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A NETWORK OF MICROPROCESSORS TO EXECUTE REDUCTION LANGUAGES

The paper describes the architecture of a processor capable of
efficiently executing the reduction languages as defined by Backus.

The processor is obtained by interconnecting two different networks
of microprocessors: a linear array of identical cells, and a tree-
structured network of identical cells. Both types of cells have modest
processing and minimal storage requirements.

Since the processof implements a high-level language, and it is
designed to be able to move data around easily, its efficient operation
is not restricted to any pafticular data representation, or to any
special class of problems.- The processor has a modular, easily expandable
structure, and it accommodates the uﬁbounded parallelism permitted by
reduction languages; hence its performance is essentially proportional

to the amount of hardware built into it.

KEYWORDS: reduction languages; network ofkmicroprocessors;
parallel processing; high-level language processor

architecture; computer architecture.



CONTENTS
1. Introduction
2. Design objectives
3. Reduction languages
4. Description of processor
4.1 1Interconnection pattern of cells
4.2 1Internal representation
4.3 Processing requirements of a reducible application
4.4 Microprogramming - the need for it
4.5 A language for microprogramming
4.6 Internal mechanisms not micrOprogramﬁed
4.6.1 Locating reducible applications
4.6.2 Distributing microinstructions
4,6.3 Locating free variables during substitution
4.6.4 Storage management
4.6.5 Data movement
4.7 Overall organization of processor
5. Performance
6. Cost-effectiveness

7. Summary



1. INTRODUCTION

While microelectronics is - or promises'to be - spectacularly successful
in small-scale and simple applications (digital watches, cameras, pocket
calculators, etc.), its impact on the architecture of computers is somewhat
harder to predict. Employing large amounts of main memory, and creating
systems with distributed processing capabilities (meaning that‘the processors
in the system are very loosely coupled), are both likely to increase the
performance of computer systems, and such approaches are being pursued. How-
ever, when we ask how to build increased amounts of logic into a CPU to obtain
a proportionate amount of increase in performance, we realize that all knownm
methods (e.g. building special functions into the hardware, pipelining, multi-
programming,»array processors, etc.) yield rapidly diminishing returns.

In this paper we shall explore the consequences of the hypotheses that
(1) the root of the problem just mentioned lies with the languages used to
program our computers, and (2) increasing the performance of processors is
hard because conéurrency is sought on too high a level.

The von Neumann architecture has dominated the computer field for a long
time because of its flexibility and simple sequential nature. The essence of
this architecture is that a single processor is connected with a passive
memory, and the elementarv actions of the processor are testing and updating
small segments (words) of this memory. A very important aspect of this
architecture, rarely stated explicitly, is that it makes data movement an
expensive proposition, since everything has to go through the CPU, in small
chunks, sequentially. (This is why one of the most important practical

complexity measures for programs is the number of memory accesses required.)



Once this point of view is tagen, techniques such as indirect reference§,
pointer variables, and list processing can all be considered as ways to
avoid moving data.

Despite frequent claims to the contrary, the development‘of program-
ming languages was always heavily influenced by what could be done
efficiently in a von Neumann architecture. A good example (although not
the only one) is the way programming languages deal with the problem of
run-time storage management. Some try to avoid it (FORTRAN), some try to
minimize it (ALGOL 60), and some put it under the direct control of the
programmer with a warning that it is expemsive (PL/I).

Since today's technology could permit a very different architecture,

perhaps it is time to face the fact that moving data is an integral part

of any computation, and attempts should be made to design processors that

would easily accommodate -- instead of penalizing - massive movements of
data.

The obvious next question is: wh;t kinds of data movements should a
processor cater for? The suggestion of taking a network of von Neumann
computers and connecting them via some very general routing network is, in
our opinion, avoiding, rather than facing the problem. The essence of
good processor design is knowing what information is needed when, and where,
and making sure that everything gets in the right place at the right time.
This implies that a processor for a specific programming language, rather
than the elusive 'general purpose' processor, might be a more promising
avenue to follow when trying to explore the potentials of such an approach.
The programming language to be implemented would be a specification of the

overall behaviour to be synthesized, and it would dictate what kinds of



data movements néed be done efficiently.

The choice of programming language is likely to be very important for
the success of such a project, and for the significance of the results and
conclusions obtained. It is almost obvious that one should avoid programming
languages that were designed to be efficiently iﬁplementable on a von Neumann
computer, since many of their characteristics have been determined (in a more
or less well-understood fashion) by the peculiarities of the von Neumann
design.

In this paper our choice is the class of reduction languages as defined
by Backus(z). (There are many reduction languages, differing in their choice
of primitives, but, as it turms out, our processor is rerarkably insensitive
to the specific choice. All that matters is the semantic framework of these
languages.) Reduction languages are very expressive applicative languages,
having some resemblance to LISP and APL. They are extremely demanding from
the point of view of storage management (hence totally unsuited for a von
Neumann compu;er), but for reaéons to be outlined later they are demanding
not in an arbitrary, but rather in a disciplined fashion, making the language
an excellent candidate for our purposes.

In carrying out an exploratory design of a processor for a reduction
language our main aim will be to accommodate all demands of the language for
data movement as efficiently as possible. From the outset we shall try to
make all components of the processor cooperate in doing well what is usually
the costliest part of processing: moving data around.

The elementary steps of Eomputation in reduction languages are called

reductions, and the language definition permits many reductions to take place



simultaneously. To achieve efficient execution we shall accommodate all
concurrency permitted by the language defin;tion, but since we have micro-
electronic circuits in mind for implementation, we shall go one step further,
and move the level of concurrency below the level of language primitives.
As a result, the processor willAbe made up of many identical component
processors, implemented by identical cells of logic circuits, whose operation
will not be explainable in terms of the source language aloﬂe. By uniformly
decomposing even the language primitives, and executing the component
computatidns simultaneously, the processor will greatly gain in exe;ution
speed, and in simpliéity. |

Summarizing this brief introduction, we shall in this paper outline the
architecture and an implementation of a hardware processor for reduction
languages in order to demonstrate that LSI can yield considerable performance
increases even for large-scale processors, if it is used primarily to
facilitate data movement for the language to be implemented, and if the

language requires data movements in some disciplined fashion.

2. DESIGN OBJECTIVES

In the course of designing the processor we shall aim to fulfill the
following three objectives:

a. high speed of execution

b. highly regular, cellular structure

c. simplicity.

The most important aim is to achieve a high speed of eiecution, partly
by taking utmost advantage of the possibility of concurrent execution of all
reductions as permitted by the language definition. More precisely, we shall

require that the execution of any single reduction on this processor be at



least competitive in execution time with the corresponding sequence of
machine instructions on any von Neumann computer, and, ir addition,
accommodation of all permitted concurrency should be effortless, requiring
a minimum amount of overhead.

We shall also require that the processor be constructed by inter-
connecting a large number of simple, identical processots (cells) in a
highly regular manner. This we take to imply that any cell can communicate
with only a small number of other cells, designated as its neighbours.
Some of the resulting advantages of satisfying this requirement are that
the processor will be '"modular", easily expandable in size, it will be
suitable for implementation via LSI technology, and the regular, cellular
structure will also facilitate high speed of execution. (If all cells can
have all their neighbours placed close to them in space, then delays
associated with signal propagation will be feduced, and fast logic can be
used for implementation.)

Simplicity is an aim made especially compelling by the simplicity of
reduction languages. Beyond that, conceptual simplicity is essential if
the user is to understand the operation of the processor in terms of
language concepts, which is a requirement for the intelligent use of the
processor. Finally, simplicity of details - by facilitating design,
manufacture, and maintenance - will contribute to making the processor a

viable one.

3. REDUCTION LANGUAGES

In this section we give a brief and very informal introduction to

reduction languages, in order to make the paper self-contained. However,

(1),(2)

one cannot fully appreciate these languages without reading Backus



(3)

and Berkling . Although we use the term reduction language for sake of

brevity, we always mean a A - Red or a A - M - Red language as defined by

(2)

Backus , and extended to sequences.
Apart from a few syntactic markers, these languages contain only two
kinds of atomic symbols: variables, and so-called objects. Variables are

used to guide substitution only, whereas objects serve all other purposes:

they are used as data .items, primitive operators, names of defined functioms,

etc.
Four types of composite expressions are allowed:
a. sequences (al, a2, ...an) if n 21, ¢ otherwise
b. lambda expressions (Av, b)
c. applications <a, b>

d. formal applications {a, b}.
A sequence can contain an arbitrary number of elements, each ai an arbitrary

well-formed expression. In a lambda expression v is a variable, whereas b

stands for any well-formed expression called the body of the lambda expression.
In an application a (the dperator) and b (the operand) are well-formed

expressions containing no free variables. In a formal application a and b

are again well-formed expressions, but at least one of them must contain a
free variable.

Among these composite expressions only applications specify computations.
Since the program text at any time can contain many applications, possibly
nested, sequencing among them is specified (at least partially) by requiring
that only innermost applications can be executed. There is no sequencing

(2)

requirement among innermost applications: they can be executed in any order



The process of executing an innermost application is called a
reduction, and so we shall often refer to an innermost application as a

reducible application.

A reduction results in replacing the innermost application with the
result expression, which may, in turn, contain further applications. The
reduction rules relevant to innermost applications can be summarized as

follows: 1if the operator is an object, it might be a primitive operator

(in which case its effect is defined), or it might be the name of a

defined function, i.e. some well-formed expression containing no applica-

tions (in which case the object is replaced by that expression). If the

operator is a sequence, it is interpreted as a composite operator, composed

of the elements of the sequence (Backus describes two possible alternatives:
>regular and meta compositiﬁn). If the operator is a lamﬁda expression, the
operand gets substituted for every free occufrence of the variable in the
body of the lambda expression. The computation comes to a halt if there
are no reducible applications left, and the program text so reduced is the
result of the computation. If the result of a reduction is undefined, the
symbol 1L is used to denote it.

The following observations are relevant to matters of implementation:

a. if we consider the érogram text to be a linear string of symbols,

then the reducible applications form disjoint segments of that string

b. what happens to a reducible application is determined only by its

opérator and operand, and nothing outside it influences the reduction

c. the operator and operand can be arbitrarily long

d. the reducible applications can be reduced in any order, including

their simultaneous reduction, owing to the so-called extended Church-Rosser



property of these languages.

4. DESCRIPTION OF PROCESSOR

4.1 TINTERCONNECTION PATTERN OF CELLS

In this section we describe the structural aspects of the processor,
Eecause they play a crucial role in determining the quality of behaviour pro-
duced by the processor. Among other aspects we shall consider what kinds of
component processors are to be used, what their approximate functions should
be, and how they are to be interconnected.

If the processor is to reduce all innermost applications simul-
taneously, the separation of the processor into a passive memory and one or
more active proceésors is not a workable solution, since no fixed number of
processors could carry out the truly simultaneous reduction of an unbounded
number of applications. Not only is the number of reducible applications
unbounded, but there is no bound on the size of opefators and oferands either,
again strongly suggesting that dedicatiﬁg component processors to reducible
applications is doomed to failure. We are thus led to our first design
decision: the processor will be made up of a number of identical processors,
each capable of holding a single symbol (variable, object, or syntactic
marker), and each capable of éome processing. (This immediately implies
that the implementation of these component processors will determine the
maximum length of symbols allowed.)

The next decision is dictated mainly by our requirement for
simplicity: the component processors (implemented by identical hardware
cells) will be interconnected as a one-dimensional array. This choice will
facilitate setting up a very simple one-to-one correspondence between the

most obvious interpretation of the program text, which is a linear, fully



10

bracketed string of symbols, and the internal representation of it.

The network - as it stands now - is the simplest example of the
kind of cellular networks researchers have long been fascinated with, the
n-dimensional rectangular arréngement. As such, it suffers from the weakness
all of them do: thé inability to move data around efficiently. It may seem,
indeed, that the structural requirement for cellularit& (a network of
identical cells interconnected in a regular fashion, each cell communicating
with a small number of its immediate neighbours only) cannot be reconciled
with the functional requirement of efficient, global control over the opera-
tion of all cells.

Fortunately, however, it is possible to find a compromise, by
combining the linear array of identical cells (L) with another cellular
ﬁetwork of identical cells of é possibly different kind, arranged in the form
of a full binary tree (T), as shown in Fig. 1.

Before outlining the many possible uses of the tree network, two
comment; should be ma&e regarding the structure of the processor. We shall
keep on referring to it as a cellular network, although two different kinds
of cells, and two different interconnection patterns are used in it. Such a
network Has the following important and very attractive property: the growth
rate of the amount of hardware built into the processor is a linear function
of the length of the linear array, L. More precisely, if the length of L is
ZH, then the number of cells in T is ZH-l, so the amount of hardware is almost
exactly ZH-(2+t), where £ and t represent the amounts of hardware built into
a single cell of L and T, respectively.

We can now begin to ponder the possible uses of this network, first

in rather broad, general terms only. The operation of the processor is
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envisioned as follows: the program text can normally be found in L, and the
processor - by using T to propagate control information, move data, and do
most of the processing - creates a new, transformed.version of the program
text in L, corresponding to the effects of the reduction rules applied.
Fig. 2 shows the different patterns of moving information in the
processor. By propagating information upwards in the tree simultaneously
from all cells of L, the processor is able to evaluate the global situation
in L, can do processing on data coming from different cells of L, and can
store the results produced into the nodes of T. Since the processor will
communicate with the outside wofld via the root-node of T, producing output
fits the same pattern too. We shall often refer to processing activities

in which information is moving upwards as an upward cycle, because these

activities will usually be executed in a synchronous fashion, at the same
time in all nodes of the same level of T, taking H steps to compléte them.
By proPagating information downwards in the tree (a downward
cycle), the processor can distribute the information produced during a
previous upward cycle, can do processing in L based on them, can read in
input, and so on.
The contents of any cell in L can be moved into any other cell
of L in at most 2H steps (where H is the height of T), by moving it first
up towards the root of a subtree of T, then routing it downwards to its
destination; furthermore, many such moves can be carried out simultaneously.
The contents of L can be rearranged by shifting different segments
in different directions, by differing numbers of positions. Although Fig. 2
seems to suggest that T is not needed for this, these movements really

could not be carried out without T making the preparation for them.
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We should mention that T can be considered as an interconnection

(routing) network of a rather restricted kind(a)

, but it is also much more
than that, since the cells in £t are capable of processing in addition to

that required for routing functions.

4.2 INTERNAL REPRESENTATION

We have already decided to represent the program text as a linear
string of symbols (each symbol held by a different cell of L); now it is
time to decide on some further details of the internal representation.

The representation should be chosen to facilitate efficient pro-
cessing, and as it turms out what we want to do most frequently is to locate
component expressions with certain properties, e.g. innermost applicationms,
and their operators and operands. We want to be able to do this kind of
processing with the helﬁlof the networks T and L, in one cycle. Moreover,
since we want to keep the cells of T and L simple, we also require that only
a small, constant amount of information be stored in any cell. With these
constraints the representation we are about to describe appears to be superior
to all other alternatives(s). |

In order to avoid the need to recompute the nesting level of
certain symbols over and over again, we shall store this information with
évery symbol, and then eliminate closing brackets of every kind -- ), >, and
%+ -- from the source text for they have become superfluous, leading to a
considerable decrease in the length of the expression. This representation
can also be considefed as the linear, prefix notation of the tree that
naturally corresponds to the original source text (the root, labelled with

(, <, or ¥, followed by the successor trees from left to right in the same
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notation).

An example in Fig. 3 should clarify the details, also showing the
only additional syntactic change we have made, whi&%)is replacing (A v b) with
A, B» where A is a root node and b is its successor tree.

We describe one more interesting aspect of internal representation,
which is the representation of variables, because there again the issue of
storing vs. recomputing is raised. Since the absence or presence of free
variables makes the only difference between applications and formal applica-
tions, every time <(A v b),x> is reduced by substituting x for every free
occurrence of v in b, every formal application internal to b must be checked
to see if it is to be changed into an application. Again, a massive amount
of processing could be avoided if we store a list of free variables with
every formal application, and every time we substitute for one of them (say v)
we take note of it (by removing v from the free-variable list of all affected
formal applications), bécause now the only thing we must be able to detect is
when the last free variable is removed from the free-variable list of any
formal application.

The important question then is: can such a list of free variables
for each formal application be efficiently stored, updated, and tested?
Fortunately, the structure of reduction languages is such that there is no
way to increase the number of free variables in any formal application by
performing reductions, since in a reducible application neither the operator,
nor the operand can contain free variables. This implies that the following
kind of restriction could be the key to a solution: neither the source text,
nor any definition can contain formal applications with more than N free

variables. If N is large enough, this would mean no serious practical
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limitation in the use of the language, and would permit the following internal
representation: 1l-out-of-N binary codes would stand for variables, N-bit
vectors for lists of free varisbles, and testing and updating such lists

would become a very simple and efficient operation.

4.3 PROCESSING REQUIREMENTS OF A REDUCIBLE APPLICATION

In this section we shall consider the problems we are likely to
encounter when trying to implement the definition (i.e. the reduction rules)
of a reduction language in our network of processors, hence when having to
be concerned with the limitations of physical space and time.

We shall consider three primitive operators as examples, all

(2). The first primitiﬁe, TAIL, does the obvious:

'taken from
(x1) > ¢; (x1, x2, ... xn) > (x2, ... xn); L

i.e. if its operand is a one-element sequence, the result is the null-sequence
(¢), if it ié a sequence of more than one element, thén the first element

is removed from the sequence, and if the operand is anything else, the result
is undefined (1). (Note that the clauses of the definition are examined from

left to right, and the first one applicable to the given input determines the

result.) An example for the use of TAIL follows, using our internal representa-

tion:
< TAIL ( A B C -> ( B C
5 6 6 7 7 17 5 6 6

Obviously, the processor first will have to determine which clause of the
definition applies, then it will have to erase the contents of the cells of
L holding the symbols <, TAIL, and A, and finally it will have to adjust the

integers representing the nesting levels of the remaining symbols in order
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that they would keep on representing nesting levels. It is worth noting
that when executing this reduction, storage is released, and what happens
to any of the cells involved depends only on its position relative to the
others (i.e. information does not have to be passed from one cellof L to
another). |

Another primitive with a well-known effect is AND:
(T, T) > T; (x, y) > F when x,y ¢ {T,F}; 1
i.e. if the operand is a two-element sequence, and both elements are equal
to the atomic object T (representing the truth-value '"true"), then the
result is T, if one or both of these atomic objects is F (meaﬁing "false'),
then the result is I', and if the operand is anything else, the result is
undefined (1). An example for the use of AND is |

< AND ( T F > F
7 8 8 9 9 7

In addition‘to finding the applicable clause of the definition (which we
shall refer to as "syntax analysis') and erasing, the two symbols T and F
will have to be brought together in some cell of T to perform the AND
operation on them, then the result will have to be placed into an available
cell of L, which in this case should be easy to perform: the result might
replace any of the original symbols.

The third example is a primitive called DISTL ("distribute from
the left"):
(x, (¥1, y2, ... yn)) > ((x, y1), (x, y2), ... (x, yn)); L
the use of which is illustrated by the following example
< DISTL (A (BCDE = ((AB(AC(CAD (AE

2 3 34455535 23443443644344
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One of the new problems posed by DISTL is that we have to create
(n-1) new copies of the string "(x", and we may not be able to find enough
empty cells inside the reducible application in question. If this is the
case, and there are enough empty cells in L outside the reducible applica-
tion, then we can make the necessary number of empty cells- available in the
application by moving (shifting) all or some of the symbols in L by a suitable
number of positions, making sure, of course, that the relative positions of
all symbols in L will reﬁain the same. |

To be able to do this assumes that the agent performing this
operation has a ''global understanding" of the situation in L, and knows the
location of each empty cell of L; fortunately the tree network T will be able
to act as such an agent.

Following the creation of the necessary number of empty cells in
the appropriate'places (in our example, at least two empty cells in fromt of
B, C, D, and E), thé.string "(x" will have to be moved through the tree network,
and (n-1) additional copies of it will have to be created as it moves, so that’
the formation of the result string could be completed.

As it turns out, all reduction rules can be implemented on our
processor by using the few elementary processing activities described in the
above exampies. Furthermore, they always have to be combined according to a
very definite pattern, which can be expressed by saying that every reduction
rule is implemented in three phases, as follows:

PHASE 1: 1locate a reducible application
determine what its operator is
find the applicable clause of its definition ("syntax analysis')

compute the result of the (arithmetic, Boolean, etc.) operation
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determine the length of string (or strings) to be moved, and
store this length information into all cells of L around
which empty cells will have to be created
PHASE 2: for each occupied cell of L, determine in which direction, and
by how many positions it will have to move
move évery occupied cell of L as specified
PHASE 3: move segments of the reducible application through T to their
destinations
change level numbers to reflect the new structure of the tree

erase symbols not needed any more.

4.4 MICROPROGRAMMING -~ THE NEED FOR IT

Having briefly outlined the typical, frequently used, elementary
processing activities in-rathe; general terms, we would now like to describe
more precisely that for any given reduction rule just what kinds of processing
activities should apply to any given part of the operand, when should these
processing activities take place, and where should all this knowledge reside
in the processor (e.g. in hardware, or in software)?

One obvious possibility is to endow every cell of the network with
full knowledge of all reduction rules, and since all this information would
permanently reside in the cells, they would always be ready for all eventual-
ities of processing (for any occupied cell inside a reducible application, if
the cell is told somehow what the operator is and what part of the operand it
is holding, it would immediately "know' what to do to it).

A somewhat less obvious alternative to this would be to keep only
one copy of this information, in some central place (e.g. outside the pro-

cessor), and distribute the necessary information whenever it is needed (for
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any occupied cell inside a reducible application, the cell would have to be
given information as to what to do).

After taking a closer look it is easy to see that the second
solution is fa; superior to the first one. While the second solution
requires only one, the first requires storing many (possibly millions of)
copies of the same information, which for a‘not—too—large set of primitives,
using a careful eqcoding, turns out to be many thousands of bits of informationm.
At the same time, very fortunately, the second solution has almost no dis-
advantage as far as execution time is concerned, becauée distributing
information as to what to do to different parts of a reducible application
can be almost fully overlapped with other activities that must be present in
both solqtions anyway (e.g. telling every cell what part of the operand it is
holding).

For these reasons we adopt the second solution, and shall refer to

iﬁ as the microprogramﬁing solution, because the language in which the
relevant instructions are expressed is similar in style to a conventional
microprogramming language, and its primitives ére much lower-level than those
of the reduction language the.processor is implementing.

The hardware requirements of the microprogramming solution are:
cells of T must be able to distribute the microinstructions, and cells of L
must be able to hold all microinstructions relevant to a single symbol
(typically 10 ~ 100 bits) and must be able to decode and execute any micro-
instruction.

By adopting the microprogramming solution we not only drastically
reduced the amount of hardware needed (approximately 100 ~ 1000 times), but
also make the processor much more flexible with respect to primitives, since

they are now much easier to replace, modify, etc.
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4.5 A LANGUAGE FOR MICROPROGRAMMING

A set of microinstructions able to bring about the effect of a

particular reduction rule will be referred to as a microprogram for that

reduction rule. What is unusual about such a microprogram is that it is a

set of microinstructions to be executed simultaneously in many different

processors (usually in cells of L). Every time a new reducible application
is encountered by the processor, a new copy of the corresponding microprogram
will have to be brought in from the outside via the root-node of T, moved
through T, and distributed to the relevant cells of L, called their

destinations. This suggests that the viability of the processor will depend

to a large degree on the microprograms being sufficiently short.

In the following we shall give an informal and somewhat incomplete
description of a suitable microprogramming language, the design of which was
largely determined by two main requirements: it had to.produce sufficienfly
short microp:ograms for the important primitives, and it had to be flexible
and expressive enough to facilitate programming of many, powerful primitives.

Before actually showing some programming examples (for the three
primitives described in 4.3), certain interesting aspects of the language
will be described that crucially contribute to achieving the design objectives.

(1) A "positional" notation is used to specify implicitly the
destination of microinstructions. Since groups of microinstructions apply to
constituents of the operator and operand (in our internal representation these
constituents can be either single symbols or well-formed,expfessions), and
these constituents of the operator and operand form blocks of a partition
of the reducible application in the linear array L, we shall arrange the

microprogram into a linear sequence in such a way that the order of the blocks
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of microinstructions will match the order of the corresponding constituents

in L. This way the only information that has to be attached to any group

of microinstructions is the description of the constituent to which it applies
(e.g. a single symbol with a given level number), and we shall call such a

description a destination expression. The advantage of this arrangement

becomes obvious when we consider an alternativé, say placing the groups of
microinstructions in an arbitrary order, in thch case every group has to
carry with it not only a description of the constituent to which it applies,
but also where that constituent can be found, i.e. an address.

The conciseness of this specification comes from the fact that
the position of the group of microinstructions in the microprogram carries a
lot of information, and for this reason we can liken it to thé positional
notation of numbers or the positional notation used in many fixed-format
(usually 1ow—level.or special-purpose) programming languages. It should be
emphasized here thét this economy in description relies heavily on the chosen
linear representation, and this is one of many places where the efforts of
the processor to maintain that representation - by moving data - pay off.

 (2) A repetition mechanism is used to avoid the rigid, positional,

one-to-one correspondence between the program text and the microprogram,
thereby allowing us to send the same microinstruction to many different
cells (e.g. tc all elements of a sequence or of a subtree, where the number
of elements is not known to us), or alternativel& to send many different
groups of microinstructions to the same cell in an organized fashion.

(3) No e#tra instructions are needed to check tﬁe syntactic
correctness of the input, if we simply raise some error condition whenever

the microprogram does not match the program text, or a specified repetition
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condition (e.g. a sequence should have exactl& four elements) is violated.
The only thing the processor will have to do is to observe if there are
any microinstructions that find no destinatibn with the specified descrip-
tion, or if there are any cells receiving no microinstructions in the
reducible application.

The first example shown in Table I. is the microprogram for
the primitive TAIL.

As the example reveals, we chose a representation for the state-
ments of the microprogramming language with an ALGOL-like appearance to
ease communication and to avoid the need to specify many low-level details
of the internal representation that are irrelevant here. However, the fact
that tﬁis is a very low-level language cannot be hidden: only a handful
of variables are allowed, there are very limiﬁed options to form expressions,
etc. _

In the destination expressions all level numbers are relative
to the current reducible application ('<' having relative level number 0),
S identifies a single symbol, while E stands for a well-formed expression
(a subtree). In the latter case the enclosed level number is that of the
leftmost symbol of the expression (the root of the subtree). The keywords
overlap and to specify repetition; S, L and "valency" are variable names,

S and L standing for the "symbol" and "level number" fields of the given
cell, while "valencv' holds the number of successors of any given node (this
information can easily be deduced from information held in T, whenever
needed). Finally, whenever a conditional instruction applies to a tree,
only the foot—node is tested, but all nodes and leaves are modified.

With these comments the microprogram should now be readable.

The leftmost symbol -- whatever it is —- should have relative level number O,
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and it should be erased (we do not look at the symbol, because by now we
know it is "<", since the reducible apflica;ion had been located on that
basis). The next symbol -- whatever it is -- should have relative level
number 1, and it should be erased (again, we know it is TAIL, since the
microprogram had been brought in because of it). Next we deal with a tree
(a well-formed expression), whose root has the relative level numbgr 1: if
the root-node holds thé symbol " (", then the relative level number of every
symbol in this tree is decreased by one, alternatively we signal an error
by wriiing "y,

In the next destination expression the keyword overlap indicates
that instead of going to the next constituent in the program text on the
right, we should distribute another ‘'layer" of microinstructions to the
vcurrent constituent. The first microinstruction says take the leftmost
symbol -- what;ver it is -- with relative.level number 1 (by now we know
that the symbol is "(", since-the previous instruction tested for it), and
if it has only one successor, replace the symboi with ¢, otherwise do nothing.
After that, we erase the next subtree whose root has relative level number 2,
and keep all the others (to last indicates that we distribute as many copies
of this microinstruction as needed).

The next exémple shown in Table II. is the microprogram for the
-primitive AND. -

In this example operandl, operand2, and result are names of
vgriables; the micropfogram connects them with the program text, while an
internal mechanism, invisible on the lével of this language delivers operandl
and operand2 to a8 processor in T, has the AND operation pérformed on them,

and places the result of this operation into the variable called result.



23

(Obviously, the timing of these actions is important, but again invisibie
in the microprogramming language.)

Our third example is the microprogram for the primitive DISTL
(see Table III.).

In this example stringl and string2 ére names of variables,
standing for parts of the reducible application to be moved. The micro-
instruction ;becomes" triggers an internal mechanism to place consecutive
integers (from left to right) into all symbols of stringl and string2, to
guarantee their orderly arrival to their destination. The keyword before
specifies that stringl énd string2 (in that order) have to be inserted on
the left end of the program éomponent in question, and its main fuﬁction
is to store the joint length of stringl and string2 in that place to

facilitate storage management.

4.6 INTERNAL MECHANISMS NOT MICROPROGRAMMED

The microprograms described in the previous section are made as short
as possible by encoding the information contained in them with the greatest
economy, and by making sure that microprograms do not carry unnecessary
information. To this end, microprograms should only contain information
that is specific to the reduction rule (or operator) in question.

Whereas processing activities specific to individual reduction rules,
and prescribed in microinstructions, are generally simple, the ones common
to all reduction rules, and not even mentioned in microinstructions, tend to
be more complex and intricate. Since the main problem in designing this
processor is to synthesize the required global behaviour from simple, local

activities in the nodes of T, (which might be considered as a programming
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problem with very unusual primitives), and to do so.efficiently, (which might,
.for example, mean that a certain result must be produced in a singie upward
cycle), we must in this paper describe these important mechanisms at a
sufficient level of detail to demonstrate that they can be implemented within
the bounds of these constraints.

The description of these mechanisms usually amounts to specifying what
an arbitrary cell of T does, and to keep the size of this paper within reason-
able bounds we shall describe them in an informal style, relying heavily on
examples. We present every one of the five majof mechanisms at considerable
detail, skipping only a few of the less important aspects. All these
mechanisms are brought into play aﬁtomatically in certain states of the pro-
cessor (i.e. they are not initiated by microprograms), two of them work for
bcertain reduction rules only (4.6.3 and 4.6.5), and two of them use infbrmation
prepared for them by microprograms (4.6.4 and 4.6.5).

It should be noted that some of the mechanisms'triggéred by microprograms
but not described in this paper (e.g. determining the length‘of a component
‘of the operand, or laying down consecutive integers for purposes of moving

data) can easily be constructed along the lines described here.

4.6.1 LOCATING REDUCIBLE APPLICATIONS

Recall that we decided to do most processing by méving information
along paths between the root-node of T and the leaves of T. This implies
that most processing related to a reducible application will take place in a
subtree of T, whose leaves are thé cells of L holding the reducible application
in question.

Whereas reducible applications are held by disjoint segments of L,

the subtrees of T intended to serve them are not necessarily disjoint, as the
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example in Fig. 4 shows. Since the cells of T are required to be identical,
the simplest way several reducible applications could use a cell of T without
interfering with each other is if the hardware of the cell is divided into
parts, and each reducible application uses a different part. The process
and the result of separating a cell of T into parts will be called the

partitioning of that cell. (Fig. 4 shows cells that have to be separated

into two or three parts.) Because of partitioning the nodes of T, the part
of T serving a particular reducible application is usually not a subtree of
T, so we shall refer to it as an active area of T. All cells, or pérts of
cells, not included in any active area will remain unused temporarily, and
will be said to be inactivé.

All in all, locatihg reducible applications means dividing the
processor into many different, disjoint, active areas, one for each reducible
application. (This process involves a kind of self-organization: the pro-
cessor organizes itself so that its structure will suit the current program
text to be processed.)

Since partitioning the cells of T implies multiplying the amount
of hardware built in, and complicating the overall behaviour, we have to take
a careful look at these complications in order to be able to estimate their
effects.

We begin with an examination of the global aspects of locating
reducible applications. In a single upward cycle the following three
activities take place:

(1) all nodes of T get partitioned, based solely on the locations of
the application symbols ("<") in L (this is because each <" symbol is the

leftmost symbol of a program segment in L which is potentially a reducible
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application)

(2) when certain ways of partitioning a node of T suggest the possibility,
it has to be determined if part‘of that node is the '"top'" of an active area
(we shall give a definition for this shortly)

(3) 4if part of a pode of T turns out to be the top of an active area,
it has to be immediately determined what the operator of the corresponding
~ reducible application is, and this information must be propagated up to the
root-node of T, so that during the next downward cycle the required micro-.
program could be sent in.

Algorithms for (2) and (3) can be explained without any reference
to T. Using our internal representation the algorithm to locate reduciblé

‘applications is very simple. To determine if an arbitrary "<"

symbol marks
the beginnihg of a reducible application we have to look at its level number
(i), at the level number of the nearest '"<'" symbol on the right (j), and
possibly also at the smallest level number of any other symbol in between (k).
. The application on the left is innermost (hence reducible) if either izj,
or alternatively (i < j) and (i = k). Example for the first alte;native is
shown in Fig. 5.a, whereas Fig. 5.b shows example for the‘second.

The state diagram of Fig. 6 is the basis for determining what a
reducible application is supposed to do. The diagram shows the significance
of the leftmost symbols of a reducible application. Note, however, that not
all of the branches in the diagram correspond to separate symbols of the
program text: every object carries with it two bits indicating if it is a

(2)

primitive or defined operator, and if it is a regular or meta operator .

1" <|I

We will now use an example to explain how the symbols in L

determine the partitioning of all nodes of T. A symbolic representation is
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used in Fig. 7 to show different patterns of partitioning the nodes of T.
The level numbers have been omitted from thg program text contained in L,
but all cells of L and T are numbered for ease of reference.

The following process is central to locating re&ucible applica-

"<" symbols begin to move towards the root of

tions: in an upward cycle all
T, each one causing nodes of T to be partitioned in order to separate an
area (active or not) for itself. The details of how this is done (in

"<" symbols meet in a node of T) are

particular, what happens when several
to be explained soon, but in the meantime it might be helpful to imagine
that each "<" symbol is building a "wall" through T, which will become the
left-hand boundary for that area. (The paths along which the '"<'" symbols
travel need not be identical with the links shown in Fig. 7, and will be
considered later, with the help of Fig. 9.) |

The node of T in which a "<" symbol meets the nearest "<" symbol
on its right in L (called its right neighbour) contains the top of the area

Il<l|

for the given "<". For example, the symbol in cell 2 of Fig. 7 moves

through the cells 2, 17, 25, and 29, and in 29 it meets its right neighbour

coming from 5. Hence the segment of the program text in 2, 3, and 4 has its area
in cells 2, 3, 4, 17, 18, 25, and 29, the top of the area being in 29.

Each "<" symbol must also meet the nearest "<" on its left, so
that this left neighbour can determine where the top of its area is. It is

not possible for an ''<"

symbol to meet its two neighbours in the same cell of
T; consequently, depénding on which neighbour is met first, there are two
alternatives, as depicted in the following examples:

(1) the "<" symbol in 5 meets it right neighbour (coming from 8) in

26, but has to go béyond that to 29 in order to meet its left neighbour (coming

from 2)
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(2) the "<" symbol in 8 has to go up to 31 to meet its right neighbour
(coming from 11), but meets its left neighbour (coming from 5) earlier, in 26.
(The three special cases: the leftmost '<" in L, the rightmost "<" in L,

"<" in L must move up to the root-node of T to find out about

and the only
their special status.)

The diagram in Fig. 7 shows that connections between nodes of T
are in the form of two, identical, independent links. This is possible
because the mechanism with which an active area communicates with the outside
world (in order to bring in microprograms, perform I/0, etc.) is left un-
specified in this paper, hence links between the top of an active area and
the root of T are not shown in the diagram. The necessity and sufficiency
~of two links between nodes of T is a consequence of the following considera-
tions:

(1) Since T is a binary tree, each internal node of T that is not
partitioned has three links connecting it with other nodes. If a node gets
partitioned, each part separated must have at least one independent link
connecting it with some part of another node (a part with no outside
connections is useless). This implies that there must be at least two
independent links between nodes if the node is partitioned.

(2) We can demonstrate with the help of Fig. 8 that three independent
links are never needed between two nodes of T. The three hypothetical links
-- X, Y, and Z in Fig. 8 -- belong to areas associated with three disjoint,
not necessarily adjacent, segments of L. About each of these segments the

following statement can be made: 'the leftmost symbol of the segment is the

"<" symbol." All possible combinations of the truth values for the three

mn_n ]

statements are listed in Fig. 8 , "<" and "--" representing truth and
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ll<l|

falsity, respectively. Since an symbol always separates an area for

itself, "--" in Fig. 8 means that the segment of L to which it applies
g

" <|I

contains no application symbols, whereas means that the segment contains

"<" symbol. 1In six out of the eight cases two, or all three,

exactly omne
links can be merged, as indicated by the groupings of Fig. 8. This is
because the segments of L to which they apply are adjacent, and contain no,

or only one "<"

symbol, hence the links belong to the same area.
In case 4 of Fig. 8 the '<" symbol arriving in link Y has
already passed the top of its area, for it has already met its right

"<I|

neighbour (either the '"<" symbol in Z, or another symbol in between).

We conclude that link Y is superfluous, provided the information about the
"<" gymbol in Y can be propagated through link X, so that it could meet its
left neighbour somewhefe higher up in the tree. (Our implementation will

do exactly that, as the data structures of Fig. 9 reveal.)

Finally, in case 8 of Fig. 8 the "<" symbol arriving in link
Y has already meg both its neighbours, so it does not need a separate link
any more. |

(3) Since all cells of T must be identical, we choose to have exactly
two links between any two nodes of T that are connected.

Having examined the global aspects of locating reducible applica-
tions, and derived from it the need for two identical links between the nodes
of T, we can now describe the mechanism to locate reducible applicationms,
which amounts to specifying what an arbitrary cell of T does during the
relevant upward cycle. We shall use Fig. 9 for this purpose, which shows

all the possible ways to partition a node of T.

On the left of Fig. 9 an arbitrary node of T is shown with its six
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identical links. (These links are symbolic representations of two-way
communication channels whose organization is left unspecified here.)

Since we will be concerned with operation during an upward cycle, we shall
refer to the four links coming from the lower levels of T as inputs, and
to the two links leading to the higher levels of T as outputs.

There are three four-field data structures associated with the
inputs and outputs of the node. The data structures associated with the
inputs contain all the information needed (1) to partition the node, (2) to
determine if the area whose top has just been found is active (i.e. the
correspondingbapplication is reducible), (3) to determine which microprogram
to bring in. A field labelled with ''<" holds the level nﬁmber of an applica-
tion symbol. In a field labelled with "M" two kinds of information is
carried: (1) the smallest level number of any‘symbol in a segment of L that

contains no "<"

symbol -- that is needed to find reducible applications, (2)
information (four bits and a symbol of the program text) needed to determine
what a reducible application is supposed to do (i.e. whicﬁ microprogram to
bring in).
There>are four different formats for our data structure:
v oy - -, =)
@) (=, —, <, ¥
3) ™M, <, <, M
) (<, —, <, M)
If both links belong to the same area, either (1) or (2) is used.
(In the diagram ﬁe connect both ends of the two links to indicate that one of

them is superfluous, as, for example, between cells 21 and 27 of Fig. 7.) If

the two links belong to different areas, then either (3) or (4) is used. 1In
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these two cases, the left and right halves of the data structure are associated
with the left and right links, respectively..

The interpretatioﬁ of the four data structures can be given in terms
of the segments of L with which they are associated.

(M, ==, =, =-) is associated with a segment of L containing no
"<" symbols (as, for example, the right input of cell 25 of Fig. 7).

(-, ==, <, M) is associated with a segment of L with a single
"<" in it (e.g. the left input of cell 26 in Fig. 7). The "<" symbél in this
data structure has not yet found either of its neighbours.

M, <, <,.M) ié associated with two, not necessarily adjaéent,
segments of L, neither of which has been fully located so far (see, for
example, the output of cell 27 in Fig. 7). The left(right) half of the
data structure is trying to locate the left(right) end of its segment, i.e.
the "<" symbol in the left(right) half of the data structure is looking for
its left(right) neighbour. It should be noted that between the two '"'<"
symbols contained in this data structure there ﬁay be many others in L, but
since all of them have already found both their neighbours, they do not have
to be propagated further up in T.

(<, ==, <, M) is associated with two, not necessarily adjacent,
segments of L, such that the one referred to by the left side of the data
structure has been fully located, whereas the other has not (see, for example,
the right input to cell 30 in Fig. 7). Again, the right half of the data
structure is trying to locate the right end of its segment, i.e. the "<"
symbol in the right half is looking for its right neighbour. It is important
to note that the link on the left is above the top of its area, hence it will

not be used for processing. The sole use of this link is to get its “<"
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symbol to the left neighbour of'that symbol. (This format is decidedly
asymmetrical, because the relation of segments and "<' symbols is
asymmetrical: we always try to locate a seément with "<" oﬁ its left. We
have already explained under case 4 of Fig. 8 why we do npt need the
reverse of this format.)

Since either oﬁe of the left and right inputs may be associated
with any of these four formats, there are altogether 16 input combinations.
Fig. 9 specifies how the formats of the two input data structures determine
the partitioning of the node, and the format of the output data structure.
With the help of thekpreceding explanations the diagrams should be easy to
understand;

Fig. 9 shows that any ﬁode may be required to do any of the
following types of processing activities using these data structures:

(1) route fields from input to output (as in Fig. 9.b)

(2) combine two "M'" fields (as in Fig. 9.a) by taking the minimum of
;he two level numbers, and by combining the rest in the obvious manner
(information about the three leftmost symbols should be kept)

(3) determine if the area is active (i.e. the application is reducible)
whenever ﬁeither of the input data structures is (M, --, --, —-) (as in Fig. 9.f)

(4) determine what operation is to be performed whenever the top of an.
active area is found.

At this point we are in the position to estimate the increase in
complexity of the cell of T owing to the need to share it among different areas.
Our conclusions are:

(1) the processing capabilities of a cell need not be duplicated

(only in cases a),’c), d), and e) of Fig. 9 does the node receive two
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different inputs from the same area, and to handle these the original
processing capabilities will be sufficient

(2) the original routing capabilities must be duplicated, since there
are two links betweenvnodes of T

(3) additional logic must be included to control partitioning.
Notice that we were able to feach these conclusions without ever having
committed ourselves to many details of implementation.

There is one more processing activity we should mention in this
section, and that is finding the right ends of reducible applications; So
far, by locating a reducible application we meant finding its left end, i.e.
the root-node of the corresponding subtree, but because we want to do syntax
checking by raising an error condition whenever a symbol in the reducible
application does not receive any microinstructions, we must find its right
end too, so that we could mark every cell belonging to it.

All this can be done during the downward cycle following the
partitioning of the nodes of T, by using the data structures described in
Fig. 9. Beginning from the top of the active area, and moving downwards
in the tree, we try to locate the leftmost symbol in the segment whose level
number is smaller than or equal to the level number of the "<" symbol, and
in the process separate from the active area all the subtrees that are not
required on the right. Fig. 10 shows an example for this: the upward cycle
located a reducible application in the segment '"<AB(CD'", and the process

just described separates from it '"D", them 'C", and finally "(".

4.6.2 DISTRIBUTING MICROINSTRUCTIONS

In this section we show that a small amount of suitably chosen
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information stored in every node of T enables us to distribute the micro-
instructions to every occupied cell in a reducible application. (We shall,
however, describe algorithms neither to set up this 'data structure', nor
to distribute the microinstructions, because both are reasonably straight-
" forward.)

The whole miéroprogram is propagated frpm the outside (i.e. from
the root-node of T) down to the root-node of the active area of the
reducible application in question by a mechanism that we leave here un-
specified. Once the microprogrém enters the active area, however, the
individual microiﬁstructions must be routed carefully, so that each one of
.them will arrive only at those cells to which it applies.

An algorithm to distribute microinstructions must answer the
following question: in a given node of T, should a given microinstruction be
sent into the left subtree, the right subtree, or both? This question will
be answered by using the destination expression of the microinstruction
(plus the information its position iﬁ the microprogram carries), and a data
structure called the directory, specifying which segment of the reducible
application is in the left and which is in the right subtree of the node in
question.

The directory for each node consists of two identical five-field
data structures, assoclated with the left and right subtrees. The interpre-
tation of the five fields is explained with the help of Fig. 11. 1In the
sequence of level numbers in a segment of a reducible application LN3 is thg
number of 3's before any 2 or 1 is encountgred from left to right; IN2 is the
number of 2's before any 1 is encountered; N1 is the total number of 1's in

the segment; RN2 is the number of 2's after the last 1, and RN3 is the number
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of 3's after the last 2. If N1=0, then obviously LN2=RN2=N2, and if, in
addition, N2=0, then LN3=RN3=N3, so we have ;wo special cases:
(LN3,N2,0,N2,RN3) and (N3,0,0,0,N3).

With the help of an example (Fig. 12) it is eaéy to see that this

directory contains exactly the information needed to route the micro-

" instructions to their destination. The only limitation of the scheme is

that it "sees' the operator and the operand of the reducible application
only up to nesting level 3, but it can obviously be extended by adding

fields to it.

4.6.3 LOCATING FREE VARIABLES DURING SUBSTITUTION

Whenever the reducible application is in the form <(Av e),f>, f
is to be substituted into e for every free occurrence of v. Since e might
contain not only free, but also bound occurrences of v, the processor must

be able to tell them apart, which is equivalent to locating all lambda

~ expressions internal to e that have v as their bound variable.

The implementation of this will be efficient, and easy to
understand: the microprogram for substitution will be written to treat all
occurrences of v in e equally; on the other hand, a mechanism we are about
to outline will '"seal off" all lambda expressions with bound variable v and
internal to e, so the microprogram simply will not be able to access the
bound occurrences of v, thereby guaranteeing correct operation. ''Sealing
off" these lambda expressions is quite similar to locating reducible

applications: 1in both cases we are analyzing tree (or nested expressioms),

' and trying to locate certain subtrees. The only important difference is

that there we had to locate innermost applications, while here we have to

locate outermost lambda expressions. As a result, the data structure to be
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stored in the nodes of T is somewhat simpler: it needs three fields instead
of four.

The data structure (LN,N,RN) of any node can have one of two
interpretations (ih both cases we consider only lambéa expressions.internal
to the operator):

(1) if there is at least one "Av" in the segment of L under the node,
then
N is the level number of the rightmost outermost "Av" in the segment
LN is the smallest level number of any symbol (including other "Av"'s)
on the left of the "lv" mentioned above
RN is the smallest level number of any symbol (including other "Av"'g)
on the right of the "Av” mentioned above |
(2) alternatively
N is undefined
LN ig the smallest level number of any symbol in the left subtree
RN is the smallest level number of any symbol in the right subtree.

An example in Fig. 13 illustrates the workings of this mechanism,

and again we omit description of algorithms to set up the data structures,

and to ''seal off'" subtrees, since they are reasonably straightforward.

4.6.4 STORAGE MANAGEMENT

Storage managemept‘is an integral part of the operation of this
processor. Since the program text is represented as a linear string of
symbols in L, most reducible applications lead to either the contraction
or expansion of the operand. Contraction is easily done, because empty cells
do not interfere with program execution. Expansion, however, may necessitate

the intervention of a global agent to make room for the expanded segments by
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moving the contents of cells in L appropriately. Just before storage -
management is to begin, it is already known (from having partially executed
the microprograms) where and how much room has to be made, and it is also P }
known where the empty cells are. The problem is to determine how the
occupied cells of L will have to be moved to make the necessary room. (For
the sake of brevity we shall talk about moving cells, instead of moving

the contents of cells.)

The algorithm to determine this uses the following initial

information: every empty cell in L is marked by P = 0 and N = -1, and every

O
L

-, =

occupied cell of L is marked by P 2 0 and N = 0. P is called an insertion L ol i
_— SRR 3~

. T e Y

request, meaning that P empty cells must be created immediately adjacent - 2 -
. -2 e 3‘. 7,

to the cell holding this flag. N = -1 means that an empty cell can satisfy I % v T
Sl Sy

an insertion request with P = 1. ; - k';:;j
R U
The algorithm produces the following results (jointly referred to £ S o

-t

as a solution: (1) an integer S (called a shift amount) is stored into = VT
= =

ﬁevery occupied cell of L, meaning the cell should be moved by S positioms to
the left, or to the right, depending on the sign of S, (2) if an insertion
request can be partially or completely satisfied, because it will be possible
to create P - P' empty cells around the cell holding P, then P is reduced to
P' (P 2P' 20).

We shall always assume that the shift amounts are determined in a
consistent fashion, so that the simultaneous shifting of the occupied cells
in L -- by one position at a time -- will change only the distribution of the
empty cells in L, but will leave the positions of all occupied cells the same
relative to each other.

If L contains as many empty cells as requests for insertions, then
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the job of the storage management algorithm is unambiguously specified: it
has to satisfyv all insertion requests by moving occupied cells of L to
absorb all empty cells.

If L contéins fewer or more empty cells than requests for in-
sertions, then a choice has to be made as to which insertion requests to
satisfy, or, altermatively, which empty cells are to be used and which are to
remain empty.

Every solution involves moving some of the occupied cells in L in
different directions by a different number of positions. We assume that the
actual shifting of these cells takes place simultaneously,; one position at a
time; consequently, the largest shift amount -stered—inte—anycell -of L-will
determine the overall time needed.to complete storage management.

The solution in which the largest shift amount is as small as

possible will be called the minimal solution.

Another desirable property of a solution could be that the empty
cells that remain after all insertion requests have been satisfied are
distributed evenly in L. Fig. 14 shows why this is desirable. On the diagram
the horizontal lines represent L, the incoming arrows and their integer labels
represent the positions and amounts of insertion requests, outgoing arrows
represent blocks of empty cells. In the first cése we need 500 steps, in the
second only 50 steps to satisfy all insertion requests.

We shall describe two algorithms for storage management:

(1) the primary algorithm -- in some cases, this algorithm does not
produce the minimal solution, but we conjecture that the maximum shift
amount produced by it is at most double of that produced by the minimal

algorithm
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(2) the secondary algorithm -- this algorithm computes shift amounts

"HA ai

+o distribute empty cells evenly.

Both algorithms are implemented in four parts, using a four-field
data structure (BL,P,N,BR) stored into every cell of T and L. This data
structure summarizes information about the segment of L under the cell in
question. The fields of the data structure hold signed integers with the

following interpretationms:

1\

P is the sum of the positive flags in the segment (P 2 0),

N 1is the sum of the negative flags in the segment (N < 0),

BL is "boundary condition on the left'" -- the number of cells to be
moved into the segment on the left, (BL may be either positive or negative),

BR is "boundary condition on the right" -- the number of cells to be
ﬁoved into the segment on the right (BR may be either positive or negative).

To describe these algorithms the following notation is used: if
an arbitrary node of T is associated with (BL,P,N,BR), then its left and
right sons (cells of T or L) are associated with (BL1,P1,N1,BR1) and
(BL2,P2,N2,BR2), respectively.

The description of the primary storage ﬁanagement algorithm is as
follows:

(1) starting with the P and N fields of all cells of L, information
flows upward and the P and N fields of the tree nodes are computed: for
each node of T, P.= P1 + P2 and N = N1 + N2.

(2) At the root node of T, BL = BR = 0 (no cells are moved across the
endpoints of the memory, since it is not circular). |

(3) starting at the root node of T, information flows downward and

the BL and BR fields of all cells of T and L are computed, according to the

following rules:
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BL1

BL, BR2 = BR (these are boundary conditions already given)

BL2 = -BR1 (follows from the conventions for signs)
BR1 is specified in the table of Fig. 15 with S1 = BL1 + P1 + N1
and S2 = P2 + N2 + BR2.

The table shows that cells are moved across segment boundaries
only if absolutely necessary: if sign (S1) = sign (S2), no movement takes
place between the two segments (either both of them have enough empty
cells, or both have too many insertion requests), whereas if
sign (S1) # sign (S2), min (|S1|, [S2|) cells are moved across the boundary
(the sign of the table entry properly specifying the diréction of the
movement).

(4) From (BL,P,N,BR) obtained for all cells of L the results are
computed according to Table IV.

The secondary storage management algorithm differs from the
primary one only in its third part, BR1 being specified by a different
table (see Fig. 16).

This table has the same entries as the previous one,.unless
the two segments together have more empty cells than insertion requests,
in which case L0.5 x (S2 - S1)] cells are moved across the boundary (the
sign again correctly indicates the direction of that movement). It can be
shown that after storage management, the difference between the number
of empty cells in any two segments associated with cells at the same

level of the tree is at most one.

4.6.5 DATA MOVEMENT

Data items to be inserted, and their destinations (cells of L)

- both have to be marked somehow so that each data item can be copied into
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the proper cell; we shall use positive integers as markers. In a
particular reducible application the markers of data items must be unique,
but the markers of cells need not be, since we may want to create several
copies of a data item. The destinations do not have to be empty cells:
two data items can be made to change place by properly assigning their markers,
and the markers of the cells presently holding them.

In the storage management phase (discussed in the previous
section), the movement of data items only involves shifting among the cells
of L. At the time the storage management phase begins, it is known which
data items are to move and where to. Because the destination of every data
item had been determined by a single agent, in a consistent manner, the data
items can be shifted without any reference to each other and cannot get
into each other's way while moving. In contrast, at the time the data
movement phase begiﬁs, it will have been determined which data items are to-
move (those marked by positive integers), and where to (all cells marked
by the same integer); however, carrying out the move is much more complicated
because the data items must be duplicated, interchanged, and rearranged. 1In
order to make this possible, the data items are moved not along the linear
array of cells L, but through the tree network.

We will use the following simple method of restricting the move-
ment of data through the tree network: all data items that have to be
moved will rise to the top of the active area, pass through the top node in
some order, then descend to their destinations. The order in which data
items are moved can depend on the value of the marker, such as with the
following algorithm (which we will adopt): on their way up at every node

of the tree the data items with larger markers yield to those with smaller
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ones. But the movement can be quite complex; data items can get into each
other's‘way, they may have to queue up at certain nodes, etc.

To avoid overwriting and thereby destroying information, reply
signals (a technique well known to logic designers(6)), indicating if a
register is full or empty, will be used to provide local control for the
orderly upward movement qf data in the tree network. To guide the down-
ward movement of dafa, every tree node will hold two integers: the smallest
and largest cell-markers in the segment of L under the tree node in
question. When a data item on its way down arrived at an arbitrary tree
node, the fdllowing algoritﬁm will be used to decide whether it should be
saved and sent down further. Let M be the marker of the data item and L
and U be the lower and upper bounds of the cell-markers in the node in
question. Then if M e‘[L, U], send the data item to the two son nodes.
Note that two copies of the data item will have been creatéd, although
neither may be uged. (There must be some}mechanism to prevent data items
from going outside the area of the reducible application; this is the Qole
of the "walls' mentioned in section 4.6.1.) o

Owing to the simplicity of the operation, we can easily express
the exact amount of time needed to éomplete it as t = 2h + n time units,
where h is the height of the active area, n is the number of data items
marked originally, and a time unit could be as small as two clock-cycles.
(Explanation of the formula: the first item to pass through the top takes
h time units to rise to it, n items pass through the top; and the last item
takes h time units to descen& to its destination.)

Input and output can use the same mechanism (the second or the

first half of it, respectively) with the time requirement t = H + n, where
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H is the height of T.

4.7 OVERALL ORGANIZATION OF THE PROCESSOR

In section 4.3 we have observed that the processing requirements of a
single reducible application naturally divide into three phases. During
the first and third phases the reducible application does not interfere
with the program text around it, whereas during the second one it most
likely will.

The overall organization of the processor is determined by the way the
three phases of different reducible applications are coordinated with each
other. All possible organizations are between the following two extfemes:

(1) the most synchronous organization (simplest to control), where'all
reducible aﬁplications go through the same phase at the same time, and all
wait for the slowest one to finish before proceeding to the next phase; if
exXecution times vary a great deal, this might waste a lot of time

(2) the most asynchronous organization (hardest to control), where all
reducible applications proceed independently of each other.

Although one might expect the most asynchronous organization to be the
most efficient one from the point of ﬁiew of execution times, we can easily
show that this ié not necessarily the case. To that end we note that there
is a very important difference between phase 2 and the other two phases:
during phase 2 parts of the reducible application are shifted in L without
reference to the tree network above, while during phases 1 and 3 the tree
network above the reducible application contains information necessary for
the correct execution of these phases, hence movement of the reducible
application during these phases cannot occur. As a result, in the most

asynchronous organization it can easily happen that a reducible application
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enters its phase 2 while being surrounded by others in their '"unmovable"
phases, and as a consequence, it might be held up a long time waiting for
‘enough empty cells to become available around it.

For this reason, the most promising organization appears to be a
compromise, initiating and terminating storage management for all reducible
applications at the same time, and then letting the different applicationms
proceed through their phases 3 and 1 at their own pace. With the help of
Fig. 17 we mention three definite advantages of this simple organization:

(1) The storage management algorithm can be used to best advantage,
since it has the whole "memory" (L) évailable. 6;; can use either the
pfimary or the secondary storage management algorithm, or ﬁhe following
combination of the two depicted in Fig. 17: determine what the largest

.primary shift amount is, and éarry on with the secondary storage manage-
ment algorithm for that amount of time (i.e. do everything that must be
-kgone, and in the time needed for.that do everything that can be done).

(2) Since most primitives do not need any data movement, and the ones
needing data movement need widely differing amounts of time for it, this
solution gives a good overlép between them.

(3) Storage management can be initiated so as to interfere with the
rest of execution as little as possible. This will be done according to
some rule we have not specified, e.g. as a function of the number of
reducible applications waiting fof storage management.

The overall organization just described can be implemented by endowing
every cell of T and L with the same finite-state control, and letting the
state of any cell change when the clock pulses that move up and down the
levels of T reach the cell. The state diagram of this finite-state control

is shown in Fig. 18, and in what follows we shall tie the whole operation of
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the processor to the states of this diagram.

Processing is taking place in states 1 through 18, while the others --
for one reason or another — are just marking time. The three phases of
processing (see section 4.3) correspond to the following group of states:

phase 1 1 through 6
phase 2 7 through 10
phase 3 11 through 18.

The more important processing activities correspond to individual
states as follows (the arrows indicate if the state in éuestion is entered
during an upward or a downward cycle):

1 ) : partition nodes of T (4.6.1)
locate left ends (roots) of reducible applicationms,
determine their absolute level numbers (4.2) and their
operators (3, 4.6.1)

2 (+) store relative level numbers (4.5) into L
recognize right ends of reducible applications (4.6.1)
set up directories (4.6.2)
start bringing in microprograms

3 (1) recognize "1" in reducible applications
find left ends (roots) of internal lambda expressions
(4.6.3)
continue bringing microprograms in

4 (¥) complete 'sealing off" internal lambda expressions (4.6.3)
complete the process of bringing microprograms in

5 (1) detect syntax errors (4.5)
carry out arithmetic and Boolean processing

determine length of segments to be moved
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6 (+) store insertion requests into L (4.6.4)
modify and erase level numbers and symbols (only if there
are no insertion requests, hence processing ends here)

7 (+) and 8 (¥) compute shift amounts (4.6.4)

adjust insertion requests (4.6.4)

RN

9 )y and-10 find largéét4p;iﬁary shift amount--to-know when to
(45\ » "gf‘k{ x Qé—é—éﬁ% J; Sogsn :
<complete storage-management
11 (+) since storage management is complete for this reducible

application, mark all cells just inserted with con-
secutive integers to guide data movement (4.6.5)
12 through 17 move data through T to L, either from the outside (e.g.
I/0, defined operators) or from L (e.g. DISTL)
14 (4) detect the end of data movement (4.6.5)
18 (%) adjust list of free variables (4.2)
change formal applications into applications
modify and erase level ﬁumbérs and symbols, thereby
ending processing
19 through 23 cells in these states are just marking time (they are
either in the inactive area (4.6.1), or in a reducible
application which is held up because storage management
could not satisfy all insertion requests).
We conclude this section with two comments on the state diagram of Fig.
(1) the rather rigidly synchronized operation of the whole processor
will be implemented by making sure that if we look at all cells of T and L
| at the end of any cycle, their states will be in the same column of the state

diagram (e.g. 17, 11, 2, and 19); this rule guarantees, for example, that
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storage management will not begin unless all data movement through T had
been completed, because there is no transitiqn from 15 to 7

(2) the content of L is always a well-formed expression, with the
exception of states 12 through 17, during which data is moved through T and
L is in disarray. (In states 6 and 18 we can assume that changing one

expression into another is instantaneous.)

5. PERFORMANCE

Having outlined the structure and operation of the processor, we are in
a good position to analyze some performance characteristics of it, chiefly
related to execution times. We begin by recalling some of our original
design objectives: the execution of a single reducible application should
be at least competitive with that on a von Neumann computer, and all reducible
applications should be able to proceed independently.

Assuming that L contains a single reducible application only, we shall
try to estimate the time requirements of the three phases of its execution.
(In all expressions that follow, the time unit is going to be a clock cycle.)

Phase 1. The time required to complete this phase is 6(2g2N)Tl (see
Fig. 18) where N is the total number of cells in L (for N a power of 2), and

Tl is the time taken on any level of the tree network to do the required

processing and pass the result to the next - higher or lower - level of T.

- Since the processing in all these cycles involves only comparing integers for

magnitude, comparing symbols for equality, and routing, T, can be as small as

1
two clock cycles.
Phase 2. The preparation for storage management (states 7 and 8 of

Fig. 18) takes Z(EgzN)T2 time, where T2 -- the time required to execute

the algorithm of section 4.6.4 on any level of the tree network -- is
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approximately the time to add two integers.

The duration of the actual moving of information in L is determined by
the largest primaxy shift amount (LfS), but cannot be less than ngN, which
is the time needed to éterm%gg\ggsgﬁ} éropagating this information up to

10

the root of T (state 9 in Fig. 18). Combining these two results we obtain

the formula

s\ - -

2(2g,N)T, + mawlbgyNoLBS)> (o, V)T 40 0
. for the time needed to complete storage management,

Relating L’S to the number of symbols to be moved by the reducible
application can be quite complicated. We give only a simple example of
such an analysis by considering‘the case of the primitive DISTL (section 4.3),
with two different initial distributions of the cells of the reducible
application in L. 1If the re@ﬁcible gpplicatiqu initially contains no empty
cells, Efé is going to be proportional to n(length of x), while if the
reducible application contains all the empty cells needed, they are equally
distributed in the reducible application, and the length of all the y's is
the same, then 5{8 is proportional to the length of X - an n-fold improvement.
This brief example was included to draw attention to two important pre-
requisites for efficient storage management: having enough empty cells
inside and around the reducible application (empty cells should be considered
as a resource in this processor, since their availability will generally
» speed up processing), and having the program text equally distributed.

Phase 3. As mentioned already in section 4.6.5, the time needed to
complete data movement is (ZQgZN + n)Tl, where n is the number of symbols
passing through the top of the active area (for DISTL this would be the

length of x). Owing to the synchronized nature of the processor, this time

{
Y

i \-\\4&\,.‘”‘_\ C){ ‘,“1?-‘-\[’(/)}‘:"‘
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is made available in units of 6(2g2N)T1, and takiné into account cycles 1
and 11 that are used to rebuild the active areas (partition the nodes of T
again, etc.) the expression becomes 6(£g2N)F(4232N + n)/(6£g2N)1Tl, which
can be replaced by the much simpler (lOlgzN + n)T1 serving as a good upper

bound. (Fortunately, T, is enough time to do the processing here, which

1

is basically the comparison of two integers for magnitude.)

Collecting our results we arrive at the following expression for
the time required to execute a single, stand-alone reducible application:

if there is no data movement, 6(232N)Tl, otherwise ‘

g NUIBT_+ 2T} & mawlig N tPSy+TT o N7 T3 270 T

The formula shows that all reductions'withouédthe néed to move data
are executed in the same, constant amount of time. TIf there is a need to
ﬁove data, the execution time has three components, the first one of which
is a constant, determined by the size of the processor(N), and by Tl and T,
whose values will bé determined by design details of the processor which we
have not treated here. The second coﬁponent, for a given nﬁmber of inseftion
requests, may vary considerably depending on the number and distribution of
empty cells in L, while the third component depends on the number of symbols
to be moved through T.

The following comments should lead to the conclusion that we have ful-
filled the first design objective:

(1) The processor is able to implement many 'big" primitives without
any data movement; examples are ''associative referencing" and taking the
- minimum, maximum, sum, and product of an arbitrary number of elements.
(2) Because of the synchronous operation of the processor, the '"smallest"

primitives (e.g. TAIL, AND) will use up the same amount of time, which,

however, is still not too bad compared with at least two full memory cycles
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needed on a von Neumann computer.

(3) 1If there are enough empty cells in and around the reducible
application, the time needed to execute a reducible application with data
movement is a linear function of the number of symbols to be moved, and
the factor of proportionality for this linear bound is two clock cycles, as
opposed to two full memory cycles in a von Neumann computer.

The much more important second design objective has obviously been
reached, and the ability of this processor to reduce simultaneously an
unbounded number of applications (limited only by N) is the major source
of its power.

From the many alternatives we mention four different ways of taking
gdvantage of the parallel processing capabilities of this processor:

(1) oOften a single algorithm lends itself easily to parallel pro-
cessing. For example, in a backtracking program all the alternatives can
be simultaneously pursued, and we can say that such an algorithm 1itera11§
allows us to trade storage for time.

(2) Many frequently occurring problems related to matrices, strings,
etc. can be solved very efficiently on this proéessor (e.g. matrix multiply

3)(7)

with effective space-time product of O(n ). The performance of such
“algorithms requires mathematical analysis, and results of this nature
will be reported elsewhere.

(3) When writing any program for this processor, the programmer should
try to introduce as much parallelism into his algorithm as he can, because
such programs are immediately and automatically rewarded by the processor

with rapid execution.

(4) Since reducible applications are independent of each other, this
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processor is eminently capable of executing an arbitrary number of independent
user programs without needing any extra machinery (e.g. we can make them
" elements of a "top-level' sequence).

Although all the reducible applications can proceed simultaneously, they
do interact during storage management by competing for the same resource (the
empty cells of L), and the more time is spent on storage management (possibly
unnecessarily because of incorrect organization) the more performance
deteriorates.

This is obviously a problem needing quantitative analysis, and most
likely simulation. Assuming that our storage management algorithm (4.6.4)
keeps the program text more or less equally distributed, the most important
parameter influencing performance is likely to be p = (number of occupied
cells in L/total number of cells in L). There is likely to be a minimum
value of p, below which performance is not influenced by'it, guaranteeing
that most of the time, most of the reducible applications have enough empty
cells around them. Once such a value of p is determined some way, the
processor can very easily monitor p; and -make sure that it does not exceed
a certain bound by poésibly delaying the execution of certain reducible
applications. The description of such "operating-system" type functions is,
however, beyond the scope of this paper.

Although throughout the ﬁaper we stated several times that the processor
communica;es with the outside world via the root node of T, such a scheme
cannot be implemented without impairing either the cellularity of T or the
Aperformance of‘the processor. The problem of efficient I/0 can be solved
in such a way that T can remain cellular, but its descripéion requires the
specification of many low-level details, and consequently it could not be

included in this paper.
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6. COST-EFFECTIVENESS

In this section we take a brief look at the price we have to pay for
the increased performance of Qur processor in terms of hardware. We shall
try to answer the Question if the processor is worth the price, and when it
is worth it, by comparing a processor as described here with a von Neumann
computer under some simplifying assumptions.

Fig. 19 shows the amount of hardware needed by the two machines as the
function of memory size N. In the diagram m represents the amount of hard-
ware associated with one word of memory of the von Neumann computer (a
single-processor, one-address machine), in particular the hardware actually
to hold say a 32 bit word plus the proportionate amount of the selection
circuitry. The other curve is based on the observation made in section 4.1,
that the amount of hardware in our proceésor is a linear function of N, where
N is taken to be a power of two, and 2 and t are the amount of hardware in a
single cell of L and T, respectively.

To be able to make a comparison we assume that £, t, and m either refer
to hardware built with the same technology, or they express production costs.
The most important factor affecting the outcome of the comparison is the
ratio k = (2+t)/m, especially for larger values of N.

Although in this paper we have not carrie& out a detailed logic design
for the cells of L and T, nor even given exact encodings for symbols, micro-
instructions and the like, nevertheless, we did give sufficiently detailed
descriptions of the most important mechanisms in the processor to convince
the reader that the cells of L and T are relatively simple.

We found that the cells of both L and T must have 23 states; the cells

of L must be able to hold a single symbol and related structural information,
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and must be able to decode and execute microinstructions; the cells of T
must contain a handful of registers, must be able to perform certain routing
functions and some simple processing (including arithmetic). The exact
amount of hardware will strongly depend on the width of data paths between
cells and on many other details of the logic design (which in turn will
determine the values of Tl and TZ)’ but it is quite safe to assume that k
will be somewhere between say 20 and 200.

To contrast the performance of the two machines, we refer to Fig. 20,
which is not a representation of exactly known quantitative relationships,
but rather an informal, visual aid to illustrate the arguments that follow.

The diagram shows the well-known fact that the performance of a von Neumann

computer cannot be increased beyond a certain point by adding more memory,

in sharp contrast to our processor whose performance grows linearly with N

(doubling N allows us to run two copies of the same program in the same
amount of time, etc.). The relative position of the two curves is affected
by many factors, but we can argue that the break-even point is at a memory
size where the reduction machine can - on the average - keep at least r

reducible applications going simultaneously. (Assuming that the two machines

- work with the same clock rate, the conclusions of section 5 indicate that r

" is likely to be very small.)

And now we are in the position to state the main conclusion of this
section: there 1s a critical memory size beyond which the reduction machine
not only outperforms the von Neumann computer, but does so cost-effectively.
Moreover, this critical memory size is such that it allows the reduction
machine to execute - on the average - k*r reducible applications simultaneously.

Carrying out the full logic design, performance analysis, and simulation
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of the processor will supply us with this critical size, but whatever it
turns out to be, one thing is certain: the processor is destined to be a
large-scale processor, since the farther ité size exceeds the critical
size, the more dominant its advantages will become.

It should be mentioned here that commercially available microprocessors
could be programmed to act as cells of T and L (partitioning the cells of T
can be réplaced by time multiplexing, etc.), providing a somewhat slow, but

relatively low-cost realization of the processor for experimental purposes.:

7. SUMMARY

In this paper we have demonstrated that

(1) reduction languages can be executed efficiently on suitably
~organized hardware, and that | ’ |

(2) it is possible to devise a computer architecture - in the form of
a regular network of identical microprocessors ~ whose performance is exactly
proportional to the amount of hardware built into it.
The first statement implies that to the long list of attractive properties
of reduction languages an important new one has been added, leading to the
conclusion that reduction languages should bg seriously considered as user

languages. Research is already going on in this area(z’s’s)

» but obviously
there is room for a great deal more.

The second statement has to be qualified by saying that the processor
executes a high-level programming language, and it responds to nothing else.
The role of the reduction laﬁguage is absolutely vital to the high performance
achieved by the processor: the programmer, by expressing his algorithm in

this language, organizes his computation to facilitate efficient execution.

Since the processor was designed above all to be able to move data
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around efficiently, its satisfactory operation is not restricted to any
particular data representation, or to any special class of problems, and we
shall take this fact to imply that the architecture is a general purpose
one(g). |

High performance can be attributed to the computation being success-
fully decomposed both in time and in space: a large number of subcomputations
(not necessarily identical) can proceed any time, and since they need to
communicate with at most two others according to a simple pattern, they can
be localized in space and implemented in a cellular network of processors.

There is massive parallelism both on and below the language level. On
the language level there is unbounded parellelism(lo) —-- memory space
permitting, all reducible applications can proceed simultaneously. This is
made possible by the assignment of cells to individual symbols, and by the
simple, linear representation of the program text, which in turn is maintained
by constantly moving data éround.

Efficient reduction of individual applications is made possible by the
simultaneous execution of microprograms, and by all the‘internal mechanisms,
which involve a great deal of low-level parallelism too.

All internal mechanisms have been defined in terms of the tree network,
and they realize our original desire to exercise efficient global control
over L. We say we have global control over all N cells of L, because we can
influence all of them simultaneously, and each one differently. Thanks to
T, we can do this efficiently, meaning in O(ngN) steps, and by using properly
organized local activities only (no cell in the processor has access to
anything but its immediate neighbours).

Besides being able to pass information between the leaves (L) and the

root-node "in O(ngN) time, the tree network has another unique ability:
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partial results can be stored into all its nodes, the position of any node
‘expreSSing many things about the partial result in it, such as which segment
of L it applies to, what its relation to other partial results is, and so on.

Finaily, we conclude that the last design objective, simplicity, can be
considered to have been achieved. The many concurrent processing activities
have been organized and synchronized to a sufficient degree so that

(1) it is relatively easy to explain and understand how the processor
works,

(2) the major factors affecting efficient execution can be clearly
identified (so that when it comes to simulation, we know exactly what the
parameters should be)? and

(3) bounds on the execution time and storage requirement of an algo-

rithm can often be obtained analytically.
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Microprogram for the primitive TAIL.

Constituent of Destination Microinstructions
program text expression
(symbol/relative
level number)
</0 (s/0): erase;
TAIL/1 (s/1): erase;
(/1 (E/1): if s='(' then L:= L-1
| else S:= "L';
(overlap S/1): if valency = 1 then S:= "¢';
x1/2 (E/2): erase;
x2/2 (to last E/2): H




TABLE II.

Microprogram for the
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primitive AND.

Constituent of Destination Microinstructions
program text expression
(symbol/relative
level number)
</0 (s/0): S:= result;
AND/1 (s/1): erase;
(/1 (E/1): if S='(' then erase
else S:= '1';
x/2 (overlap S/2): operandl:= S;

y/2

(s/2):

operand2:= S;
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TABLE III.

Microprogram for the primitive DISTL.

Constituent of Destination Microinstructions
program text expression
(symbol/relative

level number)

</0 (s/0): erase;
DISTL/1 (s/1): erase;
(/1 (s/1): if s="(' EBEE.EEEiﬁ becomes stringl;
| erase; end
else S:= '1';
x/2 (E/2): becomes string2; erase;
(/2 (s/2): if S="(' then L:= L-2;

else S:= ".';

yl/3 (to last E/3): before insert (stringl, string2); L:= L-1;




Table IV. (revised)

The results of the storage management algorithm

BL P N BR P' comment
tn 0 0 +n - cell remains full
tn 0 -1 +n — cell remains empty
nt+l 0 -1 -n — cell becomes full
-n 0 -1 n+l - cell becomes full
-n-1 0 0 n — cell becomes empty
n 0 0 -n-1 — cell becomes empty
q P 0 r ptqtr

\2

where n, p 2 0, p

pratr






TABLE IV.

BL P N BR i S P!

0 0 0 0 0 -

n 0 0 -n -n -

-n 0 0 n n -
n+l 0 -1 =-n - -

-n 0 -1 ntl - -

-q P 0 r r p-q+r

T P 0 -q -r p-q+tr
where n, p, o, r 20, and p2p-q+r20
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Original representation

<(av(vA(FVvIP)) (ABC)I>

Tree representation -

Internal representation

< AN(CvEACFv (ABGC

3 4 5 6 6 7 7 8 8 4 5 5 5
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Captions for illustrations:
The structure of the processor..
Patterns of moving information in the processor.
Three representations of the program text.

Example to show that nodes of T may have to be shared by

different reducible applications. (The nodes circled have to

be shared by two or three reducible applications.)
Illustrating the algorithm to determine if an application is
reducible. (In both cases it is assumed that the subtree on

"<" symbols, hence it is a

the left contains no internal
reducible application.)
Algoriﬁhm to determine what a reducible application is supposed
to do.

An example for partitioning the nodes of T. (All cells are
numbered for ease of reference. Also, the formats of the data
structures associated with some of the double links are shown.)
Three links are never needed between two nodes of T.

The algorithm to partition the nodes of T. The sixteen different
combinations of the input data structures produce eight patterns
of partitioning the nodes of T (r.a. is short for reducible
application).

Example to show finding the right end of a reducible application.
Interpretation of the directory used to distribute
microinstructions.

An example showing the directories in an active area. (In L the

program text is omitted, only the relative level numbers are

shown.)
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An example showing the data structures used to ''seal off"
internal lambda expressions in the operator.

The désirability of distributing empty cells in L evenly.
Determining BR1 for the primary storage management algofithm.
Deﬁermining BR1 for the secondary storage management algorithm.
Illustrating the overall organization of the processor: the
time sequence of the three phases of different reducible
applicationms.

The finite-state control of the cells of T and L.

Comparing the amount of hardware needed by the two machines.

Comparing the performance of the two machines.
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page 58

page 39
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Table IV
Fig. 17

Fig. 138

|
Corrections to

A NETWORK OF MICROPROCESSORS TO EXECUTE REDUCTION LANGUAGES

item (1), which now extends from line 15 to line 17, is to be
replaced by:

"(1) two integers are stored into every cell of L
specifying the number of symbols entering or leaving the given
cell of L on the left and on the right during storage management
(these integers implicitly determine the so-called shift amount
for each symbol in L, specifying in which direction and how far
the given symbol should be shifted in L)"

line 11
delete "stored into any cell of L"

line 1 change "computes'" to "results in"
" "

line 2  change "to to "that"

delete sentence extending from line 10 to line 15. .
change lines 6, 7, and 8 to:

"9 carry out storage management

10 (M) detect end of storage management'

line 3 change '"largest primary shift amount (LPS)"
to "largest shift amount (LS)"

line 4 change '"to determine LPS"

to "to detect that every cell of L had been entered
and left by the required number of symbols"

line 5 change '"'state 9"
to "state 10"

line 7 change "max(lgzN, LPS)"
to "(1g,MT, + Ls"
line 9 change "LPS" to "LS"
line 14 change "LPS" to '"LS"
line 17 change "LPS" to "LS"

replace line 10 by:
"lg2N(17T1 + 2T2) + LS + nT."

1
replace it with new version
omit references to secondary storage management algorithm

in state 9 delete "#"

in state 10 add - "4"
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