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Abstract: We consider languages whose operational 
semantics is given by a set of rewrite rules. For 
such languages, it is important to be able to determine 
that there are enough rules to completely reduce all 
meaningful expressions, but not so many that the 
system of rules is inconsistent. We develop a formal 
framework in which to give a precise treatment of 
these soundness and completeness issues. We believe 
our approach to be novel in that we make heavy 
use of denotational semantics in our proof of com­
pleteness. The particular language for which we 
answer these questions is an extended version of the 
functional programming language PP; however the 
applicability of these techniques extends beyond the 
realm of PP rewriting systems. 

1. INTRODUCTION 

Recently there have appeared in the literature a 
number of programming languages where rewrite (or 

reduction) rules have been used to provide operational 
semantics or a means of proving program equivalence 
([O'D77,Ba78,Tu79,BMS80,Wi82,GMP82,HO84]). 
When rewrite rules are used in this way, there are 
two obvious questions that can be asked: 

1. Do we have too many rules, thus making equiv­
alent two expressions that should be different? 

2. Do we have enough rules to be able to compute 
the correct meaning of all expressions? 

In this paper we develop a formal framework in 

which to give precise answers to these soundness 
and completeness questions. We believe our approach 
to be novel in that we make heavy use of denotational 
semantics in our proof of completeness. The par­
ticular language for which we answer these questions 
is an extended version of the functional programming 
language PP [Ba78]; however the applicability of 
these techniques extends beyond the realm of PP 
rewriting systems. 

Our first step is to give a formal denotational 
semantics to PP. This in itself is a nontrivial task. 
PP can be viewed as an untyped combinatory cal­
culus, so we have the usual difficulties of giving 
semantics in such a way that every expression can 
be viewed as both a function and an argument to 
a function (cf. [Me82]), as well as the problems 
involved in representing infinite sequences. 

Once we have given the semantics, answering 
the first question above becomes straightforward. 
We must simply show that any two expressions that 
we intend to be distinct are assigned different mean­
ings, and then show that the reduction rules preserve 
meaning. Thus if x - y is a reduction rule, we must 
show that /L(x) = /L(Y), where /L is the semantic func­
tion that assigns a meaning to each FP expression. 

Proving completeness is a somewhat more delicate 
task. Part of the problem is that it is not even 
clear what it means for there to be "enough" rules. 
We might hope to be able to prove that whenever 
two PP expressions x and y have the same meaning 

(i.e., /L(x) =/L(Y)) then we could show that there 
exists some z such that both x and y reduce to z. 
This turns out to be too much to expect. Just as 
for combinatory calculus, we know that all recursive 
functions can be encoded in PP [Wi81], so doing 
this would be at least as hard as proving the equality 
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of two recursive functions, a problem well known 
not to be recursively enumerable (cf. [Ro67]). Thus 

we must aim for a somewhat weaker notion of 
completeness. 

In FP, although programmers can write higher-order 
functions, programs are usually written to compute 
observable expressions, where an observable expression 
is one that can be formed from atoms using the 

sequence constructor. Roughly speaking, what we 
will show is that if the meaning of an FP expression 
x is the same as that of an observable expression 
y, then we have enough rewrite rules to reduce x 

toy. Thus, at least we have a notion of completeness 
for expressions of the type that a programmer is 

most interested in. 

To understand the difficulties involved in the 
proof of completeness, recall that in an umyped 

>..-calculus or combinatory calculus, we can define 
a fixpoint operator. In a similar fashion, we can 

define a fixpoint operator fix in FP with the property 

that fix:f reduces to f:(fix:f). This already shows 
that FP is not even weakly normalizable: there are 
some expressions for which no sequence of rewriting 
rules terminates. It is well-known (see [FL083] for 
a proof) that typed >..-calculus is strongly normalizable: 

every reduction sequence terminates. In our proof, 

we construct a variant of FP, called FP', on which, 
using the semantic domain, we can impose a notion 
of type. Once we have done this, we can apply 

ideas from [FL083] to show that FP' is strongly 
normalizable. Then we can show that for an ex­
pression x whose meaning is the same as that of an 

observable expression y, we can "pull back" an FP' 
reduction sequence for x to an FP reduction sequence 
for x. To our knowledge, this is the first use of 
semantic techniques to prove a completeness theorem 
of this kind. 

In other related work, Dosch and Moller [DM84] 

develop a set of rewriting rules similar to ours, but 

they take for their semantic domain the term model 
underlying the algebra of rules. Because their se­
mantic domain is so intimately related to the reduc­
tion rules, it does not seem possible for them to 
even state a completeness theorem of the same type 
as ours. For them, essentially by definition, the mean­
ing of x is the same as that of y iff there is some 
z such that both x and y can be reduced to z. (For 

these and other reasons we also feel that the semantic 

domain we introduce here is a more natural one for 
programmers to use in reasoning about their programs 

and for us to use in designing the language.) 

The rest of the paper is organized as follows. In 
the next section we give the syntax and semantics 
of FP, and show that all the reduction rules are 
sound. We also show that when we remove any 

one of the operators apply, cons, and comp from FP, 
the resulting language is strongly normalizable. (This 
essentially strengthens the results of [DM84].) In 
Section 3 we prove the completeness result. We 

conclude in Section 4 with some consequences of 
the proof of completeness, and discuss how to extend 
these results when additional primitive functions are 

added to FP. 

2. SYNTAX AND SEMANTICS OF FP 

The language we treat in this paper differs from 
the "classical" FP of [Ba78]: 

1. We allow expressions whose "meaning" is an 
infinite sequence. For example, in classical FP 

it is not possible to write an expression whose 
meaning is the sequence of all positive integers, 
but it is possible in our version of FP. 

2. We drop the requirement that all functions be 
strict, thus allowing a "lazy" evaluation strategy 
(see [FW76,HM76] for a discussion of lazy eval­

uation). 
3. We use slightly different notation for the com­

position and construction of functions. We also 

have an object level conditional rather than a 
function level conditional. 

We begin this section with a description of the 

syntax of FP. We assume the existence of a set .14 
of atoms which typically includes the integers and 

strings of letters. We require that T and F be atoms. 

We also assume the existence of a set /Y of primitive 

functions that is disjoint from .14. The set /Y we 

consider in this paper is fal,first,tl,ar,last,tr,null, 

comp, cons, appiy, K, id, cond}. This set of functions is 
sufficiently rich to allow us to express all recursive 
functions; in Section 4 we discuss how to deal with 

extensions of FP. The FP expressions are defined 

to be the least set containing .JtJU /Y and closed under: 

1. The formation of sequences: if x1, ... , x,. are FP 

expressions (for n ~ 0), then <xi, ... , x,, > is also 

an FP expression. 
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2. Application of expressions: if f and x are FP 
expressions, then f:x is also an FP expression. 

Computation of an FP expression proceeds by 
using the rewrite rules to transform the expression. 
We give below the intuition behind the primitive 
functions, as well as some of the rewrite rules as­
sociated with them. (Rewrite rules are sometimes 
called reduction rules.) The entire set of rewrite 
rules is given in Figure 1. 

l. al takes a pair as argument and forms a new 
sequence by adding the first argument to the 
left of the second argument (if the second ar­

gument is a sequence); thus 

al:< x, < Yh ... , Yn > > + <x,yi, ... ,yn >· 

2. first takes a sequence as argument and returns 
the first element of the sequence; thus 

first: < xi, ... , Xn > + xi, first:(al: < x, y >) + x. 
3. ti removes the first element of a sequence, so 

tl:<xi, ... ,xn>- <x2, .. ,,xn>· 

4. There are symmetric operations ar, last, and tr 
which operate on the right side of the sequence 
instead of the left in an analogous manner to 

al, first, and ti. 
5. null returns T when given the empty sequence 

and F when given a non-empty sequence or an 

atom. Thus, for example, null:<> - T and 

null: < x1, ... , Xn > + F. 

6. cons takes a sequence of functions <f i, ... ,fn > 

as an argument and returns the function that, 
when applied to x, returns the sequence 
<f1:x, ... ,fn.:x>. Thus (cons:<f1, .. ,,fn>):x -
<f1:x, ... ,fn:x >· We view the expression [fi, ... , fnl 
of [Ba78] as an abbreviation for 

cons:< ft, ... , fn >· 
7. cond is the if-then-else function, so 

cond: < T,x,y> - x and cond: < F,x,y> + y. 
8. comp denotes composition, so 

(comp:<f,g>):x-f:(g:x). We view fog as an 

abbreviation for comp:< f, g > . 
9. apply, when given a pair of elements, applies 

the first to the second; thus 

apply:< f, x > + f:x. 
10. K is the familiar combinator from combinatory 

calculus that converts an expression to a con­
stant function which always returns that ex-

pression; thus (K:x):y - x. 
11. id is the identity function, so id:x - x. 

Before proceeding to a discussion of our semantics, 
we give an easy proof of strong normalizability for 
some large subsets of FP. 

Definition 2.1. An expression is a redex iff it is an 
instance of the left-hand side of one of the rules; 
i.e., it is the result of instantiating a schema variable 
in the left-hand side of a rewrite rule (such as the 
f, g, and x in (comp:< f,g>):x) by an FP expression. 

An expression is in normal form iff no subexpression • 
is a redex. An expression is weakly normalizable (re­
spectively, strongly normalizable) iff some (respectively 
every) reduction sequence for it leads to a normal 

al:< x, < Y1, ... , Yn > > - < x, Yt, ... , Yn >· 
ar: <<YI, .. ,,Yn > ,x > + < Y1, .. ,,yn,X >· 

first: < xi, ... , Xn > + Xt (n 2: 1). 
first:(al: < x, y >) + x. 
first:(ar: < al: < x, y > , z >) - x. 
first:(ar: < ar: < x, y > , z >) - first:(ar: < x, y > ). 

last:< x1, ... , x,, > + x,, (n 2: 1). 
last:(ar: < x, y >) - y. 
last:(al: < x, ar: < y, z > >) - z. 
last:(al: < x, al: < y, z > >) - last:(al: < y, z > ). 
ti: < xi, ... , x,. > - < x2, ... , x,. > (n 2: 1). 

tl:(al: < x,al: < y, z > >) - al:< y,z >-
tl:(al: < x,ar: < y, z > >) + ar: < y,z >· 
tl:(ar: <al:< x, y > , z >) - ar: < y, z >· 
tl:(ar: < ar: < x, y > , z >) - ar: < tl:(ar: < x, y > ), z > . 

tr:< x1, ... , x,. > - <xi, ... , x,,_1 > (n 2: 1). 

tr:(ar: < ar: < x, y >, z >) - ar: < x, y >· 
tr:(ar: < al: < x, y > , z >) - al: < x, y >. 
tr:(al: < x, ar: < y, z > >) - al:< x, y >. 
tr:(al: < x, al:< y, z > >) - al:< x, tr:(al: < y, z >) >· 

null:<> -T. 
null: a - F (for any atom a). 
null:< x1, ... , x,, > - F (n 2: 1). 
null:(al: < x, y >) - F. 
null:(ar: < x, y >) - F. 

(cons:< fi, ... , f,, >):x - < f1:x, ... , fn:x >. 
cons:(al: < f,g >):x - al:< f:x, cons:g:x >· 
cons:(ar: < f, g > ):x - ar: < cons:f:x, g:x >· 

cond: < T,x,y > - x. 
cond: < F,x, y > - y. 

(comp:< f, g > ):x - f:(g:x). 
apply:< f,x > - f:x. 
(K:x):y + x. 
id:x + x. 

Figure 1: The FP rewrite rules. 
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form. A language is weakly normalizable (respectively, 
strongly normalizable) iff every expression in that lan­
guage is weakly normalizable (respectively, strongly 
normalizable). ~- is the reflexive, transitive closure 

of-. 

Let FP-{apply} (resp. FP-{cons}, FP-{comp}) con­
sist of all FP expressions which do not mention the 

primitive function apply (resp. cons, comp). 

Theorem 2.2. FP-{apply}, FP-{cons}, and FP-{comp} 

are all strongly normalizable. 

Proof. For the case FP-{apply}, we assign numbers 
to all the FP expressions as follows: 

N(a) = 1 if a is an atom or primitive function, 

N(<x1, ... ,x,, >) =N(x1) + ... +N(x,,) + 1, 

N(f:g) = 2N(C) x N(g). 

Whenever we apply a rewrite rule (except for the 
apply rule), the number of the expression goes down. 
We prove this for the comp rule: 

1 
N((comp: < x, y > ):z) = 22 x(N(x)+N(y)+l) x N(z) 

> i""(x) X 2.V(y) x N(z) 

= N(x:(y:z)). 

All the other rewrite rules (of FP-{apply}) are just 
as easy. 

For the case FP-{cons}, we assign numbers to FP 
expressions in a slightly different fashion. Note that 

all the rules (other than the ones for cons) have a 

right-hand side whose length is no longer than the 
left-hand side. Indeed, all the rules except 

tl:(ar: < ar: < x, y > , z >) - ar: < tl:(ar: < x, y > ), z > 

and the corresponding rule for tr decrease length. 

Thus, for any FP expression x, we define 

M(x) = < lxl. N(x) > , 
where lxl is the length of x viewed as a string of 
symbols. If we now define the obvious lexicographic 

order on pairs of integers (<m,n > < <m'.n' > iff 
m < m' or m = m' and n < n'), then it is an easy 

matter to check that for every rewrite rule x - y 

other than those involving cons, we have 
M(x) > M(y). Thus FP-{cons} is strongly 
normalizable. 

For FP-{comp}, we need yet another way of 

assigning numbers to expressions. The following 
one works: 

L(a) = 1 for any atom or primitive function a 

other than null, K, or id, 

L(null) = L(K) = L(id) = 2, 

L( <x1, ... ,x,, >) = 1 + L(x1) + ... + L(x,,), 

) {
L(f) x L(gf(i:) if ft,. al, ar 

L(f:g = 
L(g) otherwise. 

We again leave it to the reader to check that for 

any rewrite rule x - y other than that for comp, we 

have L(x) > L(y). Thus FP-{comp} is strongly 

normalizable. □ 

This result is essentially optimal. Let 
x = comp: < apply, cons: < id, id > >. Then x:x is not 
weakly normalizable; we leave it to the reader to 

check that for all z, x:z -*z:z. (\Ve can also use 
fix to construct an example of an FP expression 

that is not weakly normalizable, namely fix:id.) This 

indicates that somehow it is the interaction of apply, 
cons, and comp, rather than any of them individually, 

that makes FP so complicated. 

We now turn to defining the semantics for FP. 
The intuition behind the domain we present is rel­

atively straightforward. As is the case for most 
semantic domains for combinatory calculi, ours is a 
cpo (complete partial order) (cf. [St77]), where syn­

tactic expressions that look like sequences are in­
terpreted as sequences, and functions are approxi­
mated by sets of input-output pairs, something along 

the lines of Engeler's "arrow" model [En71]. There 
are two related difficulties which must be dealt with. 
The first is the problem of expressing infinite se­
quences. Let f be the expression fix:(;\g.al O [id, g]). 
(Note we are using ;\x.y to denote the FP expression 

that, when applied to z, reduces to y[z / x], the result 

of replacing all occurrences of x in the expression 
y by z. By results of [Wi81], an FP expression with 

these properties is guaranteed to exist.) Recall fix 

has the property that fix:f -*f:(fix:f). Using this 

fact, it is not hard to show that f:x -*al:< x, f:x >­
This suggests that the meaning of f:x should be an 

infinite sequence of all x's where x is the meaning 
of x. Thus, our semantics must be able to represent 
such sequences. We also must give meaning to 

- al:< y,z > when the meaning of z is .L. We handle 
both of these problems by including sequences of 
the form ~ 1, ... , t,,, w► in the domain where, intui­
tively, w is a place-holder for some (as yet unknown) 
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sequence of items. Roughly speaking, we will take 

the meaning of the expression f:x defined above to 
be the "limit" or sup of the sequence 
~. w►, ~.x, w►, ... , where x denotes the meaning of 
x. Similarly, if the meaning of z is .1. and the 

meaning of y is y, then we will take the meaning 
of al:< y, z > to be ~. w►. Note that w acts quite 
differently from .1.; w stands for a list of items yet 
to be computed, while .1. stands for a single item 
yet to be computed. Thus, as we shall see, 
~. w► S ~. a, a►, while ~ . .1.► and ~. a, a► are in­
comparable. 

Definition 2.3. We inductively define a sequence 

of partially ordered domains (Do, So), (Di, S 1), ... so 

that Dn s;;Dn+l and Sn is the restriction of Sn+l to 
Dn- The elements of Dn, n = 0, 1, ... are called items. 
Do consists of .1. and for each atom a e ..,J, a cor­
responding atomic item a. (Note that we have adopted 
the notational convention of using boldface for syn­
tactic entities and italics for their semantic coun­

terparts.) For x, ye Do, we define x Soy iff x = .1. 

or x=y. 

Suppose we have defined (Dn, s,,). Before we 

can define D11+t• we will need the following: 

Definition 2.4. A subset U of Dn is said to be closed 

with respect to Dn if, whenever a pair of elements 
x,y e Uhas an upper bound z E Dn (i.e. x Snz, y Snz), 

then the pair is also bounded by some w e U such 

that w SnZ-

The following lemma about closed sets will be 
useful in what follows: 

Lemma 2.S. Every subset U of D has a unique smallest 
closed subset, denoted Cl(U), containing it. If U is finite 

then so is Cl(U). 

We call C/(U) the closure of U. 

Let Dn+t consist of all the items in Dn together 
with all items of the form: 

1. ~t,•··•xk►, where {x1, ... ,xk}s;:D11 U{w} and at 
most one x1 = w (where w is a distinct symbol 

not equal to any item); if some x1 = w then we 
must have k .!: 2. Such an item is called a se­

quence item. 
2. {x1 -Yi, ... ,Xk -Yk}, where {xi, ... ,Xk,Yl, ··-,Yk}s;;Dn 

and: 
a. {x1, ... ,Xk} is closed with respect to Dn, 

b. if X; SnXj then Yi SnY.r 

c. x1, ... ,xk are all distinct. 
Such an item is called a function item; its elements 

are called input-output pairs and {xi, ... ,xk} is 

called its domain. The domain of a function 
item u is denoted dom(u). We will explain 
below the intuition behind the conditions we 
have imposed on function items. 

Note that in clause 1 above we have explicitly 
disallowed -C:w► as an item; we will identify -C:w► 

with .1.. We could have distinguished them, viewing 
-<w► as the unique minimal sequence item, but this 
would only have added extra details to our proofs. 
The reader will also notice that at the "top level'' 

of a sequence item we allow only one w. Again this 
was done mainly to simplify the proofs. Since, as 
will be seen when we give the meanings of the 
primitive functions, we have chosen to allow "access" 
to a sequence only from the left or right hand sides 
(via first and last), we can safely identify such 

sequences as ~. w,y► and ~. w,z, w,y► (since the z 

between the w's in the latter sequence can never be 
accessed). 

We define Sn+t to be the least reflexive, transitive 

relation on Dn+l satisfying: 

1. .l Sn+I x for any item x e Dn+I• 

2. ~1, ... ,x,► Sn+l -<.Yi, ... ,J11► if Xj Sn Yi or 
xi= w = Yj, for j = 1, ... , I, 

3. ~1, ••• ,x,, c.>,Jll, ···•Ym► Sn+t 

~i, ••• ,x,,z1, ... ,zk,Yl, ···•Ym► for k .!: 0, 
4. if u and v are function items, then u Sn+1v iff 

for every input-output pair x-y' e u, there exists 
a pair x-y e v such that y' SnY· 

Notice that function items, sequence items, and 
atomic items are pairwise incomparable. Restriction 
(c) on function items guarantees that distinct func­

tion items are not equivalent; i.e. if x and y are 
distinct function items, then it is not the case that 

both x Sn+tY and y Sn+IX can hold. 

Definition 2.6. We define the partially ordered 
domain (D, S) to be the limit of (Dn, Sn); i.e., 

D = UDn and S = U Sn (viewing Sn as a relation 
n n 

on D). We define the operation: (function application) 

on D via 
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if x = {u1 -v1, ... , u,,-vn}, and for some j, 
u1=max{u;IU;:SY, i=l, ... ,n} and z=v1, 
otherwise. 

Note that x:y = J. unless x is a function item and, 

for some input-output pair u-v ex, we have u :s;y. 

It is easy to see from the definition of :S on function 
items that if x' :S x, then x':y :S x:y. What we now 
want to show is that functions are monotonic; namely 

Proposition 2.7. If y' :Sy then x:y' :S x:y. 

Proof. We need the following lemma, whose proof 

can be found in [HW384]. A set U is said to be 

directed if any pair of elements in U has an upper 

bound in U. 

Lemma 2.8. If U is a finite subset of Dn which is closed 

(with respect to D,J and z e D, then { u e U I u :S z} is di­
rected. 

Proposition 2.7 now follows immediately from 
Lemma 2.8 and restrictions (a) and (b) on function 

items. For suppose y' :Sy. We want to show that 
x:y' :S x:y. We can assume without loss of generality 
that x is a function item of the form 
{u1-v1, ... ,un-vnl, and for some j, we have 
u1 = max{u e UI u :Sy'}, where U = {ui, ... , un}, and 
x:y' = VJ- Since y' :Sy, {u e UI u :Sy} is a superset of 
{u e U I u :Sy'}, and in particular contains ui Since 

U is closed (by restriction (a)), it follows by Lemma 
2.8 that {u e UI u :Sy} is directed. Since this set is 

finite, it must have a maximum element, say uk. 

Thus x:y = vk. Since u1 :S uk by construction, by re­

striction (b) we have v1 :S vk. Thus x:y' :S x.y. O 

The observant reader may have noticed that the 
ordering we have defined on function items is not 
the most natural "approximation" ordering for func­

tions. For example, suppose x = {u-v} and 
x' = {u'-..'} are function items with u < u' and v' :S v. 

It is easy to check that for all items y, we have 
x':y :S x:y. However, x and x' are incomparable 
with respect to :S. Indeed, it is easy to modify this 
example to construct two function items which are 

incomparable with respect to :S, but act the same 
as functions. We could have easily modified our 
definition of :S so that these "anomalies" would not 
arise. However, our definition leads to an easier 

proof of the completeness result of the next section; 
for example, it allows us to prove the following 
lemma: 

Lemma 2.9. For all x e D, {yly :S x} is finite. 

The domain D constructed above does not suffice 
as a semantic domain for FP because it is not 

complete: there are directed sets in D (such as 
{~.w►, ~.a,w►, ~.a,a,w►, ... }) which have no 

least upper bound in D. Let D* be the completion 
of D; i.e., the smallest complete set containing D. 
There are standard techniques for constructing such 
completions (cf. [Bi671), so we only sketch a few 
of the details here. Roughly speaking, we can view 
the elements of D* as directed sets of elements of 
D, in the same way that we can view a real number 
as a Cauchy sequence of rationals. We can extend 

the ordering :S to D* by defining {xi,x2, ... } :S 

{y1,y2, ... } iff for all i there exists a j such that 
x; :S Yi More precisely, just as a real can be viewed 
as an equivalence class of Cauchy sequences (since 
more than one Cauchy sequence can converge to a 

given real number), so an element of D* ~an be 
viewed as an equivalence class of directed sets, 

where two directed sets U and V are equivalent if 
U :S V and V :S U. 

We can view D as a subset of D* by identifying 
the item x e D with the equivalence class of the 
directed set {x}. If xi, ... x,, are elements of D•, 

where x; is the equivalence class of the directed set 

X;, then we can view ~1, ••• ,xn ► as an element of 
D by identifying it with the equivalence class of 

the directed set {-<.Yt,••·•.nr ► l_»eX;}. We leave it to 

the reader to check that this is well defined (i.e., 
independent of the representative of the equivalence 
class of x; that is chosen). Thus we can view D• 
as closed under the formation of finite sequences. 
Finally, we extend : to D* in the obvious way: if 
x, ye D* , where x is the equivalence class of the 
directed set X and y is the equivalence class of the 
directed set Y, then x:y is the equivalence class of 
{x'.:y' Ix' e X,y' e }1. Again, we leave it to the reader 
to check that this is well defined and satisfies Prop­
osition 2.7. 

We are now ready to give a meaning in the 

semantic domain D* to each syntactic expression. 

We define such a meaning function µ from syntactic 

6 



expressions to D* as follows: 

11(a) = a for any atom a, 

11( <xi, ... , Xn >) =~(xi), ... , 11(xn)►, 

11(x:y) = 11(x):11(y). 

All that remains is to define 11(f) for each 
primitive function f. Our first step in doing so is 

to define auxiliary sets Sr for each primitive function 
f. Intuitively, Sr consists of all the input-output 

pairs that make up the meaning of f. Since Sr is 

infinite, µ.(f) is actually (the equivalence class of) 

the directed set of all function items which are 

approximations to Sr. More formally, let 

Sal= {x-y IX= -<u, -<vi, ... , Vn►►, Y = -<u, vi, ... , Vn►• 

u ,J, w or x = -<u, .1. ►, y = -<u, w►, u ,J, w}, 

Sar= {x-ylx= -<-<u1, ... ,u,, ►, v►, Y= -<u1, .. ,,Un, v►, 

v,J, w or x= -<.1.,v►, y=-<w, v►, v,J, w}, 

Srirst = {x-ylx= <ui, ... ,u,, ►, n ,!: 1, Ut ,J, w, y= ui}, 

Stast = {x-ylx = -<u1, ... , u,, ►, n ,!: 1, Un ,J, w, y= Un}, 

S11 = {x-y Ix= -<ui, ... , u,, ►, n .!: 1, u1 ,J, w, 

y = -<ui, ... , un► or 

n ,!: 3, u1 = w, y= <w, U,_J, ... ,u,, ►}, 

s,r= {x-ylx= -<u1, ... ,u,, ►, n ,!: 1, u,,,J, Ill, 

Y = -<u1, ···• "n-1 ► or 

n .!: 3, u,, = w, y = -<u1, ... , u,,_2, w►}, 

Snun={x-ylx=< ►,y=T. or x;=a, a an atomic 

item, y = F, or x = -<u1, ... , un►• y = F}, 

Scons = {x-ylx= -</1, ... ,/,. ►, Y= {u-~1 . ... ,g,, ► I 
u E Cl(dom(f1)U ... Udom(f,,)),g;= w if 

Ji= w, otherwise g;=J;:u, i= 1, ... ,n}, 

Scond = {x-ylx= -<T, u, v►, y= u, or 

x = <F, u, v►, y= v}, 

Scomp = {x-ylx = -<f,g►, f,g ,J, w, 

Y= {u-f:vlu-ve g}}, 

Sapply = {x-y Ix= -<u, v►, u, v :/: w, y = u:v}, 

SK= {x-{.1.-x} Ix ED}, 
Sid= {x-x Ix ED}. 

We now define µ.(f) to be (the equivalence class 
of) the directed set consisting of all finite subsets 
of Sr whose domain is closed. Two things remain 
to be checked in order to show that this is well-de-

f med. First, given a finite subset of Sr of the form 

{x1 -Yi, ... ,xk - YJc} with a closed domain, we must 
check that it is indeed a function item; i.e., it 

satisfies the three restrictions on function items de­
scribed above. This is straightforward. That the 

domain is closed is true by definition, while the fact 
that x; S x1 implies Ji S y1 and the fact that the x/s 

are all distinct can easily be checked for each of 

the functions. Secondly, we must show that µ.(f) as 
defined is indeed an directed set. This follows from 
the following observation: for each primitive func­

tion f, if x and y are two function items in µ.(f) 
with domains Ux and Uy respectively, then there is 
a function item z in µ.(f) whose domain is the closure 

of UxU u,,. From the form of the definition of µ.(f), 

it now follows that u S z and v S z (and in fact 
u~z. v!.z). Thus µ.(f) is indeed a directed set. 

A few remarks are in order regarding the semantics 
we have given to the primitive functions. Most of 
the definitions seem clearcut, given the intended 
meanings of the primitive functions. However, note 
that µ.(al):-<u, .1.► = -<u, w► for any item u. This 
choice was necessary in order to ensure the soundness 

of the rule first:(al: < x, y >) - x in the case that 
µ.(y) = .1.. Similar remarks hold for the definition 
of ar. For tl, note we have 
µ.(tl):-<w, u2, ... , Un► = -<w, u3, ... , u,,►. This choice was 
made to ensure the soundness of the rule 

tl:(ar: < ar: < x, y > , z >) .. ar: < tl:(ar: < x, y > ), z > 
in the case that µ.(x) = .1.. Similar considerations 

apply to the definition of tr. 

The reader who is familiar with such semantic 
domains as these may have noted that we could 
have given a somewhat more elegant definition of 

several of the functions. Consider for example first. 
Since first returns the first element of a sequence 
and ignores the rest of the elements, we could have 
defined Srirsr' = { -<x, w►-x Ix E D}, and then defined 
11(first') in an analogous fashion to µ.(first) as (the 

equivalence class of) all the finite subsets of Snrst' 

with closed domains. It is easy to check that µ.(first) 
and µ.(first') act the same as functions (although 

they are not the same element of D• due to our 
"anomalous" ordering on function items). Similar 

simplifications are possible for last, ti, tr, null, and 
cond. We have chosen to use the definitions given 
above since they seem more intuitive and since their 
more compact counterparts do not make any of the 
following proofs easier. 
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How do we know that in some sense we have 
chosen reasonable definitions of the function items? 
It is straightforward to check that, for example, 

(µ.(comp):~,g►):x = f-(J::x) for all f,g,x ED*. Sim-

ilarly, µ.(apply):~.x► = f:x for all f, x e D*. These 
observations do lend some weight to the claim that 
the semantics has captured the intended meaning of 
comp and apply. We can also check that analogous 
statements hold for all the primitive functions. In­
deed, we can now state and prove the theorem that 
the rewrite rules are sound with respect to this 
semantics. 

Theorem 2.10. For every reduction rule x - y, we have 

µ.(x) = µ.(y). 

Proof. By a case-by-case analysis of the reduction 

rules. Details can be found in [HW384]. O 

3. COMPLETENESS OF THE REDUCTION RULES 

In this section we show that, in the precise sense 
discussed in the introduction, there are "enough" 
reduction rules. 

Definition 3. 1. Let the observable e.-Y:pressions be those 
that can be formed starting with atoms and closing 
off under the sequence constructor. More formally, 

the set of observable expressions is the least set (} 
such that: 

1. JIii~(}. 

2. if x1, ... ,x,, E (}, then <x1, ... x,,> e(}. 

To each observable expression there corresponds an 
observable item which is obtained by replacing 
boldface, <, and > wherever they occur in the 

observable expression by italics,~. and ► respectively. 

Note that neither .L nor "' appears in any sequence 
item which is observable. Given an observable item 
x, let x' be the observable expression to which it 
corresponds. 

We are now ready to state the completeness 
theorem. 

Theorem 3.2. If x is an FP expression and y is an 

observable item such that µ.(x) = y (or equivalently, 

µ.(x) = µ.(y')) then x -• y'. 11zus if z is an observable 

expression and 11(x) = µ.(z), then x -• z. 

Note that Theorem 3.2 implies that in a precise 
sense, (sound) rewrite rules such as 

first:((cons:x):y) - (first:x):y or tl:(cons:x:y) -
(cons:(tl:x)):y are not needed in our system. 

The proof of Theorem 3.2 is nontrivial, and will 
occupy us for the rest of this section. We sketch 
the main ideas here; further details can be found in 
[HW384]. The key idea is to construct a variant of 
f P called FP' on which we impose a notion of type. 
The proof then proceeds in four steps. The first, 
quite simple, is to show that for any FP expression 

x such that µ.(x) = y for some observable item y, 

there is a corresponding FP' expression x' such that 
µ.(x') = y. Secondly, we show that FP' reduction 
sequences correspond in a precise sense to FP re­
duction sequences. Next, by extending techniques 

of [FL083], we show that FP' is strongly 

normalizable. Finally, we show that an FP' expres­
sion in normal form whose meaning is the same as 
that of an observable expression corresponds to an 
FP expression in normal form. The result follows 
from this last observation. 

We now define FP', the semantic function µ. 1 

which maps FP' expressions to elements of D, and 

a "pull-back" function p that associates with each 
FP' expression a corresponding FP expression. FP' 
expressions essentially look like FP expressions, ex­
cept that primitive functions are subscripted by el­
ements of D; p removes these subscripts. For every 
FP' expression x, ,/(x) (which is in D) can be 

viewed as a finite approximation to µ.(p(x)) (which 
in general will be in D* ). For technical reasons we 

also allow expressions of the form .L(x) in FP', 
where x is an FP expression, and elements of the 
form 1,,1(z1, ... , zk) to appear in FP' sequences, where 
z1, ... , zk are FP expressions. More formally we have: 

Definition 3.3. 

1. Every atom in JIii is an FP' expression; µ.'(a) = a 

and p(a) = a. 
2. If f £ ~. then f; is an FP' expression for any 

item i S µ.(f); µ. 1(fi) = i and p(fi) = f. 
3. If x is an FP expression, then .L(x) is an FP' 

expression; µ.(.L(x)) = .L and p(.L(x)) = x. 
4. If x1, ... , x,, are FP' expressions, then <x1, ... ,x,, > 

is an FP' expression; 
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/(<x1,---,Xn >) = -</(x1), ... , J.L'(xn)► and 

p( <x1, ... ,Xn >) = < p(x1), ... , p(xn) >-

5. If xi, ... , Xn, n ~ 1, are FP' expressions and 

z1, ... , zk, k ~ 0, are FP expressions, then 

<x1,. .. ,x;,w(z1, ... , Zk),x;+l•···•Xn > is an FP' ex­
pression; 

µ.1( <x1, ... ,X;,w(z1, ... , zk),X;+tr··,xn >) = 
-<µ.1(x1), ... , µ'(x;), w, µ'(x;+ 1), ... , p.1(xn)► and 

p( <x1, ... ,x;,w(z1, ... , zk),X;+!•···•x,, >) = 
<p(x1), ... ,p(x;),z1, ... ,zk,P(X;+t), ... ,p(x,,) >. 

6. If x and y are FP' expressions, then x:y is an 
PP' expression; µ.'(x:y) = p.1(x):p.1(y) and 

p(x:y) = p(x):p(y). 

Note that if x is an observable FP expression, 
then x is also an FP' expression, µ.(x) = µ.1(x), and 
p(x) = x. In general we can show (by an easy in­

duction on structure) that 

Proposition 3.4. For any FP' expression x', ll-Yf have 

p.1(x') S p.(p(x')). Converse(v, if x is an FP expression, 

d S JL(X), and d e D, then there e:cists an PP' expression 

x' such that µ.'(x') = d and p(x') = x. 

Since the meaning of any observable expression is 

in D, we immediately get: 

Corollary 3.5. For any observable FP expression x, there 
is an FP' expression x' such that p.1(x1) = p.(x) and 

p(x') = x. 

Besides the semantic order s on D defined in 
the previous section, it will also be useful to have 

a more syntactically based ordering Se on PP' ex­

pressions. Intuitively, x Sey means that we can 

obtain x from y by "lowering" the subscripts on y 
(i.e. replacing a subscript by one of lower meaning). 

Definition 3.6. Se is the least reflexive, transitive 
relation satisfying: 

1. f,- Se f1 if f is a primitive PP function and i S j 

(and i,j S µ.(f)). 

2. x1 :x2 Se Yt :y2 if Xt Se YI and x2 Se Y2· 
3. <x1,••·•x11 > Se <yi, ... ,y,, > if x; Se Y; or 

x; = Yi= w(s) for some list s. 

4. <x1, ... ,x,.,w(z1, ... , Zm),xi+l•···•Xn > Se 
I I "f ( ') f <x1, ... ,X;,Z1, ... ,Zm,Xi+h···•Xn > 1 Zj= p Zj Or 

j= 1, ... ,m. 

5. <x1, ... ,Xj,w(y1, ···• Yk, Z!, ···• Z/, Yk+l• ···• Ym),Xj+l•···•Xn > 

I I ( ) I I Se <x1, ••• ,XJ,Yh···•YktW Zt, •··• Z/ ,Yk+h···•Ym,Xj+h···•xn > 
if Y; = p(y;) for i = 1, ... , m. 

6. .L(x) Sex' if x = p(x'). 

7. f;:x Se r1:x if there exists items u and v such 
that i = {µ.1(x)-v} andj = {u-v} where u S p.1(x), 
f is a primitive FP function (and i,j S p.(f)). 

We say x<eY if xSeY and x#,y. 

Example 3.7. Let i= {~ • .1.,w►-~,w►}, 

j= {~.b . .1. ►-~,b►}, k= {~.b,c►-~,w►}, and 
l=jUk. Then 

1. tr;, tr1, trk, and tr, are all minimal (as is fm for 

any primitive function f and m S µ.(f)), 
2. tr1: < a, b, .1.(c) > is not minimal, while 

tr1: < a,b, .L(c) > is, 
3. tr;:< a,b,c > is not minimal, while 

tr;:< a, .1.(b), w(c) > is, 

4. trk: < a, b, c > is not minimal since, by Clause 

Proposition 3.8. 

µ.'(x) S JL1(y). 

If x Sey, then p(x) = p(y) and 

Proof. Follows from the definition of Se. O 

Definition 3.9. An PP' expression x is minimal iff 
y <ex implies that µ.'(y) < p.1(x). 

Reduction rules in PP' are essentially the same 
as those in PP (modulo the subscripts) except for 
two important differences: we will not allow PP-style 
rewriting to take place for any expressions whose 
meaning is .L, and we only allow PP-style rules to 
be applied to minimal expressions. Thus we add 
another rule to allow us to reduce to a minimal 
expression so we can apply an PP-style rule. 

Definition 3.10. We say x - y for FP' expressions 
x and y if µ.'(x) =p.1(y) and one of the following 
two conditions is met: 

1. p(x) - p(y) is an PP rewrite rule, µ.1(x) ,/, .L, x 
is a minimal FP' expression, and every 

instantiation of a schema variable in y not of 
the form w(s) for some list s is equal to the 
instantiation of the corresponding schema vari­
able in x (this is called an FP-style rewrite rule). 

2. y <ex (this is called a /o'Wt!ring rewrite rule). 

Example 3.11. Let i= {~. J.,w►-~.w►}, 

j = {-<.L, .L ►--<J., w►}, k = {<a, <(.L, w►►-~. J., w►}. 

Then the following are PP-style reduction rules: 
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1. tr;:< a, .l(b), w(c) > -+ < a, w(b) >, 

2. tr;:< a, .L(b), w() > -+ < a, w() >, 

3. alj! < .l(b), .L(<c >) >-+ < .L(b), w(c) >, 

4. tr;:(alk:<a,alj:<.t(b),.L(<c>)>>)-

alk': < a, tr;•:(al/: < .L(b), .l( <c >)>)>,where i', 

/, and k 1 must be chosen so that 

µ.'(alk': < a, tr;•:(al/: < .L(b), .L(<c >) >) >) 

Suppose we have an FP' expression x such that 

µ.'(x) ,t, .L and p(x) is an instance of an FP rewrite 
rule. It is easy to see that by using the lowering 

rule we can reduce x to an expression to which an 

PP-style rewrite rule applies. (Note that from the 
definition of ~e and Lemma 2.9 we can show that 
for all FP' expressions x there is a minimal FP' 
expression x' with x' ~ex.) The following straight­

forward lemma assures us that the FP' rewrite rules 

do in fact simulate the FP rewrite rules. 

Proposition 3.12. 

1. If x' is an FP' expression such that p.1 (x') ,t, .l and 

y an F,P expression such that p(x') -+ y is an instance 

of an F P rewrire rule, then x' - • y' for some FP' 

expression y' with p(y') = y. 

2. If x' and y' are FP' expressions such that x' ... • y', 

then p(x1) - • p(y'). 

We are now ready to define our notion of type. 

We first give the abstract properties that we want 

this notion to satisfy, and then prove (in [HW384]) 
there is actually a function that satisfies these prop­

erties. 

Definition 3.13. We say that -r is a type function 
iff it a function from FP' expressions into a well­

founded set (ordered by ~r) having the following 

properties: 

1. If x -• y, then 'T(y) ~r 'T(x), 

2. -r(y;) <r 'T( <Y1,---,Yn >) for i = 1, ... , n, 

3. If x is a minimal FP' expression of the form 

al;:< y, z > or arj! < y, z >, then 'T(y) <r T(x) and 

'T(Z) <r 'T(X), 

4. If p.1(x) is a function item and 

µ.'(y) ..... µ.'(z) E µ.\x), then -r(y) <r -r(x) and 

Proposition 3.14. There is a type function for FP'. 

We take T to be a fixed type function for the 
rest of the paper. 

When one thinks of type functions (in typed 

>..-calculus, for example) some of the properties that 

one usually wants are that x:y is well formed only 

if the type of x is greater than the type of y, in 
which case the type of x is also greater than the 
type of x:y. The former property does not hold for 

FP', since x:y is a well-formed FP' expression when­
ever x and y are, but the reduction rules essentially 
force it to hold. More precisely, we have: 

Lemma 3.15. 

1. We can only apply an FP-style reduction rule to x:y 

if 'T(y) <r 'T(x). 

2. For all FP' expressions x and y where µ.1(x) is a 

function item, 'T(x:y) <r -r(x). 

We would like to prove FP' is strongly 
normalizable. One technique that suggests itself is 

induction on types. (Indeed, the whole point of 

defining a type function on expressions is to be able 
to do proofs by induction on types.) However, it 
seems that strong normalizability by itself is not a 

sufficiently strong inductive hypothesis. Following 
the lines of [FL083], we remedy this problem by 

defining a notion of stability. 

We first need 

Definition 3.16. An FP' expression y is a component 

of the FP' expression x iff there is a minimal FP' 

expression z such that x - • z and z has one the 

forms al;:< t, y >, al;:< y, t >, 

ar;:<t,y>, or <---,Y,--·>-

We now define what it means for an FP' expres­

sion x to be stable by induction on 'T(x). 

Definition 3.17. 

1. If -r(x) is minimal in the ~, ordering, then x 

is stable iff x is strongly normalizable. 
2. If -r(x) is not minimal, then x is stable iff it is 

strongly normalizable and satisfies the following 

properties: 

a. If p.1(x) is a function item, then x:y is stable 

for every stable y for which 'T(y) <r 'T(x), 

b. If µ'(x) is a sequence item, then every com­

ponent of x is stable. 



Note that the concept of stability is well-defined 

since (by the properties of a type function) -r of a 

component is less than -r of the original expression 
and -r(x:y) <r -r(x) if p.1(x) is a function item. 

Proposition 3.18. Every FP' expression is stable. 

Proof. The proof depends on the following three 

claims, whose proof is in [HW384]: 

1. If xi, ... Xn are all stable, then so is -<x1, ... , Xn ►· 

2. If x and y are stable, then so is x:y. 
3. Every primitive function symbol is stable. 

Using the claims, we can show by an easy induction 

on structure that every FP' expression is stable. D 

Since every stable expression is by definition strongly 
normalizable, we immediately get: 

Corollary 3.19. FP' is strongly normalizable. 

The proof of the three claims in Proposition 3.18 
is quite technical. To see the difficulty, suppose 
that, for example, we wish to prove that 
first;: < x 1, ... , Xn > is stable. This expression rewrites 
to x1, so it seems as if it should suffice to prove 

that x1 is stable. But how do we know this suffices? 

The following Stability Criterion (Theorem 3.21) 
gives this assurance, by providing a necessary and 
sufficient condition for proving that an expression 
is stable. We believe that this criterion may be of 
independent interest as a general technique for prov­
ing similar results about other languages. 

Definition 3.20. An FP' expression x is a subredex 
if it unifies with a nontrivial (i.e. something other 
than a schema variable) proper subexpression of the 

left-hand side of an FP-style rewrite rule. An FP' 
expression x filters through a set of FP' expressions 
y iff 

1. Vy e. Y (x -•y) 

2. if x -• z and z is a subredex, then 3y e. Y (y -• z) 

Thus, for example, if first;:< x1, ... ,xn > is a minimal 

expression, then it filters through {xi}. 

Theorem 3.21. Let x filter through the set Y. Tnen x 
is stable iff x is strongly normalizable and every element 

of Y is stable. 

We need one more proposition before proving our 
main result. 

Proposition 3.22. Let x' be an FP' expression in normal 

form, and let x = p(x'). Then: 

1. if p.1 (x') = a for some atomic item a, then x = a. 

2. if µ.1(x') = -<w1, ... , Wn►• then x is of the form 

<yi,.,.,Yn >. al:< y, z >. or ar: < y, z >; if w; .,,_ w 

for i = 1, ... , n, then in fact x must be of the form 

<Y1,--,Yn >. where p.(y;) = w;. 

3. if µ.'(x') is a function item, then x is of the form f 

for some f e. ~. K:y, comp:y. or cons:y. 

Corollary 3.23. If x' is an FP' expression in normal 

form, and µ.'(x') = y, where y is an observable item, then 

p(x') =ye. 

The proof of Theorem 3.2 is now relatively 

straightforward. Suppose x is an FP expression such 

that µ.(x) = y for some observable item y. By Cor­

ollary 3.5, there is an FP' expression x' such that 
p(x') = x and µ.'(x') =y= µ.(x). By Corollary 3.19, 

there is some y' such that x' ,...• y' and no further 
FP' reductions apply to y'. By Proposition 3.12, 
x - ,. p(y'), and by Corollary 3.23, p(y') = y as de-

sired. O 

We remark that we can squeeze more information 
out of our proof than is indicated by the statement 

of Theorem 3.2. For example, if µ.(x) = ~. w►, then 
similar techniques to those used above can be used 

to show that x -•al:< a, y >, where µ.(y) = .J... Iter­

ating this reasoning, if µ.(x) is the directed set 
{~1.w►.~1.x2,w►, ... }, we can show that 
x -•al:< x1, al:< x2, ... > >, where the approxima­
tion can be carried out to any desired depth. We 
can also get information out along the lines of part 

(3) of Proposition 3.22 if µ.(x) is a directed set of 
function items. (See [HW384] for further details.) 

While Theorem 3.2 shows that there is always 

some strategy to reduce x to ye if µ.(x) = y, where y 

is an observable item, it does not show that we can 
always find that strategy effectively. However, the 
proof of Theorem 3.2 actually shows that the fol­
lowing breadth-first strategy is guaranteed to work if 
anything does. We first number all the 
subexpressions of x which are redexes from left to 
right. We perform these reductions in order. It 
may be that by the time we get around to doing 
reduction 3, it may have "disappeared". For example, 
x might be of the form K:y:z, and redex 3 might be 
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a subexpression of z. Since K:y:z ... y, this redex no 
longer exists. _If it does exist, we perform it. After 

all the numbered reductions have been performed, 
we repeat the process, numbering all the redexes in 
the resulting expression and performing them in 
order. This strategy guarantees that every redex that 
does not "disappear" will eventually be reduced. 

Theorem 3.24. If JL(x) = y, where y is an observable item, 

then the breadth-first strategy described above will reduce 

x to ye. 

4. CONCLUSIONS 

We have answered the two questions posed in 
the introduction: we have given a denotational se­
mantics for FP where distinct observable expressions 
get different meanings, shown that the rewrite rules 
are sound for that semantics, and shown that they 
are complete in the sense that whenever the meaning 
of an expression is an observable item, the rewrite 
rules allow us to reduce to the corresponding ob­
servable expression. While we have proved these 
results for FP, we believe that our techniques will 
apply to much more general languages, and we in­
tend to try to use them to treat th'e general combi­
natory calculus. We also conjecture that this method 
will enable us to prove the strong normalizability 
of the second order >..-calculus without having to 
resort to the technique of "grounds" used in [FLO83]. 

As well as being applicable to other particular 
languages, we believe that this semantics-based ap­
proach can be generalized to show that a collection 
of rewrite rules is sound and complete with respect 
to an entire family of semantic domains, and we 
would like to explore this possibility. 

While the language we have presented is universal, 
it is by no means sufficient as a useful programming 
language. There are many more functions to be 
added, some defined in terms of the primitives given 
and some as new primitives, and there are useful 
extensions that could be made to some of our func­
tions. Although the addition of new primitives will 
necessarily make the proof longer (there being more 
cases to consider and rules to check), we believe 
that the structure of our proof is such that it will 
be relatively easy to make modifications to the lan­
guage. In fact, in the development of this paper 
we have had occasion to make various perturbations 

in the definitions of the primitive functions, and we 
have found the proof of completeness (and in par-

ticular the stability criterion) to be remarkably in­
sensitive to such modifications. Moreover, though 

it is computationally spartan, we believe that the 
language already includes instances of all the essential 
complexities. For example, it might be useful to 
extend the meaning of comp to allow the rule 
comp:(al: < f, g > ):x + f:(comp:g:x), but the compli­
cations that would result from such an extension 

have already been considered in our treatment of cons. 

At the same time, while we don't expect that 
such additions will pose any significant mathematical 
difficulties for our proof technique, there is a great 
deal of interesting work to be done to make the 
language more useable computationally. We are 
presently engaged in developing an extension of this 
kernel language that will have the same richness of 
algebraic properties as the original language of 
[Ba78]. As we extend the language, we hope to be 
able to use the degree to which these mathematical 
considerations are complicated as a criterion for 
choosing among various alternative extensions. 
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