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Section 1. Introduction

In these notes we consider three facets of the functional program-
ming style introduced by John Backus in his 1977 Turing Award Lec-
ture [Ba 78]: the particular programming methodology it encourages,
the associated algebra of programs that can be used to reason about
and understand FP programs, and the environment-free reduction
system that can be used to realize such a style of programming. In
section 2 we construct several programs in this FP style, and we point
out some of the differences between it and the lambda style of func-
tional programming. In section 3 we describe an informal but precise
method for reasoning about FP programs -- the algebra of functional
programs, and we apply this method to some sample programs. We will
see that this algebraic approach allows us to reason about FP programs
without having to map programs to some auxilliary domain of discourse.
The language of program proofs will be just the language of FP pro-
grams.

Finally in section 4 we will describe the Formal Functional Pro-
gramming system, FFP, of [Ba 78], and we will show how all of the
notions of the informal FP style of programming can be realized in the
pure reduction system FFP. In the remainder of this section we review
the basic notions of functional programming and define the primitive
functions and combining forms that are used in these notes. A com-
plete development and description of the functional style of program-
ming can be found in [Ba 78]. The reader who is completely unfamiliar
with these notions will want to refer to that paper.

A program in the functional programming style is simply an expres-
sion representing a functfion that maps objects to objects. This will
completely specify the concept of program when we recall that:
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1) Given a set A of atoms, the set O of objects is recursively
defined by:

a) 1 isin O ("bottom'" denotes the undefined object),
b) A is contained in O (all atoms are objects),

¢) if x;,..,x, arein O and x; # i, then <xy, ... , x> is in
O, (all sequences of non-1 objects are themselves objects),

d) <xy, .., x,> = 1 if for some /, x; = + (the sequence con-
structor is 1-preserving).

2) Given a set P of primitive functions and a set T' of combining
forms (functionals that map functions into functions), the set of
functions F is defined recursively by:

a) P is contained in F (all primitives are functions),

b) if fi,...,f, arein F and CinT is a functional that takes
n arguments, then C(fy, ..., f,) isin F,

¢} the function f defined by the equation f = Ef isin F if
E is a functional form constructed by applying combining forms
chosen from I' to functions chosen from F together with the
function symbol f. The interpretation of such an equation is
that the meaning of f applied to an object is taken to be the
meaning of Ef applied to that object.

3) The application of a function f in F to an object x in O is
denoted f:x.

4) The sets P and T will be chosen such that all functions f in
F are strict, i.e. forall f, fi1 = 1.

In these notes we will assume that the set of atoms consists of the
integers together with all finite, nonempty strings of capital letters.
The following are all examples of atoms:

1, AB, T, -7, ABCDE

Given this choice of atoms, some examples of objects are:
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4, 1, <Av B>’ <A’ <1v B>>9 <>

A typical choice of a set of primitive functions will contain some
functions for producing and decomposing sequences, some arithmetic
functions, and some predicates. The following is a list of some of the
primitives we will be using:

function description and examples

1, 2, ... selector functions: the selector i applied to an object x
produces the " element of x if x is a sequence of at least
i elements and produces . otherwise. (Note that we are
using a single graphic to denote both the ebjecr 1 and the
selector function 1. Which meaning is intended will always
be clear from the context.)

tl the tail function: removes the first element of a sequence;
produces 1 when applied to a non-sequence or to the empty
sequence,

id | the identity function: id:x = x for all x in O.

eq test for equality: eq:x produces T if x is a pair of identical
objects, produces F if x is a pair of non-identical objects,
and produces . otherwise; e.g., eq:<<A, 3>, <A, 3>> =
T, eq:<A,3>=F, eq:<3,3,3> = 1.

eql test for zero: eq0:0 = T.

gt  greater than: gt:<3, 2> =T ; gt:<3, A> = 1 ; gt:<3, 2,
1> = ..

ge greater than or equal to: ge:<3,3> =T.

+, —, x arithmetic operations: +:<3,4> =7 ; +:<3> = 1 ;
+:<3, A> = 1.

a addone: a:7=8; aA=..

subtract one: s:—3 = —4,
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apndl  append to the left: apndl applied to a pair of objects <e,
y> the second of which is a sequence, will produce a se-
quence whose first element is e and whose tail is y , other-
wise it will produce 1; apndl:<3, <4, 5>> = <3, 4, 5> ;
apndl:<<1>, <3>> = <<L1>,3>; apndl:<3, 4> = ..

apndr  append to the right: apndr:<<3, 4>, 5> = <3, 4, 5>.

distl distribute from the left: distl applied to a pair of objects the
second of which is a sequence will produce a sequence of
pairs, otherwise it will produce 1; distl:<1, <A, B>> =
<<l, A>, <1, B>> ; distl:<1, <A>, <B, C>> = 1 ;
distl: <1, <>> = <>.

distr distribute from the right: ; distr:<<1, 2>, 3> = <<1, 3>,
<2,3>>.

iota the APL « operator: iota applied to an integer » produces a
sequence of n consecutive integers starting from 1; iota
applied to a non-integer produces 1; iota:3 = <1, 2, 3> ;
iota:0 = <> ; iota:<3,4> = 1.

Of the several combining forms described in [Ba 78] we will use
the following:

Composition (feg):x = fi(g:x)

Construction [fy, ..., f]:x

i 21 A B

Conditional (p - f;g)x = fixif pix=T,
gxif pox = F,
1 otherwise.
Constant xiy =x if y % 1,
L otherwise.
Apply to all af:x = <fixqpen, fix > if x = <xq,..., x>,

1 if x is not a sequence.
Insert Left (4. N:<x(> = x4.

(4 SR 0 s XD = L0 (L DV gy vy X3 R
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Insert (Right) (/f):i<x;> = x,.
(/i<xqs oy X5> = fi<xq, (/1)i<xpy vee s %y >

Note that this definition of (unsubscripted) / is consistent with
that of [Ba 78] where it was defined to associate to the right. As in
that paper we will adopt some informal precedence rules and frequently
omit parentheses when no confusion can arise. For example,

p>q:r=s5.t =p=>gq,(r=s51
/fog = (/f)eg
eqﬂga - b; cod = (eq(]oa) - b', (C"d)

We will see in the next section that treating Conditional as a com-
bining form instead of as a function as is usually done in programming
language definitions will profoundly affect the programming style that
we will adopt.

Section 2. The FP Style of Functional Programming

Having completed our review of FP, we now consider some sample
programs in this language. One of the most important characteristics of
this language definition is the style of programming that it encourages.
The FP style of functional programming differs from the lambda style
in that the emphasis in the former is on the application of functionals
(i.e. combining forms) to functions to produce new functions, whereas
the emphasis in the latter is on the application of functions to objects
to produce new cbjects.

For example, consider the problem of writing a program, length,
whose specification is:

length:x = n if x = <xy, ..., x>,
1 if x is not a sequence.

Programming in the lambda style we would write
1) length = Ax.(if null(x) then O else 1+length(tail(x)))
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The right hand side of 1) is formed by taking an object x and apply-
ing two functions to it getting the objects null(x) and tail(x), applying
the function length to the object tail(x) to get the object
length(tail(x)), and finally applying the function conditional to the
objects null(x), 0, and 1+length(tail(x)). (Of course, the function
conditional must be treated as a "special form'" when it is actually
applied.) Then to produce the desired function length, this object is
abstracted with respect to x by applying the one function forming
operation of the lambda style, Ax.(...) . (Note that even "functionals"
such as maplist and mapcar are object forming operations. Given an
object -- a list -- and a function, they produce an object.) We will see
that the FP style uses several function forming operations -- the com-
bining forms, and that this style exploits the potential concurrency
inherent in those forms.

It is possible to transliterate the lambda style solution 1) to an FP
language solution by moving the programming activity up one level; i.e.
by beginning with functions and applying combining forms to them.
Thus,

2) lengthotl

is the function that results from the application of composition to the
functions length and tl;

3) [T, length-tl]

is the function that results from the application of construction to the
functions T and 2); and so on until the combining form conditional is
applied to produce the final result:

4) def length = null + 0; + [T, lengthotl]

But a solution that better utilizes the available combining forms and is
more in the FP style is the following nonrecursive, closed form pro-

gram:
5) def length = /+ o al

The algorithm implemented by this program treats each element of
the sequence as a 1 and simply adds them up -- essentially the way we
would solve the problem manually. We will see that this solution has
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the advantage that it allows us to reason about it directly, since 5)
gives a direct representation of the program, whereas 4) gives only an
indirect description of it -- an equation that the program must satisfy.

As a second example consider the problem of determining whether
some particular object is a member of a sequence of objects, i.e.

member:arg = 1 if argis not of the form
<X, KXgy oo 5 X >3,
T if 3i such that x = x;,
F otherwise.

A recursive solution in the lambda style might look like

6) def member = null-2 - F; eqe[1, 122] = T; membere[1, tlo2]
A closed form, nonrecursive alternative is

7) def member = /or - aeq o distl .

Again, we prefer this solution since it allows all of the tests for
equality to be made concurrently and provides us with a direct repre-
sentation rather than an indirect description.

It will be convenient to have a program un that, when given a pair
of sequences, will concatenate them. E.g.,

un:<<A, B>, <C,D>> = <A,B,C,D>
un:<<A, B>, <>> = <A,B>
um:<<>, <>> = <>

Exercise 1. Give a closed form definition of un in terms of the
primitive functions apndl and apndr.

Although program 7) allows more concurrency than program 6),
closer examination of 7) shows that while all of the tests for equality
can be made together, the function /or is still unnecessarily over-
specified, since the definition of / requires that the function or be
inserted from the right, resulting in a right linear tree of application.
For associative functions like + and or, we would prefer a combining
form that allowed as much concurrency as possible. Therefore we will
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define a new combining form called rree, which can be used as an
alternative to insert:

(tree flix = x;, ifx=<x>,
fi<(tree f):<xq,eey x>, (tree f)i<Xxp L qoeees Xp> >,
if x=<xq,...x;> and m = ceil(n/2),
1, if x is not a sequence.

Now member can be rewritten as
def member = (tree or) o aeq o distl,

and the application of the function (tree or) to the sequence of n T’s
and F’s will take log(n) time. We will take as a model for the underly-
ing machine architecture one that provides arbitrary concurrency, just
as the usual RASP model provides an arbitrary amount of memory.
Our goal will then be to write programs that exploit this concurrency as
much as possible, through the use of the « and tree combining
forms. Of course, the correctness of the programs is independent of
the degree of concurrency provided by the underlying implementing
hardware.

Consider now the problem of writing a program that when given a
pair of sequences representing two sets, will compute the Cartesian
product of the two sets. E.g.,

cart2: <<A,B>, <C,D>> = <<A,C>, <A,D>, <B,C>, <B,D>>
cart2:<<A>, <1, 2, 3>> = <<A, 1>, <A, 2>, <A, 3>>
cart2:<<>, <>> = <>

A possible program in the FP style is
def cart2 = (tree un) o adistl o distr
For simplicity we will assume, as Backus did for /f, that when the
function (tree f) is applied to an empty sequence, it will produce the
right unit of f whenever that makes sense. FE.g., the right unit of un
would be <>, so that
cart2:< <>, <A, B>>

= (tree un) o adistl o distr : <<>, <A, B>>
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= (tree un) o adistl : <>

= (tree un) : <>

<>
If we preferred, we could rewrite the definition of cart2 as
def cart2 = (null » [ ]; (tree un)) o adistl o distr .

Suppose now that we want to write a program, cart, whose domain
is not just pairs of sets but rather arbitrary n-tuples of sets. The simple
extensions (tree cart2) and (/ cart2) are incorrect, since each will
produce a sequence of pairs rather than a sequence of n-tuples.

Exercise 2. Evaluate (tree cart2):< <A,B>, <C,D>, <E,F> > .

A possible solution could be to proceed sequentially, say from right

to left, by appending some "collecter’ to the right of the sequence of

input sets, and then to add each set to the collection in turn, i.e. to
write a program of the form

/Py ° apndr o [id, [[ ]]]
where p; is some program containing cart2. Again we prefer to
avoid such a sequential solution if possible.
Exercise 3. Define two programs f; and f, such that
def cart = (tree f{)°f,

will correctly define a program for computing general
Cartesian products.

Given a program for general Cartesian products we could then
write a program to compute the set of all subsets of an input set as

8) def power = a(tree un) o cart o «[[id], [ 1] ,

since e.g. power:<A, B> would then be computed as «f[id], [ 1]
applied to <A, B> which yields
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9) < <<KA>K>>,<<B><>> >,
followed by cart applied to 9) yielding

10) < <<A>,<B>>,
<<A>,L>>,
<<>,<B>>,
<K>,L8>> >,

followed by a(tree un) applied to 10) or
11) < <AB>, <A>,<B>, <> >
The FP style of looking for closed form, concurrent solutions can
lead to some interesting solutions for what might have been considered
inherently sequential problems; e.g.
def reverse = (tree unc[2, 1])cafid]
and
def last = (tree 2)
Exercise 4. Find a program f| such that

def parsums = (tree f;)

defines the APL. sum-scan-reduction function, e.g. par-
sums: <1, 2,3,4> = <1, 3, 6, 10> .

Section 3. Using the Algebra of Functional Programs

In this section we discuss the use of the algebraic approach to
reasoning about programs. This approach differs from the conventional
methods for reasoning about programs in that it is based neither on the
notion of an inductive proof rule such as computational induction nor
on fixed point arguments such as recursion induction. Instead it is
based on a collection of algebraic identities: statements that assert the
equality of general classes of functional programs. These identities are
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then used to show directly the equality of the functions computed by
different programs.

It happens that the notation of functional programming is also
well-suited to the techniques of recursion induction, since if f is
defined by the equation

f = Ef

we can frequently show that some program g satisfies that equation
and therefore that f < g by using the algebraic identities to show that
Eg = g. However, in these notes we will concentrate on the conceptu-
ally simpler technique of reasoning by algebraically transforming the
programs themselves, instead of manipulating program descriptions such
as recursive defining equations.

The algebraic statements we will be using can be grouped into three
major categories: algebraic laws, derived theorems, and expansion
theorems. The algebraic laws are like axioms in that they require no
proof in the algebra; rather they are identities that follow from the
definitions of the particular combining forms and primitives.
(Alternatively, these laws might be viewed as axiomatic specifications
for the behavior of the primitives and forms rather than mere conse-
quences of the (operational) definition of the primitives and forms, but
such a consideration is outside the scope of this discussion and of no
consequence to the development of the algebra.) The algebraic laws,
however obtained, are taken as the axioms of the algebra of programs.
Whereas functional programs are variable-free, these algebraic laws
have variables that range over functional programs. For example, the
law

(f.glech = [feh, goh]
asserts that for all programs f, g, and h the composition on the left is

equal to the construction on the right. Thus these laws with free pro-
gram variables are similar to the axiom schemata of mathematical logic.

The second category of statements, the derived rules, are those
identities that follow from, i.e. can be proved directly from, the alge-
braic laws. We will give an example below.
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Finally, the expansion theorems are algebraic statements that give
nonrecursive forms for programs that are defined by recursive equa-
tions. For example in [BA 79] Backus proves the following:

Theorem (Linear Expansion). If
f =p-qHf,
H is 1-preserving, and

H is "linear", i.e. 3 H; such that for all a, b, and c,
H(a - b; c) = H;a - Hb; Hc,

then f = p - gq;..;H;"p » Hg; ...

The meaning of an "infinite conditional' such as this is taken to be
the limit of a chain of partial functions as follows:

Definition If f; = py » qg; ... 5 p; > Q3 &
then py - qg; ... 5 p; + Qj; ... = limf;

In the remainder of this section we give the flavor of this algebraic
approach by considering some examples. We will use the following
algebraic laws without further motivation; arguments justifying their
adoption as axioms can be found in [Ba 78].

(A1) he(p - f;g) = p - hef; hog

(A2) (p = f;g)eh = peh =+ foh; goh

(A3) Afolgys s 8upq] = fol 4felgys o 8ul s 8hypd]

(A4) Afolgl = g

(AS5) [a,b]lec = [aec, boc]

(A6) 1o[a,b] = a, in the domain of definition of b
(A7) 20[a,b] = b, in the domain of definition of a

(A8) a-(a->Db;c);d = a->>b;d
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(A9) afcapndle[a, b] = apndle[fea, af-b]

(A10) /feapndle[a, b] fofa, /feb]

(A11) aob a , in the domain of definition of b

These are but a few of the many algebraic laws that can be inferred
from the definitions of the combining forms. Indeed, one of the prima-
ry criteria for the inclusion of a combining form in a functional pro-
gramming language is the extent to which its interaction with the other
forms exhibits nice algebraic propertics. Consequently, the set of
generally applicable laws that can be obtained for functional program-
ming languages is relatively rich compared to those that can be ob-
tained for conventional languages.

As a simple example of how these laws can be used to reason about
a program, recall the definition of our program to compute the length
of a sequence,

def length = /+ ¢ al

We will prove that appending an element to a sequence increases its
length by one. This is expressed in the algebra by the statement

lengtheapndle[a, b] = +¢[I, lengtheb] when a is defined .
That is, we need to show that for all functions a and b and for all
objects for which a is defined, that the function lengtheapndi-[a, b]
is equal to the function + o[1, lengtheob] .

length-apndl-[a, b]

= /+oaleapndl-[a, b], by def of length

= /+oapndle[Tea, alob], by (A9)

/+oapndlo[1, alob], by (All) since a is defined

#o[T, /++aTeb], by (A10)

+9[T, lengthob] , by def of length.
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These laws can be used not only to prove specific properties of
programs like length, but also to prove many general theorems about
functional program equivalence. As an example, we consider the
following theorem from [Wi 80], which relates the powers of construc-
tion to the combining form insert left. (The nth power of a function x,
xM, is defined to be xex™! forn > 0, and id for n = 0.) This theo-
rem can be used to rewrite any of a large class of recursively defined
programs that accomplish iteration by means of tail recursion, regard-
less of the particular types of data objects or primitive functions in-
volved. We will state and prove this theorem and use it to transform a
sample iterative program.

Theorem 1. For n > 1 and all programs f, a, b and ¢,
[f,ae2]%[b,c] = [{fe[b,c,acc,..,a%lec], atoc] .
Proof: (By induction on n)

Basis: n=1.
[f,a°2]s[b,c]

[fe[b,c], ac2-[b,c]l  (by (AS))

[fo[b,c], aoc] (by (A7) if b is defined
by L = 1 otherwise)
[fe[4fe[b], c], asc] (by (A4))

[4fe[b,c], asc] (by (A3))
Inductive step: For ease of notation define E to be:
E = [4ffe[b,c,acc, ..., al-loc], alec]

Then
[f,ac2]r+1o[b,c]= [f,ac2] o [f,ao2]? o [b,c](by def of x1)

= [f,as2] - E (by induction)

= [f°E, ac2-E] (by (A5))

= [foE, acaloc] (by (A7) if b is defined
by L = 1 otherwise)

= [foE, af*loc] (by def of x")
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= [4f<[b,c,acc,..,amec], a™*lec](by (A3)) QED

We stress that the validity of this equation is independent of the
properties of the particular programs f, a, b, and c. The theorem
follows directly from the properties of the combining forms construc-
tion, insert, and composition.

Consider now the problem [Di 76] of finding the index of a maxi-
mum of a function g on the interval 1:N, i.e. of computing k such that
1 £k £ Nandg(k) > g(j) for1 £ j € N. Since the functional pro-
gramming style has no nondeterministic control mechanisms such as the
do construct of [Di 76], we will also require that k be as large as possi-
ble. Then a possible solution in the language of guarded commands is:

fN > 1 and g defined on (1,...,N)}
k,j:= N, N-1;
doj>0 =
if gk) > g())  ji=j1
0 gk <g(i) - k ji=j,j-1
fi
od {for 1 <i < N, g(k) > g(i) }
with loop invariant
0<j<k<Nand(forj<i<N,g(k) 2 gi).

While such an iterative approach is not in the functional style, we
can transliterate this program into the language of functional programs
by building a sequence to represent the "state" (k, j) and by using tail
recursion to mimic the loop. Thus (assuming that g is a program to
evaluate the given function) we can express the above solution as the
composition
(1) iter < [id,s]
where iter is defined to be the solution of the recursive definition

(2) defiter = eq0e2 - 1; itero[2max, s2],

and 2max is defined (for notational convenience) to be

87



NOTES ON THE FP STYLE OF FUNCTIONAL PROGRAMMING
(3) def 2max = (geeo[gel, go2] » 1;2)
Now the recursive definition of iter is of the form
f =p=qHf

where p = eq0°2, q = 1, and Hf = for, and where r denotes the
function

r = [2max, so2].

I!Ioreover, the form Hf = for is linear in f with H;f = Hf and is
1-preserving, so according to the linear expansion theorem, f can be
expressed as the infinite conditional
(4) f =p-gq..;H"p > Hlg; ..
or
(5) f = p->q;..;per® = qor?; ... .
Therefore, our program (1) can be rewritten as
(6) (p—>q;...;per® » gor™; ...) » [id,s].

Now using the abbreviation
(7 G = [2max, s-2]% [id,s],
we can write the general term of (6) as
(8) €q0:2:G » 1-G .

Using Theorem 1 with f = 2max, a = s, b = id, and ¢ = s, we can
rewrite G as

9) [i2maxo[id,s,sz, .., 1], s0+1],
Therefore,

eq0:2:G = eqOos"tl
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and 1-G = /2max-[id,s,...,s"],
so that the general term of (6) can be rewritten
(10) eqOos™+! & 4 2maxo[id,s, ... ,s"], or
(1) eq(n+1) = /2maxereviota,

where for each n, eq(n+1) is a predicate that is true if its argument is
the integer n+1 and reviota is a primitive that, when applied to an
integer m, yields the sequence <m, m-1, ... , 1>. Therefore, we can
rewrite the infinite conditional (6) simply as

(12) 4 2maxereviota

since by (11) all of the consequents of (6) are identical, and (12) is
defined if (6) is. Thus we have started with the transliteration (1) and
transformed it into the more representative functional program (12) by
using the algebraic approach to reasoning about functional programs.

This example illustrates some of the advantages of this approach
over the more conventional methods of reasoning about programs.
First, we did not have to map program (1) into some other domain of
discourse such as mathematical functions [Ma 73] or predicate trans-
formers [Di 76] in order to reason about it. The language we used to
reason about the program was just the language of functional programs,
therefore the programmer who wants to reason about (i.e. to under-
stand programs has a single language to master.

Another advantage of this approach is the relative generality of the
provable theorems. For example, Theorem 1 can be applied regardless
of the particular programs chosen for f, a, b, and ¢. Because the com-
bining forms of conventional languages (blocks, repetitive loops, and
subroutines) have comparatively few of the mathematical properties
enjoyed by functional combining forms, proofs of correctness and
equivalence for conventional programs typically are specific to one
particular program and are not easily generalized.

Section 4. The Formal Functional Programming Language, FFP
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In this section we describe the FFP language defined in [Ba 78],
and we show how it can be used to realize all of the notions in the
informal FP language we have been studying. In particular we define a
mapping from objects and functions in FP into formal expressions in
FFP, and we extend the work of [Ba 78] by giving an algorithm for
producing formal representations for arbitrary recursively defined FP
functions. First we review the FFP language, giving its complete syntax
and semantics, and then we show how it can be used to realize all of
the notions of FFP.

The syntax of FFP is specified as follows:

1) Given a set A of atoms, the set E of expressions is recursively
defined by:

a) 1 isin E ("bottom" denotes the undefined object as in
FP),

b) A is contained in E (all atoms are expressions),

¢) if ey, ..,e, arein E and e # 1, then <e;, ..., e,> isin
E, (all. sequences of non-. expressions are themselves expres-
sions, and, as in FP, the sequence constructor is L-preserving).

d) if e; and e, are in E, then (e;:e;) is in E, (this is a new
constructor for denoting the application of one expression to
another).

2) An expression that does not contain any applications, i.e. an
expression built without using clause d) above, is called a constant, and
the set of constant expressions is denoted C.

The semantics of FFP is given by a meaning function g that maps
every expression into a constant, i.e.

wE > C .

In presenting the definition of ux we use an auxiliary function p(x)
which can be read, "the function represented by the atom x." The
definition of p will follow that of u. We give the definition of pu(x)
by cases on the form of the expression x as follows (the parenthesized
line numbers are simply for later reference):
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plx) =
(gl) x=1 » 1
(B2) xeA - x
(3)  x=<xq, 0o, x> = <plxq), ..., plxy)>
x = (:z) -

y=1r > 1

(ud) yeA » plp():u@)
(ILS) y = <.V1, ses ayn> - F-(YI:<}’, Z>)
(p6) p(pn(p):z) otherwise .

Given this definition of g we make the following observations:

a) The meaning of an atom is just itself (line x2). Note that in most
languages the meaning of an atom depends on the contents of some
environment.

b) The meaning of a sequence is the sequence of the meanings of its
constituent expressions (line p3).

c) Note that a) and b) imply that g maps all elements of C into
themselves -- thus the name "constants."

d) The meaning of an atom applied to an expression (a:e) is gotten
by first applying the function represented by « to the meaning of
e, and then taking the meaning of the result (u4). Notice that this
makes it possible to include an "apply” function,

apply:<e;, e,> = (eg:e,) ,

something that couldn’t exist in FP, since there functions map ob-
jects into objects, and (ej:e;) is not an object. In the definition of
p we let p(APPLY) = apply.
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€) The meaning of a sequence <y,, ... , y,> applied to an expres-
sion e is the meaning of the first element of that sequence applied
to the pair -- sequence and expression (uS). Backus calls this the
rule of meracomposition, and it is this clause in the definition of g
that allows us to represent combining forms and recursive functions
without the need for any environment maintaining mechanism.

f) As with Lisp [Mc¢ 60], if in (y:z) y is not the representation of
some known function, then it is evaluated, and that value is applied
to z (u6).
The auxiliary function p has the functionality
p:A -+ (C~-E) .
That is, p maps atoms into functions from (constant) expressions to
expressions. In specifying p, we will use an FP-like notation for

describing functions from C - E. For example,

o(NULL) = null ,
p(TAIL) = tl,

and so forth for each of the primitive functions of FP.

The combining forms can also be represented by a (finite) collec-
tion of representing atoms, due to the nature of the metacomposition
rule. For example, we can take <CONST, X> to represent the con-
stant combining form of FP X, by defining

p(CONST) = 21,
since if y is some constant non-1 expression,
p(<CONST, X>:y)
= p(CONST:<<CONST, X>, y>)
= p(p(CONST):u(<<CONST, X>, y>))
= p(2:1:<<CONST, X>, y>)

= p(2:<CONST, X>)
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— ﬂ.(X)

=X

Similarly, we can represent the combining form construction by
defining

p(CONS) = aapply o tl o distr

Exercise 5. Show that with this definition for p(CONS),
p(<CONS, TAIL, ID>:<A, B>) = <<B>, <A, B>> .

Exercise 6. Define p(COMP) so that <COMP, G, H> will correct-
ly represent geoh if G and H represent g and h respec-
tively.

Exercise 7. Define p(ALPHA) so that <ALPHA, G> will correctly
represent ag if G represents g.

At this point we have reviewed Backus' definition of the formal
language FFP and we have seen how he used it to represent the ob-
jects, primitive functions, and combining forms of FP. In particular, we
have seen that the rule of metacomposition enabled him to represent
the combining forms of FP as FFP sequences. In [Ba 78] he also
states, "in addition to its use in defining functional forms, metacompo-
sition can be used to create recursive functions directly without the use
of recursive definitions of the form"

def f= Ef,

and he shows by way of example that the object <LAST> will cor-
rectly represent the FP function defined by:

def last = null-tl - 1; lastetl

if LAST is taken to be the FFP object that represents the
(nonrecursive) function

nulletle2 = 122; APPLY-[1, tl=2].
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One can verify that the meaning of <LAST> applied to the sequence
<A, B> isindeed B, i.e. that

m(<LAST>:<A,B>) = B
and in general that
p(KLAST>:<xq, ... , x,>) = x,
when <xq,...,x,> is a constant expression of FFP.
For example,
p(KLAST>: <A, B>)

p(LAST:<<LAST>, <A, B>>)

p(p(LAST):p(<<LAST>, <A, B>>))

= u(p(LAST):<<LAST>, <A, B>>)
= p((nulletle2 + 1.2; APPLYo[1, tlo2]):<<LAST>, <A, B>>)

= p(APPLY[1, tlo2]:<<LAST>, <A, B>>),
since nulletle2:<<LAST>, <A, B>> = F

= p(APPLY:<<LAST>, <B>>)
= p(<LAST>:<B>)
and one step of the recursion is completed.

It is remarkable that by using such a simple device as metacomposi-
tion Backus was able to represent such recursively defined functions
without relying on the existence of the (rather complicated) Y combi-
nator of [Ch 41] and [Cu 58] or introducing into his system an addi-
tional mechanism to maintain an environment of name/value bindings
and a special "labeling" form as was done in Lisp [Mc 60]. In fact, so
powerful is the added environment of Lisp that the introduction of the
special form LABEL is actually unnecessary. To represent the func-
tion defined by
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DEFINE (LAST (A (X) E; sg7))
we can use the pure Lisp expression
(A (X) ((A (LAST) (LAST X)) (QUOTE (A (X) Ej ogT)))
instead of the special form
(LABEL LAST (A (X) E{ sg7)) -

So it is noteworthy that metacomposition enables us to represent the
function "last" without the use of any added environment-maintaining
mechanism.

However, the defining equation for "last" is an example of a partic-
ularly simple class of recursive forms -- the so called "tail recursions",
and it remains to be shown that the existence of the FFP object
<LAST> is not just due to some special properties of tail-recursive
equations, but rather that all FP functions can be so represented in
FFP.

We extend the treatment of [Ba 78] by giving a general algorithm
for producing FFP representatives for arbitrary, recursively defined FP
functions. In doing so, we will have demonstrated the universality of
FFP, since all partial recursive functions can be defined in FP. (That
all primitive recursive functions can be defined is clear. The min opera-
tor px:R(x) of [KL 52] can be realized by the defined function

Def least = R - id; leasto++[id, T]
since then px:R(x) = leasto0 .)

We will first give the algorithm for functions defined by a single
equation and then generalize it to include functions defined by sets of
mutually recursive equations. In order to show that every function
definable in the informal FP system can be represented in FFP, we
must give some representation-producing mechanism « that maps the
domain F of expressions denoting functions in FP into the domain of
FFP expressions such that

VfinF, p(z()) =f .
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Note that = will be a purely syntactic mapping from expressions in FP
to expressions in FFP.

Recall that there are three types of functions in the FP system:
1) primitives P,
2) the closure of P under the combining forms, and

3) functions defined by (recursive) functional equations.

For functions of type 1) and 2) = will produce the representations
chosen by Backus, which we have described above. For example,

7(tl) = TAIL
(1) =1
m(nulletl) = <COMP, NULL, TAIL>
#([id, atl]) = <CONS, ID, <ALPHA, TAIL>>
7(3) = <CONST, 3>
etc.

We will make one modification to the representation of [Ba 78].
Since the sequence constructor of FFP is 1-preserving, we cannot use
<CONST, x> to represent x for all objects x. Notice that while the
object <CONST, 1> will correctly represent the function <+, a func-
tion such as

zerofilter = eq0 - id; 1
is not correctly represented by the FFP object
<COND, EQO, ID, <CONST, 1>>

since the presence of 1 reduces that object to 1. We will use the
object UNDEF to represent the FP function 1.

For functions defined by a recursive equation we define = as
follows:

Definition If f = Ef is a recursively defined FP function, where E is
built up by applying combining forms to primitive functions and
the function letter f, then w(f) is defined to be the FFP object
<7mi(Ef)> where 7(Ef) is the FFP object that results from
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applying the following representation-producing algorithm =; to
the form Ef.

In describing this algorithm we will use a shorthand notation to
clarify the exposition. Since we know that all primitives and their
closures under the combining forms have representing expressions in
FFP, we will frequently use a more readable FP-like notation to denote
those FFP representations. For example, instead of <COMP, TAIL,
2> we will write tlo2, and instead of <COMP, APPLY, <CONS, 1,
2>> we will write APPLY-[1, 2].

Algorithm (Representation-producing) The FFP representation of a
form Ef with respect to the function letter f, m;(Ef), is constructed
recursively by cases on the structure of Ef:

Form of Ef FFP representation of Ef
p(pinP) pe2

f APPLY

X x if x # 1, else UNDEF

Pf > Qf;Rf  w(Pf) » m(Qf); m(RS)

[Pf, Qf] [7¢(Pf), m(QN]
Pf-Qf 7e(Pf)=[1, 7(QN)]
a(Pf) 777

Exercise 8. Define the FFP representation of the form «(Pf) .
To illustrate the use of this algorithm, recall the definition
def last = nullotl » 1; lasteotl
Then the FFP object representing last is <LAST> where

LAST
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7.5 (E(last))

= m,(nulletl » 1; lastotl)

= Tg(nulletl) » o (1); 7, (lastotl)

= mp(null)e[1, "Tlast(tl)] »> T (1); 7, (lastotl)
= (nulle2)e[1, tle2] » 102; 7, (last)e[1, =, (t])]
= nulle2e[1, tle2] » 12; APPLY-[1, tlo2]

= nulletle2 - 102; APPLY[1, tl-2],
since defined-2 implies defined-1,

which, as we have seen, is exactly the expression chosen by Backus in
[Ba 78].

To prove that <m;(Ef)> always correctly represents the function
f defined by

def f = Ef

we must show that p(<m(Ef)>) = [,
i.e. that for all objects x, p(<7(Ef)>:x) = fix
or equivalently (according to the definition of metacomposition) that

p(m(Bf):<<m(Ef)>, x>) = fix .

We will not give the formal proof in these notes. The interested reader
can find the details in [Wi 81].

Thus we know that even very complex functions can be represented
in the FFP notation. For example, the non-primitive-recursive
"Ackermann function" defined by

def ack = eq0e1 - ac2; eq0o2 = acko[se1, T];
acke[se1, acke[1, so2]]

(recall that a and s are primitives that, respectively, add and subtract
1) is represented by <ACK> where, according to the algorithm,
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ACK
= 7, (E(ack))

= 7, (eq0e1 - a02; eq0-2 - acke[se1, T]; acke[so1,
acko[1, so2]])

= m,(eq001) » 7 (a°2); 7, (eq0°2) - =, (acke[se1, T]);
7oe(acke[se1, acke[1, s°2]]))

= eq0clo2 » a0202; eq002:2 » m,,(acke[se1, 1]);
7,oc(acke[sel, acke[1, so2]])

=eq0ole2 » a02:2; eq0o2:2 - APPLY[1, [sc1+2, T]];
APPLYo[1, [se102, APPLYo[1,[122, 52202]]]]

To construct representations for functions defined by mutually

recursive equations, we revise the representation producing algorithm as
follows.
Algorithm (Extended representation-producing) If D is an ordered set
of n atoms denoting defined function names, then the FFP representa-
tion of a form E with respect to the set D, wp(E), is constructed
recursively by cases on the structure of E:

Form of E FFP representation of £

p (an atom not in D)  p-2

f; (the ith element of D) APPLY¢<[[i, 1, 2,..., n]eTAIL-1, 2]

X X if x # 1, else UNDEF
P~ O;R mp(P) » p(Q); 7p(R)
[p, 0] [rp(P), mp(Q)]

PoQ mp(P)e[1, mp(Q)]

(Note that 7 is just the same as w; except for the case E = f;.)
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Then given a set of definitions for the n functions f = {f}, ..., f . }:

def f; = E,f
def f, =Ef

we will choose for «(f;) (the FFP representation of the function f;)
the (n+1)-element sequence

<F;, F{, Fy, ..., F >
where F; = wp(Eff) for 1<ig<n.

To show that these objects correctly represent the defined func-
tions, we need to show for all objects x and FP expressions Hf (i.e.
functions built up from the primitives and the functions f; by the
application of combining forms) that

w(rp(Hf):<ENV, x>) = Hf:x ,

where ENV is taken to be any sequence of n+1 elements whose
(i+1)st element is the representation of the ith defined function and
whose first element is any arbitrary FFP object. Again, the interested
reader can find the detailed proof in [Wi 81].
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