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1 Justification for the Simplification Algorithm 

All ObK11tt 0010: Fune{•) Is an u:preuiOD that Is gunrruneed 10 be a function that Is SEF. 

Our name, are dirided Into t'4'0 ~: tht function n:w1e1 and ,be. ruunes th.At can stand 
!or an1 •&Jue. 'l'.be nam .. that can nand for any value will UIUA!ly be dcnottd br x. During 

the Fw,c p,oce1•10g. Fllll• may MiWllt UtAt & ruru:t1011 oamt IJ a £unction but may only 
assum• that oat of lbt other names Is a SEF e,pre,sion. 

Thru.out t.lw note, lt wimmtd tlw the upn'Sslon >.{L)• do.. NOT <Ol'tte the • 10 

Fllll<{•). This l&Jlgoag• restrlaiou (wht!n adopttd) wW bt t&lcen ur, or by the paner. Thia 

Is a ttdmle&I advan~e IO the simplifier Wice it will no, have to explicitly do th• _,cion. 

For eDmJ>le, no< h&vi.ug this reslrialon allow• the slmpllfier to recum more easn) sin« 
IIOI ..U 111bapres.slo,u of a function llXJ)Teuloo need be funcliODS (e.g. ·3 ). 

Theorem J.J 

.4,.smc llroJ p•tttm P maku the thfinat,onx {det p1 •s . . . dtf Pa ~ •a}. Tho1 

.l.(P)?"' {.l.(LJl!iP,:1:/p,, ... ,p.~ Pa!) •hue 

Proo(: ThiJ ,eem, Ukel1 to be true. C 

Nolt: It Is as1wn,d th&t IJ.f: t produc•1 J..n tr t IJ not a pair. 
Recall that C = CC: 2. 



Lemma l.2 
Ld P1t ... , ,., Gt 1 ••• , c. be 4rbitrary ezpru11on, wtlh oil tht e:qru.-son, P lt •••• Pa hat.'lng 

no occartnct1 of anr ont of tht fonction namt6 g 1, ••• ,g.. Th<.n 

!: vb•r• {d•t t, = F1, .. dot ta: Pa d•! g, ~ O, ..• d•t g,,:: 0,.} 
., (E v.bu:e{d•1 g1 .,, 01 •.• dot g. = 00 }) vhoro {dl1 t, = Ps •• ,clot fa - Fa} 

Proof, Tb!, follows ea!lly by compulliqi the mCllnlng• or ,h~ two expr!Uio111. o 

Lc!tn,11\il 1.3 
Ld P,, ... ,F. be arbitrary ,n;pru.,ion, """" of 11J11ch ha1:< any o«1<1"<'11U of tht name._ 

Then 

~(1.)(£ vbo.ro {dot f1 ii F1, • • dof fa= Fa}) 

~ (~(1.}E) vbuo {dot f1 =Ft, . . dot fa= Fa} 

Proo£: This Collowa easily by computing 1he meanings or uu, two expression• a 



Lemtnn 1,-l 

Lei G1, ... , Ga ~ orb,trorp apreuion.,. Then 

.l.(z.)(t vh•r• {de-f g1 = C1 • • • def g,, - C,.}) 

= ( .l.(x.)&:g,:1/g1, ... ,g,,::r/g,.'. ) vh•r• 

{ 

def g. ;a duar-{.l.(:r )(Funo(C.)(g1:z/g1, .•• ,g,,:z/g,,1)) 

} 

F11rthennorl!, 1n lh, R.HS uprrs•wn, ,.,,,, 1h41 g,: z 1.c on FSEF for any SEF" pronded 

lhu dou nol C41Ue delay to lit ophmtud a••ov, 

Proof, This lemma Is too complkated to pM!ibly be false. □ 

As Ala noted, the delay Is really needed In the pr~1oU! li,mma. Here is a counU)rru.­

ample if the delay is not inclnded. 

.l.{x. )(g vbar• {dotf g ;a g} )-:: ·111. 

but .l.(z.) g::t)) vhue {d.e! g = .l.(:r.)(g::r)} ;a:,~. 
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Theor~111 1.6 

£al FI' ••• ' P., a,, .... a. be a,b,trarfl t%prr.a.,o,.. 1111th o)/ ti,, ~(111()111 ,, ' .... Pa hann9 
no occurcnca• of any 011c of the f,,nct,on nam~, x,g

1 
• la- Thao 

A(x.)( E vh•r• 

{ 

) ) 

dot t, = P1 .. . de! ta - Pa 

d•f g1 = a, def g. Ac,, 

_ ( A(x.)Elg,:x/g,, ... ,g.:x/g.J) vhore 

{ 

dot fr:Pr ... def t.=Pa 

dot g, ::: dela,:(A(x.)(Pw,c(C1)'.S,:rfg,, .. ,g.:,r g.~) 

} 

Fr.rthm-more, m the RUS ap~u,on, not~ 1h01 Si' x .., Cln FSEF f« 2'1!7 SEF x prori4,,s/ 
this does not ca11,e del-.y /Q be apln1tiud avav. 

Proof: Easily follows from lhe prevloll.!I Lemmas a 



The following con,enllons Me used 

"l! a. S£F and tha1 does 001 depend on x 

bis a SEF for &nl' SEF " 

f is a FSEF and that does not depend on " 

g is a FSEF for a.ny SE..F x 

1 ls a patun gl\llng names to " 

y is an arbitl\J')' expression (not even assumed 10 be SEF) 

>..(l)y produces .Lorr if the pauem 1 produces a non-true I\DSWer 

Btte are some delinltions. 11 1, =eel that ~ ,,.,. b produced if lhe argwnen1 does 001 

ha.-• the mdicated Conn. 

GU:i:g:(,., ... ,"1) = g:11.._ ...• ~ 1):-.:, 

CC::i:g:~,: ... ½:: g:1<1,, .. •1) for i ~ l 

C = CC:2 

Definition t.G 

A jr,nclltm 1 is n -cfutribulive ,fl 
1: gi, ... ,g,.)oSaf• g0 = f: g, oSaf•:~,·-·•&ooSll!•:go) for all fun.etu,ns 

gi_, ... ,g.,go. 
A fan,:IIDfl f u dlltrlbutlv• •D ti u n -dutnbulnw Jar all n. 

~Ote 1ha1 ,ona ii dil1n"bu1.he, ,ond ii 3 -dlstrlbuthe, and f' Is di~l rlbuth·e for all 

fnncuo.111 t. 



Here are some Interesting fncu. 

Lem llUi 1. 7 

J. U:(C:g) I> g 

2. C: (U: g) = delay: g 

3. 00:i:(C:g) = gora:i 

•· OC:i:(C:g) = GC:(i + 1):(gora:(i + 1)) /qr 1 ~ 2 

5. U:gora:i s CU:i:g 

6. (>.0 ([l1, ... ,I1ff)y)0Sa:f•:s1ora:(i + 1) ,\0 {[11, .. ,11,tt.l)y 

7. (>.0 (1(1., . .. , 11-1I, I!)Jy) o ra: i = >..(ix., ... , x,_1, I 1,)y 

8. U: (GC: i:g) I> GC: (i 1 ): (go Sa:f e: ( al o ([s1, s2j, tl o tlj)) fer~ ~ 3 

9. if 1. is n -di1lnbut1ve, then 

>.0 (I)(f:(g1,• . . ,g.)) I> C:( f:(O:(,\,.(I)g1), ... ,1i:(.l_(I)g.)) ) 

JO. ,\0 (X)(f o g) I> C; ( 1. o 0: (,\0 (1)g) } 

11. >.1 (X)(g,og2) l>C:( ((>.1 (X)g1)oSllf•:s1) :' (U:(>..(I)g, I ) 

12. ,\0 (X)(K:b) l>C:( (.\0 (I}b)o(So:fe:sl) ) 

Proor, All cases excepi case 9 are left 10 the reader. Not~ 1"8.t since g; is f'SEF. i1 

follows that >..(I)gi I> delay: (,\0 (X)S1)-Thus, the following hold! for cy nit.- •· 

(,\ 1 (I)(f:(g1, ... ,g.,))}:t 

= 1: ((,\ 0 (I)S1): t, ... , (>.0 (I)g.): t) 

I> f: (dolay: (>.0 (I)g 1):t, ... , delay: (.\0 (I)g.): t) 

:a f: (C: (U: (.\0 (X}g1 }): t, ... , C: (U: (,\0 (I)g..l): t) 

5 f: (U: (>..(I)Si) 0 [·t, id],. , , u, ( >..(I)g.) 0 l -•. 1dj) 

,,. ,., cu,(>..(xJs, 1 •... , u, c>..cxJg.)) • r •. •di 

- C: (1: (U: (,\1 (IJg, ), ... , U: (.\o(I)g.))): • 

From this lt follow, thnt ,\o(X}(f:1g1, .... g.1) ■ C:(t:\U:( \.(I)g,), ... ,U:(,\.(I)g,.))). D 
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Here are some 111ore lntc_res1lng fac11, moslly applicable 10 iht generAI case. 

l. (J,.(l)y) o Sa.ta: ai o Sa.to; (A: (ialu: j)} e .\a([tt, .• , tt, 1, tt, •• , tt J)J 

whert 1 occura In po1ilioo i 

2. O:(K:g) goSa.te:a2oSLf•:(A.:iapair) 

3, GU:i:(K:g} - goSLf'e:aioSLfa:(A:(lslen:i}} 

4. U:(g1:'52) :!a (&to Sa.te:s1 o Sa!•!(A:i1pair)) 

:' (g2 o Sa.fe:ol o S.a.fe;(A.:upa.u:)) :' Sa.te:a2 

S. CO:i!(g1:'&2} = (&1 oSa.ta:slora:1)) :' (g20Sa.fe:alora:i)) ·• Sa.f•:si 

Here are some prellmln&ry resulU thAl help in Lhc Abst.rnuor. 

I. ),~(I,) ... .\~(10 _,))..(I.)J 1> GC:n:(.\.([I1, ... ,1 0 1)1) for n ~ 2 

2. ),~(11) ... ).~(I •. 1)(delay:("-(lalYll 

l>GC: (n + 1): (CO: (n + 1 ): (>..(11,. ... , x.j)yl) for n :2:. 2 

3. dolay:(),a(l)J} = C:(O:(>.a(I)J)} 

4. )..(I)(y,:y,) = ()..(I}y1):'(>..(1)J,) 

5. >..(l)(\y,. ... ,Jo)) a "-(I)yi, .. ,>..(l)Jol 

6 . .\a(l)(a) I> K:& 

7. )..(111, ... ,I.])(x) I> (>..(11)(x))0Sa.te:s1 i!I 1 gives a definition 10 • 

8. >..(x.)x :s id 
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Using Lemma 1.7, lh~ following facu rnn be established for all i? 2. 

if f = oond and n = 3 or f = oono or f bas the form lift: 10 , ,hen 

,\ 0 (X}(f:(g1, ... ,g.)) t> C:(f:(U;(~(l)g,), .,tl:(,\ 0 (1)g0 )) 

GC: i: (Aa(I)(t: (g1, .•. , g.))) t> 

GC:(i + 1):(f:(GU:{i + 1):(,\ 0 (1)g 1 ), ••• ,Gtl:(i + l):(..\ 0 (1)g.)) 

U: (..\0 (1){1: (g1, ... , g.))) I> f: (U: (,\0 (l)gi ), ... , U: (~(I)g. ), 

GU: i: (,\0 (1)( f: (g1, ... , g.)}) I> f: (GU: i: (,\0 (I)gi), ... , GU: ,;{,\ 0 (I)g.) 

The special case for composition is as follows: 

,\ 0 (I)(t o g) I> C:(t o U:(,\0 (l)g)) 

GC:i: (,\0 (1)(t o g)) I> GC:(i + t):(f o GU: (i .;. t~ (,\0 (I)gl) 

U:(..\0 (1){f o g)) I> f o 0:{.>.0 (I)g) 

GU: 1' (..\0 (l)(f o g)) I> f o GU: 1' (.\0 (l)g) 

The gc.neral CMe for composilioo ii as follows: 

,\ 0 (I)(g 10&2) l>C:( (.\0 (1I,ttl)g 1) :' (D:(..\a(l)g2)) ) 

GC: 1' (~(II,, ... , Ii))(g1 O g2)) 

1>GC:(1+1):( (,\0 (ll1., ... ,li,tt))g1) :' (GU: 1.+l);(..\o(IJ&,)} ) 

O:(.\,(x)(a, O g2)) I> (.>..{ix, ••J)g,) :' (O:(,\.(l)g2)) 

GU: 1' (..\0 (fl1, ... , lt-1 ))(g1 o g2)) 

1>(A.(j1,. ... , xi . ., .-,1)81) :' (G0:1'(A.((x,, •••• x, , ! It,)) 

Here Is 1he general ci,se for K 

..\a(I)(K:b) I> C:(.\,(II, tt))b) 

CC: i: (.\0 ([11, ... , Xi})(K: bl} I> GC: (i + 1): (( .. \o{(l1, .•.. I,. t;t))b) 

U:(..\,(I)(K:b)) I> ..\0 ((1, tt})b 

GU: i: (..\0 (11., ... , Xi 1 1)(K:b)) I> ,\0 ((Ii, ... , I1. 1, ttl)b 



Her• Is bow th• general cast £or hanclling th, Rlght hnnd-sldH. 1n tbcs• rulH, ,\~(l)y 

nands for either >.a(l)y or delay:(l.(l)y). 

>.~(1,) ... >.~(1. 1),\.(I.)y t> GC:n:(>-.(ftx., ... ,I.J)J) for n" 2 

l~(I1) ... l~(la-1 )(delay: (la(Ia)J)) 

t>GC:(n+ l):(GU:(n+ 1):(,\0 ((11, ... 1.l)y)l for n 2 2 

delay: (,\1(1)y) !! C: (U:(,\1 (l)y)) 
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Here i5 general ra.,e for the A bsua.c1or for i 2: 2, 

Lambda 

,\ 0 (Ii)..\ 0 {X2)y EC: (..\.(fl 1, I2l)y) 

CC: i: (A.([11, ••• , Iil)A.(Io}r) = CC: (1 t 1 ): (A.(IX,, ... , 11, IoJ)y) 

O:(Aa(I1)A0 (I2)y) = ..\0 ((11, l21)y 

CU:i:(Aa([X,, ... ,li-1))..\a(Io)Y) E ..\a{ll,, ... ,11 ,.Ioj)J 

Appli<alloo (no special opLimlza1lon ro, cc ) 

..\a(I)(y,:y2) = (Aa(X)71):1(..\a{X}72) 

U:(..\a(I)(y,:y2)} = (,\0 (11, t-i:J)y,) :' (,\0 ((1, ttlJy2) :' Suo:s2 

GU:i:(A.([I1, .. ,,X1-1J)(y,:y2}) = 

(..\ 0 (fI1, .. ,,I1-1,tcf)y1) :' (..\0 (11,, ... ,1,_,, tt)l72) :' Sa.te;s~ 

Srquences (No Special oplimi•atlons) 

Atoms - no sprdnl opt1mJ1alJons. Fre<i functions ba,e some op1imiu1imis (but none for 
cc ), 

..\a(I){a) I> K:• 

U;(..\.(I)(t)) I> 1 o Sue:o2 

CU;i:(,\0 (1)(.t)) I>! o Su•:ai 

Functions symbols g that depend on x1 , ... ,x4 with n :?'. 1 ha,-.. no <p,cial Optimbation 
for GC . 

..\a(I)gs. {goA 0 (I)x1) :' ..\0 (X)x2 :' ... :' Aa(I)>a 

U: (..\a(X)g) =(go -\a(II, ••J)x 1) :1 (..\ 0 (11, ••Jlx 2) :' ... :' (.\.l{I. ttl)x.) 
:

1 Sate:a2 

CU:1!(..\.((1,, ... ,11_,f)g) = (go..\.(11 1, .. ,11-1, tt)lx,) ·• 

(..\.(llx,, ... ,11 1,ttl)•2) :' ... :' (.\0 (i1., ... ,1,.1,••J)x.) 
:' so1., ai 

A.(11,, ... ,I.i)(x) t, (..\0 (I1)(xl)0Sa.t.:ai ifl 1 gh,•• n dilinition 10 • 

,\,(x.)x = id 
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llecall 1hat aplit:i!(1., ... ,1J) ;a ((1., ... ,11),(x1~1, ... ,x,) for 1 :5 J• 

Here 111e some rewrite rnll'S 10 me in the rewriter: 

I. U: id I• apply 

2. U:g t> (goSa.fe:sl}:'(Sa.fe:s2) 

3. GCa:(GC:j:g) = CC:(i t j - 1 ): (a o Safe:(al o split:i)) 

4. Sa.fe:(11.osl osplit:j) t>Saf•:•1 

5. Sa.f.:(sios2ospli<:j) l>Saf•:(•:li• j)) 

6. C:g:b gof·b,1d 

7. CC:i!g:bE CC:(i 1):(goSaf•:(alof'b,id))) for i,?: 3 

&. C:(O:g) l! dsl.ay:g 
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Exnn1ple 1.8 
fn the course of thu euimple, the effect, of Theorem I. I ore ignored. C111en the progrom 

>.(x1.p1)>.(x2.p,)E 

the parser produces 

Pl - >..(x,.)(p2 - >..(x2,)E; •2); ., 

S,mplificallon pro«eds on tM rrue,orm os follows: 
>..(x 1.)(p, .... >..(x2,)E; •2) 

_ C: (0: (>..(x 1.)p2) • 0: (>..(x1,)>..(x2,)E); 0: (>..(x,.)•2ll 

_ C: (p, o Sate: s2 - U: (>..(x,.)>..(x2,)E); •2 o Safe: a2) 

- C: (P2 o Sa!e : s2 - >..(Ix,., x2,J)E; •2 o Sa!•: s2) 

Thus rhe orig11uu program 

>.( x, .p,)>.(>:2, p,)E 

i.! turned ,nto the progrom 

pr - C: (p, o Sa!•: s2 - >..(Ox,., x2,))E; •2 o Sa!e: a.2); •1 

111/,ereas rhe old flmplrficat,on olgonlhn, produced 

Pl • (·p, -' >.a(x,.)Aa(x2,)E; ·•2); •1 

The nt w 1•trs1011 is simpltr ,n two u·oys. First of all, the neut t't'l'lron ues the Carry 

and 1elu:lion junctions whereas the old ucrs,on uses the K junebon awl the prune opero­

tor. Thu, the new 1•ers1on locallus Ille h1gher-ordt1T tflerls lo rhe occurences of the Carn; 

/l,nt:11011 111 conlro.Jt to the old otr&ion u•hich lutdcd to put a pnme or lild~ (and ,orn.t,m,, 

more rhan one) on pra,:ticallg cvavthmg. The second 1mprorcmcnt u perhaps • ra1 mon 

important. Lambda appco-r1 in the neu• version as the &rn')le lambda >.0([x,., x2.l) 111heT<ilS 

If appears a, rhe doublt lambda >..(x 1.).\ 0 (x2.) ,n the old ~e-rsion. n .. doable (and, sn 

general, multiple) occu~nce of 14mbda ,n 11,e old i:ers,011 meant then aa.s • polenllaJ for • 

large b/o..,.up in the .mt of the final progrom The flng/e (olbt:tl mon, compla) occan-na, 

of lambda m the 11e111 ver8Wn grcotl11 l1m1t& the potent,al for bloru-•P· 

Notice that rhe ne1t• fonn rewnle• cas,ly. For ezamp/e, ,f P2 = tt, 11 Lt an <OS!/ ta.,k 

(IIL'O •leps) for the rewnlcr to simplify 

Ps - C:(P2 o Se.fe:a2 - .\a([>:,., x2.I)&; •2 o Sllf•:s2); •1 lo P1 - C:(.\.(!>:1., x2,l)E); "' 

ILtlng olnadu e.ci>ting rule,. Howcr•er, the old fonn do.:, not "·u.ntt 10 ea,il!I· For ezampll!, 

either a nc111 nde to ezpress ,, ..., a Cumcd function or a 11e111 ralc nch as ("!:t -• 

g,;g2) = g, u.-ould hauc to be added, and th .. n,le 1s ~alid only •f g.,g2 are fi,11clron-t•11lurd 
/unchons. 
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