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Abstract: We consider languages whose operational semantics is given by a set of rewrite rules. For
such languages, it is important to be able to determine that there are enough rules to be able to compute
the correct meaning of all expressions, but not so many that the system of rules is inconsistent. We
develop a formal framework in which to give a precise treatment of these completeness and soundness
issues, and then investigate them in the context of an extended version of the functional programming
language FP. We show that the rewrite rules of FP are sound and complete with respect to three different
notions of completeness. In the latter half of the paper we turn our attention to rewrite strategies. In
order to implement a language based on rewrite rules, it does not suffice to know that there are “enough”
rules in the language; we also need to have a good strategy for determining the order in which to apply
them. But what is “good”? Corresponding to each of our notions of completeness there is a notion of
a good rewrite strategy. We examine and characterize these notions of goodness, and give examples of a
number of natural good strategies. Although we have confined ourselves to FP here, we believe that our
techniques (some of which are nontrivial extensions of techniques first used in the context of A-calculus)
will apply well beyond the realm of FP rewriting systems.!

1 Preliminary versions of portions of this paper appear in the Proceedings of the 12th ACM Conference on *Principles of
Programming Languages and the Proceedings of the IEEE Symposium on Logic in Computer Science®.




1. Introduction

Recently there have appeared in the literature a number of programming languages in
which rewrite (or reduction) rules are used to provide an operational semantics or a means of
proving program equivalence ([P177,0'D77,Ba78,Tu79,BMS80,B082,Wi82,GMP82,HO84]).
When rewrite rules are used in this way, there are two obvious questions:

1. Are there too many rules, thus making equivalent two expressions that should be different?

2. Are there enough rules to be able to compute the correct meaning of all expressions?

In this paper we develop a formal framework in which to give precise answers to these
soundness and completeness questions. We investigate these issues in the context of an
extended version of the functional programming language FP [Ba78]; however, the applicability
of these techniques extends far beyond the realm of FP rewriting systems.

Our first step is to give a formal denotational semantics to FP. This in itself is a nontrivial
task. FP can be viewed as an untyped combinatory calculus, so we have the usual difficulties
of giving semantics in such a way that every expression can be viewed as both a function

and an argument to a function (cf. [Me82]), as well as the problems involved in representing
infinite sequences.

Once we have given the semantics, answering the first question above becomes straight-
forward. We must simply show that any two expressions that we intend to be distinct are
assigned different meanings, and then show that the reduction rules preserve meaning. Thus

if x -y is a reduction rule, we must show that u(x) = u(y), where u is the semantic function
that assigns a meaning to each FP expression.

Proving completeness is a somewhat more delicate task. Part of the problem is that it is
not even clear what it means for there to be “enough” rules. We might hope to be able to
prove that whenever two FP expressions x and y have the same meaning (i.e., u(x) =u(y)) it

_is possible to show that there exists some z such that both x and y reduce to z. This turns
out to be too much to expect. Just as for combinatory calculus, we know that all recursive
functions can be encoded in FP [Wi81], so doing this would be at least as hard as proving
the equality of two recursive functions, a problem well known not to be recursively enumerable

(cf. [Ro67]). Thus we must aim for somewhat weaker notions of completeness.

The first notion of completeness we consider depends on the observation that in FP,
although programmers can write higher-order functions, programs are usually written to
compute observable expressions, where an observable expression is one that can be formed from
atoms using the sequence constructor. Roughly speaking, what we will show is that if the
meaning of an FP expression x is the same as that of an observable expression y, then we

have enough rewrite rules to reduce x to y. We call this type of completeness observable
completeness.




one which eventually rewrites every redex, is S-safe. This lets us define a number of natural
S-safe rewrite strategies. It is interesting to note that some previously well-studied strategies
such as leftmost-outermost (cf. [MNV]) turn out not even to be O-safe in the context of FP.

Our techniques for proving completeness are very similar to those used by Wadsworth
([Wa76,Wa78]) for proving limiting completeness for the untyped A-calculus. However, FP
presents two difficulties that do not appear in the A-calculus. The first difficulty is caused
by having two-sided infinite sequences. The second (and more serious) difficulty is that the
rewrite rules for FP have much more structure than those of A-calculus. For example, in
the A-calculus, any expression of the form (Ax.M)N is a redex. Any rewriting done to M
and N results in an expression of the form (Ax.M’)N’ which is still a redex. But in FP, we
may start with an expression of the form tl:x which is not a redex, rewrite x to an expression
x' such that tl:x’ is a redex, and then rewrite x’ further to an expression x” such that tl:x”
is not a redex. Additional problems are caused by the added structure imposed by having
sequences. The net result is that it is much more difficult to carry out the proofs for FP
than for A-calculus, and new, nontrivial insights are required.

In other related work, Dosch and Moller [DM84] develop a set of rewriting rules similar
to ours, but they take for their semantic domain the term model underlying the algebra of
rules. Because their semantic domain is so intimately related to the reduction rules, it does
not seem possible for them to even state a completeness theorem of the same type as ours.
For them, essentially by definition, the meaning of x is the same as that of y iff there is some
z such that both x and y can be reduced to z. (For these and other reasons we also feel that
the semantic domain we introduce here is a more natural one for programmers to use in

reasoning about their programs and for us to use in designing the language.)

The rest of the paper is organized as follows. In the next section we discuss the syntax
and semantics of the version of FP that we use, which differs somewhat from the original
FP of [Ba78]. In Section 3 we present the rewrite rules for FP and discuss the notions of
observable completeness and strong completeness. In Section 4 we discuss strong and weak
normalization for FP and show that strong completeness holds for a large subset of FP
(namely, all those expressions that are weakly normalizable). In Section 5 we introduce FP’,
show that it is strongly normalizable, and use that fact to show that strong completeness
holds for full FP. In Section 6 we consider good rewriting strategies. We define the notions
of O-safety and S-safety for rewriting strategies, and characterize S-safe rewrite strategies in
terms of FP’. We also show that fair strategies are S-safe. In Section 7 we consider limiting
completeness and the corresponding notion for rewrite strategies, L-safety. We characterize
L-safety in terms of FP’, and then use that characterization to show that S-safety implies
L-safety. We conclude in Section 8 with some directions for future work and some remarks
on the Church-Rosser property for FP. We have written the paper with two audiences in

mind: the researcher in the field of programming semantics and the casual reader with little




provide programming ease and power are included; in fact, we do not even have the basic
arithmetic operations. To include them would only clutter our proofs with uninteresting
details and trivial case analyses, without adding any conceptually different mathematical
considerations. In the following definition we present a language that contains the mathe-

matically interesting and challenging essence of extended FP when considered from the

viewpoint of rewrite rule soundness and completeness.

Syntax. We assume the existence of a set & of aroms, which includes the integers and
strings of letters. We require that T and F be atoms. We also assume the existence of a set
F of primitive functions symbols that is disjoint from «Z. The set & we consider in this
paper is {al, first, tl, ar, last, tr, null, comp, cons, apply, K, id, cond}. This set of functions is suffi-
ciently rich to allow us to encode all recursive functions.

Definition 2.1. The FP expressions are the least set containing « U& and closed under:

1. The formation of sequences: if xy,...,x, are FP expressions (for n > 0), then <xj, ey Xp D>
is also an FP expression.

2. Application of expressions: if x; and x; are FP expressions, then (xi:xp) is also an FP
expression.

As usual, we include parentheses only for the sake of clarity and assume that application
associates to the left, so that we write x:y:z rather than (x:y):z. The following are examples
of FP expressions: a, <a,<b> >, mull: < >, comp: < first, tI > :(al: <a, <b > >), comp:ar, and
actl

Semantics. We provide a denotational semantics for FP as usual by defining a domain D*
and a mapping g from FP expressions to D*. The construction we present is elementary and
completely avoids the use of category theoretic notions. Before doing so, however, we give
a brief intuitive description of the intended meaning of each of the primitive functions and
of our treatment of infinite objects. In this informal description of the primitives we
anticipate the definition of u by using “u(x) = u(y)” as an abbreviation for “the meaning of
x is the same as the meaning of y.”

1. al takes a pair as argument and forms a new sequence by adding the first argument to
the left of the second argument (if the second argument is a sequence); thus
p@l: <X, <Y1, Y0 > >) = p(<XY1500¥8 D).

2. first takes a sequence as argument and returns the first element of the sequence; thus
p(first: < x1q, ..., X, >) =p(xq).

3. tl removes the first element of a sequence, so p(tl: < xq, ..., X, >) = p(<x2,..., X, >).
There are symmetric operations ar, last, and tr which operate on the right side of the
sequence instead of the left in an analogous manner to al, first, and tl.

5. null returns T when given the empty sequence and F when given a non-empty sequence
or an atom. Thus, for example, p(null: < >) =u(T) and p(null: < xq, ..., x,>) = u(F).




right hand sides (via first and last). Therefore, we can safely identify such sequences as

«,*,» and <, *,z,*,)» (since the z between the *’s in the latter sequence can never be
accessed).

We remark that «<*» is identified with L in the domain. We could have included it and

treated it as the unique minimal sequence item, but we chose not to, since there is no
primitive that is capable of distinguishing it from L.

We now present a formal construction of a domain D* that satisfies the domain equation
D* = o + Seqs(D*) + (D* - D*) where (D* - D*) is the set of continuous functions (a
term to be defined later) from D* to itself and Segs(D*) contains all sequences (including
infinite sequences) whose elements are members of D*. More precisely, every element of
Segs(D*) will have one of the five forms (where all x; and ); are members of D*): <y, ... ,X,>,
ALy e s Xy 5 Vs e In> Oy Xpgy ey * 01, 050> (an infinite number of  x/’s),
A1y ee s Xy ¥ 5o s Vs oo, ¥1> (an infinite number of y/s), or <y, ..., Xy, eee s * 5o, My -0 > (an
infinite number of both x;’s and );’s). To construct a suitable domain we would like to be
able simply to give the domain equation and then rely upon the well-developed body of work
on denotational semantics to guarantee us that its solution would serve as the desired domain
([St77, SP82]). Unfortunately, because of the two-sided nature of our sequences, no solution
to the above equation is possible using the standard constructors +, x, and —. For, consider
the set of partial sequences {«a,*», <*,a»}. Both «a» and «a, *, a» are minimal upper bounds
for this set, but since they are incomparable this set has no /least upper bound. But we know
([SP82]) that any solution to a domain equation built with the constructors +, x, and -
has the property that any set in the domain that has an upper bound does have a least upper
bound. Nickl ([Ni85]) encountered a similar difficulty in attempting to provide a denotational
semantics for a somewhat different approach to extending FP ([DM84]). She started with
standard constructions but then was forced to make some special ad hoc modifications to
obtain the proper domain. (We remark that our construction does not work if we allow more
than one star in the outermost level of a sequence item. See [SP82] for a treatment of
sufficient conditions for a domain equation to have ‘“nice” solutions.)

We choose to begin from basics, both because we feel that doing so results in a semantic
domain that is simpler and more easily understood by the programmer, and because by doing
so we can illuminate the difference between this approach and others and develop useful
terminology for our subsequent completeness proofs. Our approach is of course very similar
to ([SP82,St77,Wa77]) in that we define an ascending chain of domains each with a < relation
and close off under a limiting process. However, we are able to avoid the use of inverse
limits and category-theoretical machinery. In order to describe our domains, we recall a few

standard technical definitions.

Definition 2.2. A pre-ordered domain (D, <) consists of a set D and a reflexive, transitive

ordering <. Intuitively, x <y if y has at least as much “information” as x. (Note that we




Erh (), e, PR () if i<2m

Ph(«xq, o xpp) = _ _
‘ LoD, e PR G P it 1D eos PR )> 0 > 2m

if «q,...,x;> is a sequence of definite length

P (X1, ey Xy ¥ 015 e V) = <P, oy P, *, Pl CTOI P{'n'_ll(yjb
where i’ = min(i, m), ;' = max(l,j—m + 1)
[ il fe (Dr>pDy), k< m
Pr(N= Qg if fe(Dx>pDp), k2 m
where g € (D,_1 »3rDp_1) is defined by g(x) = P-4 (f(x)).

3. For n < N, we have

fox= f(PZ(-l)) if f€ (Dk -»ﬁ[Dk)’ k<n
" 1 otherwise.

4. For 1 <n <N, £, is the least reflexive, transitive relation on D, satisfying:
a. 1 <, xfor every item xe D,
b &y X Sy W i X poqyy o1 xj="=y, for j=1,..,1,
Co XL oers X, W Vs s V> Sy X1y ooy X[ T15 ooy Zs Py ooes V> LOT k>0,
d. f<,gif Vxe D,_1(fipx <,-18:2X), where f and g are function items.
5. Py, is a monotonic function for m < n < N.
6. D, is a finite set for all n < N.

As we remarked above, we can now define Dy, using clause 1 (with # replaced by N + 1
of course), P;X"‘l for m < N+ 1 using clause 2, :y41 using clause 3, and <y, using clause
4. We must check that P;’,\,’+1 is well defined; in particular, we must check that if
fe (Dg - Dy), k2 m, then Pf,\,’“(f) as defined is indeed a monotonic function, and so is an
element of (D,,—1 »apDmy_1). Since (P;’X+1 M) = Pﬁ_l(f(x)) in this case, the result follows
from the monotonicity of f and Pﬁ_l. Clauses 1-4 hold by definition, and clauses 5-6 are

easy to check.

This completes the definition of the chain of pre-ordered domains. A few remarks may
be helpful. The definition of <, guarantees that function items, sequence items, and atomic
items are pairwise incomparable. As observed earlier, least upper bounds do not necessarily
exist. In particular, the set {<aj, *», <*,a;»} in D, has no least upper bound (although it has

minimal upper bounds <a;» and «a;, *,a;»). Finally, <, is not a partial order since it is not

antisymmetric. For example, if f is the function in D3 that maps all elements of D, into a4
and g is the function in Ds that maps all elements of D4 into aj, then f=s5g.

The definition of Py, on sequence items is a bit complicated. The conditions are necessary
to deal with the restrictions on lengths of sequences in D, For example, if we want to
project a sequence item of definite length in D, to D,,, there is no problem if the length is

at most 2m; however, if its length is greater than 2m, we must add a * to the middle of the
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If Xi,..., X, are elements of D*, we can view <X, ..., X,> as an element of D* by identifying
it with f<q, ..., 5> 1y € X,-}d. Thus we can view D* as closed under the formation of sequences.
We extend the terminology for D to D* by saying that an item X in D* is an atom (resp.
sequence item, function item) iff one of the elements of X is an atom (resp. sequence item,
function item). Since X is directed, this terminology is well defined.

We extend the : operation to D* by defining : on D* x D* by

XY={xylxeX, ye Y}

Proposition 2.5. If X, Ye D*, then X:Y € D*.

Proof. X:Yis clearly non-empty. To check that X:Y is directed, let z;,2 € X:Y. Thus, z = X;

for i=1,2. Since X and Y are both directed, we can find x3 € X and y3 € Y such that x1,x; <;x3

and yq,)» <ry3. It is easy to check that z;,2 <;x35 € X:Y. To check that X:Y is downward-

closed, let ze X:Y and let 2’ <;z. We may clearly assume that zs L. Thus, z = x:y for some

xeX, ye Y Since z# L, we must have x € (D »37D) for some k. Define fe (Dy »3rD;) by
A0 = {z' if 2/ < x(0)

L otherwise.

It is easy to see that f is monotonic (thus in Dg - j/Dy) and that f<;x. It follows that
fe X, since X is downward closed. Thus 2’ = fiy € X:Y as desired. [

The construction of D* results in a number of nice properties. In order to state them,

we recall some standard domain-theoretic terminology.

Definition 2.6. Let (D’, <) be a domain. (D', <) is complete iff every directed subset of D’
has a least upper bound in D’. The least upper bound of the directed set X is denoted by
UX. x is a finite element of D' iff whenever x < UY for some nonempty directed subset Y of
D', then x<y for some yeY. (D', <) is algebraic iff for every xe D', the set
{v < x|y is a finite element of D’} is directed and x=u{y < x|y is a finite element of D’}.

Proposition 2.7.

1. D* is a cpo (complete partial order). Moreover, if & is a non-empty, directed subset of D*, then
UZ = (UyeaX).
X e D* is a finite element of D* iff X= {.\'}d for some x € D.

D* is an algebraic domain.

Proof. Clearly D* is partially ordered by €. Let & be a directed subset of D* and let
Y=UycaX. Clearly Y is a subset of any upper bound of & in D*, so once we show that
Ye D*, it will follow that Y is the least upper bound of & in D*. Y is easily seen to be a
non-empty and downward closed subset of D, so all we must show is that it is directed. If
Y1,)2 € Y, then, by construction, there must be X; e & such that y;e Xj, i=1,2. Since & is
directed, there be some X3 € & such that X;€X3 and X;<X3. Thus we have yq,)» € X3. Since
X3 is directed, there must be some y3 € X3 such that yq,)5 <;3. Since y3 € Y by construction,

12




Intuitively, this function ought to be continuous; such a function is easily definable in FP.
Let X = {{«q, J.)}d, {(.L,a)}d}. Then X is a subset of D* whose least upper bound in D* is
easily seen to be {«a, a)}d (note that any directed set that is an upper bound will have to
contain «a,a»). However, f applied to each of the two elements in X is L (or, more accurately,
{L}d), while f applied to {«a, a>}d is {T}‘i, so f would not be continuous had we required that
equality for the least upper bound operation hold even in the case that X was not directed.

Proposition 2.10.

1. : as defined on D* is continuous in each of its arguments.

2. D* is isomorphic to i + Seqs(D*) + (D* - D*).

3. If F,G e D* are function items and F:X = G:X for all X € D*, then F = G.

Proof. To prove part 1, let & be a directed subset of D* and Xe¢ D*. From Proposition
2.7, it follows that X:(U%) = X:(Uy.Y) = (Uyea X:Y) =0{X:Y| Y e #}. Thus : is continuous
in its second argument. The proof that : is continuous in its first argument is completely
analogous.

To prove part 2, following Scott and Stoy (cf. [St77]), we construct two monotonic
functions ®:D* - (& + Segs(D*) + (D* - D*)) and V(A + Seqgs(D*) + (D* - D* )) - D*
such that ®oW¥ is the identity on e + Segs(D*) + (D* - D*) and ¥o® is the identity on
D*. ® maps atomic items to &, sequence items to Segs(D*) and function items to (D* - D*)
in the obvious way. For example, if X is a function item, then we define ®(X) ¢ (D* - D*)
via @(X)(Y) = X:Y. From part 1 it follows that ®(X) is a continuous function from D* to
D*, i.e., an element of (D* - D*).

¥ maps elements of «Z to atomic items, elements of Segs(D*) to sequence items, and
elements of (D* » D*) to function items. We give the definition of ¥ on elements of
(D* - D*), leaving the other cases to the reader. For Fe (D* - D*) define
Ok (F) € (Di =3¢ D) by Ok (F)(x) = P (F(ix}%). Define W(F) = U;{0;(F)}%. From the fact that
Py 1(Q;(F) = Q;(F) for i<, it follows that W(F) is a directed subset of D, and hence an
element of D*. It is clear that ¥ and ® are both monotonic functions.

To show that ®o¥ and ¥e® are both the identity on their respective domains, we again
restrict our attention to the proof for function items, leaving the remaining cases to the
reader. To show that ®o¥ is the identity, let e (D* - D*) and x € D;. Then

OO (F)) (1) = ¥ (F):{x14 = U 0,1}t = U {0i (F)

= U100 = U {2,001 1 = P,
By continuity, ®(¥(F))(X) = F(X) for all X e D*. Therefore, ®(¥(F)) = F thereby proving
that ®oW¥ is the identity on the functions in & + Segs(D*) + (D* - D*).
To show that ¥o® is the identity, let F e D* be a function item. It suffices to show that
Py 1 (¥ (P(F))) = Pry1(F) for all k. Since Py (¥(D(F))) = Pry 1 (ULQ; (RFNIY) = 01 (D(F)),
it suffices to show that Qp(P(F))=Prp1(F) for all lk. Let xe D;. Then

14




refrain from pursuing such considerations and leave them to be described in a forthcoming

paper which will concentrate on programming language design issues.
We have already seen the definition of al,,1; the remaining approximating functions are:
Y ey o = g, g, o 0 xR
Un+1: <, x> =<*, x> if y#*#x
first, 1< X =xp it m>1 and xp #
last, 1 <O,y X, > =x, if m>1 and X, #*
«qp, *> =1

th 14 gy X, =<, .., X, > if m>1and x #*
Xy X3y ey X > = ¥, X3, 1, X, > if m 2 3

(*,Xz) = L
a1’ Koo Xp> =X, > ifm>1and x, #*
Yy s Xy 1 Xy > = ey X1, > i 22
<> =P(D
null, 1 :4 a = P, (F) if a an atom
Opy e X, > =P (F) if m2>1
S1soer o> =he(D,_y—>D,_q) if f;#*, where
h(x) =P _(<fi:x,..., [, X>)
cons, 1 : n—1(<¢1 S

S S s Sier oS> =he(D,_1 > D,_q), where
h(x) = P,_1(<fy:x, .0, fi X, S Srer 1% e )

cond .{<T,u,»=uifu;é*9év
+1 <Fouyvy»=vif ug*s#v
comp, 1:<f,g»= he(D,_{+D,_1) if f#*#g, where h(x) = f:(g:x)
apply, 1<, = fx if f#£*#x
K,y1:x=he(D,_y>D,_q), where h(z) =P,_;(x)
id, 1:X =x.
We now complete the definition of g by taking, for each primitive function symbol f,
p®)={f,1ne L\'}d.

Of course, we must check that u(f) is well defined for each primitive function symbol f. In
particular, we must check that f, is indeed a monotonic function. The details in each case
are straightforward and left to the reader. We also leave it to the reader to check that
fi=Pi(f) for i <j. Note that u(f) e D* since f; <1fjif i <jfor each of the primitive functions.
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A <X, <Y, ¥ D> D> > <X, ¥, 0 Y >
ar: < < Yi,--s¥n > » X >+ Yiroes ¥ X >

first: <Xq1,..,X, > »x1 (12 1)

first:(al: <x,¥y>) + x

first:(ar: <al: <x,y>,z2>) = x

first:(ar: < ar: <X,y >,z >) - first:(ar: < x,y >)

last: < X1,.., X, > =+ X, (12 1)

last:(ar: < x,y>) >y

last:(al: < x,ar: <y, z>>) » z

last:(al: < x,al: <y, z > >) - last:(al: <y, z >)

th <X1,00, X, > > <X2,..,X,> (12 1)

th(al: < x,al: <y, z>>) »al: <y, z>

th(ak <x,ar:<y,z>>) »ar: <y, z>

th(ar: <al: <x,y>,z>) »ar: <y, z>

th(ar: <ar: <x,y>,z>) »ar: < th(ar: < x,y >),z >
tr: <xXq,..,%, > > <Xp,..,X;1> (n2>1)
tri(ar: <ar: <x,y >,z>) »ar: <X,y >
tr:ar: <al: < x,y>,z2>) »al: <x,y >

tr:(al: < x,ar: <y, z>>) = al: <x,y>

tr:(al: < x,al: <y, z>>) = al: < x, tr:(al: <y, z>) >
null:<>->T

null: a - F (for each atom a)

mll: <xq,...,x,>+>F (n>1)

null:(al: <x,y>) > F

null:(ar: < x,y>) » F

(cons: < fp,...,fp >)ix = <fax, ..., fx >

(cons:(al: < f, g >)):ix - al: < f:x, (cons:g):x >
(cons:(ar: < f,g >)):x - ar: < (cons:f):x, gix >

cond: <T,x,y> > x
cond: <F,x,y> >y

(comp: < f,g >):ix = f:(g:x)
apply: <f, x> - fix
(Kix):y - x

id:ix - x

Figure 1: The FP rewrite rules.
which can in turn be rewritten to tl:x” which is not a redex. To see this, consider
tl:(id:(al: <a,al: <b, <c¢ > > >)). This expression is not itself a redex, but it can be rewritten

to tl:(al: <a,al: <b,<c¢>>>), which is a redex (w.r.t. the rule t:(al: <x,al: <y, z>>) »
al: <y,z >). This in turn can be rewritten to tl:(al: <a, < b,c¢ > >) which is again not a redex.
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X <> Gy ey Xp> (12 1) <« X2, 0 Xp> (12 2) non-seq
ar:<x, y» > €Yy ooy Xy, I ¥ X2, ey X, J> <* 1>
ar:<ar:<x, y», 2> <, 2> «1, ooy Xp, W, 2> ¥, X2, ey X, Wy 2> <* y, 22>
tl:(ar<ar:<x, y»,2>») <> XD, oy X,y Yy <*, X3, .., X,,), 2> <«*,z
tl:(ar:<x, 3») <> <X, ey Xy, P> ¥, X3, 00y Xy > L
ar:<l:(ar:<x,)»), 2> <> 3, ey Xy, Yy 2> <* X3, 00y Xp, Y, 2> <* 2>

Observe that rows 3 and S in the table, representing the left and right sides of the rewrite
rule, are identical. Thus, for all possible meanings of x, the rule is sound. ]

Besides soundness, we also want to know, as we said in the introduction, that we have
enough rewrite rules. Do the rewrite rules really capture the semantics of the language? Do
they allow us to carry out all the computing we want?

Ideally we would like to show that if u(x) = u(y), then we have some z such that x =*z
and y -»*z. As we mentioned in the introduction, this goal is unattainable. However, it is
attainable if we restrict x and y to be expressions whose meaning is observable. Since these
are the expressions the programmer most cares about, this is a reasonable sense in which we
do indeed have enough rules. To make this precise, we need some definitions.

Definition 3.3. Let the observable expressions be those that can be formed starting with atoms
and closing off under the sequence constructor. More formally, the set of observable expres-

sions is the least set & such that:

1. SO,
2. if x1,...,X, € @, then <xq,...,x,;, > €.

To each observable expression there corresponds an observable item which is obtained by
replacing <, >, and boldface wherever they occur in the observable expression by < », and
italics respectively. Note that neither L nor * appears in any sequence item which is
observable. It is easy to check that every observable item is finite (i.e., has the form {x}d

for some x € D). Given an observable item x, let x® be the observable expression to which
it corresponds.

Thus, one reasonable notion of there being ‘“enough” rewrite rules is:
@) If x is an FP expression such that p(x) is an observable item, then x =" ,u.(x)e.

For example, if we have an expression x such that p(x) = «<a@,<b»>», where a and b are
atomic items, then from (*) it would follow that x -*<a,<b>>, even if x contains

subexpressions whose meanings are functions or infinite sequences.
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In Section 5, we prove that strong completeness holds for FP. By Proposition 3.6,
observable completeness also holds for FP. As we shall see, the proof of strong completeness
is strongly intertwined with notions of normalization, which is the subject of the next section.
The techniques introduced there will also allow us to give a relatively easy proof of strong
completeness for a large subset of FP.

4. Normalization

Since rewriting can be viewed as a computing process, we might want to ask if that process
always terminates. (Some computation paths may terminate by producing an expression to
which no rules apply, while other computation paths may run forever.) Intuitively, we say
an expression x is weakly normalizable iff there is some computation starting with x that
terminates; x is strongly normalizable iff all computations starting with x terminate, or

equivalently, iff there are no infinite computations starting with x. This motivates the
following definitions.

Definition 4.1. An expression is in normal form iff no subexpression is a redex. An expression
is weakly normalizable (respectively, strongly normalizable) iff some (respectively, every) reduction
sequence for it leads to a normal form. A language is weakly normalizable (respectively, strongly
normalizable) iff every expression in that language is weakly normalizable (respectively, strongly
normalizable).

Not all FP expressions are strongly normalizable or even weakly normalizable for that
matter; for example, it is easy to check that fix:id is not weakly normalizable. However,
large subsets of FP expressions are strongly normalizable. Let FP-{apply} (resp. FP-{cons},
FP-{comp}) consist of all FP expressions which do not contain the primitive function apply
(resp. cons, comp).

Theorem 4.2. FP-{fapply}l, FP-{cons}, and FP-{comp} are all strongly normalizable.

Proof. The idea in all cases is to assign a natural number to the expressions in each of these
sublanguages in such a way that every rewrite rule forces the number of the expression to
decrease. For the case FP-{apply}, we do this as follows:

N(a) =1 if a is an atom or primitive function,
N(<X1, 0 Xy D) = N(x1) + o + N(xp) + 1,
N(f:g) = 2M0 x N(g).

Whenever we apply a rewrite rule (except for the apply rule), the number of the expression
goes down. We prove this for the comp rule:

1 .
N((comp: < X,y >):z) = 22 XWCI+NI+D) o n(5)
> 2M09 5 2NO) ¢ N(z)
= N(x:(y:z)).
All the other rewrite rules (of FP-{apply}) are just as easy.
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of the form K:y, comp:y, or cons:y, so the theorem holds, or (d) u(x) is a sequence item of

indefinite length and x is of the form al: <y,z> or ar: <y,z>, so again the theorem holds.

If xy is one of K,comp, or cons, then it is easy to see that one of (b) or (c) must hold.
If xp is of the form id or K:y, then we immediately have that x:x; is a redex. If x; is of
the form apply, then either u(x1:xp) = L, or p(xy) = «f, >, where f,z%* But then by the
induction hypothesis, x; is of the form <f,z >, so that xq:x; must be a redex. The argument
in the case where x1 is of the form cond, null, cons:y, or comp:y is similar and left to the
reader. If xp is of the form al, then either u(x) = L or p(xy) is of the form «y,», where
»z#*. Thus, u(x) is of the form «wy,...,w,,> and, by the induction hypothesis, x, is of the
form <y,z>. If p(x) is a sequence of definite length, then in fact z must be a sequence of
definite length. Thus, by the induction hypothesis, z is of the form <z,...,z,>, and x is a
redex. The arguments in the case that xj is ar, tl, tr, first, or last are similar and again left
to the reader. [

As an immediate corollary to Theorem 4.3, we get

Corollary 4.4.  If x is in normal form and u(x) is an observable item, then x = u(x)°.

Proof. By an easy induction on the depth of nesting of «»’s in u(x), similar to the proof
of Proposition 3.6. [

From Theorem 4.3, it immediately follows that strong completeness holds for a large
subset of FP terms, namely all those terms in (FP — {apply}) U (£P — {comp}) U (FP — {cons}).
Indeed, Theorem 4.3 shows that strong completeness holds for all weakly normalizable FP
expressions. However, as we have shown, there are some FP expressions that are not weakly
normalizable. Nevertheless, we can show that strong completeness holds for full FP: every

expression can be rewritten to a transparent expression. This is the subject of the next section.
5. FP’ and strong completeness for FP

The key idea in the proof of strong completeness is to construct a variant of FP called
FP’ on which we impose a notion of npe. The proof then proceeds in three steps. The first,
quite simple, is to show that any FP expression can be approximated arbitrarily well by a
corresponding FP’ expression (Proposition 5.2). Secondly, we show that FP’ reduction se-
quences correspond in a precise sense to FP reduction sequences (Proposition 5.7). Next we
show that FP’ is essentially strongly normalizable, in a sense to be made precisc below. We
then prove an analogue to Theorem 4.3 for FP'. The results then follow using techniques

similar to those sketched at the end of the previous section.

We now define FP’, a meaning function ¢’ that maps FP’ expressions to elements of D, a
ype function 7 that associates with every FP’ expression a natural number (its type), and a
“pull-back” function p that associates with each FP’ expression a corresponding FP expression.
FP’' expressions look essentially like FP expressions, except that primitive function symbols
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if p(x) £ {al,ar}
if p(x)=al, y= Pml(...Pmn(<y1,y2 >)..),n20,7(y)) <j—-1, and u'(xmy) € Dj—l

1
-1 if p(x)=ar, y= Pml(...Pm"(<y1,y2 >)...),n20,7(y)) <j—1, and p(xy) e Dj—l
otherwise

(AR
I

7. If x is an FP’ expression, then P,,(x) is an FP’ expression; p'(P,,,(x))=Pm(y'(x)),
T(P,, (x)) = min(m, 7(x)), and p(P,,(x)) = p(x).

8. If x is an FP’ expression, then C, ,(x) is an FP’ expression; p(Cyy n(x)) = p(x),
T(Cpp p(x)) = max(m, n,7(x)), and

L if 1'(x) is not a sequence
. 4
U.,(Cm (\)) = 91, ---»,Vmin(i,m)» * ,zmax(lj-n+l)» "'yzj) if u (k) =W, -0 * » Il '--)zj)
D NS . 7 .
G oes Vs s Vient s s V> if w(x)=<,..,y>and i>m+n
Gy -y V> if W'(x)=<,..,y>and i<m+n

We remark that the special case for al and ar in the definition of 7 is needed to make
Proposition 5.5 below go through. Although the expression looks somewhat complicated, the
intuitive idea is motivated by a desire to have 7(al,: <z,<zy,...,2t > >) = 7(<z,21,...,21 >)
for n sufficiently large.

The following proposition shows that an expression in FP’ semantically approximates the
corresponding FP expression. The second half of the proposition shows that this approximation
can be made arbitrarily good.

Proposition 5.2.
1. For any Fp’ expression x’, we have p'(x') € p.(p(x')).

2. If x is an FP expression, xg € u(x), then there exists an FP’ expression x" such that xo < 1 (x")
and p(x') =X.

Proof. The first part is immediate by induction on the structure of FP’ expressions. For
the second part, we proceed by induction on the structure of the FP expression x. If x is an
atom, then we can clearly take x’ =x. If x is a primitive function symbol f, we take x’' = f,,,
where xg € D,,. If x is a sequence of the form <xj,...,x, >, then there exist yy,...,3, € D such
that xo <;<1,..,0x> and yj e p(x;). (We can actually choose yi,...,y, so that xo = <,..., >
unless xg has a * as one of its components, in which case the corresponding y;’s are taken to
be 1’s.) From the induction hypothesis, it follows that we can find FP’ expressions Vis-s ¥n
such that y; <; #'(yj) and p(y;) = x;. Thus we can take x' =<y1,...,yp >. Finally, if x is of
the form y:z and xp € p(x), then there must be y,zp € D such that gy e u(y), 2 € u(z), and
Xp =y0Zo- By the induction hypothesis we can find FP’ expressions y’ and z' such that
p(y) =y, p(Z) =z, 3o <;1'(¥), and 2z <; k' (z"). Tt is easy to check that x'=y":z" satisfies
the proposition. [J

Lemma 5.3. If x’ is an FP’ expression and T(x') = n, then p'(x') € Dy,

Proof. A straightforward induction on the structure of x’. [J
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Lowering rules:
X =, Qp(x)) if ¢'(x) =1 and x # Q(p(x))
xiy >, XiPr—1(y) if 7(y) 2 7(x) and p(xiy) # 1
P, (x) »,x if m>7(x)
Cr,s(-\') >z x if #'(Cr,s(x)) = .ul(x)
Pp, (fn) *a fmin(m,n)
P-rules (apply only if the left-hand side is well-typed):
Crs(x) >4 Cid-(x) if p'(Cm(x)) = Ol ety ¥ 52l enzp> and i+ j<r+s
P, (P, (2)) =, Pmin(m,n)(z)
Crs(Cyy(x)) =>4 Cringru), mings,y) (X)
P (Cr5(x)) >4 Cmin(r,m), min(s,m) (Pm (X))
Pp (< X150Xgy *(Z15 005 Z))5 Y15e¥k D) >
<Pp_1(x1), s Py 1 (Xmingim))»s
*(o(x14 mm(x,m))a s P(X7)s Z1y s Zj, p(¥1), s P()’max(o,k—m)))’
P 1(Ymax(Lk=m+1))s > Pao1(yi) >
P, (<X1,e0sXp >) »4 <Pppy 1(\1), JPoo1(xp) > if x5 % (21, ...,2¢) and n < 2m
P, (<X1,00X, >) =
<Pp_1(x1)yey m—-l(\m)’ (P(xm-t-l) o PXn—m))s P 1 (e mg 10500 P—1(x) >
if x;% *(z1,...z¢) and n>2m
Crs(< X1pee0Xiy *(Z1, 003 Z)), Y1oes¥k >) >a
< X1y oo Xmingir)»
*(P(X 14 minGir))s -+ LX)y Z15 s Zjy P(¥1)s oy P(Ymax(0,k=s)))>
Ymax(1,k—=s+1)» - Yk >
Cr,s(<"l: X >) a < X1 Xp, “(p(xpp1), s P(Xi—9))s Xjcgq1s - X >
if no x; (zl, ,Zp) and i>r+s
Pp(al: <y, z >) aalr <Pp_1(y), Cpim1,m(Pm(2)) >
Pp(ar;: <y,z>) »4 ar;: < Cpy py 1Py (¥)), Pry—1(2) >
Cit1,@l: <y,2>) =+ almax(,i+2,4+2): <Y, Cif2) >
Cij+1(ar;: <y,z2>) »; armax(i+2,+2)F < Cify), 2 >
Pn(y)iz 4 Pp1(y:2)
Bottom rules:
Q(x) =4 Qy) if x>y
X yeees ¥(Z1y oer Ziy oo Zi) yoesXy D> > g <X1yeeey ¥(Z1, 00 2Ly ey )X > if 75 -7

Figure 2: Lowering rules, P-rules, and bottom rules for FP'.

the C construct to the language. Also note that the definition of 7 for al and ar is necessary

to ensure that the type does not increase when this rule is applied. [J

The following proposition assures us that an FP’ expression can always be rewritten to a
well-formed expression in at most finitely many steps. Recall that |x| denotes the length

of an FP expression viewed as a string of symbois. We extend this notation to FP’ expressions
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of the first lowering rule and any lowering or P-rule that explicitly mentions a C, which may
lower type. Thus, a problem may arise only if we apply one of these rules that may lower
type to some subexpression of x]. But it is also easy to show by induction on structure that
if x] -, y] as a result of using one of these rules, then either 7(x}) =7(y]) or ¢/(x}) is not
a function item, which means that u’(y]) is not a function item either, so that u'(y]:y3) = L.

O

The following proposition assures us that in a precise sense, FP' rewriting simulates FP
rewriting.

Proposition 5.7.

If X" and y' are FP' expressions such that x' =y, then p(x") =* p(y').

2. If x is an FP redex and x' is a well-formed FP' expression such that p(x') = x and ' (x") # 1,
then the FP-style rule corresponding to the FP rule for which x is a redex applies to X", where
X' has one of the forms x”, P, (x"), Cp’q(x"), or Cp4(Pp, ).

3. If x and y are FP expressions such that x -y and X' is an TP expression such that p(x') = x,
then there exists an FP' expression y' such that p(y) =y and x" =34y using exactly one FP-style

or bottom rule.

Proof. It suffices to show that part (1) holds if x’ =,y is an instance of an FP’ rewrite
rule. If x’ -+, y' via a lowering rule or a P-rule, then it is easy to see that p(y’) = p(x’), and
we can just take y=x. For bottom rules the result is also immediate from the definition.

If x' -4 y' via an FP-style rewrite rule, then it is easy to see that p(x') ->p(y/) via the
corresponding FP rewrite rule.

For part (2), we check all the rewrite rules on a case-by-case basis. For example, suppose
p(x’) =comp: <f,g>:y and u'(x')# L. A priori, it is possible that x’ is of the form
compy :P,, (<f,g >):y, so the comp FP-style rule does not apply. However, if x’ were of this
form, then it would not be well-formed.

For part (3), it suffices to show the result in case x -y is an instance of an FP rewrite
rule. If p(x’) =1, then x' = Q(x) or x », (x) via a lowering rule, and Q(x) -, Q(y) via a
bottom rule. And if p(x');é L, then we can rewrite x’ to a well-formed expression by

Proposition 5.6. If x” is the resulting expression, then we clearly have p(x”) = p(x). The
result is now immediate from part (2). O

FP’ is not strongly normalizable or even weakly normalizable. Consider, for example,
Q(x), where x is any FP expression that is not weakly normalizable. Since x —»y iff
Q(x) =, Q(y), we must have that Q(x) is not weakly normalizable. However, it turns out
that this is essentially the only counterexample to the strong normalizability of FP’. Prop-
osition 5.6 already shows that 10wering rules and P-rules by themselves cannot be applied
infinitely often to an FP’/ expression. In the remainder of this section, we will show that
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involve two arguments. Consider an expression such as applys: < Pa(compy: <f, g >),a1 >.
The apply redex is the only one contained in the expression, and it has degree 4. But after
rewriting this and applying a P-rule, we end up with the expression P{(compy: < f,g > :aq),
which has a redex of degree 7!

It is possible, with some effort, to get a proof in the same spirit as the typed A-calculus
weak normalization proof which shows that every FP’ expression can be reduced to one in
essential normal form. We do not present this proof here. Instead, we will prove a stronger

result, showing that every FP’' cxpression is essentially strongly normalizable where:

Definition 5.9. An FP’ expression is essentially strongly normalizable (e.s.n.) iff every reduction
sequence for it has at most finitely many FP-style rules.

Remark: We cannot hope to show that every reduction sequence leads to an expression in
e.nf. To see this, suppose that x is an FP expression which is not weakly normalizable.
Then starting with an expression of the form first,: <a, {(x) >, we can keep applying bottom
rules to the expression £(x) without cver applying the obvious FP-style rule. This gives us

an infinite reduction sequence that does not lead to an expression in e.n.f.

Theorem 5.10. Every FP’ expression is essentially strongly normalizable.
P

Proof. Not surprisingly, we prove our result by adapting techniques used to show that typed
A-calculus is strongly normalizable. The original proof of strong normalizability for typed
A-calculus is due to Prawitz [Pr71]; our proof uses ideas similar to those in Tait [Ta67,Ta75].
(Actually our treatment follows the proof that the (first-order) A-calculus is strongly
normalizable as given in [FLO83], which in turn is based on the work of Tait.) However,
just as in the case of weak normalizability, adapting the proof to I'P requircs some effort,
mainly due to the greater structure of FP rewrite rules. The details can be found in Appendix

c. O

Corollary 5.11.  For all FP’ expressions X', there exists an FP’ expression y' such that x' =%y and

r .. .
y is in essential normal form.

Proof. We first show that for every FP’ expression z{ there exists an FP’ expression 7] such
that zf -»2% z] and either z] is in e.n.f. or the reduction used at least one FP-style rule. By
Proposition 5.6, zo »4 2’ for some well-formed z”. If 2’ is in e.n.f,, then the claim follows
by taking z} =2". If 2” is not in e.n.f., then z” contains an FP-style redex (since it has a
non-bottom rule redex and no P-rule or lowering rule redexes) and so z”/ -, z] by an FP-style
rule and again the claim follows. Since Theorem 5.10 implies that no rewrite sequence has
infinitely many reductions involving FP-style rules, it easily follows from the claim that we

. . . I
can eventually rewrite every FP’ expression x’ to an expression y' in e.n.f. [J
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Definition 6.1. A rewrite strategy R is a function R : (FP expressions) x IV - (FP expressions)
such that R(x,0) =x for all FP expressions x, and for all #n, either R(x,n) - R(x,n+1) or
R(x,n) = R(x,n + 1). Thus R(x,n) describes the n'P step of rewriting when starting with x

according to strategy R. We write x =% y iff for some n we have R(x,n) =y.

We say R is history independent iff, intuitively, it performs the same rewriting when it
reaches an expression y starting from x as it does starting from y. More formally, R is
history independent iff for all x and n, if R(x,n) =y and R(y,1) =y, then R(x,n+1) =y’
Note that if R is history independent, then R is completely determined once we give R(x,1)
for all FP expressions x.

R is said to stop prematurely if for some x and n, we have R(x,n) not in normal form, but
R(x,n’) = R(x,n) for all n’ > n. If x is strongly normalizable, then it is easy to see that any
rewrite strategy that does not stop prematurely will reduce x to normal form.

In obvious analogy to observable completeness, we say a strategy R is O-safe iff for any
FP expression x such that u(x) is an observable item, x -} u(x)°. We also want an analogue
to strong completeness. It would seem that the obvious definition is to say that R is S-safe
iff x =% y for some transparent expression y. Unfortunately, with this definition we do not
get an analogue to Proposition 3.6; S-safety would not imply O-safety. For example, suppose
we have an expression x such that u(x) = <a». For an O-safe strategy R, we have x -} <a>.
But if we define S-safe as suggested above, then if R is an *‘S-safe” strategy, we can conclude
x =% <y> where u(y) =a, and that y =% a. However, we have no way of concluding that

x -k <a>, since, for example, R may stop prematurely at <y >.

Intuitively, the problem is that although transparency guarantees that x =% <y >, there
is no guarantee that y itself is transparent. These observations motivate the following definition.
Definition 6.2.

1. An FP expression x is I-transparent iff it is transparent.
2. An FP expression x is (n+1)-transparent iff x is transparent and, if x is of the form

<X1,...,Xg >, then x; is n-transparent for i=1,...,k, and if x is of the form y:z and
n(x) # L, then y, z are both n-transparent.

Definition 6.3. R is S-safe for x iff for all n, there exists an n-transparent y such that x »% y.
R is S-safe iff R is S-safe for all [P expressions x.

An argument by induction on the depth of nesting of brackets, analogous to Proposition
3.6, can be used to show that

Proposition 6.4. Every S-safe rewrite strategy is also O-safe.

We remark that it follows by an easy induction on n that an expression in normal form
is n-transparent for all n (using Theorem 4.3), and that for all x, there is some n-transparent
y such that x =%y (using Theorem 5.13). Thus, we can conclude that there does exist a (not
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Lemma 6.8. If R is a rewrite strategy, X is an FP expression, and x' is a well-formed FP' expression

such that p(xX') =X, then there is a tracking sequence for (R,X) starting with X
p g seq g

Proof. Immediate from Proposition 5.7 and Proposition 5.6. 0O

Theorem 6.9. The following are equivalent:
1. R is S-safe for x.

2. Every tracking sequence for (R,x) reaches e.n. f.

Proof. The proof is quite technical, and is presented in Appendix E. [

We next define fair strategies, a large class of strategies that are provably S-safe. Intuitively,
a fair strategy is one in which every redex either “disappears” or is eventually rewritten. In
order to make this precise, we must first describe what it means for a given redex (called
the parent redex) to have a child. Suppose X =¥ and x’ is a subexpression of x which is a
redex. Then a subexpression y of y is a child of <’ iff it is a redex that “corresponds” to
x’ in y; in particular, both x’ and y’ are instances of the left-hand sides of the same rewrite
rule and occupy the same “position” in x and y, respectively. Rather than giving a formal
definition of child here, we give a more easily understood informal definition, supplemented

by examples.
A child can occur in one of three ways:

1. The parent redex is disjoint from the rewritten redex. For example, if we take
X = < id:a,id:b >, y = <id:a,b >, and x’ =id:a, then x’ is disjoint from the rewritten redex
id:b, and the occurrence of id:a in y is a child of x'.

2. The rewritten redex is a subredex of (i.e. subexpression of the instantiation of a schema
variable in the rewrite rule schema of) the parent redex. For example, if we take
x = x’ = first: <id:a > and y =y = first: <a >, then the rewritten redex id:a is a subredex
of x’ and y’ is a child of x'.

3. The parent redex is a subredex of the rewritten redex. For example, if
x = cons: < 21,22 > :(id:a), y=< z1:(id:a), z:(id:a) >, and x’ =id:a, then the parent redex
« is a subredex of x. In this case x’ has two children in y; i.e., the two occurences of

id:a.

Note that the rewritten redex never has any children and that in cases 1 and 2, the parent

always has exactly one child. Also note, for example, that in the reduction
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order. Suppose there are k such redexes. We then rewrite the first redex, then all the
descendants of the second redex in the resulting expression, all the descendants of the third
redex in that resulting expression, and so on up to the k'™ redex. If this takes n’ steps,
then njpq=n+n'.

« cons-last: The (i + 1)% phase consists of two subphases. In the first subphase we rewrite
all the non-cons redexes (i.e., all those not of the form cons:x:y) until there are no more,
while in the second subphase we rewrite all the cons redexes until there are no more (at
this point, of course, we will in general have non-cons redexes appearing again). We omit

the formal definition here.

« comp-last: CM is analogous to CN, except that we first rewrite the non-comp redexes, and
then rewrite the comp redexes.

o apply-last: Again, 4P is analogous to CN, except that we first rewrite the non-apply redexes.

It should be clear from the definitions that BF is indeed a fair strategy. The only problem
in showing that CN is a fair strategy is that, a priori, it is not clear that niy1 is finite; it may
be the case that the (i + 1)St phase as defined never terminates. However, from Theorem
4.2, we know that FP-{cons} is strongly normalizable, so it is easy to see that the first
subphase terminates in a finite number of steps. And since FP-{comp} is strongly normalizable,
it follows that the second subphase also terminates in a finite number of steps. Similar
arguments can be used to show that CAM and 4P are fair strategies. Note that any hybrid
of these strategies (for example, one where we alternate between CM and CN in consecutive
phases) will also be fair. Also note that a shuffles in one of the above phases infinitely often
into another strategy (such as leftmost-outermost) will be fair.

7. Limiting Completeness

The notion of strong completeness we have defined has a strong syntactic component, since
it requires that an expression with a certain meaning can be rewritten to another expression

‘with a prescribed syntactic form. We would like to be assured that our rewriting also

produces arbitrarily good semantic approximations. To understand this point, consider an
expression x whose meaning is the limit of «a, *, b», <a,a,*, b, b>, <a,a,a,* ,b,b,b>, ..... Thus,

the meaning of x is a double-sided infinite sequence with a's added from the left and &’s
added from the right. Strong completeness assures us that x can be rewritten to an expression
of the form al: <a,x1> or ar: <x1,b>. Furthermore, it also assures us that in either case,
X1 can be rewritten to an expression of the form al: < a,Xp > or ar: <xp,b>. We can continue
this argument indefinitely. However, it is consistent with the definition of strong completeness
that we can only rewrite x to an expression of the form al: < a,al: <a,al:... > >, without ever
getting information about the right-hand sequence of &’s in u(x). This seems somehow
unsatisfactory. To handle this phenomenon, we are led to the notion of limiting completeness,
which is the FP analogue to the notion with the same name defined by Wadsworth for

A-calculus (cf. [Wa78]). Of course, once we have defined limiting completeness, we will
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rewriting strategy R is L-safe for x iff for all d € u(x), there exists » such that d e g, (R(x, n)).
R is L-safe iff it is L-safe for all FP expressions x.

Remark: There is one intuition behind the notion of limiting completeness in the A-calculus
which is not captured by our definition of u,. To explain our point, we need a little notation.
If M is a A-calculus expression, let M, be the result of replacing all redexes in M by  and
then applying the rewrite rules Ox - £ and Ax.Q - @ until there are no more redexes of this
form. If M -*N, then it is easy to sce that M, and N, have the same structure and N, is
more defined than M,; i.e., N, looks just like M, except that some &’s in M, may be replaced
by other, more completely defined expressions. This is not the case in FP because of the
greater structure of the rewrite rules. For example, consider the expression
x =al: <a,id: <a>>. The only redex here is id: <a >; thus g, (x) = al:<q, L>» = <a,*>. Had
we taken the route in FP of replacing redexes by I, we would get x, =al: <a,>. However,
X rewrites to y=al: <a,<a> >, which is a redex, so u,(y) =L and y,=8. Thus y, is less
defined than x, Moreover, y rewrites to z= <a,a>, and clearly z,=2z. Thus z, has a
different structure from x,, although x -»*z. The root cause of this situation is that, due to
the greater structure of FP rewrite rules, it is possible that x =y but u,(v) <; ¢,(x). In order
to avoid this situation, we must not only replace redexes by £, but also potential redexes
(expressions that rewrite to redexes). This leads us to define a semantic function w,, which
is just like g, except that it maps potential redexes to L (the pr stands for potential redex).
We investigate u, further in Appendix G. While g, and pp,, are distinct, similar definitions

in the A-calculus would not result in distinct notions because of the simpler structure of the
B-rule.

Note that limiting completeness is just what we need to show that if the meaning of x is
a double-sided infinite sequence with a’s added from the left and &’s added from the right,
as in the example at the beginning of this section, we can rewrite x to an expression with
arbitrarily many a’s and arbitrarily many b’s.

Theorem 7.4. FP has the limiting completeness property.

Proof. Given an FP expression x and d e u(x), by Proposition 5.2, we can find an FP’
expression x’ such that p(x') =x and 4 <y p'(x). By Theorem 5.10, we can find y in e.n.f
such that X’ »%y'. Since -, rewriting is sound, we have u'(y") = ¢’ (x"), so that d <;¢'(y").
Since y' is in e.n.f., by part 3 of Lemma 7.1, we know that p'(y') ey,(p(y')), so that
de u,(p(y)). Finally, by Proposition 5.7, x =*p(y"). O

Theorem 7.5. L-safety implies O-safety.
Proof. Suppose R is L-safe and p(x) is observable. Thus u(x) = {.\-}d for some x e D and
since R is L-safe, there must be some y such that x =% y and x € p,(y). An easy induction

on the number of brackets («»'s) in x, using Proposition 7.2, can now be used to show that
y=x° Thus x »*x¢ and R is O-safe. [J
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8. Conclusions

We have answered the two questions posed in the introduction. We have given a denotational
semantics for FP where distinct observable expressions get different meanings, shown that
the rewrite rules are sound for that semantics, and shown that they are complete in three
different senses. For each of our notions of completeness, we have defined a corresponding
notion of a “good” rewrite strategy. We have characterized and compared these notions, and
given natural examples of good strategies. While we have proved these results in the context

of FP, we believe that our techniques will readily apply to other languages.

Throughout this paper we have not discussed, nor have we needed to discuss, the Church-
Rosser property for FP. (CR would say that for all FP expressions x, yi, and ya, if x »*y;
and x =*y,, then there exists z such that y; -»*z and y; -*2.) We conjecture that FP with
the particular set of rewrite rules we have described is in fact CR, but we have not yet

proved this. But even if we had proved CR, it is not clear how interesting it would be.

To understand this point, first note that CR for expressions whose meaning is observable
follows immediately from our results on observable completeness. Indeed, observable com-
pleteness assures us that CR holds for observables in the following strong sense: We can add
arbitrarily many new (sound) rules to the system and still be assured that expressions with
observable meanings are CR. This is because the addition of rules necessarily preserves
observable completeness (as well as the other properties we have considered), and observable
completeness implies CR for expressions with observable meanings.

Our feeling is that any basic property of the language should be robust, in the sense that
it is preserved under the addition of sound rewrite rules. But consider what happens when
we add the following two (sound) rules to our system:

comp: < comp: < f,g >,comp: <h,i > > + comp: <f,comp: < g,comp: <h,i>>>

comp: < comp: < f,g >,comp: <h,i> > -+ comp: < comp: <comp: <f,g>,h>,i>
(Note that the soundness of these rules follows from the associativity of composition; it is
perhaps more easily seen if we rewrite the rules wusing infix notation as
(feg)o(hei) = fo(go(hei)) and (feg)eo(hoi) » ((fog)oh)ei respectively.) It is easy to see
that if f,g,h, and i are replaced by primitive function symbols, then both of the above right
hand sides are themselves in normal form. Thus, even if CR held for the system using the
rewrite rules described in Figure [, it would not be a robust property.

While the language we have presented is universal, it is by no means sufficient as a useful
programming language. There are many more functions to be added, some defined in terms
of the primitives given and some as new primitives, and there are useful extensions that could
be made to some of our functions. Although the addition of new primitives will necessarily
make our proofs longer (there being more cases to consider and rules to check), we believe
that the structure of the proofs is such that it will be relatively easy to make modifications
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9. Appendix A: An Alternative Syntax

In the initial stages of extending Backus’ FP78 to include infinite sequences, a syntactic
design decision had to be made: what syntactic object would be used to represent the result
of appending something to the left of a non-sequence? E.g., to what would al: <a,b > rewrite?
Of course, whatever was chosen had to have the correct properties; e.g., first of it had to

yield a, tl of it had to yield 1, and appending ¢ to the right of it had to satisfy all of the
properties of the semantic item «a, *, c>.

Rather than burden the syntax with a special construction, it was decided simply to make
al: <a,b> a normal form, i.e. an expression to which no rewrite rules apply, and to design
the rewrite rules for first, tl, last, and tr accordingly. This design decision was responsible
for the unusual structure of some of the rules and for a small amount of the technical
complexity in the statements (and proofs) of the results of this paper.

An alternative approach is to include another syntactic construct o, which may appear

onl inside of sequences. Formally, if xj,..,X,,y are expressions, then
y 1 n

XL er X0 (LY 1oeesYj D) Z 502k > > KX Lyeees XY Loeees¥ 5L seesZi >
al <x,y > > <x,0(y) > if x,y#o0(z)

ar: <x,y> - <o(x),y> if x,y#0(z)

first: < x1,..,X, > =+ X7 if n>1 and xq # o(y)

last: < X1,...,X, > » X, if n>1 and x,#0a(y)

th <xX1,..,X, > > <Xp,..,X, > if n2>1,x15#0(y), and <xp,....,X, > # <o(z) >
th <o(x1),Xx2,...,X, > =+ <o(th <o(x1),x2 >),X3,...,x,> if n>3

tri <Xy, ..0X, > > <X1,.,X-1>  if 12 1,x,5#0(y), and <xq,...,X,1> # <0(z) >
tr: < X1, Xp-1,0(X,) > > <X1,..,Xp_2,0(tr: <Xp_1,0(x,) >)> if n2>3

nll: <>->T
null: a > F (for any atom a)
null: <x1,...,x,>=>F if n>1

(cons: < fq,...,f, >)ix = < fux, .., fix > if no f;=o0(g)
(cons: <1,y Ty, 0(8), ft15 -0 f D)X > < 12X, oo, £0X, 0 (consigex), T 13X, o0y DX >

cond: <T,x,y> > x if x,y#0(2)

cond: <F,x,y> >y if x,y#0(2)
(comp: < f,g >)x —» fi(g:x) if f,g#0(z)
apply: <f,x> > fix if f,x #0(2)
(Kex):y - x

id:ix - x

Figure 3: The FP rewrite rules for the alternative syntax.
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These rules apply only if the left-hand side is well-formed.

A <X YL Y D> D > <X ¥ ¥ D>
alp: <x, Q(<Y1r""yn >)> >0 <MV, ¥n) >
arp: K<Y ¥n > X> »5 ¥ es ¥ X D>
arp: < Q(<Y1r-~v Yn >)x> - <* (Yh ~~-vyn)’ x>

first,: < Xpp 0y X, > > X1 (21)

first,:(al, i <%, ¥y >) > x

first,: qo(ar, <algi<x,y>,2>) -, X

first,:C, o(ar,: <C50(ar, <X,¥>),2>) >, first(ar: < x, ¥ >)

lasty: < Xy X > > X, (n2 1)

lasty:(ary: <X,y >) »4 ¥

lastp:ffoq(al,: <x,ar:<y,z>>) >, 2

lastpzeo,q(al,: <X, (_?0,,(31,: <y, z>)>) », lasty:(al;: <y, z>)

th: <Xy Xp > 5 <X2,00, %> (12 1,x1 # * (Y1, 005 Yi))

tlp: <* (Yl’ ) Yk)7 X2, X D> =g < ()’2:-% Yi» p(X2)),X3, o Xy > (n>23,k>1)

t: <*0, X2 0 X > > <* (0, X3, 0%, >, (12 3)

tlp:ao'q(al,: <X, EOJ(al,: <Y, 2>)>) >, Eo‘q_l(éo‘,(al,: <v,z>))

tlp:éovq(al,: <X, E,'o(ar,: <Y, 2>)>) >, Eo_q_]((_?s'o(ar,: <y,z>))

tlp:ffq‘o(ar,: < E‘OJ(al,: <X, ¥y>),2>) >, Eq_l'o(f‘o_‘(ar,: <v,z2>))

tlp:(—fq,o(ar,: < (_fsvo(ar,: <X, ¥y>)L>) >, (—fq_lyo((_f _aar < tlpar: < x5 >),2>))

<Xy Xy D> > KXpyey Xpm1 > (22 Lx,#* (¥t -0 Y1)

trp: < Xq,eeny Xn—x." O oY) > >g <X Xqo2, * (0(X01), Y1 n Vi) > (23,62 1)
trpi < Xlyoory X1, * () > > < X1y oy X322, 7 () >, (12 3)

trp: Cq ofar,: < Cos(al: < X,y >),2>) =, Cq—l o(Cosal: < x,¥ >))

trp: qo(arr < Coolar: < X,y >),2>) =, Cq 1.0(Csolar: < x,¥ >))

trp: CO.q(a] <Xx, CSO(arl <y, z2>)>) +, CO.q I(C:O(al <Xxy>))

trp: CO,q(al <x, COJ(all <y,z2>)>) =+, CO.q— (C[_;_l(al,. <X, trp-(311: <y,z>)>))
null,: <>, T

null,:a -, F (for any atom a)

nullp: <Xfy Xy > >, F(n21)

null,:Coy(al,: <X,y >) >, F

nullp:éq'o(ar,: <x,y>)—>,F

(COHSPZ <fpyen iy >)ix *a P _a(<Ty:x,. ofpix D), (£, * (g1, 8)

(consp: < fyyeey * (€15 s B oos £ D)iX 5 Pp_o(<E1ix 0, *(g120(X), o g 20(X)), T ix ), 12 1
(conspzéo‘q(al,z <f,g>))x-—>, Pp_z(foq(al,: < fix, cons,:gix >))

(conspz(_fq_o(ar,: <f,g>))x->,P _g(éq_o(ar,: <cons,:f:x, gix >))

cond,: < T,x,y > »; x

cond,: < F,x,y> =,y

(comp,: < f,g >)ix -, f:(g:x)
applyp: < f,x> »; fix
(Kpix):y =4 Pp_2(x)

idpix =5 x

Figure 4: The FP-style rewrite rules




for i2 N. Let p’ be defined in the same way as p except that p/(2(t)) =Q. Thus p’ maps
FP’ expressions to FP expressions augmented with £. It is now easy to check that
/(x| > Ip'(x,-.H) | for i> N. This gives us the desired contradiction. (We remark that it
is not necessarily the case that |p(x;)) > |p(x;41) | for i > N since a bottom rule of the form
Q1) =, Q(t") might have been used in rewriting x; »} y;.) O

Definition 11.4. x is an immediate component of z iff one of the following holds:

Loz=<z,.,2;," (t1, ., 1), Zi4 1, ., 2, > and x =z; for some j=1,...,n
z=<11,..,Z;> and x=1z; for some j=1,..,n

3. z=Coyal,:<z1,22>) and x=2z; or x=2z; (recall from Appendix B that Coq(x) is
represents either Co,4(x) or just x.)

4. z= (—:q,o(ar,.: <z1,73>) and X =2 Or X =23,

X is a component of y iff x is an immediate component of z for some well-typed z such that
y =} z. Note that if y'(y) is not a sequence item, then y has no components.

Lemma 11.5. If x is a component of y, then x <sey and 7(x) < 7(y). Furthermore, if y is esn.,

then x is e.s.n. also.

Proof. Suppose the hypotheses of the lemma hold. Then there exists a well-formed z such
that y -} z and x is an immediate component of z. The expression z must have one of the
four forms listed in Definition 11.4. We will consider only the third case and leave the other
cases to the reader. In this case, z=(—20'q(al,: <171,7z2>) and x is either zy or z;. Clearly
T(x) £ 1(z) < 7(y) and x is a very proper subexpression of z. Hence, x <s,y and 7(x) < 7(y),

as desired. If y is e.s.n., then x is e.s.n. by Proposition 11.3. J

We are now ready to define stability.

Definition 11.6. An FP’ expression x is stable iff it is e.s.n. with respect to -, and both of
the following hold:

1. if ¢/(x) is a sequence item, then every component of x is stable
2. if p/(x) is a function item, then x:y is stable for all stable y with 7(y) < 7(x).

Note that the stability is well-defined, since the stability of x is defined in terms of expressions
y such that either 7(y) < 7(x) or 7(¥) = 7(x), y <s¢ X, With both x,y being e.s.n. (Here we use
the fact that < is well founded over the set of e.s.n. expressions.)

Lemma 11.7. If x is stable, then every component of x is stable.

Proof. If p'(x) is a sequence item, then the result follows from the definition of stability.

If 4'(x) is not a sequence item, then the result is vacuously true since x has no components.

a

Proposition 11.8. If x +} y and x is stable, then y is stable.

Proof. We prove the result by induction on 7(x). Clearly, y is e.s.n. If g/(y) is not a
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assumption, z;_1 is of the form Q(x;-1:¥;—1). If z; is of the form Q(x;:y;) and x;_1 =} x; and
vi—1 1 ¥i, then (since clause (1) does not hold for z;) it must be the case that z; is well-typed
and clause (2) holds for z; If this is not the case, then either (a) an FP-style rule or the
last P-rule was applied to x;_q1:y;—1 in rewriting z,_; -5 z;, or (b) the first lowering rule was
used in rewriting z;_; to z;, We cannot have (a), since in this case x;_1:y;—1 would have to
be well-typed, contradicting our choice of i. If (b) holds, then it is easy to see that clause

(3) applies to the scquence. [J

Definition 11.13. x is semi-stable if x is e.s.n. and all the well-typed y such that x -}y are
stable.

It is immediate from the definition that if x is semi-stable and x -} x’ then x is semi-stable.

Proposition 11.14. If x and y are semi-stable, then x:y is semi-stable.

Proof. Consider any rewriting sequence z1 -p z3 +5 ..., where zy =x:y. We first show that
if z; is well-typed, then z; is stable. Suppose that z; is well-typed. From Lemma 11.12, we
know that there is an i < k such that either (a) z is of the form Q(x:y’), where xiy is
well-typed, x -} x’, and y =}y or (b) Q(p(z1)) =}z, We now show that in either case, z
is stable. If part (a) holds, then, since x and y are semi-stable by assumption, it follows that
x’ and y' are both semi-stable. Moreover, p(x) must be a function item (otherwise y(x':y') =1,
and x":y’ is not well-typed). Thus, by the definition of stability, for function items, it follows
that x":y’ is stable. Now by Lemma 11.11, it follows that z; is stable. If part (b) holds, by
Lemma 11.10, Q(p(z1)) is stable. The stability of z; now follows from Proposition 11.8. The
stability of zz follows from one more application of Proposition 11.8. It follows that if
xiy -} z and z is well-typed, then z is stable. We now show that there can be only finitely
many FP-style rules in this rewrite sequence. We know that one of the three clauses of
Lemma 11.12 must apply. If it is clause (1), there can be only finitely many }‘P-style rules
since both x and y are e.s.n. by assumption. If it is either clause (2) or (3), then by the
arguments in the preceding paragraph, the expression z; satisfying clause (2) or (3) is stable.

It follows that there can be only finitely many FP-style rules in the entire sequence. This
shows that x:y is e.s.n. [J

Lemma 11.15. x is stable iff x is semi-stable.

Proof. The only-if direction follows from Proposition 11.8. We prove the if direction by
induction on 7(x). If 7(x) =0, the result is trivial since x is e.s.n. and that’s all that needs
to be checked. So assume that 7(x) > 0. If u’(x) is not a sequence item or a function item,
we are done since x is assumed to be e.s.n. If p'(x) is a sequence item, then every component
z of x is an immediate component of some well-typed y such that x -}y and hence x is
stable. If p'(x) is a function item, let z be stable with 7(z) < 7(x). We are done if we show
that x:z is stable. By the induction hypothesis, it suffices to show that x:z is semi-stable.
This follows from Proposition 11.14.
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3. there exists an i such that y; = R;(£2(1)).

Proof. Since the proof is similar to the proof of L.emma 11.12, we confine ourselves to a
few comments. If every p(y;,) has the form al:t for some t, then with the exception of the
P-rules that move a P or C past al;, P rules or lowering rules can occur only entirely inside
of Q;(aly), x;, or R;. It is easy to see that in all the cases, x; > x;;.1. Also note that the
rules moving a P or C past al; can be applied only finitely many times since each time such
rule is applied to rewrite P,,(x") -, x" or C,, ,(x') =, x", then either the type of x” is lower
than the type of X/, or the length of p/(x”’) is less than the length of u’(x”). Let i be chosen
so the z;_1 »} z; is the last occurrence of one of those rules. (If there are no such occurrences
just take i=0.) The proof for part 2 is similar except that / is chosen to be the unique index
with p(z;) = al:p(x;) and p(z;41) = < p(to), ..., p(ty) >. O

Lemma 11.21. If x is stable, then R(x), al,,:X, and ar,:x are stable for all m,n.

Proof. This is proven simultaneously by induction on x under the < relation. Assume that
x is stable and that the lemma holds for all stable x” < x. It is easy to see by induction on
the length of the reduction sequence that if x -2 x”/, then either x =} x” or x =} <x1,% >
and <Ry(x1),Ra(x3) > »} x” for some choice of x1,xp, R, Rz. The induction hypothesis thus
implies that if x -2 x”, then x” is stable.

To prove that al,,:x is stable, we show that it is e.s.n. and that every component is stable.
Consider a reduction sequence al,,:X =vyg = ¥1 =5 ¥2 »p ... for al,;:x. If part 1 of Lemma
11.20 applies, then y; = R;(Q;(alj):x;) where x »Z x;. Hence x; is stable and e.s.n. Therefore,
by part 1 of Lemma 11.20, the entire reduction sequence contains only finitely many FP-style
reductions. If parts 2 or 3 of Lemma 11.20 apply, a similar argument can be used. A similar
argument using the cases of Lemma 11.20 can also be used to show that every component

of al,,:x is stable. The proof for ar,,:x is similar, so is omitted.

Finally, we must show that R(x) is stable. It suffices to show that R(x) is e.s.n. and that
every component of R(x) is stable as well. We leave it to the reader to check that Lemma
11.19 implies that it suffices to consider the cases where x has one of the forms al;: <z,z3 >,
ar;: < z1,23 >, Or <2,..,2, >. If x=al;: <zy,2z3 >, then since z1,z are components of x and
hence stable and the inductive hypothesis applies to <z1,zy >, an argument using Lemma

11.20 similar to the one above can be used to prove the result. We leave the other cases to
the reader. O

Corollary 11.22. If x is stable, then Cp, ,(x) is stable for all m, n.

Corollary 11.23. al; and arj are stable for all I

Finally, we want to prove that every primitive function symbol is stable. It is useful to
divide the function symbols into two groups. We say that the FP’ function symbol f is of
type 1 if p(f) € {first, last, tl, tr, null, cond, apply, id} and of nype 2 if p(f) € {comp, cons, K}. Notice
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then parts 2a and 2b are vacuously satisfied and part la follows by assumption. If clause 4

occurs, then parts 1la and 2b are vacuously satisfied and part 2a follows by assumption. This
completes the proof of parts la, 2a, and 2b.

We now prove part 1b. Any component of f:xj:....x, must be an immediate component
of some w for which f:xy:...:x,, =} w. Consider the reduction sequence going from f:xj:..:x,
to w. Again we apply Lemma 11.24. Note that clause 1 cannot apply to the reduction
sequence since p of the leftmost symbol in any step in clause 1 must be p(f) whereas the
leftmost symbol in p(w) must be one of al,ar, <. Since u'(W) # L clause 2 cannot apply to
the reduction sequence. Clause 4 cannot apply since f is assumed to be of type 1. Hence
clause 3 must apply. In this case, z:x:...:x, =} w for some z ¢ RHS(f,xy) and hence x is a
component of z:xp:...:x,, as desired. This completes the proof of part 1b. The proof of 2c is
similar and is left to the reader. [J

Lemma 11.26.

1. If fis of type 1, then
a. f is stable iff f:x1 is stable for all stable x.
b. If xq is stable, then f:xq is stable iff every member of RHS(f,x1) is stable.
2. If f is of bpe 2, then
a. f is stable iff f:x1:xy is stable for all stable x1,x3.
b. If Xq1,xy are stable, then f:x1:xy is stable iff every member of RHS(f,x1,x3) is stable.

Proof. Since the proofs are similar, we prove part 2 and leave part 1 to the reader. The
only-if direction of part 2a follows from Corollary 11.16. To prove the if direction of part
2a, it suffices to show that f:xy is stable for all stable x;. By part 2b of Lemma 11.25, it
follows that f:x; is e.s.n. Since f is of type 2, it must be the case that ¢/ (f:xq) is a function
item or L. Thus, in order to prove that f:xq is stable, it now suffices to show that f:xj:xp

is stable for all stable x,. Since this is true by assumption, the proof of part 2a is complete.

The only-if direction of part 2b follows from Proposition 11.8. To prove the if direction
of part 2b, we first show that if » > 2 and xy,...,x, are all stable, then f:xj:...:x, is e.s.n. By

Note that z is stable by assumption and hence z:x3:...:x,, is stable by Corollary 11.16. Thus,
fix:...:x, is e.s.n. We next prove simultaneously for all » > 2 by induction on 7(f:x1:...1xp)
that f:xj:..:x, is stable provided xy,...,x, are all stable. If u' (f:xq:...1x,) is not a function
item or sequence item, then we are done since we already know that f:xj:..:;x, is e.s.n. If
¢'(f:x1:...:x,) is a function item, then we are done since fixj:i...:Xp:X,4q is stable for stable
X,4+1 by the induction hypothesis. In the case that ¢/ (f:xq:...:x,,) is a sequence item, by part
2¢ of Lemma 11.25, every component of f:xj:...:x, is a component of z:x3:....x, for some
z € RHS(f,x1,x2). By assumption and Corollary 11.16, z:x3:...:x, is stable. Thus, every

component of z:x3:...:x, is stable, and f:x}:...:x, is stable, as desired. [J
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12. Appendix D: Modified Leftmost is O-safe

In this appendix we show that the modified leftmost strategy is O-safe. We want to show
that if u(x) is an observable item, then for some n, ML(x,n) = u(x)°. By Corollary 4.4, it
suffices to show that AL reduces x to normal form. Since wp(x) is observable, we can find
a well-formed FP’ expression x" such that p(x{) = x and {x’(x) }d = u(x). Consider a tracking
sequence (see Definition 6.7) x{,x], x5, ... for x under the ML rewrite strategy. As noted, it
suffices to show that p(x;) is in normal form for some n. For this, it suffices to show that
Xg =% X4 1 uses an FP-style rule (as opposed to using a bottom rule) whenever p(x}) is not
in normal form. For then we have that either p(x;,) is in normal form for some n or else
the tracking sequence has an infinite number of FP-style rules, contradicting Theorem 5.10.
Since ML is history independent, it suffices to show the result for the first step, namely that
x( -5 x1 uses an FP-style rule whenever p(x{) is not in normal form and ML(p(xp), 1) = p(x}),
provided p'(x() is observable. We will find it more convenient to prove the contrapositive,
namely that if x( -, x] using a bottom rule, then u'(x{) is not observable. Before checking
this, we need a bit of notation. Let x" be the FP expression obtained from the FP expression
x by replacing the ML redex (if one exists) by a:b where a and b are atoms. (There is

nothing special about the choice of a:b; any expression whose meaning is L would do.)
Lemma 12.1. If xp»5x1 by the use of a bottom rule and p(x]) = ML(p(x0), 1), then

W (xb) € u( (p(xb™).

Proof. This is easily proved by induction on the structure of x0. For example, assume that
x has the form y":z’. Then y’:2’ is not the redex for the -, rule used to rewrite x{ to x}
since we are assuming that a bottom rule was used. Therefore, the -, redex must be entirely
contained inside of either y' or z'. Say, for example, that the redex is entirely contained in
y. Then we get u'(xh) =/(y:2') =¢'(y) - ' () enl (YN™) - ulp(')) =u( (o)™ :p(z) )
=u( (pG)EN™) =u( (= N™) =u( (pN™). O

We next want to show that if x is an FP expression not in normal form, then p(x"’l) is
not observable. Once we show this, it follows from Lemma 12.1 that no bottom rule could
have been used in a tracking sequence for (ML,x) if u(x) is observable. Coupled with the
previous observation, this says that for some #, it must be the case that M L(x,n) is in normal
form. Thus the fact that ML is O-safe follows from part 3 of the following lemma (parts
1 and 2 are necessary only as induction hypotheses).

Lemma 12.2. If x is not in normal form, then
1. If p(x’"’) is a sequence item, then x has one of the forms al: <x1,X2>, ar: <Xi1,Xp>, or
<X1, X > if (X™) is of definite length, then in fact x is of the form <Xi,...,.Xg >.

If p(x”‘[) is a function item, then x has the form {:yy where f is comp, cons, or K.

w(x™) is not observable.

56



induction hypothesis). Thus, by the the induction hypothesis, z must have one of the forms
al: <z1,2z3 > or ar: <z1,z9 >. Since they are similar, we consider only the al case. z; cannot
have the form <...> (otherwise u(z”™) has definite length). z, cannot have one of the forms
al: <z3,24 > or ar:<z3,z4> (otherwise x is a redex). If z; is in normal form, then by
Theorem 4.3 p(z3) is not a sequence item and hence p(x) = L; thus, p(x’"’) = 1L which is a
contradiction. If z is not in normal form, then by the induction hypothesis, u(z3") is not a

sequence item and hence p.(x"‘l) = 1 which is also a contradiction. Thus, y # tlL

Similar proofs work in all other cases. ]
13. Appendix E: Characterizing S-safety

Recall that we are trying to show that (1) R is S-safe for x iff (2) every tracking sequence
for (R,x) reaches e.n.f. We first show that (1) implies (2).

Definition 13.1. A rewrite strategy R is steady with respect to a well-formed FP’ expression
x' iff R is S-safe for p(x’) and there exists a tracking sequence for (R, p(x’)) starting with
x’ in which no FP-style rewrite rules are used.

Lemma 13.2. If X' is a well-formed FP’ expression and R is a rewrite strategy that is steady with

r .. .
respect to X', then X' is in essential normal form.

Proof. Suppose x’ is well-formed and R is steady w.r.t x’. We first show that if u'(x") # L,
then x = p(x’) must be transparent. For suppose not. Then, since R is S-safe for x, there
must be some # > 0 such that R(x,n) is transparent and R(x,n") is not transparent for n’ < n.
Let x§,x],... be any tracking sequence for (R,x) with x'=xj. We claim there must be an
FP-style rewrite rule applied in reducing x;_1 =4 x,. Since p(x,_1) # p(x}), either a bottom
rule or an FP-style rule must be applied. If it is a bottom rule, then we leave it to the reader
to check that we must have u'(x,_1) = L. But this contradicts the assumption that w(x') # L.
Thus every tracking sequence for (R,x) starting with x’ has an occurrence of at least one
FP-style rule. But this contradicts the assumption that R is steady for X

The lemma now follows by induction on the structure of x’, using the observation above.
If x’ is an atom or a primitive function or of the form Q(x), then it is clearly in c.n.f. If x/
is of the form <y},...¥,,> and no y; has the form *(...), let R} be the strategy defined on
p(¥D, i=1,..,m, by taking R} (p(y}),n) to be the ith component of R(x,n). It is easy to see
that R/ is steady for y}, so by the inductive hypothesis, y; is in e.n.f. Hence x' = <¥1, ..., ¥/, >
is in e.n.f. as well. A similar proof works if one of the y; has the form *(...). If x' has one
of the forms y:z, Pp,(y':z'), Cp, (y':z), or Cp4(Ppy(y':2')) (the only remaining cases, since x’
is well formed), then we proceed by cases on the form of p'(x'). Since x’ does not have the
form Q(x) and x’ is well-formed, we have that p.'(x') # 1. Thus, by the observation above,
we know that p(x’) must be transparent. This means that p(x) must be of the form al: <z,y >
or ar: <y,z>, where u(y) is not of definite length, or of the form f:y, where f is one of

comp, cons, or K. We consider only the case that p(x') is of the form comp:y since all the
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If X' -, y by an FP-style rule, then Plen(x") < 2 since x’ is well-formed. There are two ways
that Plen can grow, one by the FP-style rule introducing a P or C and the other by the
FP-style rule taking away some structure and thereby allowing two P or C’s to come together.
The first occurs in many FP-style rules including the K rule (K,,:x):y - P,,_2(x). The sccond

occurs only when the redex involves a K or id; a case analysis shows that in all cases we
have Plen(y)) <5. O

There are two related notions of having large subscripts that we consider. The first (and
weaker) notion will be called partial support. This is essentially a syntactic notion; an
expression x has partial support n if, roughly speaking, the subscripts on all the P’s and on
all the primitive functions symbols that appear in x are at least n. (As we shall see, the
situation is somewhat more complicated due to the presence of expressions of the form
Cmm(x).) An expression x has total support n if, roughly speaking, in addition to having
partial support n, the meaning of x is a good approximation to the meaning of p(x), in that
@' (x) is at least as large as P,(u(p(x))). Actually, we want this property not just for x, but
for all of its subexpressions. Formally, we define a function PS mapping FP’ expressions to
INU {} by induction on structure:

PS() =

PS(f)=n

PS(Q(t)) = supin| P, (u(x)) = 1}
PS(<KX1,.-sXpy >) = minfee, PS(x1), ..., PS(xp)}
PS(KX1yeenXiy *(t1, o5 1),¥ 150V >) =0
PS(P,(x)) = min(n, PS(x))

R R

min(PS(x), sup({k | 4’ (Cip(x)) € 1/ (Cra(x)D) if p'(x) is a sequence

7. PS(C,,n(x)) = {sup{n | Py (u(x)) = 1} otherwise

8. PS(x1:x2) = min(PS(x), PS(y)).

We say that x has partial support n if n < PS(x); we say that x has total support n if x has
partial support n and P,(u(p(y))) __<_p./(y) for all subexpressions y of x. Note that if » <n’
and x has total (resp. partial) support n’, then it has total (resp. partial) support n as well.

We want to relate the partial support of expressions to their total support, and estimate

how the partial and total support change as a result of applying rewrite rules. These goals
motivate the next four lemmas.

Lemma 13.4. For all FP expressions X and all integers m, there exists an integer n such that if

p(x) =x and x' has partial support n, then x' has total support m.

Proof. This is proved by induction on the structure of x. The only interesting case is when
x has the form x=x1:x2. Since P, (u(x1:x2)) € u(xq):p(x2), we can find xq € u(xy) and
xy € u(xp) such that P, (u(x1:x3)) = x1:x5. Let m’ > m be large enough so that xj,xy € Dy
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anywhere near n. This phenomemon is one of the principle reasons for the considering the
notion of partial support.

Lemma 13.7. For every finite FP reduction sequence R(x,0),...,R(x,k) and every M >0, there

exists N such that if x{ =} ... X X} is a tracking sequence for the given FP reduction sequence and
x0 has total support N, then X! has total support M for all i=0, ...,k

Proof. This is easily proved by induction on k (the length of the reduction sequence) once
we have established the base case. So assume k=1 and fix M. If xj=x] or x§ -, x] by
means of a bottom rule, just take N= 3. The only remaining case is that there exists x'}
such that xg -, x'] by means of an FP-style rule and then x’} =2 x} by using only P-rules
and lowering rules. Since, by Proposition 5.6, there can only be 22”{("1)] steps involved in
rewriting x'] =% x], by Lemma 13.5, if x’| has total support M =M + | R(x,1) | x 227“{("1)!,
then x} has total support M. By Lemma 13.4, there exists Ny such that if x| has partial
support Ni, then it has total support ;. Take N=N; +2. By Lemma 13.6, if x{ has total
support N, then x’{ has partial support Ny. The result now follows. [J

Lemma 13.8. There exists a function BIG such that for all positive integers n, rewrite strategies R,
and FP expressions X, BIG(n,R,X) is a positive integer with the following property: for every FP’
expression X' such that (a) X' is well-formed, (b) p(x') =x. (¢) X has total support BIG(n,R,x), and
(d) some tracking sequence for (R,x) starting with X' reaches e.n.f., there exists m such that R(x,m)

Is n-transparent.

Proof. First we define BIG(n,R,x) =0 if u(x) = L. The result is trivially true in this case.
For the rest of the proof, we assume that p(x) # L. We define BIG by induction on n for
all R and x. For the base case, choose k big enough so that p(x) N D; contains an element
other than 1 and so that if u(x) is a sequence of definite length &, then k > k’; define
BIG(1,R,x) to be any such k. Suppose the m™ term in some tracking sequence for (R, x)
starting with x’ is in e.nf. If this m'® term is x;,, then by Proposition 5.12, it follows that
p(x:n) = R(x,m) is transparent.

Inductively, suppose we have defined BIG(i,R,x) for all R and x and i < n. We show how
to define BIG(n+ 1,R,x). Given R and x, there are two cases to consider: either for all m,
R(x,m) is not transparent, or for some m, R(x,m) is transparent. In the former case, we
take BIG(n+ 1,R,x) = BIG(1,R,x). Given a well-formed x’ with support BIG(1,R,x) and
with p(x’) = x, then no tracking sequence starting with x’ ever reaches e.n.f (for otherwise,
by the definition of BIG(1,R,x), there would be some m such that R(x,m) is transparent,
contradicting our assumption), so that the result is vacuously true. In the latter case, let m
be such that R(x,m) is transparent and R(x,m’) is not transparent for m’' <m. R(x,m) is
either an atom, a primitive function symbol, or of the form <yi,...,yx >, al: <y,z >, ar: <y,z >,

or fiy, for f =K, cons, or comp. If R(x,m) is either an atom or a primitive function symbol,
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It is useful to define a meaning function u. on FP’ expressions that is an analogue of y,.
More formally, u, is defined inductively just as u’ is. The only clause that is different is the
clause that p(xq:xp) = L if p(xy:xy) is an FP redex and otherwise uy (X1:X0) = gy (x1) ) (x0).
In order to show that (1) implies (2), we need a preliminary lemma.

Lemma 14.1.  For all FP expressions x and all integers m, there exists an integer n such that if

p(x") =x and X' has partial support n, then P, (1, (x)) <jur(x').

Proof. This is easily proved by induction on the structure of x in a manner similar to the
proof of Lemma 13.4.

We can now show that (1) implies (2) in our characterization of L-safety. Suppose R is
L-safe for x and de p(x). Since R is L-safe for x, there exists k such that de ur(R(x, k)).
There exists an interger m such that d e D,,. By Lemma 14.1, we can find an integer n such
that if p(x;) = R(x,k) and x} has total support (or even just partial support) n, then
d <1 Py (1, (R(x,k))) < pr(xg). By Lemma 13.7, we can find an integer N such that if xj has
total support N and x6,...,x;, is a (=) tracking sequence for R(x,0),..., R(x, k), then x}, has
total support n. By Lemma 13.9, we can find a well-formed expression x{ with total support
N and with p(xp) = x. Let x{,...,x} be a (=4 ) tracking sequence for R(x,0),..., R(x, k). Since
x}, has total support n, it follows that d <7uh(xz). Let X/} be formed from x; by replacing
all subexpressions of x; of the form yj:y for which p(yi:vs) is an FP redex by the new
subexpression (p(y1:y2)). It is easy to see by induction on the structure of xj that
¢’ (x'}) = py (x). Furthermore, note that xj -} x’, by means of the two step rewriting
y1:y2 =5 Polyi:y2) =5 Qp(y1:v2)). Let Xk =5 x""; where x"'} is well-formed and only lowering
and P-rules are used to reduce x; to x”}. It is easy to see by construction that X% is in
enf. This gives us that d<;p/(xp) = ¢/ (x'}) = ' (x"}) as desired. Finally note that the
reduction sequence X, ..., Xs_1,X % can be extened past k to a tracking sequence for the entire
reduction sequence R(x,0),R(x,1),.. by applying Lemma 6.8 to the strategy
R'(R(x,k),)) = R(X, k + ).

In order to show that (2) implies (1), assume (2) holds and we are given d e u(x). We
want to show that for some n, we have d € y,.(R(x,n)). By assumption, we can find a -
tracking sequence xg,x1, ... for (R,x) such that for some n, xJ is in e.n.f. and d <; ¢(x}). By
part 3 of I.emma 7.1, we have that d < p'(x;l) € u,(R(x,n)) which proves the result. [

This characterization of L-safety was in terms in -, tracking sequences. Does a similar

characterization hold if we use -, tracking sequences instead? As the following example
shows, the answer is no.

Example 14.2. Let x =cons: <id:id,id:id >, y =cons: <id,id:id >, z= cons: <id:id,id >,
Wwo = cons: < comp: < comp, cons: < K:first,id > > , comp: < comp, cons: < K:last,id > > > : x,
w1 =< comp: < first,x > , comp: < last,x > >, and
wy = < comp: < first,y > , comp: <last,z> >. It is easy to check that wg »*w; »=* wy. Thus
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3. wp(x) = min {u (y) |x>*y}

Proof. Part 1 is immediate from the definitions. Part 2 follows easily by induction on the
structure of x. Part 3 follows from parts 1 and 2. [J

Using ppr, we can now define our last notion of having “enough” rules:

Definition 15.2. A set of rewrite rules is LL-complete iff for all FP expressions x and all
d € p(x) there is an I'P expression y such that x =*y and d e u, (v). R is LL-safe for x iff

for all d e u(x), there exists n such that d e p, (R(x,n)). R is LL-safe iff it is LL-safe for
all FP expressions x.

By part 2 of Proposition 15.1 and Theorem 7.4 it follows that FP has the LL-completeness
property. By part 1 of Proposition 15.1, it follows that if R is LL-safe for x then it is also
L-safe for x, and so LL-safety implies L-safety. To see that the converse does not hold, let
X = comp: < first, cons:(al: <K:a,id: <> >) >. It is easy to check that p,(x) = u(x) = u(K:a),
while p,-(x):2= L for all . So if R is a strategy that does nothing on x (i.e., R(x,n) =x for
all n), then R is L-safe for x but not LL-safe for x.

We would also like to show that S-safety implies LL-safety. To do this, we first give a
characterization of LL-safety in terms of FP’ tracking sequences. To understand the intuition
behind this definition, recall that in Lemma 7.1 we showed that if x’ is in e.n.f., then
w'(x) € p, (p(x)). Tt is not necessarily the case that if x" is in e.n.f. then u/'(x") € ;Lp,(p(x')).
For a counterexample, consider x" =aly: <ag, Q(id: <a;>) >. It is easy to see that x’ is in
enf., u'(x) =<ap,*>, and p, (p(x")) = L.

This expression x’ is exactly the same one we used to show that it is possible for an FP’
expression to be in e.n.f. and yet be rewritten to another expression which is not in e.n.f.
We define an FP’ expression to be in almost normal form (a.n.f.) iff every expression it rewrites
to (using -, rewriting) is in e.n.f. One can show that any well-formed FP’ expression x’ in
e.n.f. can be rewritten to a.n.f. using at most a finite number of FP-style rules (indeed, the
number is at most the number of occurences of al and ar). We can now show that if x’ is

an FP’ expression in a.n.f, then p'(x') € up(p(x’)). Using anf., we can now state our
characterization for LL-safety.

Theorem 15.3. Let R be a rewrite strategy. Then the following are equivalent:

1. R is LL-safe for x.

2. For all d € u(x), there exists a exists a -, tracking sequence x§,XJ, ... for (R,x) such that for
some n, Xy is in a.nf and d <;u'(x').

Proof. Just like that for Theorem 7.7, replacing e.n.f. by a.n.f. throughout. We omit details
here. [J
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