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Three algorithm,~ t:o convert lambdil expressions inlo RLD 
langua~c c,.xpressi ons. 
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The attached is a brief wrilE! up of three algorithms for converting lambda 

expressions into var:Lable free expressions in the RED lan~uage (see "Re-

duct ion Languages and Variab.le free progrvmming" by John Backus, lU-1010). 

P. D. Summers 
~ 

I 

1,,1.('; 

f 

YJ.-' 

d 

{t, ,J 

' -V'l, 

,~ 
~ 

v- Ir 

..... u l"' "--"j) 

''r, 1-/.., t " fk II 

1 ' 
,,_1,J 

I 

(V µ-e.,, 

I 

u: 
0 
u 

0 

C ..... 



c.o 
a, 
(J'I 

ct) 

~ 

1. JntroJuct·:ion 

The tl1n°.e alr,nd Llims prcsclltcd in this memo arc adapted from three alg_orithms 

for reducing A-expressions with bounJ variables into varial1le-frce expressions 

in cuniliinnto~ial logic. 

Two of the E1lguritl1r.is correspond to algorithms for strong and weak abstraction;'< 

and the third, l c:J.11 "cxp]oslve-abstraction" because of the size of the 

expressions generated. 

All of the algorithms start wit:h wf A-expression and syntactically transform 

it into n wff of combinatorial logic, containing the cor1binators S, K, and I 

defined below. The correctness of the Algorithms have been demonstrated (See 

for example Curry and Feys-Chap.6) and I will. only demonstrate the correctness 

of the defined RED operators corresponding to· S, K, I. The algorithms will be 

presented :i,.nformally but with enough detail so that implementation is straight 

forward. 

II. Definitions & Notation 

A, A >.-expression is 

1. simple, x, where xis an atom or 

2. an applications,\P. Q) ,where Pis the operator 

and Q is the operand. (One or more blanks 

seperates operator from operand. An underline 

*I have taken the terms "weak" and "strong abstraction" from a private correspondence 

from Prof, J.A. Robinson, ~yracuse University. I have been unable to locate their 

use in the open literature. Curry and Feys discuss a variety of abstraction algorith1ns 

(Chap. 6-Combinatory Logic, Vol. 1. But do not use these names, 
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will be ULled to dcnolc a Ii] ,mk Hlien 11-•cdcd 

c10_ ,(A_B)). The operator and operand must he 

a wf A-expression. 

0 
~ which J'lUS t be c:t uf lambda expression 

4. Only expressions satisfying 1,2,3. 

Examples: x 

(AB) 

;\x. (r x> 

-(>,x. (x x) Ax. (x x>> 

AX.A)'. <A <Az. <x z) n)> 

B. Definition of RED expressions 

c. 

The definition of a RED expression is that use<l in RJ-1010 for 

RED/1. (Note that application mean' the same in both languages.) 

Symbols not defined in this raemo are defined in 

RJ-J.010, eg. □. 

Functions for the algo ri thrns. 

sirnp [e] = T j_ff e is simple 

app IeJ = T iff e is an application 

opr [e] = p if e - p Q 

= D otherwise 

opd IeJ = Q if e -= p Q 

= D otherwise 

abs [e] - T iff e is an abstraction 

bdy I eJ = R if e - AX, B 

= D otherwise 

vbl [e] x if e = Ax.B 

= D otherwise 
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cont [x;h. I B x)J = T .£__g__. <-
cont [ -(A }) > ; >.x.<A Q;"j = F 

COil t [x;xyz] = F 

BooJ.c•nn "not" 

A Boolean "and" 

D. Red operators. 

X. 
:L 

Y. 
1. 

(Assume X., Y.) E 11) 
1. 1. 

qi 
(J\DJ C) 

1 
K 

s 
ss 

(UNION (ADJ UNION) UNION (ADJ (ADJ SS)) (ADJ ADJ)) 
~; (APP 2Al'P TRPRS (SEC DBL) _(FST TL)) 

S,K,I correspond to the combinatorial constants 

defined as follows: 

a. <) x). -► x 

b. <<K X). Y) ➔ X 

c. <<<s x') y) z) ~<X z)<Y z'>'> 

Justification for definition. 

a. I is the identity operator 

operator having that property. 

qi is the corresponding RED 

b. K is the constancy operator. It may be defined as being the 

operator, such that when applied to anything, yields an op­

erator K1 , K1 applied to a second operand yields the first 

operand. 

<(ADJ c) x) ➔ (c x) 

<(c X) Y) -f X 
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c:. SimiJ arly for S 

1. ./(UNION (ADJ UNION) UNION (ADJ (./\DJ SS)) 

(ADJ ADJ)) X)-+ (UNION (i\U.J SS) ./\DJ X) 

2. '-., (ml ION (ADJ SS) ADJ X) Y) • ► (SS X Y) 

3. -(~ss X Y) 
\ z ) -► ,<--··x ,-., z) < y z )') 

/./ .. ··s X)Y)z) ••► !-:·x i/{,· 'L)) \ \\. 
'\ 

for the RED operator S 

Ill. _!1-lgor ltlims 

A. "Explosive-Abstraction" 

This algorithm is the simplest of the three, but, unfortunately, 

it generates the largest expressions, The algorithm is presented 

as a recursive function o , that has as input a representation of 
0 

.a lambda expression, and produces, as its value, the equivalent 

RED expression. 

o [e) "' [simp [e) 
0 

e· ;os 

' 0 ~ 
I"' 

app [e) -+ {o 0 [op~ [c]J _o/ [opd 

abs I eJ -+ 

[abs [bdy fe)] ➔ 0 [>. 
0 

vbl [e] 

eql [vbl [e) ; bdy [e]) -+ I; 

simp [bdy [e] J ➔ < K _ bely [eJ). 

[e)]); 

a [bdy [c]] J; 
0 

T 
/ J 

➔·\\S_a 0 [A vbl [e] . opr[bdy [e]JJ) 

o 0 [>. vbl [e] . opd[bdy [e]]] ) 

T ➔ 0 

Where juxtiposition of values represent some appropriate compo-

sition of entities to create expressions. 

B. Wenk Abstraction 

The algorithm is bar:ed on the process callee] weak abstraction. It 
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produces r;liortc~r expressions than A Lut" c11- the cost of being sljghtly 

more complicated. The conventi_ons are as before except this algorithm 

is wd tlen as the function 01. 

01 Ie) == [simp [e] + e; 

app[e] -> \01 [ opr fe]] _01 [opd le] J); 

abs fe) + 

[cont P,,; bdy feJ] ->- 01 [A vbl [e].01 [bdy [e])J; 

feql [vbl IeJ; bdy [c]J + I 

~ cont [vbl Ie]; b<ly [e)J ~ 

<K _ bc;1y (ef> 
'I p vbl [e) opr fb<ly [e]]]) T ➔ \ / s - 01 \ 

01 p vbl [e]. · pod [bdy [eJJJ) 

T + D 

C. ~trong Abstraction 

This algorithm 02, yields simpler expressions than 0 1 but is more 

complicated. 

o 2 [ e] = [ s imp [ e J + e ; 

app IeJ -► <02 [ opr IeJJ_o2. [op<l [e] J); 

ahs [ e] + 

conl P,.;bdy [e]] -► 02 [A vbl[eJ.02lbdy [e)J); 

eqlfvblfe]; bdy [e)] + I 

...,contivbJ.[e]; bdy (e]] ➔ <K_bdy [e]). 

eql [vbl [e] opd [b<ly [e]]] 11 

~cont [vbl[e]; opr[bdy[e]]] + opr(bdyle]] 

T ➔ <<s_o-2[;\ vbl [e].opr[bdy(e]]J) 

02[A vbl[e]. opd[bdy[e]J]) 

T ~ 0 
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