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Abstract. — The definition and the properties (those needed for the whole of the note) of a
formal algebra, called the algebra of functions, whose objects are functions, are the subject of
this article.

The application is illustrated in two sections, one dealing with the factorization of functions,
the other with loop-functions, which form a subset of recursion functions, themselves generated
within the algebra of functions by a single operator. The properties established directly encom-
pass, for example, the approach of Bohm and Jacopini, and express the fact that every program
can be constructed without GOTO instructions.

1. Introduction

1.1.

In an earlier work [9] [10] devoted to a formalization of the concept of computation, we were led
to create an elementary tool that we called the algebra of functions. It is the subject of §2 and
§ 4 of this note. The objects of this algebra are functions in the classical sense of the word, and
naturally, following the approach of mathematics, we were led to consider a formal algebra of
functions.

This algebra is characterized by a set of operators allowing new functions to be formed from
given functions, in the first instance without any recursive scheme — this is the subject of §2
— and then, in §4, a single operator of the algebra of functions introduces recursivity.

Sections 2 and 4 are limited to what is essential for the exposition of § 3 and § 5 respectively,
which illustrate the proposed approach.

Under the heading of factorization in § 3, we establish properties of functions (defined within
the algebra of functions) whose practical interest is illustrated by the following observation. The
product of functions f; and fa, as classically defined, results within the algebra of functions from
the application of the operator S? — a binary operator — to the functions f; and fo, in the
appropriate order; this leads to the function fi f25? (we adopt post-fixed notation, which allows
one to pass directly from function-objects to instruction-objects of a programming language, a
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problem not treated in this note). To factorize a function is to put it in the form of a product
of functions.

The results of § 3 lead, in § 5, to the establishment of general properties of a class of recursion
functions (defined in §4) called “loop-functions,” functions which are expressed, in a program-
ming language, by sequences of instructions containing, in the general case, GOTO instructions,
and which consequently contain labels. We show in § 5 that every loop-function is equivalent to
a primitive loop-function, which is expressible by the WHILE-DO instruction.

It appears that approaches sharing the same concerns as the algebra of functions are emerging
at present, and that computer scientists are seeking a tool meeting their needs, capable for
instance of aiding programming and of expressing the semantics of a program. We cite among
recent publications references 7] and [8]. The limited scope of this note has not allowed us to
show that the algebra of functions can constitute such a tool; we believe its content suggests
this to the reader.

1.2.

B is a set of atomic objects, Fy is a set of executable functions; each member of Fy is an atom,
the proper name of an executable function. In the exposition, each member of Iy will be denoted
by f2,i € N (N the set of natural numbers).

B contains four particular atoms, denoted V', F', A and w.

The word “executable,” used to define Fp, is related to the concept of an (mechanical) ezecutor
whose actions are evoked, at a first stage, by a function v (which of course does not belong to
Fy).

We say that the algebra B = (B, Fp) is a representation of the computation defined by the
objects of the set X and a subset of the mappings {X"™ — X | n € N} (X" being the n-fold
Cartesian product of X), if, having defined

vy : B— X, ,uO:FO—>{X”—>X]n€N},
the executor applies v to every term t of B according to the relations

{Htl, cstal f = [ty [tV [0

]y = [t ifte B. M)

UV =
V=
We shall say that:

e [f2uo is the interpretation, in the computation on the objects of X, of the proper name
f}
e [t]v is the value (an object of X) of the term ¢ of B,

e [b;|vo is the interpretation of any atomic object b;, b; € B.

In every interpretation, the images of V, F, w and A are the same symbols: they carry
the meanings generally attributed to the words true, false, undetermined, and A is the atom
representing an empty list.

Lp is the set of lists, classically formed with the atoms of B. In the exposition, x and x;,
1 € N, denote an object belonging to BU Lp.

Remarks: 1) We shall systematically use post-fixed notation to construct the terms of B,
as indicated in (1) above, since it is closer to the means allowing a more precise definition of the
concept of an executor, which we shall not do in this note.

2) For the same purpose, it is useful to distinguish two kinds of actions of the executor
(or even two types of executors), for which [¢t]v is an instruction, understood by it differently
according to whether t € B or t ¢ B. In the latter case, the term [t1,...,t,]f? of B is subjected
to these two actions in a fixed order:
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e first, valuation by v of the terms t¢1,...,%,; let by, ..., b, be the objects obtained,

e second, effective construction, if possible, of the simplest representation of [by, ..., by] fio
by an atom of B; if this is impossible, a decision must be made which there is no need to
study here, the simplest of which is to assign to this term the value of the object w.

Then, if cal is the operation performed in the second stage, returning to (1):

[t1, e tal 20 = 1) a7 o] cal.

The right-hand side brings out the principle of sequentiality if we are dealing with a single
executor, or the simultaneous (parallel) “work” of n executors before a single executor obeys cal.

2. Algebra of functions

2.1. Definitions

1. A is an algebra with operators, represented by (F,S), whose terms form the set F'; S is a
finite set of operators:
S = {cond, SY, S, 5%, ...}

cond, S°, S',... are atomic symbols.
2. To A is associated the formal algebra A = (F,S) defined by:
— the symbols of the set S = {grﬁ, S0 81 . }, which are its functional symbols, together
with the mappings:
S.F—F  SYf)=fSt

Sn:F—>F7 Sn(flv"'vfn):flv"'vfnsn
cond: F* — F, cond(f1, fo, f3) = fi2fs cond

— the constant symbols forming the set Go U {b;S° | b; € B}; G will be defined below: it
is the set of primitive selection functions.

3. Let Fy be a nonempty subset of F', and let .,[tFO = (Fy, S”) be the functional subalgebra
generated by Fy, I being the intersection of all the subdomains of leO that contain Fj.

Definition: Every member of Fy is called a function; it will be represented in the exposition
by f, most often by a consonant with an integer index.

fe Fy will more simply be written f € A, f evoking at once a function of A and a word of

A.

Remark: Malcev [6] seems to have had a similar idea, but, to our knowledge, neither he
nor his students developed it from a computer-science perspective, which is our purpose here.

2.2. Interpretation

The interpretation of A (and of fl) postulates the existence of an executor, not otherwise defined.
Interpretation of fS*, for every function f: the function fS?' is understood by the executor as
enjoining it to apply f to an object x € BULp; x is called the contezt, chosen by an unspecified
third party. The executor will compute the value of the term [z]f.
Interpretation of fi ... f,S™, for all functions fi, ..., f,: considering the function f; ... f, S5,
the interpretation is expressed by:

[Z]f1... fuS"™ = [[z]f1,. .., ] fuz1] fn
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Interpretation of f1fsfscond, for all functions f1, fa, f3: proceeding as above,
[]fy it [z o]y =V

[z]fs if idem = F

w if idem ¢ {V, F'}

[#] f1f2f3 cond =

Interpretation of b;SY for all b; € B: this is the function that selects the atomic object b;;
consequently, considering the function b;S°S", we express the interpretation by the equality:

[2]6;S° = b;

2.3. Primitive selection functions

The set Gy introduced in the definition of A can be defined in several ways; computing practice
suggests three, denoted G, G2, Gg.

Definition of G: Gy = {mo,m1,...,mn,...}, an infinite set of functions, practically limited
to a function 7,. The interpretation, considering m9S*, 7S, ..., is, for z; belonging to BU Lp:

[T1, ..., zp]mo = [(z1, .., 20)]m0 = (21, -+, 2n), (21,...,24) € LB

Vz e Lp, [z]m ==, [O]mo = (), () is an empty list, A = ().
[x1,...,2p]m5 = [(21,...,2,)]m; for j > 1.

z; f1<j<n
w ifj>n

[(Zvl,... ,xn)]ﬂ'j = {

Definition of G&: G% = {cons, 74, Ag}
Interpretation:
[(z1,...,2pn), x]cons = (x1,...,Tn,T)

[(z1,...,20)|7qg = Tn, [(z1,...,20)]Aq = (21, ., Tn-1)

G} is defined symmetrically, Gi = {edif, 7,, 4,}, the index g recalling gauche (left), d droite
(right), as in the case of G3.

We shall limit the exposition to the case of G}, for lack of space.

The definitions given justify the term selection functions, an abbreviation of “selection and
construction,” since my and cons are interpreted as “constructors.”

2.4. Isotony

Definition: a) fi < fo if, in every interpretation of the atoms of Fy, the function f; is the
restriction of the function fs.

We shall say that f1 is less well defined than fo, and that the latter is better defined than
the former.

b) If f1 < fo and fo < f1, we shall say that fi and fo are equivalent, which will be expressed
by the relation f; = fo.

It is easy to prove the following lemmas [10]:

Lemmas:

1. f< f' implies fS' < f'S?!

2. f < f implies fi...f...fS" X f1...f ... fnS™, f and f’ being at the same rank in
fi... faS™,

3. f < f implies fi... fufS™ < fi... fof S7H
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4. f < f’ implies
pfgcond < pf'gcond

pgf cond < pgf' cond
p < p' implies pfgcond < p' fgcond

Let there be, in a function represented in the exposition by ¢, a privileged function f having
at least one occurrence, which is denoted by ¢(f). ¢(f) being obtained by the application, a
finite number of times, of the operators 5™, n an integer, and cond, we deduce from the lemmas:

Isotony theorem: f < f’ implies o(f) < o(f')

whence the corollary: f = f" implies ¢(f) = o(f')
2.5. The function f,

Definition: f, is a function whose domain, in every interpretation, is the empty set.
We deduce, for every x € BU Lp, [z]f, = w and the property:

Property: f.,fS?= ff.,5? = f..

2.6. Axioms of A

To ease reading, predicate functions are represented by p, ¢, possibly indexed.

Ao: fioofugr - gpgSPTI S = fro L fugn ST fL L fagp ST gSP

if n =p =1, it expresses the associativity of the product of functions;
if n =1, it expresses the right-distributivity of the product of functions, except with respect to
the last function suffixed by SP*!:
g1, ---,9gp are said to be the initial functions of g .. .gpgSp+1, see §3.1;
if p =1, it expresses the non-left-distributivity of the product of functions;
g1in fi... fag1 8™t is terminal there, see §3.2

Ay pffeondx f,  VS%fifycond = f

Ag @ f- being, in every interpretation, the function defined by
VS0r.s?=FsY, FSYf 8?2 =vsY.
pfif2cond = pf-S®f>f1 cond

Az ppfif2condfscond = pfi f3 cond
Ayt pip2pifif2 cond f3 cond fs cond = pips fi1 f3 cond f4 cond
As : p1p2ps condfi f2 cond = p1ps f1 f2 condps f1 f2 cond cond
Ag :  pip2fif2 condps f3 f4 cond cond = papy f1 f3 condp; f2 f4 cond cond

A7: fipff condS? = f1pS?f1fS?f1£S? cond

Ag : f1 ce fi—lpfifi/ cond... fnSn = pf1 ce fz e fnS”fl ce fz/ ce fnSn cond

In the case n = 2, one has an equivalence.
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Ag: fi... foS"St= £1SY . 1 SYfST, pfifocondSt = pSt 15t 25! cond

Aig: fif2S5'S% = fo8!
Ay s fb;898% = b;S°
Ap: froS?=f,  mfS*P=f

fi f1<j<n

Ays o fmi ST =
131 fi...famj {fw ifj>n

Finally, certain functions of Fy may enjoy properties expressible by relations in A; this is
the case for f,; they will accordingly lead to supplementary axioms, to be made precise case by
case.

The axioms Ay, A7, Ag, A1p and Aqq follow from the interpretation of §2.2, and they are
independent, since they concern different terms of A and different interpretations.

Axioms A; through Ag inclusive lead to those proposed by McCarthy for the calculus of
conditional expressions: they express the properties of cond.

2.7. Calculus on functions

Replacement rule: it expresses the isotony theorem.

All the axioms of A express a relation ¢(f) = ¥(f) or o(f) < ¥(f), whatever the privileged
function f chosen in the statement of the axiom.

Let us introduce into A the operator S}c,:

Definition: Let o(f) € A, go(f)S}c, (or QOS}C,, if there is no possible ambiguity in the ex-
position) is the function obtained by substituting the function f’ for all occurrences of f in

o(f)-

The substitution rule is then stated as follows:

I o(f) = ¢(f) or @(f) <¥(f), then:
o(£)Sf = (£)Sf or @()Sh < ¥(£)S},

The calculus we now have available will be extended by theorems and by the introduction
of an extension of A (§4).

As an example:

Theorem: f; ... f,fS" = fi... famoS"TLfS?

Proof: by Aja: f = mofS?

by the replacement rule: fi... f,,fS"t = f1... fumofS2Snt!

by axiom Ag: f1...fofS"T = f1... famoSTTLFS?

Remark: In the algebra A generated by G(l), this theorem allows the use of the operator
S™ n > 2, to be limited to being suffixed to the identity function .
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2.8. Remarks

The principle of sequentiality and the interpretation of §2.2 lead to the following understanding
of the executor for cond:

let pfifocond: it computes the value of p, it computes that of fi, whence an object x1,
then that of fo, whence an object 9, and finally cond, a ternary operator, enjoins it to choose
between x1, xo and w according to the value of p.

It appears that here the prefixed notion is preferableE], so we shall agree to represent pfi fo cond
by (p — fi1, f2), which naturally leads to McCarthy’s conditional expressions; other forms have
been proposed, [p](f1 | f2) by Kott [5], p(f1 | f2) by J. Arsac [1], for example; if p then fi else
f2 being too cumbersome.

The corresponding modification in the writing of the axioms is straightforward.

3. Factorization of a function

Two general factorization procedures are presented, allowing the study of recursion functions
and, in particular, loop-functions. We then show how the algebra of functions allows us to
describe a third procedure, none other than the one proposed by Béhm and Jacopini [2].

3.1. Initial functions

Definition: The initial functions of a function represented by ¢ are the functions suffixed by S!
in one of the functions equivalent to ¢SS!, obtained by applying axioms Ag and Aj.

Examples: 1. f 252 is an initial function in f; f2.52 352, since fi 25235251 = f1 f25%5! f3.52;
f1 is an initial function of the same function, applying axiom Ag once more.

2. f1 and fo are initial functions in fi faf35>.

3. p, f1, fo are initial functions in (p — f1, fa).

Remark: The properties of the operator S', expressed by axioms Ag and Ajg, together with
the above definition, lead to:

— a function is initial in a function ¢ if it is initial in an initial function of ¢.

Property 1: Let fi,..., fn be the initial functions of a function ¢; then

SOEfOCI "'fa'rLSO/Sn+1 (1)
1
where aq, ..., € {1,2,...,n}, ¢ = gpSISf:‘flS e 7{3"51.
We shall not give the proof in this note, see [10]; it results from the following property:
Property 2: If fi ... fn are the initial functions of a function @, then for every function h:

hoS% = o(fi, . .. ,fn)S;:}lSQ . S}{’}nsz (2)

where we denote by o(f1,..., fn) the function ¢ while evoking its initial functions.
Remark: (2) is deduced from (1) by axiom Ap; indeed:

h§052 = hfal -~~fo<nQ0/Sn+152 = hfa1S2'--hfanS230/Sn+1

Calculation rule: Property (2) is stated as a calculation rule in A:

— to carry out the product heS?, one distributes h as a left factor over all the initial
functions of ¢.

Remark: This rule leads to left-factorization by h if h is a left factor of all the initial
functions of .

! Assuming that the executor “reads” pfi f2 cond from left to right, as we ourselves do — the principle of
sequentiality in computing.
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Property 3: Let one of the initial functions, represented by fi, of a function ¢ be chosen
arbitrarily; then:
p=mfig'S®  or o= frme'S® (3)

where ¢ = 4,05’15,]:’1“51 S70 in the first case, ¢’ = @Slsfrc’fSQS;rg in the second, and pS* is con-
structed by replacing all the other initial functions by 7o f;S%, i # k.
The proof follows directly from Property 2 by axioms Ag and Aqs.

3.2. Terminal functions

Definition: 1. — f is terminal in f1fS? and fi ... f, fS"*!,
2. f1 and fy are terminal in (p — f1, f2),
3. f is terminal in a function ¢ if it is terminal in at least one terminal function of .
Example: fof352 is terminal in f; fo£35%52 by 1., f3 is terminal there by 1. and 3.
Property 4: Let ¢ be a function and let f1... f, be its terminal functions; then:

oFS? = (1, fa)ST e ST (4)

where the notation ¢(f1,..., fn) evokes the terminal functions of .

Proof: If o is f1f252, the associativity of S? leads to pfS? = f1f25%fS?, whence (4).

If pis fi,..., fuS™, axiom Ag gives 0fS% = f1... fn_1fnfS2S™, whence (4); finally, if ¢ is
(p = f1, f2), axiom Ag leads to (4).

Since every function of A is obtained by the repeated application, a finite number of times,
of the three rules recalled by the three functions considered above, the property holds for every
function of A. B

We deduce directly:

Property 5: Let fi ... f, be the terminal functions of a function @; then those of ¢ fS? are
flf‘927' : 'afnf52;

whence the calculation rule, symmetric to the preceding one:

Calculation rule: To carry out the product ¢ fS?, f is distributed as a right factor over all
the terminal functions of .

Previously we used the expressions “right factor” and “terminal” interchangeably. Compare
with J. Arsac [1].

Like the preceding rule, this one allows right-factorization by f if f is a right factor (or
terminal) in all the terminal functions of .

To obtain a property analogous to Property 3 of the previous section, we are led to take
one further step and to encompass the approach of Bohm and Jacopini [2] within the algebra of
functions, in a very simple way, which moreover leads to a natural generalization.

3.3. Factorization by adjunction of variables

Definitions: Let hy and hp be the functions defined by:

{hv E']T(]VSO']TOSS, hF E’]TQFSOW()S3 (5)

and p* the predicate p* = mVS° EGAL S°
Remark: Other definitions are equivalent, either by changing the order of my and the
functions selecting the objects V and F, or by using one or the other of the functions cons or

edif.
Properties: These follow directly from the definitions,

hv’iTlSz = hF7T152 = 7o, hvp*S2 = VSO, th*SQ = FSO
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Property 6: Let fi1 ... f, be the terminal functions of a function denoted ©(f1,..., fn), and
let us single out one of the terminal functions, say f1; then:

¢ = ¢ (p* — mf15% m)S?
where

(6)
‘Pl = ‘P(flv R fn)SI{;S;thSQ T SJ]:ZhFS2

¢' will be denoted ¢'(hy, hp) since its terminal functions are hy and hp.
Proof: apply the calculation rule expressing Property 5 to the rightmost product of functions
in (6).
The result is the function obtained by substituting, for every occurrence of hy in ¢, the
product:
hv(p* — 7T1f152, 7T1)S2

which, by properties (5) of the function introduced above, is equivalent to fi; and, for every
occurrence of hp, the product hp(p* — w1 f1.52, 711)S?, which for the same reasons is equivalent
to mg.

We finally obtain ¢(fi,..., fn), expressed in short by:

¢ (p* = w152, m)S% = o(hy, fohpS?, ..., fahrS?)(p* = m1 f15%, m1)S?

= go(fl,. . -;fn)-

Examples:
(p = fig1S%, f2925%) = (p = fihv S?, f2g2S*hpS?)(p* — m1g15%, m1)S?

(p— fi(p1 — g1,92)5%, fa)
= (p = fi(p1 = hv, g2hrS?)S?, fohpS?)(p* — T1g15%,71)S?

Generalization: instead of the atoms V and F' used in the definition of the functions hy and
hr, we may take the numbers 0 and 1; then p* reduces to mo NUL S?, NUL being defined on
the set N of integers. This leads to the generalization:

Definitions: i € N, h} = mpiS°m.93, pf = miS° EGAL S3

Properties:

VS ifi=j
VijeN, himS=m,  hipist=d0 00 1T
FSY iti#y
These follow directly from the definitions.
Property 7: Let fi ... fn be the terminal functions of a function represented by ; then:

o=@ (hg. - hi )0 = mfi1S%, (p] = mfaS%, @
(s (Phq = M a1S% T faS?) L))
h ’— Sfl an
where ©" = @(f1,..., fn) hgt PhE
The proof is analogous to that of the preceding Property 6.
Remark: the conditional function on the right-hand side of (7) expresses the semantics of a
“choice instruction” proposed, under closely related forms, by various programming languages.
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4. Recursion functions

4.1. Simple recursion functions

Definition: 1. Let ¢(x) denote a function of A in which we single out a function x, arbitrary in
A, having at least one occurrence there; () is a functional of x.
2. Let rec be a new operator of A, by definition:

xe(x)rec e A (1)

We shall call every function constructed in this way a simple recursion function; ¢(x) is the
body of this function.

Interpretation: proceeding as in §2.2, we consider y¢(x)recS!; the executor’s instruction
is then:
[x]e(x) if [[z]e(x)]v does not depend on x

[z]xp(x) rec = {[x]@(x)5>>§¢(x)rec if [[z]¢(x)]v depends on .

This interpretation is expressed by the following axiom:
Axiom Ajs: xp(x)rec = @(X)S;(w(x)rec )
Extension of the algebra of functions: rec is introduced into S, and rec into S, with:

rec: 'x F'— F,  rec(f,¢(f)) = fo(f) rec

It has appeared to us more convenient, and closer to computing practice, to form a recursion
function in a slightly different manner, by introducing the concept of a label (though we shall
subsequently show how it can be eliminated).

Definition: 1. A label is represented by the symbol I (or evoked by I), possibly indexed by
an integer.

The scope of a label is defined by a pair of parentheses (or brackets, if there is a risk of
confusion in the exposition).

2. Let f € A; I(f) is the function f labeled by I (note that I is neither the name given to
f nor that of the object (f)); f is the body of the labeled function.

Remark: If we adopt the representation (p — f, f’) for pff’ cond, we shall agree to
abbreviate I((p — f, f")) as I(p — f, f').

Definition: The recursion function defined by (1) is represented by:

I(p(x)SY) or I(e(I)) if no confusion can arise. (2)

Axiom A4 is then stated:
Axiom Aqy:

I(p(1)) = ‘P(X)S}C(W(I)) (3)

Remark: In the representation I((I)), within the body ¢(x), the label plays the role of a
function; this is justified by the extension of the calculation rules within 4 (see §4.3 and §5.2).

Kleene functions of the body p(x) of a recursion function:

The proof of Kleene’s recursion theorem [4] and the interpretation given above of a recursion
function suggest the recurrence of the following functions:

W =o(fo),  ht=e(®), ..., B =p(h'™) (4)
From f, < h° we deduce ¢(f.,) < ©(h®), hence h® < h', and step by step:
R<h <h?<--ghthi<... (5)

We shall call the functions so defined Kleene functions.

10
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We note that the interpretation given of x¢(x)rec, and hence of I(¢(I)), is equivalent to:

the steps of the interpretation of I(p(I)) are described by the ordered sequence of Kleene
functions of v(x).

This sequence will be represented by {h'} and its limit by lim;{h’}, as i is allowed to increase
indefinitely.

We shall simplify the exposition by postulating the continuity of ¢(x), that is, the equiva-
lence:

o (lim{h'} ) = tim{i(h)}

It follows directlyP] that:
Property 1:

lim{h'} is a fixed point of (), that is, a solution of xy = ¢(x).

Axiom Ajy states, for its part: xp(x)rec is a fixed point of ¢(x).
Suppose there exists a function f satisfying f = ¢(f).
Considering the recurrence:

F=e), =, ..., ff=e(f )

from f, < f we deduce h' < f%; moreover, from f = ¢(f) we deduce f* = f, whence:
Property 2: the sequence {h'} is bounded above by every fized point of ¢(f), and finally:
Property 3: I(o(I)) is the smallest fized point of ¢(x) and I(p(I)) = lim;{h'}.
Remarks: 1. Defining the length of a function as the number of symbols it contains, it is
immediate that len(h'~!) < len(h?), so in general len(lim;{h'}) is unbounded. This is the case,
with exceptions, for the loop-functions studied further on (§5).

2. ¢(x) may possess other fixed points, among which the relation < does not necessarily
hold.
Property 4:

I(fe(I)S?) = fI((f15%)S*  or  xfe(x)S*rec = fxo(fxS?) rec.

Proof: Let f be the smallest fixed point of f¢(x)S? and fo that of p(fxS?).
h=I(fe()S*) and fi = fe(f)S?

F2=1(p(f18%) and  fo=o(ff257)
whence fI(o(f15%))S? = f£25? = fo(ff25%)S?%, f1 and fo being smallest fixed points, we
deduce fi = ff5%. W
4.2. General recursion functions

Suppose the translation of the statement of a problem into the following statement has been
accomplished:

Construct a function f such that f = o(f), ¢(f) being thus constructed from the statement
of the problem. The solution as apprehended by computer science is then:

f=1(e()S])

This leads to a natural generalization:

2We restrict ourselves to the properties needed for what follows; the reader may, as an exercise, establish with
the help of A the result of Cadiou [3]: “every interpretation of a recursion function, different from the one given
in the exposition, leads to a restriction of the smallest fixed point of p(x).”
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Construct a function f; satisfying fi = ¢1(f1,-.., fn) Where fo, ..., f, satisfy:
fizspi(flv"wfn)? Z:277TL

Let us restrict this exposition to the case n = 2.

The roles of f1 and fo are symmetric, but it is essential that the function submitted to the
executor respect the role of one relative to the other. If it is f; that solves the problem, then
fa = pa(f1, f2) leads to fo = Iy(p2(f1,12)), and the problem becomes:

Construct fi such that

fi = e1(fr, 2(p2(f1, I2)))

The previous approach furnishes the solution:

fi = Lilei(h, I(p2(1, 12)))) (1)
and symmetrically:
f2 = L(p2(Li(p1(11, 12)), I2)) (2)

or:
f1 = x1e1(x1, x292(x1, x2) rec) rec

f2 = xep2(x191(X1, X2) rec, x2) rec

The generalization to the case n > 2 presents no difficulty.
The interpretation of I (¢1 (11, I2(¢2(11,12)))) in terms of Kleene functions is immediate:

1 = 01(fur p2(fur f) h9 = 02(fur fuo)
i i—1 i—1 gi-1 where i i—1 -1 (3)
hi = p1(h] ", pa(hy by 7)) hy = w2(hy ", hy )
We deduce that: ‘
f1 = lim{hi}
and if fo = lim;{h}}:
f1 = e1(f1, f2), f2 = w2(f1, f2) (4)

The pair (f, f2) is the smallest fixed point of the pair of functionals (p1(x1, X2), p2(Xx1,X2)),
the approach being analogous to that of simple recursion, under the hypothesis of continuityﬁ]
It is clear that case (2) leads to the same result.
Property 5:
xe(x)rec = xixa¢(x1, xz)recrec  or  I(p(I)) = L(la(e(11, I2)))

The body of I(¢(I)) being ¢(x), let us form two subsets of the occurrences of x, and denote
by x1 the function present in the occurrences of the first subset, and by xo those of the second
subset: this leads to the function on the right-hand side above.

Let fo be the smallest fixed point of ¢(x1, x2) considered as a functional of y2, whence:

f200) = L(p(xa, 12))  and  fa(x1) = elxa, f2(x1))
L(Ix(e(I1, 12))) = Li(f2(11))
Let f/ be the smallest fixed point of fo(x1):
f'=L(Ix(p(I1,I2)))  and "= folf)

then fo(f') = o(f', f2(f")), whence f' = o(f’, '), from which we conclude that f’ is the smallest
fixed point of ¢(x, x), that is, of p(x). B

3Let h denote the function fi fzﬂ'oSS, fi = hm SZ, fo = h77252; then system (4) becomes: h =
©1(hm18?, haS?) o (hm1 82, haS?) w0 S3, of the form h = ¢(h), whence the possibility of reducing to the case of
a simple recursion.
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4.3. Calculation rules in A

Property 6: If Vx € A, v1(x) < w2(x), then I(p1(1)) < I(p2(1))

IfVx € A, p1(x) = p2(x), then I(p1(I)) = I(p2(1))

The proof is immediate from §4. If 1(x) < ¢2(x) then v1(f,) < ¢2(f.), whence hY < hY,
and step by step hi < hb, whence lim;{h}} < lim;{h%}.

We deduce the calculation rule:

If, by the calculus already defined within A, one establishes that ¢1(I) < ¢2(I), treating I
as a function, one obtains the same relation between the corresponding recursion functions (and
likewise for equivalence).

This extends to general recursion functions.

5. Loop-functions

5.1. Primitive loop-function
Definition: I(p — fI1S52,m) is a primitive loop-function.

Property 1: I(p — fIS? f') = I(p — fIS? m)f'S?

This property reduces to a primitive loop-function (as a left factor) every loop-function with
body ¢(x) = (p — fxS?, f'); we shall say that such a function is a simple loop-function.

We shall not give a proof of this property here, since we shall demonstrate further on a
general property of which it is a particular case (Property 4, §5.2).

Property 2: I(p — fI1S* 7o) = (p — I(f(p — I,m)S?), )

Proof: By axiom Ajy:

I(p — fIS277T0) = (p — fI(p — fIS2>7T0)S2a7T0)
and by Property 4 of §4, the right-hand side becomes:

(p— I(f(p — I,m)S?),m)

which completes the proof.
Remark: I(p — fIS? m) expresses the semantics of the instruction:

while p(a) do a := f(a)

a being an evocation of the name given to the object submitted to the function. Likewise,
I(f(p — I,m)S?) expresses the semantics of the instruction:

repeat a := f(a) until —p(a)

We shall agree on the abbreviation —p for pf-S?, where f- was defined in axiom As.
Property 3: The Kleene functions of (p — fxS?%,m) are given by:

Vie N, hizi.(p—>f,7ro)(p—>fw,7ro)52

Let i € N; i. f denotes the i-fold iterate of f; i. f is thus an abbreviation of f... fS?... 52,

i times %—1 times
or better of o f ... fS?...52%, whence 0. f = 7.
i times ¢ times
Proof: For i = 0 the property is obviously true.
For i =1:

= p— flp— fw,WQ)S2,7TQ) =(p— fim)lp— fw,7r0)52 (axiom As)

13
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Suppose the property true for ¢ — 1; we have:
R=p—=f@i—1).(p— f,m0)(p— fo m)S?S?, m)

W'=(p— fim) (i—1).(p— f,70)S°(p = fu,m)S

by the repeated application, i times, of axiom As; hence the property holds for every i.
Consequence, by Property 1: the Kleene functions h of (p — fxS?, f') are:

h=i. (p— f,m0)(p = fu, 7T0)52f/52

5.2. General (simple) loop-function

Definition 1: ¢(x) is the body of a general loop-function if all occurrences of x are terminal in

P(x)-
We shall denote by ¢(x, f1,-.., fn) the body of a general loop-function in which, besides y,

f1-.. fn are its terminal functions, none of these latter functions containing .
Property 4: ©(x) being the body of a general loop-function:

I FS* = 1oL, frre s f) ST e ST ga) (1)

Proof: let hi be the Kleene functions of the body of the function on the left-hand side of
(1), and hj those of the body of the function on the right-hand side.

W = @(fur fre s fn)

hy = o(fur 1fS?, - fuf S?)
f. is terminal in both functions above; now f, = f.fS?, whence, by Property 4 of §3.2,

hS = o(fu, f1, - - .,fn)f52 E‘h(l]fSQ.
Suppose that ht fS? = hi for every integer i; then:

WL FS? = (bl fiy. ..y fa) £S2

= (Rt fS2, f1fS?, ..., fufS?) (Property 4, §3.2)
= (h, f1fS?, ..., fafS?) (hypothesis)
= hitt  (definition of A1)

Finally, for every i, hi fS? = h%, whence the conclusion by Property 3, §4. B

Calculation rule: Property 4 allows us to state a calculation rule in A that includes general
loop-functions:

— Let I(p(I)) be a general loop-function; the product I(¢(I))fS? is carried out by applying
the rule established in § 3.2, supplemented by the rule: IfS? = I.

Conversely, this allows factorization by f under the same conditions as the rule of §3.2,
disregarding the labels I, if and only if all occurrences of the label I are terminal.

The above rule justifies our treating the label I as a function within the body of a loop-
function.

Lemma 1: Fvery conditional function can be put into the equivalent form:

(@1 = fi. (@2 = f2, (oo (@n = fs f)--2))) (2)

where the functions fi,..., fn, f1, are not conditional functions.
Proof: We argue by induction on the number n of predicate functions contained in (1).
For n =1 the property is evident.
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For n = 2, only the case (p1 — (p2 — f1, f2), f5) is not of form (1); but by the axioms of A
it is immediate that:

(p1 = (p2 = f1, f2), f5) = (1 = p2, FS°) = f1, (01 = fo, f3))

so the lemma is satisfied with ¢; = (p1 — p2, F'SY), ¢2 = p1.
Suppose the property true for n € N; we may write it:

on = (@1 = f1, (@2 = f2, (o5 (g5 = f,05)--2)))

where ¥; = (¢j+1 = fj+1, (@12 = -+, (@0 = fas fr) )

To construct, from this, an arbitrary conditional function, it suffices:

a) to choose j arbitrarily between 1 and n and to substitute for the function f; a conditional
function such as (p — ¢,¢’), g and ¢’ not being conditional, since

(g — (p = 9.9),%;) = (g5 = p. FS°) — g, (q; = ¢'.¢))).

This establishes that the function ¢,41 so obtained takes form (1).

b) to replace, in ¢y, 1; either by hzZ)jSQ or by ¢thz, and finally to replace h by a conditional
function as in the preceding case; we are then reduced to case a), as is easily verified.

Finally, whatever the manner in which ¢,41 is obtained from form (1) of a conditional
function ¢, the function obtained can be put into form (1).

Lemma 2: Within the set F,, = {f1,..., fu} of terminal functions of a function ¢, consider
an arbitrary proper subset F,,, of which F)! is the complementary set with respect to F,; then
every conditional function having JF, as its set of terminal functions is equivalent to:

(g — 0n,0p) (3)

0y, having F), as its set of terminal functions, and 6, F/'.
Proof: For n = 1, by axiom Ay every function (p — f, f’) satisfies (3) with F| = {f} or
Fr=A{r'+

For n = 2, suppose Lemma 1 applied; then:

w2 = (1 = f1, (12 = f2, f2)) (4)

it satisfies (3) for F5 = {f1}, and by axiom As for F5 = {fo, f5}.
Now, by calculation in A, (4) leads to:

2= ((—~q1 = q2, FS°) = fo, (@1 = f1, f3))

which satisfies (3) for 7} = {f2} and, by axiom Ag, for F = {f1, f5}.
Finally, considering:

02 = (g1 = ~q2, FS°) = f5, (01 = f1, f2))

completes the inventory of possible cases.
The lemma is thus verified for n =1 and n = 2.
Suppose it true for arbitrary n:

on = (¢ = b, 0)) ()

By Lemma 1, every function ¢, takes the form:

Ont1 = (p = [, 0n), an=p, L=f, en=11 (6)

Fn being the set of terminal functions of ¢, two cases arise:
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a) Fj1 = {f}UF): from (5) and (6) we deduce
pnt1=((p = V8% q) = (p = f.0n).6,)

the lemma is thus verified with 6,41 = (p = f,0n).
b) F, 1 = Fy,: we deduce from (5) and (6)

Pnt+l = ((_‘p — q’FSO) - 9717 (p — fv 97,1))

and the lemma is verified.

The lemma thus holds for every conditional function.

Property 5: Every general loop-function is equivalent to a simple loop-function.

Proof: we must show that every general loop-function is equivalent to a function I(p —
fIS2, f') where p, f, f' do not contain I.

Let ¢(x) be the body of the proposed loop-function; there is no loss of generality in taking
x terminal in a finite set of terminal functions g;x.S?, ..., grxS?; the body of the loop-function
is thus represented by:

90(91XS2,...,gkXSQ,fl,...,fn) (7)

fi,..., fn being the other terminal functions of ¢.
Lemma 2 allows us to write:

0 =(q— 0,0,

0, containing, as terminal functions, only the functions g;x.S?, ... ,gpxSQ.
The calculation rule of §3.2 allows us to put y as a right factor in 6,,, whence 6,, = fxS?, f
containing, as terminal functions, only the functions g1, ..., gx.

This completes the proof.

Remarks: 1) The proof shows that the predicate function p in I(p — fIS52, f') is a condi-
tional function formed from ¢ in such a way that it is most often impossible to express it by an
instruction permitted by a programming language.

As an example, let the function be:

e(x) = (1 = fixS% (p2 — foxS% f3))

I(p(1)) is expressed by a labeled loop, two conditional instructions, and two GOTOs. Property
5, applied to this case, gives:

e(x) = ((m1 = VS%p2) = (11 — f1, f2)xS%, f3)

Now consider the example:

e(X) = (p1 — q(p2 = fixS?, f2)5%, f3)

One arrives at:
e(xX) = ((p1 = gp25*, FS°) = fixS?, (p1 — 9f25%, f3))

not directly translatable by a while—do instruction.

2) We observe, on the contrary, that factorization by adjunction of variables (§3.3) does not
modify the structure of the body ¢(x), at least not as radically as in the previous case; this
justifies the interest of [2| and of the generalization that follows from it.

The path by which a general loop-function is reduced to a simple loop-function, hence to
a primitive loop-function (which is expressed in a programming language without labels and
without goto), is therefore not unique.

Applying Property 6 of §3.3 to the body (7) of a general loop-function gives, in effect:

@(91)(527 cee 7gk’XSQ’f17 .. ’fn) = ‘Pl(p* — 7TlX*Sa?'ﬂ-l)‘S’Q (8)

16



NOTE ON THE ALGEBRA OF FUNCTIONS

where SO/ = So(gth527 .. Jgk‘hVS27 fthSQu .. 7fnhFSQ)
The properties established by Béhm and Jacopini are obtained easily.
By (8) and Property 6 of §4:

I(p(1)) = I(¢'(p* — m15%,71)S?) (9)
Now hymS? = mp, so the right-hand side of (9) becomes:

hym (@ (p* — m15?%, 7,)5%)S%S>

whence, by Property 4 of §4:
hyI(me' S*(p* — I,m)5%)S?
Now (Property 2, §5.1):
hvI(p* — w1’ SP1S%, m0)S? = hy (p* — I(m1' S*(p* — I,m)S?), m0) 5%,
= hy I(m ' S*(p* — I,7m1)S%)S?, (hyp*S? =V S°)
finally, returning to (9):
I(o(I)) = hyI(p* — w1/ S?15%, m9) 5?7, S? (10)

The structure of ¢ respects that of o, and if the latter is constructed so as to be translatable
into instructions of a programming language, or expresses the semantics of such instructions
(according to the approach chosen), the primitive loop-function contained in (10) enjoys these
properties as well.

3) The foregoing certainly does not exhaust the properties of the loop-functions studied,;
thus it can be shown that every loop-function is equivalent to a function formed with primitive
loop-functions (expressed by while—do instructions).

The following example illustrates the approach.

Let the function be

x(p — [xS% p(x)) rec
By Property 5, §4:

x(p = fxS% e(x)) rec = xix2(p = fx25% ¢(x1)) recrec

Now, for every function ¢(x1), by Property 1, §5.1:

x2(p = fx2S?, o(x1)) rec = xa(p — fx25%, 7o) rec p(x1)S?

From this, we deduce:

Property 6: I(p — fI1S% o(I)) = I (Ix(p — fI25%,m0)p(I1)S?)
By Property 4, §4, we finally obtain:

Property 7:

I(p— fIS% (1)) = Ir(p = f125%, mo) 1 ((I2(p — 1257, m0)115%))S?

It is immediate that, if x is terminal in (x), (1) is then a general loop-function, and the
property leads to the product of two primitive loop-functions, one of which contains a primitive
loop-function.

Once again, Properties 6 and 7 indicate that the calculus in A is extended by treating labels
as functions within the body of a loop-function.
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Example: ¢(x) = (p1 — fixS?,m0); Property 7 gives the equivalence:
I(p — fI5% (p1 = f1IS? ™))
= L(p — fLS*, m)i(; — fila(p — f12S% 70)S* 1S, 7o) S?
it expresses the semantics of the equivalence (of which it is the proof):
I: if p(a) then a := f(a); goto I else if p1(a) do begin a := fi(a);

goto I end = while p(a) do a := f(a); while p;(a) do begin
a := fi(a); while p(a) do a := f(a); end

5.3. Second generalization

Definition 2: We shall call a general loop-function a function f; defined by the system: f; =
o1(fiyeos fn)y ooy fn=@n(f1,..., fn), where all the occurrences of fi,..., f, are terminal in
the functions ¢1,..., ©n.

It encompasses the previous one (§5.2) if we take w2 = fa,...,¢n = fn. To illustrate this
definition without overburdening this note, let us take the case n = 2.

Then:

fi = Li(ei(, I(p2(11, 12)))) (1)
all occurrences of I, Is being terminal. (1) expresses the relation:
fi = xae1(x1, x202(x1, x2) rec) rec (2)

X1, X2 being terminal in o; by Lemma 2, §5.2, and the calculation rule of §3.2:

p2(x1,x2) = (¢ = fx252,6),) (3)

. . /
X2 having no occurrence in 6.
In €/, all occurrences of x7 are terminal by hypothesis, so, in the same manner:

0, = (@1 — fix15%, f) (4)

x1 having no occurrence in f.
It follows that:

x2¢2(x1, x2) rec = x2(q = fx25% (a1 = fixaS% f)) rec

= x2(q = fx25%,m0) rec (¢1 — fix1S°, f)S°
Returning to (2):

f1 = xap01(x1, x2(q = Fx25%, 7o) rec (g1 — fix15%, £)S?) rec

whence

fi = Lp1(I, (g = fLS? m0) (a1 — f111S%, £)S?)) (5)

which satisfies the definition of §5.2, the body of the general loop-function containing at least
one occurrence of a primitive loop-function.

We leave it to the reader to verify that this property holds in general.

It is clear that this section does not exhaust the subject; it illustrates the use of the algebra
of functions.
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6. Equivalence problems

We shall conclude this note with two properties of some practical interest.

Property 1: Let h' and h be the Kleene functions of ¢1(x) and pa(x) respectively;
I(p1 (1)) < I(p2(1)) if and only if b} < by for every i (likewise for equivalence).

The proof is immediate from §4.

Example: ¢1(x) = (p = fxS*xS% 70), p2(x) = (p — fxS?, m0)-

For 9, by Property 3, §5.1, h4 is known.

It is clear that hY = hY.

Suppose that k¢ = hi:

R = (p — fRLS?KIS? mo) = (p — fh5S?h5S? o)

Now, by an elementary calculation in A, one veriﬁe that hih%.S? = hi, whence hil‘*'l = hé‘“.

Property 2: If ¢1(fu) = gp2(f.)S? and Vi € N, 1(ghyS?) = gh™S?, then I(p1(I)) =
91(pa2(I))S?.

This property allows the study of the relations between recursion and iteration [10], and
more generally in every case where the computation of the Kleene functions of () is possible
(which generally occurs for loop-functions).

7. Final note

The introduction of names designating objects of B U Lp, and of names designating functions,
presents no difficulty and completes the constitution of the algebra of functions as a computing
tool; we refer the reader to [10], notwithstanding the imperfections of that text.

The direct link between our subject and computer science is established through the concept
of the ezecutor; see the first remark on this subject, §1.2. If a single executor, or such an
executor, is made active by a microprogram, for example, it is clear that our approach applies
at that level. The connection with programming languages is less direct (except toward an
assembly-type language, for the reasons mentioned above); it seems to us possible to establish
it in every case, without difficulty of principle.

I am grateful to Maurice Nivat for the criticisms he made of the first manuscript submitted
to the RIRO; the present note has benefited from the discussions we have had.
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