthermore, b= fi1:deepii1(a) <j h:deeppi1(a) =
h(Py (deepy+1(a))) = h(deepg(L)). Therefore, g <1 h, so we have h=; g;. Notice that g; £ gx+1
since g :deepy (¢) = b while g,1:deepi(c) = L. But this contradicts the fact that 4 is a least
upper bound since g1 is an upper bound of X and h£;g,1-
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11. Appendix C: Properties of D*

Our primary goal is to prove Proposition 2.6, i.e., given a directed set XD, we want to
show that X¥ ¢ D*. Thus we must show that X is limit closed, downward closed, and
directed. It is easy to see that X¢ is downward closed and directed. The fact that X% is
downward closed and limit closed follows from the following lemma. .

Lemma 11.1. If X is downward closed, then X' is downward closed and limit closed.

Proof. Let xe Dy. By Proposition 2.4 and the fact that X is downward closed, x € X’ iff
Fing(x)SX. If x <;y € Dy, then Fimg (x)SFing(y) and so y € X' implies that x ¢ X. Thus, X/ is
downward closed. Since X and X' are downward closed, x € (X')I iff Finy (x) cx! iff Fim (x)€X
iff x € X'. Thus (XJ)I=X1, so X! is limit closed. O

Finally, we want to show that X¥ is directed by proving that any two elements of x4
have an upper bound in X4 We do this by proving a stronger result: not only does every
pair of elements in X% have an upper bound in X4 vut every pair of elements x1, x; € x¥n Dy,
has a least upper bound with respect to x4n Dy; i.e., there is some y € x4n Dy such that x1, xp <7y
and if x;, X <72, z€ X‘”nDk, then y<jz.

Lemma 11.2. Suppo.s;e that X; is a directed subset of Dy_1 for each t € Di_1, such that (a) every
pair of elements of X}ilﬂ Dy._.1 has a least upper bound with respect to x;‘?n Dy_1 and (b) XycX

whenever t <j_1t. Let fi,f> € Dy. If f3(8) is a least upper bound of fiit,fy:t € X}‘" with respect to
X;HnDk._l for all t € Dy_1, then f3 € Dy.

Proof. First we show that f3 is monotonic. Let ¢/ <;_jit. Let u be a least upper bound of
fid /o’ with respect to X#n Dy_1. Thus, u <x_1f3(¢") since f3(!) € (X,/)dIQ(X,)dI. Thus,
ue (&')dl since (X,')dl is downward closed. Therefore, f3(¢') <x—_ju and so u=f3(¢'). But
u <x-1f3() by the definition of u. Thus, f3 is monotonic. Let Y be a directed subset of Dj_j
and let y be a least upper bound of Y. Let Z={#3() |y € ¥}. Since f3 is monotonic, Z is a
directed subset of Di_i bounded by f3(y). Therefore, Z has a least upper bound z <;_1/3(»)
and so z € Xﬁl. Thus, f3(y) <x_1z since z is an upper bound of f1:y and f>:y by the continuity
of : on Dg. Therefore, z=f3(y) and so f3 is continuous and therefore an element of D;. [

Definition 11.3. For X, YeD, let X::Y={xyl|lxe X, ye Y}.

dl
Lemma 11.4. If X is directed, x € Dy, and x:t € (X::{t}d) for all t € Dy_1, then x € x4
Proof. Let ¢t e Fing(x). Then t=[uy = vi,...,up > v,,]dfor some uy, Vq, ... , Up, ¥y € Fing_1. Note
that v; =t <pxoy; e(X::{ui}d) . Thus, v; € (X::{u,-}d) since v; is finite. Therefore, v; <py;:y
for some y; € X. Since X is directed, we can find y € X such that yy,...,y, <;». Therefore,

v <yy:u; and so ¢ <pye X. Therefore, ¢ ¢ X¢. Thus, Finy (x)€X? and so x e X¥ by Proposition
24. O

Lemma 11.5. If X is a directed subset of D and x1,x € x4 N Dy, then there is a least upper bound
of {x1,xa} with respect to x4n Dy.
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Proof. We prove the result for all directed sets X by induction on k. If k =0, the result
easily follows since DonXd’ = DgN ({1} UX). For the general case, the proof splits into cases,
depending on whether X contains an atom, a sequence item, or a function item. If X contains
an atom, the result is trivial, while if it contains a sequence item, the result follows using
the induction hypothesis. (In the case of sequence items, we rely on the fact that X is directed
to choose among various minimal upper bounds. For example, if x; = «a, *» and x = <*, o>,
then X must contain either «a» or «a,*,a».) If X contains a function item, then given
x1,x2 € X¥ N Dy, we can assume that they are both function items (since X is directed). For
any te€ Dy_1, note that X::{z}d is directed (since X is) and if x,-eXd’, then x;:te (X::{t}d)
(since : is continuous on Dg). Thus, by the induction hypothesis, define x3(z) to be a least
upper bound of x;:2,xp:t with respect to (X::{t}d)dl. x3 € D by Lemma 11.2. x3 € X% by
Lemma 11.4. x; is a least upper bound of x;,x; with respect to xXn Dy by construction. []

This completes the proof of Proposition 2.6. We now consider two examples that show
the necessity of some of the choices we made. The first shows that if X is a directed set,
then in general X4 is not an element of D*. Thus the order in which we take the limit
closure and downward closure is essential. The second example shows that if X, Ye D* then
X::Y is not neceséarily limit closed, and so may not be an element of D*. Thus limit closure
is needed in the definition of X:Y.

Example 11.6. Let nestyg= L and nes; .1 = west;». Let seqj(x) =< X,...,X,* » where there are
j occurences of x. For j;j2>1, let (using the notation of Appendix B)
fj = seq1(a) = seq(nesty), ..., seqj(a) - segj(nestj)]. Note that f;e Finj,,. Furthermore, if f;<;g,
then g £ Dj,1. Let X={fj|je IN}. Clearly f;<;fi if j<k, so X is directed. We claim that
X = fg13i(g =, fp}. For suppose Y is a directed subset of XN Dy. Then by the observation
above, Y must in fact be a subset of {f1,...,fk-2}, and if g € UY, then g =/ f;, where j is the
largest subscript that appears in Y.

We show that X¥ is not limit closed, from which it follows that x4 ¢D*. Let
gk = [seqi(a) = seqi(L), ..., seqx (a) = seqr (L)]. Clearly gr <71fx, SO 8k € Fim nx4. Let
g = [seqi(a) = seqi(L),...,seq(a) = seg(L),...]. Thus, g e D, and g e ugg. Clearly g e x4 but
g 1{ X4, Thus X? is not limit closed.

Example 11.7. We give an example where X,Ye D* but X::Y¢ D*. Take seg; as in the
previous example, and let f; = [seqi(a) =+ seqi(a),...,seq;(a) - seq;(a)]. (Thus, f; is essentially
the identity function on items of the form seqj(a) for j<i) Note that f;e Finp. Let
g = [seq1(b) = f1, ... ,seq;(b) = f;]; clearly g; e Fin3. Let g=[seqi(b) -+ f1,...,5eg;(b) = fi,...].
Thus, ge D3. Let X= {g}d and Y= {seq;(b) |i¢€ N}d. We leave it to the reader to check that
X,Ye D* and that X::Y={f;lie Md. However X:Y is not limit closed since {f;|i¢ Md has
a least upper bound (namely, [seq1(a) -+ seq(a), seqz(a) - seqz(a), ... 1) which is not in the set.
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12. Appendix D: D* Satisfies the Domain Equation

We want to prove Proposition 2.10. Our first step is to prove Lemma 2.9. We want to
show that X%y - (X::Y]dl. (Recall from Appendix C that X::Y={xy|xe X, ye ¥Y}.) This
follows from the following chain of inequalities:

XdI .Ydl
; dl
(Xdl::}‘”lj
!
(Xd::Yd) (since : is continuous in each argument)
( X.'.'Y)dldl
(X::Y)dI (since X::Y is downward closed and limit closed by Proposition 2.6)
oty

Thus, equality holds throughout and the result follows. ]

n in |

n

We now turn our attention to Proposition 2.10. To prove part 1, we must show that :
(viewed as a function on D* x D*) is continuous in each of its arguments. Suppose ¥ is a
directed subset of D* and X e D*. We have already shown that U¥ = (Uy€g)’)d’. Thus,
using Lemma 29 and the fact that X=x¥ we get
X:(U®) = X:(Uyeg N¥ = (X:(Uyeg Y )% = (Uyes X:V)¥ = (Uyeg X: V¥ = L{X:Y| Y€ #}. Thus
: is continuous in its second argument. The proof that : is continuous in its first argument
is completely analogous.

To prove part 2, we show that D* is isomorphic to « + Segs(D*) + (D* - D*). Following
Scott (cf.  [St77]), we will construct two monotonic functions,
®:D* - (A + Segs(D*) + (D* - D*)) and V¥ : (& + Segs(D*) + (D* - D*)) - D* such that
®oV¥ is the identity on f + Segs(D*) + (D* - D*) and ¥o® is the identity on D*. That
will suffice to prove part 2. The definitions of ¥ and ® are obvious for L, the atomic items,
and the sequence items. We define V(F)={feD|fis a function item and
Vxe D (fx € F(§x1*))}U{L}. We must show that ¥(F) € D*. If f1, > € ¥(F) N Dy, by Lemma
11.5 we can define f3(¢) to be a least upper bound of f;:,f;:t with respect to F({t}d) N Dy_1
for all t € Dg_1. By Lemma 11.2, f3 € Dy and so ¥(F) is directed. ¥(F) is clearly downward
closed. ¥(F) is limit closed since : is continuous (on each Dj) in its first argument. Thus,
V(F) € D*. Clearly, ¥ is monotonic. If X is a function item in D*, let ®(X)(Y) = X:Y for

all Ye D*. ®(X) € (D* - D*) since : is continuous (on D*) in its second argument. & is
clearly monotonic.

Let Fe (D* - D*). We show that ®(V(F)) =F. Let X be an arbitrary element of D*.
By the definition of ¥ and the monotonicity of F, it is clear that ¥(F)::X<SF(X). Thus,
Y (F):XSF(X). Let Y=XNFin; thus X=1,, Y{y}d. Suppose ¢ € F(X) N Fin. By the continuity
of F and the fact that ¢ is finite, ¢ F({y}d) for some ye Y. Hence, [y + 1] € ¥(F). Thus,
te V(F)::YSV(F):X.  Therefore, F(X) NFinc¥(F):X. By Proposition 2.4 and the fact that
V(F):X is limit closed, F(X)cW¥(F):X. Therefore, we have that ¥(F):X= F(X). By the defi-
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nition of ®, we have that ®(¥(F))(X) = V(F):X= F(X). As the choice of X ¢ D* was arbitrary,
OV (F))=F

We next show that ¥ (P(X)) =X for all Xe D*. Let Xe D* be a function item and let
x € X. We clearly have that Vye D(x:y e (I>(X)({y}d)) Thus, x € ‘I'(CD(X)) and so XC‘I'(Q(X))
If x e P(@X), then x1 @M (D) =X} =(X:{1%)". Thus, by Lemma 11.4, x ¢ X% =

and so ¥(®(X))sX. Therefore, ¥(P(X)) = X for any arbitrary function item. This completes
the proof of part 2.

To prove part 3, we show that F = G provided F,G e D* are function items and F:-X= G:X
for all Xe¢ D*. By assumption and the definition of ® in the proof of part 2, we have that
O(F) = O(G). Therefore, we get that F= V(P(F)) = ¥V (P(G)=G. O
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13. Appendix E: The FP-style rewrite rules

Note these rules apply only if the redex is well-formed.

aly: <X, <Y1, 00 Y>> *0 <X, ¥1, 0y Yn >
aly,: <X, Q<Y 400 ¥n D) > =5 <X, * (Y1) o0 ¥n) >
A K<Yy eor ¥n D2 XD+ < V1) ooy Y X D
ary,: < Q<Y s Y )X D> =5 < * (Y1) ee0r Yn) X >

first,,: < X1,.... X, > =+, x1 (2 1)

first,;:(al,,: < x,y>) =, x

first,:(ary: <aly": <x,y>,2>) =5 X

first,,:(ar," < arp": <x,y>,z>) =, first,;:(ar,,”: <X,y >)

last,: < X1,..,X,> >, x, (n21)

last,,:(ary: <X,y >) =+, y

last,:(al,: < x,ar,;": <y, z>>) =+, z

last,;:(al,: < x,aly": <y, z>>) =, last,; :(al,,": <y, z2>)

thy: < X1,y Xp D> =+ <X2, 00 Xp > (12 1,x1 # *(¥1, oo Y&))

thy: < * (Y1 coos YE)1 X24 e0en Xp > 5 < *(¥25 00y Vs P(X2)), X3, 000y X > (123,62 1)
th:<*0,x2, 0, X, > +5 <*(0,%3, .., X, >, (23)

th,:(al,: < x,al, <y, z>>) > al,<y,z>

thh:(aly: < x,ar,: <y, z>>) =, ar,": <y, z>

th,:(ar,: < al <X, 5> ,2>) =  ar, <y, 2>

th,:(ar, < ar, <x,y>,z>) », ar < tl:(ar,m < x,y>),z>

tr: < X1,y eeey Xp D> =+ <Xy eesXp1 > (B2 1, X5 # * (Y1, oens Yi))

Tt < X1y ooy Xnm1, * (V10000 YE) > =0 < X1y o0y X522, * (0(Xp—1), Y15 000, Yi=1) D> (23,62 1)
tyt < Xpyeees X1, * 0> =+ X1, 000 Xp2,* (0>, (n23)

trpi(ary: <ar,: <X, y>,2>) = ar, <X,y >

tr(ar,: <alpy:<x,y>,2>) = al,m<x,y>

tr:(aly: < x,ar,": <y, z2>>) =  al i < x,y>

tr:(aly,: < x,al,: <y, z>>) =, al i < x, tri(al <y, z2>) >

nll,: <>+, T

null,,:a -, F (for any atom a)
null,: <x1,...,x, >+, F (n21)
null,:(al,: <x,y>)+, F
null,:(ar,,: <x,y>) =, F

(consp: <1, ., I D)ix =, <fr1ix, ..., fix >, (f;# * (g1, ..., 8k))

(conspy: < £1yeeey ® (81 cer 8k)s voes fn D)ix =5 <F12x, ., * (@1:p(X)0 ooy BR2P(X)), ooy fix >, 1 2 1
(consp,:(aly,: < f,g >)):ix =, al,y: < £:x, (cons,,:g):x >

(cons,,:(ar,: < f,g >))ix =, ar,: < (cons,,:f)ix, gix >

cond,;: <T,x,y> =, x
cond,,: <F,x,y> =,y

(compp,: <f,g >):x -, f:(g:x)
apply,,;: <f, x> -, fix
(Km:x):y =4 Pp2(x)

id,:x -, x



14. Appendix F: A proof that every FP’ expression is essentially strongly normalizable

One might consider trying to show that every FP’ expression is e.s.n. by induction on type
(indeed, we imposed the notion of type exactly so that we could have something on which
to induct!). However, the induction hypothesis that all expressions of type n are e.s.n. does
not seem to be strong enough to enable this approéch to work. An apprépriate strengthening
of the induction hypothesis is given by the notion of stability (cf [FLO83]). Before we can
define stability, we need a more general notion of rewriting for FP’, which we denote - .
(We also use -+, in Section 7.)

Definition 14.1. The rewrite rules for -, consist of all the rewrite rules for -, together
with:

x =+ Q(p(x))

X =, P, (x)

Note that -, rewriting is in general unsound. But we do have
Lemma 14.2. If x’ -} y', then y.'(y') <1 p.'(x') and 1(y') < 7(x').

Proof. Straightforward. But again note that since al,: < x1,%x2 > = al,:P,(<x1,x2 >), the
special cases of the definition of 7 are essential here to show that type decreases. [J

Of course, we define essentially strongly normalizable with respect to -, in the obvious way:
every -, reduction sequence has only finitely many FP-style rules. We will show that every
FP' expression is e.s.n. w.r.t. -,. Since -, rewriting generalizes -, rewriting, it will
immediately follow that every FP’ expression is e.s.n. w.r.t. -»,.

Definition 14.3. An FP’ expression y is a component of an FP’' expression x iff there is a
well-typed FP’ expression z such that x -1 z and z has one the forms al;: <t,y>, al;: <y, t>,
ar;: <y,t>, ar;: <t,y >, or <...y,... >.

Note that if y is a component of x then either 7(y) < 7(x) or 7(y) =7(x) and g'(y) is a
sequence of shorter length than g’(x). (This would not necessarily be true if we did not
restrict our attention to well-typed expressions. For example, without this restriction, < <a > >
would be a component of al:<a,<<a>>>, although its type is greater than that of
alh: <a,< <a>>>.) This motivates the following definition.

Definition 14.4. The weight of an FP’ expression x, written wi(x), is <7(x),In(#'(x)) >, where
In(«<xq, ..., xg>) = k, In(«<xq, .0y X, * , X 41, ..., Xk >) =k, and In(x) =0 if x is not a sequence item.

We remark that since D has only finite sequences, we can do induction on weight, a fact
which will be very useful in some of our proofs.

We are now ready to define stability. The precise definition is by induction on wr(x),
where weights are well-ordered by the obvious lexicographic ordering.
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Definition 14.5. An FP’ expression x is stable iff it is e.s.n. w.r.t. -, and

1. If y’(x) is a sequence item, then every component of x is stable, and
2. If 4/(x) is a function item, then x':y is stable for all x’,y such that x -} x’, y is stable,
and x":y is well-typed.

Note that stability is well-defined, since by the remarks above, a component of x has
lower weight than x, while if x -} x" and xzy is well-typed, then 7(x") < 7(x), 7(y) < 7(x")
and r(x":y) < 7(x’), hence the same inequalities hold with 7 replaced by wer. It is also worth
noting that the way we have defined stability guarantees

Lemma 14.6. If x is stable and x =}y, then y is stable.
Proof. Immediate from the definitions. [J

We remark that we defined stability as we did in order to make Lemma 14.6 easy to
prove. We will make crucial use of this property in the sequel.

Proposition 14.7. Every FP' expression is stable.

Proof. The proof depends on the following five claims:

1. If x is an atom or of the form Q(y), then x is stable.

2. If xy,..,x, are stable, 'then <X1,.,Xp> is stable and, if n>1, so is
<X1yeeesXjy *(Z1y eey ZE) Xip 15e--sXp > for all FP expréssions 71, ...,Zx (see Lemma 14.9 below).

3. If x is stable, then so is P,,(x) (see Lemma 14.10 below).

4. If y and z are stable, then so is y:z (see Lemma 14.13 below).

5. Every primitive function symbol is stable (see Lemma 14.15 below).

Using the claims, we can show by an easy induction on structure that every FP’ expression
is stable. The first claim is trivial. In order to prove the second claim, we need a preliminary
lemma. We write Q(x) as an abbreviation for an expression of the form P, (Pp,...(Pp, (x))...),
k2>0.

Lemma 14.8. If <X1,...,Xp, > =} ¥, theny is of the form Q(<Y1,...,¥n >), wherex; =}y, i=1,...,n

Proof. Straightforward. [

Lemma 14.9. If xi,..,X, are stable, then <X1i,..,X,> is stable and, if n2>21, so is

<X 1yeesXjy *(Z1y oes Zk) X4 15e--0Xp > foOr all FP expressions zy, ..., 2.

Proof. We show <xi,...,x, > is stable; the other case is similar. Since x;, i=1,...,n, are all
stable and hence e.s.n., it is easy to see using Lemma 14.8 that the sequence must be e.s.n.
too. Moreover, if y is a component of <xi,...,x, >, then it is easy to see that x; =}y for
some i. Since x; is stable, from Lemma 14.6 it follows that y is stable. [J

Lemma 14.10. If x is stable, then so is P, (x).

Proof. Immediate from Lemma 14.6, since x -+, P, (x). (We remark that we defined -,
reduction precisely to facilitate this proof.) []
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Before we can prove that stability is closed under application, we again need a preliminary
technical lemma.

Lemma 14.11. If xg =+ X1 >p X3 =+ ..., where Xog =Yy:z, then at least one of the following cases
must hold

1. for all k, xi is of the form Q(yx:zy), where y =} yr, z =} 7,

2: for some k, xj = Q(p(xx_1)) and for all j <k, X; is of the form Q(yj:z;), wherey =} y; z +} z;
3. for some k, xy is a well-typed expression of the form Q(yy:zy), where y =% yx, z =} 2.
If W' (x0) = L, then one of the first two cases holds.

Proof. If case 1 does not hold, consider the least k for which x; is not of the form Q(yg:z),
where y -} yx, z =} z;. Clearly we must have £ >0. By considering all the ways we could
have xz_1 =+ Xy, it is easy to see that either (a) x; is of the form Q(p(xx_1)), so we are in
case 2, (b) xg—1 is of the form Q(Pp,(yx—1):zx—1) where y =} Py, (yx—-1), z =} zx_1, and xi is
of the form Q(P,_1(Yx-1:2k—1)), or (c) xx_1 is of the form Q(yx_1:zx—1) and x; is of the
form Q(x)), where yx_1:zx—1 =5 X% is an instance of an FP-style rule. In both case (b) and
(c), we must be in case 3, because the P-rule of case (b) and the FP-style rule of case (c)
can only be applied if x;_; is well-typed. [J °

Lemma 14.12. If 'y and z are both stable, y:z -}, x, and x is well-typed, then x is stable.

Proof. If u'(y) is not a function item, then p'(y:z) = L. From Lemma 14.11 and the fact
that both y and z are e.s.n. w.r.t. -, (since they are stable), it is easy to see that in this
case y:z is e.s.n. w.r.t. -5 and hence stable. Since y:z -} x, by Lemma 14.6, x must also be
stable.

If u'(y) is a function item, suppose xg - ... =5 X,;, Where xo = y:z and x,,, = x. By Lemma
14.11 and the fact that x is well-typed, there must be some k < m such that x; is well-typed
and either of the form Q(p(xx)) or Q(yx:zx), where y =} yx, z =} z;. In the first case xi is
clearly stable. In the second case, by Lemma 14.6, both y; and z; are stable. Since y:zy is
well-typed, it follows from the definition of stability that y;:z; is stable. By Lemma 14.10,
any expression of the form Q(yg:zx) is also stable, hence x; is stable. Finally, by Lemma
14.6 it follows that x must be stable as well. [J

Lemma 14.13. Ify and z are stable, then so is y:z.

Proof. We first show that y:z is e.s.n. w.r.t. =, . Consider any infinite sequence of reductions
XQ *p X1 =>p ... With xg=y:z. We want to show that there can be at most finitely many
FP-style rules in this sequence. If we are in case (1) or (2) of Lemma 14.11, this is clearly
true, since both y and z are e.s.n. w.r.t. -,. If we are in case (3), then for for some k, xi
is a well-typed FP’ expression of the form Q(yk:zx), where y =} yx, z =} zx. In this case, by
Lemma 14.12 it follows that x; is stable and hence e.s.n. w.r.t. -, . Thus it again follows
that there are only finitely many FP-style rewrite rules in this sequence.
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Now suppose that pu'(y:z) is a sequence item and y’ is a component of y:z. Then there
must be a well-typed FP’ expression x such that y:z -} x and x has one the forms al;: < t,y’ >,
ali: <y, t>, arj: <y, t>,ar;: <,y >, or <...,y,... >. By Lemma 14.12, it follows that x must
be stable. But y’ is also a component of x and hence must also be stable. Thus it follows
that y:z is stable. '

Finally, if u'(y:z) is a function item, suppose that y:z -} x, 7' is stable, and x:2’ is a
well-typed expression. Since x:z’ is well-typed, then in particular x must be well-typed, and
so by Lemma 14.12, x must be stable. Since x:z’ -} x:z/, by another application of Lemma
14.12, it follows that x:z’ is stable. Thus, by the definition of stability, it follows that y:z
is stable. [J

Before we can prove that all primitive function symbols are stable, we need another
preliminary technical lemma, somewhat analogous to Lemma 14.11.

Lemma 14.14. Suppose xg =+p X1 =*>p ..., where Xg is of the form Q.,(...Q1(Qo(fn):y1):..2¥m),
m 2 1, and f is a primitive function symbol. Then one of the following four situations holds:

1. for all k, xy is of the form Qp,(...Q1(Q0(f):Y )i 3¥m), Where n' <n, y =3 ¥h h=1,....,m,
2. for some k and i, xi is of the form Qpp(...Ql11(R(p(fr72y1:-2¥)):¥ix 1)z Yim), Where y, =1 Yh

instance of an FP-style rewrite rule,

4. f=XK,comp, or cons, m > 2, and for some k, Xy is of the form Qu,(...Q5(fp2y1:¥2):...2¥ ) and

froy1:y2 - » Z is an instance of an FP-style rewrite rule.

Proof. The proof is similar in spirit to that of Lemma 14.11. If case 1 does not hold,
consider the least & for which x; is not of the appropriate form. Clearly we must have & > 0.

By considering all the ways we could have x;_1 =5 Xg, it is easy to see that one of cases 2,
3, or 4 must hold. [J

Lemma 14.15. Every primitive function symbol is stable.

Proof. We prove this by a case-by-case analysis of each primitive function symbol. For-
tunately, the proof in most of the cases is similar.

We first show that al, is stable for all n. Clearly no FP-style rewrite rules apply to al,.
Since g'(al,) is a function item, it suffices to show that x:y is stable for all x, y such that
al, =} x, 7(y) < 7(x), and y is stable. By Lemma 14.6, it actﬁally suffices to show that al,:y
is stable for all stable y such that 7(y) < n.

Suppose we fix y such that 7(y) <n and y is stable. We first show al,:y is e.s.n. w.r.t.
-+, . Let yo -3 y1-+p ..., where ygo=al,:y. We now apply Lemma 14.14. If we are in case
(1) or case (2), then clearly there are only finitely many FP-style rules in this sequence since
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y is e.s.n. If we are in case (3), then y; must be of the form Q(al,: <z,<z1,...,2, > >) or
Qlaly: < z,2(<21,e00Zs >) D), where Y=+ <2, <2100y Zy D> D (resp.
y +} <z,<z1,....Z, >) >) and ygq is of the form <z,zy,...,z,, > (resp. <z,*(z1,...,2,) >).
In the former case, since y is stable, so are z,zy,...,z,, (since they are components of y or
components of components of y) and hence, by Lemma 14.9, so is <z,z1,...,z, >. Similarly
we can show that <z,*(zy,...,z,,) > is stable in the latter case. Thus y;, is stable and e.s.n.
w.r.t. =5 . So in this case too there can be only finitely many FP-style rewrite rules in the
reduction sequence.

All that remains to show is that if u’(al,:y) is a sequence item (it clearly cannot be a
function item, although it may be L), then all the components of al,:y are stable. By another
application of Lemma 14.14, it is easy to see that every component of al,:y must also be a
component of y or a component of a component of y. Since y is stable, all the components
are stable. Thus al,:y is stable.

A similar proof shows that ar, is stable for all n.

The proof that tl, is stable for all n is very similar to that for al,, but there are a few
added subtleties which we point out here. It suffices to show that tl,:y is stable if y is stable
and 7(y) <n. We do this by induction on we(y). We first show that tl,:y is e.s.n. w.r.t. =5
So suppose that yg -+ y1 =5 ..., where yo = tl,:y. The argument is straightforward if case (1)
or case (2) of Lemma 14.14 applies, so assume that case (3) applies. As in the case of al,,
we show that y1 is stable. This is done by considering in turn all the possible tl rules that
could apply to rewrite y; to yx4+31. The only difficulty comes in the case that yi is of the
form Q(tl ':(ar,,l:<ar,,,~,:<zl,zz>,13 >)), where n’ < n. In this case, Yik+1 is of the form
Q(ary,: < tly:(ary,: < 21,22 >),23 >). Now z1,23,z3 must all be stable, since they are compohents
of y or components of components of y, and y is stable. We have already shown that stability
is closed under sequence formation and application, and that ar, is stable for all m, hence in
particular ar,,: <z1,2z2 > is stable. Note that wi(ar,,: < 21,22 >) < wi(y), so by the induction
hypothesis we get that tl,:(arp,: < 21,22 >) is stable. Using Lemma 14.9, Lemma 14.10, and
the fact that z3 and ar,, are stable, it easily follows that y;,; is stable, as desired. Thus
there are only finitely many FP-style rewrite rules in this sequence.

It only remains to show that if u’(tl,:y) is a sequence item (it cannot be a function item),
then all its components are stable. This follows by another application of Lemma 14.14.
For example, if tl,:y -} <zi,...,%, >, then by the same arguments as used above, we can
show that each z; must be stable. Similar techniques work for all the other cases.

Of course, the proof that tr, is stable for all n proceeds along the same lines as that of tl,.

Finally, we show cond, is stable for all n. Indeed, we will show that if yj,y2,...,ym are

on 7(x). We only sketch the details here, since the ideas are so similar to the previous proofs
we have discussed.
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The proof that x is e.s.n w.r.t. -+, uses Lemma 14.14 in the same way as all the previous
proofs. Similarly, if u'(x) is a sequence item, we can show that all components are stable.
Finally, if p'(x) is a function item, we must show that if x =} x/, y is stable, and x":y is
well-typed, then x:y is stable. Using Lemma 14.14 in the same way as in previous arguments,
we can either show that x’ is stable, so that from Lemma 14.13 x”:y is stable, or show that
x':y is of the same form as x except of lower type, so by the induction hypothesis it is stable.

The proof that f, is stable for all other primitive function symbols f proceeds along the
same lines as that for cond,; in the case of first,, last,, and cons,, we need to proceed by
induction on 7(x) with a subinduction on wr(y1), much like that in the proof for tl,. We
remark that we need the wr function exactly for those primitive functions f that have rewrite
rules in which f:x (or f:x:y in the case of cons) rewrites to an expression that also contains
f. O

We can now use a straightforward induction on structure to show that all FP’ expressions
are stable. Since stability implies e.s.n. w.r.t. -5, which in turn implies e.s.n. (w.rt. =),
this completes the proof of Theorem 5.11. [J

15. Appendix G: Modified Leftmost is O-safe

In this appendix we show that the modified leftmost strategy is O-safe. We want to show
that if p(x) is an observable item, then for some n, ML(x,n) = u(x)’. By Corollary 4.4, it
suffices to show that ML reduces x to normal form. Since u(x) is observable, we can find
a well-formed FP’ expression x’ such that p(xp) =x and p'(xp) = u(x). Consider a tracking
sequence (see Definition 6.7) x(,x},X5, ... for x under the ML rewrite strategy. As noted, it
suffices to show that p(x},) is in normal form for some n. For this, it suffices to show that
Xj >4 X} 41 uses an FP-style rule (as opposed to using a bottom rule) whenever p(x}) is not
in normal form. For then we have that either p(x}) is in normal form for some # or else
the tracking sequence has an infinite number of FP-style rules, contradicting Theorem 5.11.
Since ML is history independent, it suffices to show the result for the first step, namely that
x( =4 x] uses an FP-style rule whenever p(x{) is not in normal form and ML(p(xp), 1) = p(x7),
provided u'(x{) is observable. We will find it more convenient to prove the contrapositive,
namely that if x{ -, x} using a bottom rule, then pu’(x() is not observable. Before checking
this, we need a bit of notation. Let x™ be the FP expression obtained from the FP expression
x by replacing the ML redex (if one exists) by a:b where a and b are atoms. (There is
nothing special about the choice of a:b; any expression whose meaning is L would do.)

Lemma 15.1. If xg-,X) by the use of a bottom rule and p(x}) = ML(p(x(),1), then

' (x0) <7 1 (p(xHN™).

Proof. This is easily proved by induction on the structure of xg. For example, assume that
x¢ has the form y:z’. Then y’:z’ is not the redex for the -, rule used to rewrite x{ to x}
since we are assuming that a bottom rule was used. Therefore, the -, redex must be entirely
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contained inside of either y’ or z'. Say, for example, that the redex is entirely contained in
y. Then we get u'(x0) ='(y'') =p'(y) : /(@) <1 (0™ - 1lp(2')) = (oY) ™:0(2))
=u( (p():p@N™) =p(((y'ZN™) =p( (GN™). O

We next want to show that if x is an FP expression not in normal form, then p(x”'l) is
not observable. Once we show this, it follows from Lemma 15.1 that no bottom rule could
have been used in a tracking sequence for (ML,x) if u(x) is observable. Coupled with the
previous observation, this says that for some n, it must be the case that ML(x,n) is in normal
form. Thus the fact that ML is O-safe follows from part 3 of the following lemma (parts
1 and 2 are necessary only as induction hypotheses).

Lemma 15.2. If x is not in normal form, then

1 If p(xml) is a sequence item, then X has one of the forms al: <x1,X3 >, ar:<Xx1,X2>, or
<X1,-eXg S5 if w(xX™) is of definite length, then in fact X is of the form X1y eoesXf D

2. If p.(x"”) is a function item, then x has the form f:y, where f is comp, cons, or K.

3. p.(x’"l) is not observable.

Proof. We proceed by induction on the structure of x. If x is either an atom or a primitive
function symbol, then it is in normal form, and hence the result is vacuously true. If x is

of the form <xi,...,x,>, then part 1 is trivial, part 2 is vacuous, and part 3 follows
immediately from the induction hypothesis.

Finally, we consider the case that x is of the form y:z. First note that if p.(x"") = 1, then
parts 1 and 2 are vacuous and part 3 is trivial. If x is a redex or p.(y"”) is not a function
item, then p(x’"l) = 1, so without loss of generality we can assume that neither of these is
the case. Consider the case that y is not in normal form. By definition, ML(y:z,1) = ML(y, 1):z
and x™ = y’”I:z. Since we assume that p(y”") is a function item, by the induction hypothesis
y must have the form f:w where f is comp, cons, or K, and y"" =fw™ If f= K, then x is a
redex, contradicting our assumption. Similarly, if f = comp, p(w’”’) must have length 2
(otherwise p(x”‘l) = L), which means that w = < w1, wp > by the induction hypothesis. In this
case, once again, x is itself a redex. A similar argument holds if f = cons. So y must be in
normal form. By Theorem 4.3, it follows that y must in fact be a primitive function symbol
f or of the form f:w, where f is comp, cons, or K. A similar argument to that above shows
that it cannot be in the latter form, so we are down to considering the case where y is a
primitive function symbol.

First suppose y is al. By the induction hypothesis z must be of the form <zj,zp >
(otherwise p(x’"’) = 1). All three parts easily follow if we show that p(x’"’) does not have
definite length. Notice that z, does not have the form <...> (otherwise x is a redex). If zy
is in normal form, then u(z;) cannot have definite length by Theorem 4.3 and thus
p(x™) = p(al: <%,z >) does not have definite length. If z, is not in normal form, then
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1(28") cannot have definite length by the induction hypothesis and thus u(x™) = p(al: < z1, 23" >)
cannot have definite length either.

A similar proof works in the case that y = ar; we omit details here (although it is interesting
to note that we do not need a special clause in the definition of ML for ar, since in this case
we have to work on z; rather than z,).

To complete the proof, it suffices to show that if y is not al or ar, then it is one of K,
cons, or comp. The idea is to show that if y is some other primitive function, then either x
is a redex or u(x”") = L, both of which are contradictions. We check only the cases cond
and tl and leave the other cases to the reader.

In the case of y = cond, ,u(z’"’) must be a sequence of length 3 whose first component is
T or F, or else y.'(x’"’) = 1. So, by the induction hypothesis, we may assume that
z=<121,23,23 >. If z1 is in normal form, then by Theorem 4.3, z; must either be T or F (in
which case x is itself a redex). If z; is not in normal form, then p.(z’f’l) is not observable (by
the induction hypothesis), which implies that y(x’"’) = 1. So y # cond.

Now suppose that y=tl. We may assume that p.(z"") is a sequence item (otherwise
p(x™) = 1). p(z™) does not have definite length (otherwise x would be a redex by the
induction hypothesis). Thus, by the the induction hypothesis, z must have one of the forms
al: <z1,zp > or ar: < z1,z3 >. Since they are similar, we consider only the al case. z, cannot
have the form <...> (otherwise p(z"") has definite length). z; cannot have one of the forms
al: <z3,2z4> or ar:<z3,z4> (otherwise x is a redex). If zp is in normal form, then by
Theorem 4.3 u(zp) is not a sequence item and hence p(x)= 1; thus, y.(x"") = 41 which is a
contradiction. If z; is not in normal form, then by the induction hypothesis, g(z8%) is not a
sequence item and hence p(x’”’) = 1 which is also a contradiction. Thus, y # tl.

Similar proofs work in all other cases. []

16. Appendix H: Characterizing S-safety

Recall that we are trying to show that (1) R is S-safe for x iff (2) every tracking sequence
for (R,x) reaches e.n.f. We first show that (1) implies (2).

Definition 16.1. A rewrite strategy R is steady with respect to a well-formed FP’ expression
x iff R is S-safe for p(x’) and there exists a tracking sequence for (R, p(x’)) starting with
x" in which no FP-style rewrite rules are used.

Lemma 16.2. If x' is a well-formed FP' expression and R is a rewrite strategv that is steady with
respect to x', then X' is in essential normal form.

Proof. Suppose x’ is well-formed and R is steady w.r.t x’. We first show that if u'(x") # 1,
then x = p(x’) must be transparent. For suppose not. Then, since R is S-safe for x, there
must be some n >0 such that R(x,n) is transparent and R(x,n’) is not transparent for n’ < n.
Let xg,x],... be any tracking sequence for (R,x) with x' =x3. We claim there must be an
FP-style rewrite rule applied in reducing xj_1 =34 X. Since p(x,_1) # p(x},), either a bottom
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rule or an FP-style rule must be applied. If it is a bottom rule, then we leave it to the reader
to check that we must have p'(x,-1) = L. But this contradicts the assumption that p'(x’) # L.
Thus every tracking sequence for (R,x) starting with x’ has an occurrence of at least one
FP-style rule. But this contradicts the assumption that R is steady for x’.

The lemma now follows by induction on the structure of x/, using thé observation above.
If x’ is an atom or a primitive function or of the form Q(x), then it is clearly in e.n.f. If x’
is of the form <yj,....ym> and no y; has the form *(...), let R} be the strategy defined on
p(yD), i=1,...,m, by taking R}(p(y}),n) to be the i'" component of R(x,n). It is easy to see
that R; is steady for yj, so by the inductive hypothesis, y; is in e.n.f. Hence x' = <y},...,ym >
is in e.n.f. as well. A similar proof works if one of the y; has the form *(...). If x’ is of the
form y":z’ or P,,(y:z") (the only remaining cases, since x’ is well formed), then we proceed
by cases on the form of yu'(x’). Since x’ does not have the form Q(x) and x’ is well-formed,
we have that p'(x')s L. Thus, by the observation above, we know that p(x’) must be
transparent. This means that p(x) must be of the form al: <z,y > or ar: <y,z >, where u(y)
is not of definite length, or of the form f:y, where f is one of comp, cons, or K. We consider
only the case that p(x') is of the form comp:y since all the other cases are similar. In this
case x’ is of the form compy:y’ or P,,(compg:y’). Let R’ be the rewrite strategy defined on
y via R'(y,n) =z if R(x,n) =comp:z. It is easy to see that R’ is well defined and that R’ is
steady for y’. By the induction hypothesis, y’ is in e.n.f., hence so is x. [J

Now, to prove that (1) implies (2), suppose that R is S-safe for x, and let x{,x],... be a
tracking sequence for (R,x). Since FP’ is essentially strongly normalizable (Theorem 5.11),
there exists some n such that no FP-style reductions are performed in reducing x} -5 Xk41
for k > n. Define the rewrite strategy R’ on x, = R(x,n) by taking R'(x,,n") = R(x,n + n').
Since R is S-safe for x, it is easy to see that R’ is S-safe for x, and moreover that x};,X};1,...
is a tracking sequence for (R, x,) in which no FP-style rewrite rules are used. Thus R’ is
steady for x,. By Lemma 16.2, x, is in e.n.f. Since the tracking sequence x{,x1],... was
chosen arbitrarily, it follows that every tracking sequence for (R, x) reaches e.n.f.

To prove that (2) implies (1), we again need some preliminary definitions and lemmas.
As motivation, we will very briefly sketch part of the proof. Assume we are trying to show
that R rewrites x to a 1-transparent expression. We pick an FP’ expression x’ with p(x") =x
such that p/(x’) # L. By (2), we know that the tracking sequence starting with x’ must reach
e.s.n. When it does, the corresponding FP expression will be transparent by Proposition 5.13.
Having gotten a 1-transparent expression, we then want to rewrite it to a 2-transparent
expression. For example, suppose that x +* < x1,...,X,>. We would like to continue induc-
tively with each of the x;. Unfortunately, in the tracking sequence the FP’ expression that
corresponds to xj might be of the form §£(x1), which means that we cannot apply the
induction hypothesis. The solution is to choose the subscripts for the FP’ expression x{ that
starts the tracking sequence to be so big that even after fewriting xo to a transparent
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expression x’, the subscripts are still big enough so that no “relevant” subexpression of x’
has meaning L. To do this, we need an upper bound on how much a subscript can be reduced
during the rewriting process. We do this by finding a bound on the number of rewriting

steps and a bound on the amount that each rewrite rule can lower subscripts and then
multiplying those two bounds.

Lemma 16.3. If x’ is well-formed and x" »,y', then 1y'| <5|p(y) 1.

Proof. Let z’ be an arbitrary FP’ expression. We define Plen(z’) to be the maximum i such
that z’ has a subexpression of the form Pm("'Pni(zb))' It is easy to prove by induction on
the structure of p(z’) that |z'| < (2 + Plen(z')) x | p(z')|. Note that we need the constant
2 to handle the case where z’ =Q(z), so that we have |z'| =1+ |z| €2|z|. Thus to
complete the proof it suffices to show that Plen(y’) < 3.

Since x’ is well-formed, the only possible rules that could apply are bottom rules and FP
style rules. If x’ -, y’ by a bottom rule, then y’ is well-formed and hence Plen(y’) < 1. If
x" +, ¥’ by an FP-style rule, then Plen(x’) <1 since x’ is well-formed. There are two ways
that Plen can grow, one by the FP-style rule introducing a P and the other by the FP-style
rule taking away some structure and thereby allowing two P’s to come together. The first
occurs only in the K rule (K,,:x):y = P, _>(x). The second occurs only when the redex
involves a K or id; a case analysis shows that in all such cases we have Plen(y’) <3. [

Definition 16.4. Given an FP’ expression x’, let min(x’) (resp. max(x’)) be the least (resp.
greatest) subscript that appears in x’. If no subscripts occur in x/, then we take min(x’) =«
and max(x’) = 0. For example, if x’ = Pp(comp7: < Ks5,a >), then min(x’) = 2 and max(x’) =7.

Lemma 16.5. If x' is an FP' expression such that p'(x") is a function item, then
min(x’) —C(x) € (x") < max(x’), where C(x) is the number of colons (:) that appear in p(x).

Proof. By a straightforward induction on the structure of x’. ]

Remark: This lemma does not necessarily hold for expressions whose meanings are not
function items; for example, 7(<a >) =1 while max(<a>) =0.

Lemma 16.6. If x| =2 xb using only P-rules and lowering rules, then min(x5) > min(x}) — 8! x|

Proof. By Proposition 5.7, we know at most 4 Ixt] p.rules and lowering rules can be applied
in rewriting x] to x5. Each application of a P-rule can reduce the minimal subscript by at
most 1, while the rule x’ -, O(p(x)) cannot lower the minimal subscript. By Lemma 16.5,
for every application of the lowering rule x”":y' -»,x":P,_1(y)) we must have
m = 7(x") > min(x’) — C(x"), so it is easy to see that an application of this rule can lower the
minimal  subscript by at most C(x')+1<C(x"y). Hence, min(x5) >
min(x}) — (1 + €4 X! > min(x)) — @!*11a1x11y = min(x}) — 8!%1! as desired. O

In general, we want to prevent an FP’ expression from assuming the form £(x) whenever
possible, since our induction hypothesis will not hold in this case. It is impossible to prevent
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x = Q(p(x)) if u(p(x)) = L, but fortunately, this case does not cause us any problems. This
motivates the following definition.

Definition 16.7. An FP’ expression x’ is comfortably tight iff it is star-free, and for all
subexpressions of x’ of the form Q(z), u(z) = 1. An FP/ expression x’ is sght iff it is
comfortably tight and for all subexpressions y' of x’, if x'(y) = L, then p(p(y')) = L.

Note that the lowering rule x’ -, Q(p(x')) if u'(x’) = L guarantees that a well-formed
expression is comfortably tight iff it is tight. Moreover, in a rewriting sequence such as
Pi(< < >>) =+, <Pp(< >) >+, <8(< >) >, the first expression is tight, the second ex-
pression is comfortably tight but not tight, and the third expression is not comfortably tight.
Thus, neither tight expressions nor comfortably tight expressions are closed under rewriting.
However, we do have

Lemma 16.8. If x' =,y and X' is tight, then y' is comfortably tight.

Proof. Since x’ is star-free, the only possible way for a * to appear in y’ is by applying the
FP-style rule al:<z’,Q(<zq,...,2,>) >+ <2, * (21, ... ,2,) > (or the corresponding rule for
ar) to x'. But this rule could not have applied since x’ is comfortably tight and thus does
not have subexpressions of the form £(<...>). Thus, y is star-free. And if y' has a
subexpression of the form £(z) then it must be because (1) ©(z) is a subexpression of x’, (2)
a bottom rule of the form Q(zb) -+, (z) was applied, or (3) a lowering rule of the form
7' -+, Q(z) was applied. In case (1), we must have u(z) = L since x is tight, in case (2) we
must have u(zp) = L (again, since x’ is tight) so u(z) = 1, and in case (3) we must have

¢'(z) = L, so since x is tight we must also have p(z) = L. Thus y’ is comfortably tight. [J]

Proposition 16.9. For every FP expression x and every finite d <ju(x) there exists an n such that
if X" is a comfortably tight FP' expression, p(x') = x, and min(x") > n, then d < I p’(x').

Proof. This is easily proved by induction on the structure of x in a manner similar to the
proof of part 2 of Proposition 5.3. J

Corollary 16.10. For every FP expression x there exists an n such that if p(x") = x, x’ is comfortably
tight, and min(x") > n, then x' is tight.

Proof. By induction on the structure of x, using Proposition 16.9. [J

Lemma 16.11. For every FP expression x and every n, there exists a tight, well-formed FP' expression
x’ such that p(x") = x and min(x") > n.

Proof. Let n; be the n that is guaranteed to exist for x by Corollary 16.10. Let
m = max(ny,n) + 8 Ixl et x0 be x with every primitive function symbol labelled by m. Thus,
Ix6l = Ix|. x0 is comfortably tight by construction and so tight by Corollary 16.10. We
show that if x{ - x” using only P-rules and lowering rules, then x” is tight and min(x") > n.
We proceed by induction on k, the number of P-rules and lowering rules used. For the
general case, suppose that x( -2 x” using k + 1 rules. Thus there exists y such that xg -3y
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using k rules, and y -, x”. By induction hypothesis, y is tight. By Lemma 16.8, x” is
comfortably tight. From Lemma 16.6, it follows that min(x”) > max(n;,n). Thus by
Corollary 16.10 again, x” is tight. By Proposition 5.7, there is a well-formed expression z
such that xg -} z using only P-rules and lowering rules. By the argument we have just made,
z satisfies the requirements of the lemma. [J '

Lemma 16.12. For every FP reduction sequence xg = ... = Xj, and every M > 0, there exists N such
that if Xo 2% ... =5 X) is a tracking sequence for the given FP reduction sequence, X ‘is tight, and
min(xg) > N, then x| is tight and min(x})) > M for i=0, ... k.

Proof. This is easily proved by induction on k (the length of the reduction sequence) once
we have established the base case. So assume k=1 and that xg -+ x;. Let ny be the n that
is guaranteed to exist by Corollary 16.10 for x;. Take N=max(M,n) +2 + 8 a1 To see
that this works, let xg -5 x; be a tracking sequence with min(xp) > N and xq tight. There
must exist some x” such that xg -, x” using an FP-style rule or a bottom rule, and x”" - x}
using only P-rules and lowering rules. By Lemma 16.8, x” is comfortably tight. By Lemma
16.3, |x"] <51p(x")] =5|x;|. Moreover, min(x”) > max(M, n;) + 8%/ %! since the only
FP-style or bottom rule that can lower a subscript is the K rule and that can lower a subscript
by at most 2. Thus, by Corollary 16.10, x” is tight. By an argument analogous to that of
the previous lemma, we can now show that for all t, if x” -2t using only P-rules and
lowering rules, then t is tight. In particular, it follows that x} is tight. []

Lemma 16.13. There exists a function BIG such that for all positive integers n, rewrite strategies R,
and FP expressions x. BIG(n,R,X) is a positive integer with the following property: for every FP'
expression x’ such that (a) X' is well-formed and tight, (b) p(x") =x, (c) min(x") > BIG(n, R,X), and
(d) some tracking sequence for (R,x) starting with X’ reaches e.n.f., there exists m such that R(x,m)
is n-transparent. '

Proof. First we define BIG(n,R,x) =0 if u(x) = L. The result is trivially true in this case.
For the rest of the proof, we assume that p(x) # L. We define BIG by induction on » for
all R and x. For the base case, using Proposition 16.9, we take BIG(1, R, x) sufficiently large
so that if min(x) > BIG(1,R,x), then p'(x) # 1, and if p(x) is a sequence of definite length,
then so is u’'(x’). Suppose the m'™ term in some tracking sequence for (R,x) starting with

x’ is in e.n.f. If this m'® term is x},, then by Proposition 5.13, it follows that p(x},) = R(x, m)
is transparent.

Inductively, suppose we have defined BIG(i,R,x) for all R and x and i < n. We show how
to define BIG(n+ 1,R,x). Given R and x, there are two cases to consider: either for all m,
R(x,m) is not transparent, or for some m, R(x,m) is transparent. In the former case, we
take BIG(n + 1,R,x) = BIG(1, R,x). Given a tight, well-formed x’ with min(x’) > BIG(1, R, x)
and p(x’) =x, then no tracking sequence starting with x’ ever reaches e.n.f (for otherwise,
by the definition of BIG(1,R,x), there would be some m such that R(x,m) is transparent,
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contradicting our assumption), so that the result is vacuously true. In the latter case, let m
be such that R(x,m) is transparent and R(x,m’) is not transparent for m’ <m. R(x,m) is
either an atom, a primitive function symbol, or of the form <yj,....y4 >, al: <y,z >, ar: <y,z >,
or fiy, for f =K, cons, or comp. If R(x,m) is either an atom or a primitive function symbol,
then we can trivially choose BIG(n + 1,R,x) =0. Since the remaining cases are similar, we
consider only the case that R(x,m) is of the form f:y here, leaving the other cases to the reader.

Suppose R(x,m) is of the form f:y, where f is K, comp, or cons. Let R’ be a rewrite
strategy such that R’(y, k) =z if R(x,m + k) = f:z. (Note that for all k, R(x, m + k) is guar-
anteed to be of the form f:z, so R’ is indeed well defined.) By Lemma 16.12, we can find
N such that if xg is tight, min(xg) 2 N, and x{ -3 ... =4 X, is a tracking sequence for
R(x,0) -*..+*R(x,m), then xj, is tight and min(x},) > BIG(n,R’,y). Take
BIG(n + 1,R,x) = max(N, BIG(1,R,x)). To see that this choice works, suppose x’ is such
that p(x") =x, x’ is tight and well-formed, min(x) > BIG(n + 1,R,x), and some tracking
sequence for x reaches e.n.f. The sequence must reach e.n.f. at some term m’ > m, for if
m’ < m, the argument in the first paragraph of this proof shows that R(x, m') is transparent,
contradicting the choice of m. It is easy to see that the m'™® term in the tracking sequence
must be of the form fi7:y’ or P;(fi":y’), where y' is tight , well-formed, and min(y’) > BIG(n,R’,y).
All the terms after the m'® term in the tracking sequence starting with x” must be of the
form fy::z’ or Pj(fi:z’). Thus we can get a tracking sequence for y starting with y’ that
reaches e.n.f. By the inductive hypothesis, there exists an m” such that R'(y,m") is n-trans-
parent. Thus R(x,m + m") is (n + 1)-transparent. This completes the inductive step of our
proof. [J

The proof that (2) implies (1) is now straightforward. Suppose every tracking sequence
for (R,x) reaches e.n.f. Given n, we can choose (by Lemma 16.11) x’ tight and well-formed
such that p(x) = x and min(x’) > BIG(n, R,x). By Lemma 6.8, there is some tracking sequence
for (R,x) starting with x’. By assumption, that tracking sequence reaches e.n.f. Then by
Lemma 16.13, R(x,m) is n-transparent for some m. Thus R is S-safe for x.

17. Appendix I: Characterizing L-safety

Recall that we are trying to show that (1) R is L-safe for x iff (2) for all d € Fin with
d <y u(x), there exists a - tracking sequence X0,X], ... for (R,x) such that for some n, x;,
isin e.n.f. and d <; g (x:,). In order to show that (1) implies (2), we need a preliminary lemma.

Lemma 17.1. If y' is a well-formed star-free FP' expression such that p(y') = R(x,n), then there

exists a =} tracking sequence X0, x'l, ... for (R,X) with x;, =y.

Proof. Let z’ and z”’ be FP’ expressions. We show by induction on the structure of z’ that
if max(z') < min(z""), p(z’) = p(z'"), 2" is tight (see Definition 16.7), and z’ is well-formed and
star-free, then z”/ »} 2z’ using only P-rules and lowering rules. The only non-trivial case is if
7’ is of the form z}:z5 while z” is of the form P, (z']:2z’5). From the induction hypothesis,

62




it follows that z'} =} z}, for i=1,2, so we also have z"’ =} P,,(z'). Since z’ is well-formed,
we know that p(z]) must be a function item (otherwise u(z’) would be L, so that z’ would
be of the form (z)). Now by Lemma 16.5, it follows that
7(z}) < max(z}]) < max(z’) < min(z”) <m. Thus 7(z') <m—1<m, and hence P, (z") -, 7.

Thus z” -3 P,,(z') -, 2’ using only P-rules and lowering rules as desired.

By Lemma 16.12 and Lemma 16.11, we can find a (=) tracking sequence xg, ..., X;;—1,X'p
for the FP reduction sequence R(x,0),...,R(x,n) with x';, well-formed, tight, and
min(x”’) > max(y’). Take x,,=y. Thus, by the result in the first paragraph, xp,...,X) is a
-, tracking sequence for R(x,0),...,R(x,n). By Lemma 6.8, this -, tracking sequence can
be extended past n. It is interesting to note that the only -+, reductions (that are not also
-, reductions) were the ones used in rewriting x', to y’. [J '

We can now show that (1) implies (2) in our characterization of L-safety. Suppose R is
L-safe for x, de Fin, and d <;pu(x). Since R is L-safe for x, there exists n such that
d <ju,(R(x,n)). By part 4 of Lemma 7.1, there exists a star-free expression y’ in e.n.f. such
that p(y") = R(x,n) and d <;p'(y"). (2) easily follows from Lemma 17.1.

In order to show that (2) implies (1), assume (2) holds and we are given d e Fin with
d <ju(x). We want to show that for some n, we have d <jpu,.(R(x,n)). By assumption, we
can find a -, tracking sequence x{,x},... for (R,x) such that for some n, x}, is in e.n.f. and
d<;p'(x;). By part 3 of Lemma 7.1, we have that d <;u'(x}) <;u,(R(x,n)) which proves
the result. [J

This characterization of L-safety was in terms in -, tracking sequences. Does a similar
characterization hold if we use -, tracking sequences instead? As the following example
shows, the answer is no!

Example 17.2. Let x = cons: < id:id, id:id >, y = cons: <id,id:id >, z = cons: <id:id,id >,
w( = cons: < comp: < comp, cons: < K:first,id > > , comp: < comp, cons: < K:last,id > > > : x,
w1 = < comp: < first,x > , comp: < last,x > >, and
wy = < comp: < first,y > , comp: <last,z> >. It is easy to check that wg =*w; =*wy. Thus
there exists a rewriting strategy R such that for some appropriately chosen m; and mp, we
have R(wg, m;) = wy and R(wqg, mp) = wy. We further assume that R(wg,m) =wy for m > mj.
It is easy to see that R is L-safe for wg. Moreover, if we take d = «{a = a],[a -+ a]», then
d e Fin and d <;u(w,). We now sketch a proof of the fact that if wf,w],... is a -, tracking
sequence for (R, wg) and if, for some n, w), is in e.n.f., then it is not the case that d <; u'(w}).

So suppose we have such a tracking sequence for (R,wg) and w), is in e.n.f. Assume the
subexpression corresponding to x in wp has the form Py, (cons,y: < Py, (idp,cid,,), Prg(id,,sid,,) >),
where we take the convention that the subscripts on P’ range from 0 to =, and Pp(t) is an
abbreviation for Q(p(t)), P,,(t) is an abbreviation for P,,(t) for 1 < m <o, and P,(t) is an
abbreviation for t. Let y’ and z’ be the subexpressions of w), that correspond to y and z
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respectively. Since there is no way for any of the subscripts ny,...,ng to change during the
rewriting process, it is straightforward to <check that y has the form
P, (cons,,: < idmin(y n5) Prg(idn cid,,) >) for some mj < ny.  Similarly, 2/ has the form
P}, (cons,: < Pp,(id,,2id,,), idmin(ngng) >) fOr some kq < nj. We leave it to the reader to check
that p'(wh) = «dj,, id;» for some j; < min(my, np, n3, 4, ns) and some j, < min(ky, ny, ng, n7, ng).
If dslp.'(w;,), then we must have that 1<j; and 1< 4. Thus, 1 <n for i=1,...,8, from
which it follows that w;, could not be in e.n.f., contradicting our initial assumption. (Of
course, we could get it to e.n.f. by applying unsound -, rules such as P;,G(idm:id,,s) -5 O(id:id).)

18. Appendix J: LL-completeness and LL-safety

In this section we define a semantic meaning function g, that is just like g, except that
it maps potential redexes to L, rather than just redexes. We then discuss analogues to
limiting completeness and L-safety called LL-completeness and LL-safety. Since the details
are very similar to those for u,, we just sketch them here.

We define p, by induction on structure as follows:
ppr(x) = p(x) if x is an atom or primitive function symbol
yp,.(<x1, Xy D) = pp(X1), o, fpr (Xp)>

pp,(x):pp,(y) if x:y is not a potential redex

pr (x2y) = {L

if x:y is a potential redex.

Not surprisingly, p,, has many of the same properties as g,. It does, however, have the
additional property that if x ="y then u, (x) <y, (y). The following proposition describes
the relationship between g, and gp. In particular, part 3 says that the value given by g is
in some sense the “lower limit” of the values given by u,.

Proposition 18.1.

1 ppr(x) <5 p(x).

2. Vx3y(x »*y and p,(x) = 1. (y)).
3. ppr(x)= min {u(y) |x ="y}

Proof. Part 1 is immediate from the definitions. Part 2 follows easily by induction on the
structure of x. Part 3 follows from parts 1 and 2. J

Using p,r, we can now define our last notion of having “enough” rules:

Definition 18.2. A set of rewrite rules is LL-complete iff for all FP expressions x and all
d € Fin such that d <;p(x) there is an FP expression y such that x =*y and d <jp,(y). R
is LL-safe for x iff for all d € Fin such that d <y u(x), there exists n such that d <y p, (R(x, n)).
R is LL-safe iff it is LL-safe for all FP expressions x.

By part 2 of Proposition 18.1 and Theorem 7.4 it follows that FP has the LL-completeness
property. By part 1 of Proposition 18.1, it follows that if R is LL-safe for x then it is also
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L-safe for x, and so LL-safety implies L-safety. To see that the converse does not hold, let
x = comp: < first, cons:(al: < K:a,id: <> >) >. It is easy to check that p,.(x) = u(x) = p(K:a),
while p,(x)= L. So if R is a strategy that does nothing on x (i.e., R(x,n) =x for all n),
then R is L-safe for x but not LL-safe for x.

We would also like to show that S-safety implies LL-safety. To do -this, we first give a
characterization of LL-safety in terms of FP’ tracking sequences. To understand the intuition
behind this definition, recall that in Lemma 7.1 we showed that if x’ is in e.n.f., then
¢’ (x") <5 p-(p(x")). Itis not not necessarily the case that if x’ is in e.n.f. then p'(x") <7 ppr (p(x")).
For a counterexample, consider x’ =aly: <a,Q(id: <a>)>. It is easy to see that x’ is in
enf., p'(x') =<a,*>, and g, (p(x")) = 1.

This expression x’ is exactly the same one we used to show that it is possible for an FP’
expression to be in e.n.f. and yet be rewritten to another expression which is nor in e.n.f.
We define an FP' expression to be in almost normal form (a.n.f.) if it is in e.n.f. and cannot
be rewritten (using -, rewriting) to another expression not in e.n.f. One can show that any
well-formed FP’ expression x’ in e.n.f. can be rewritten to a.n.f. using at most a finite number
of FP-style rules (indeed, the number is at most the number of occurences of al and ar). We
can now show that if x’ is an FP’ expression in a.n.f, then p'(x) <j ppr(p(x)). Using a.nf.,
we can now state our characterization for LL-safety.

Theorem 18.3. Let R be a rewrite strategy. Then the following are equivalent:

1. R is LL-safe for x.

2. For all d € Fin with d <ju(x), there exists a exists a -}, tracking sequence X0, X1, ... for (R,x)
such that for some n, x',, is in a.nf. and d <; p'(x").

Proof. Just like that for Theorem 7.7, replacing e.n.f. by a.n.f. throughout. We omit details
here. O '

It also turns out we can easily modify the proof of Theorem 6.9 to give a characterization
of S-safety in terms of a.n.f.

Theorem 18.4. Let R be a rewrite strategy. Then the following are equivalent:

1. R is S-safe for x.

2. Every tracking sequence for (R,X) reaches a.n.f.
Corollary 18.5. If R is S-safe for x then R is LL-safe for x. Thus, S-safety implies LL-safety.

We remark that Example 7.9 can also be used to show that the converse does not hold.
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