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1 Justification for the Simplification Algorithm

An obscure note: Func{e) is an expression that is guaranteed to be a function that is SEF.
Our names are divided into two classes: the function names and the names that can stand
for any value. 'Ih:na.muthummnd!‘mm;rnluzwmnrulljrhndmudhr:.ﬂuﬂu;
mru:pmmmg.m:m;mmthu;ﬁm:dnunmhnfnnﬂhmhmmu.ruﬂr
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Thruout this note, it assumed that the expression A(x.)s does NOT coerce the & to
Func(e). This language restriction (when adopted) will be taken care of by the parser. This
Is a technical advantage to the simplifier since it will not have to explicitly do the coercion.
memple.nu:hningmurenﬂmmﬂhwnheﬁmpuﬂumummmmmﬂrm
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Theorem 1.1
Assume that pattern P makes the definitions {def p; =e; ... def p = ea}. Then

AlPIE= [A{L]!.h::fpl,,...p,::;p.]] where
{def py = :Func(e;) ... def p, = :Func(e,)}

Proof:  This seems likely to be true. O

Note: it is assumed that U: £: ¢ produces Larr if ¢ is not & pair.
Recall that € = gC:2.



Lemma 1.2
LetBy,...,Fa,0yi,...,0n be arbitrary ezpressions with all the expressions Fy, ..., Fg hanng
no occurences of any one of the function names gq,...,8a- Then
E where {def f;=Fy...def fo=F, def gy =0;...def go = Gn}
= (E vhere{def g; =G;...def g, =Gp}) vhers {def £; =F;...def fz = Fa}

Proof: This follows easily by computing the meanings of the two expressions. O

Lemma 1.3
Let By,...,Fa be arbitrary ezpressions none of which have any occurence of the name x.
Then

Mz )(E vhers {def £y =F;...def fy=Fa})
= (M=z.)E) where {det £y =F;...det 1, =Fg}

Proof:  This follows easily by computing the meanings of the two expressions. O
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Lemma 1.4
Let Gy,...,Ga be arbitrary expressions. Then

AMxz.)(E where {def g3 =G; ... def gy =Ga})
= ( Mx)Elgsx/g1,--1Eni%/Bal ) whare
{

det gy = delay:(Mx.)(Func(Gy)/gs:x/E1s- -+ EniX/Enl))

def gy = delay: (M x.)(Func(Gs){gs:x/81.- vy Enx/gal))
}

Furthermore, in the RHS erpression, note that gs:x is an FSEF for any SEF x provided
this does not cause delay Lo be optimized away.

Proof: This lemma is too complicated to possibly be false. O

At Alex noted, the delay is really needed in the previous lemma. Here is a counterex-
ample if the delay is not included.

Mz.)(g where {def g=g})= "nt
but (A(z.)(zx)) whers {def g= Alx.)(g=x]} =at.



Theorem 1.5

LelPyy...,Pe,0y,...,0, be arbitrary ezpressions with all the expresstons Fy,
no occurences of any one of the function names Z,81s00sln- Then

A(x.)( E wvhere

{
dof £3=PF; ... det fn=Fg
dof g1 =6y ... det I = Oy
} )
= ( Mx)Elgrx/gyy. .. ga x/ga] ) vhere
{
def £ =Fy ... def In=Fy
det g = delay:(A(x.)(Func(Gy)igs:z/gs, ... g2/ 22}
def ga = delay:(A(x.)(Func(Gn)lgs:x/gs,- ... 227/ 22))
}

- ++3 Fu having

Furthermore, in the RHS ezpression, note that g;:x is gn FSEF for any SEF z provuded

this does not cause delay to be optimized away.

Proof: Easily follows from the previous Lemmas. O



The following conventions are used

a is a SEF and that does not depend on x

b is a SEF for any SEF x

¢ is a FSEF and that does not depend on x

g is a FSEF for any SEF x

1 is a pattern giving names to x

y is an arbitary expression (not even assumed to be SEF)

As(X)y produces Lgry if the pattern I produces a non-true answer

Here are some definitions. It is assumed that L .- is produced if the argument does not
have the indicated form.

gt t2) = Btz
Glig r.t'h' -1 84) = F{"lv ~eyBA-1) %4
Cigpty...5y = El%1,---T4} for 4> 1

€=GC2

T iz [Ty ey Bi) = ((B1g0 ey Biaa)y B4)
Definition 1.6

A function ¢ is n -distributive off
£: (g1, Ba) o Safeige = £:(gy o Safe: go,...,gx 0 Safe: go) for all functions
E1:::-4En:Ko-

A function € s distributive iff if is o -distributive for all n.

Note that cons is distributive, cond is 3 -distributive, and £’ is distributive for all
functions £.
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Here are some interesting facts.

Lemima 1.7

U:(Cg) b g
C:(U:g) = delay:g
G:i:(Cg)=gorai
GC:i:(C:g) =GC: (i + 1):(gorm(i+1)) fori>2
Uigorai = Gliig
(Aa([X1y. .., Xs])y) o Safecstora:(i + 1) = Au([Xs,..., X5, 52])y
(Aa(llX1y. -y Xs-a ] Xa])y) o Tasd = Ag([Xy,- .., Xi_g, Xe])y
U:(GC:d:g) b GC: (4 — 1) (goSafe:(alo[s1,s2],t1loel])) fori>3
if £ is n -distributive, then
Aa(X)(£:(81s-- 1 8a)) B C:( £:(U:(As(X)g1),- .., T (Aa(T)ga)) )
10. \(2)(2og) b C:( £oU:(\(X)g) )
1. As(X)(g1082) b C:( ((Aa(X)g1) o Sate:s1) :' (U:(As(X)g2)) )
12. Aa(X)(E:B) b G (Ag(X)b)o (Safe:sl) )
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Proof:  All cases except case 9 are left to the reader. Note that since g is FSEF, it
follows that Ay(X)gy t> delay:(A.(X)gs). Thus, the following holds for any value =.

(Aa(X)(£: (g1, -1 8a)) )%
= L {(Aa(X)ga )%y .o, (Aa(X)ga): )
b1 (delay: (As(X)g1):t, ..., delay: (As(X)ga) )
= £:(C: (U (Aa(X)g1) 1 &y - C: (U (Aa(X)2a) ) ¥)
= £:(U:(Aa(X)gs) 0 [+, 4], ..., U (Aa(X)ga) o [“%, 34}
= (U Aa(X)g1 )y« ooy Ui (Aa(X)ga)) 0 [7%,4d]
= G ({0 (Aa(X)ga )y ooy U (Au(X]ga)) )i ®
From this it follows that As(X)(£: (g1, ..., &) = C{£: @ (Aa(X)ga )y B (A X)ga))). O
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Here are some more interesting facts, mostly applicable to the general case.

1. (As(X)y) o Safe:si o Sate:(B:(islen:j)) = As([ts,.... b8, X, 08, ... ve])y
where X occurs in position i

2, :(K:g) = goSafe:sd o Safe:(Aispair)
3. GU:i:(K:g) = g o Safe:si o Safe:(A:(islen:i))

4. U:(g1:'ga) = (g1 o Safe:slc Safe:(A:ispair))
' (gzoSafe:slocSafe:(s:ispair)) :' Safe:s

5. GU:i:(g1:'g2) = (g1 o Safeslormi)) :' (gzoSaferslorai)) :' Safe:si
Here are some preliminary results that help in the Abstractor.

Lo Ma(X1). .o Ae(Xa-1)a(Xa)y b GCn:(Ae([X1yo.- Xa])y) form 22

2. Au(X1) .- AG(Xa- g )(deday: (Au(Xa)y))
PGC:(n+ 1) (60 (n + 1):(Aa([T1s-- s Ta])y)) forn =2

. delay:(As(X)y) = G (U (A(X)¥))

R

4. Ma(X)(yeey2) = (Ae(X)ys ' (Aa(X)y2)
5. As(X)({¥1s- -2 ¥a)) = [AalX)¥1,- - s Aa(X)¥n)
6. A (X)(a) B K:a

7 AsllZ1y-- . Xall=) b (Ag(24)(x)) 0 Safecsi if X4 gives a definition to x
B. Mgz )x = id '



Using Lemma 1.7, the following facts can be established for all 1 > 2.
if f = cond and n = 3 or £ = cons or £ has the form 1ift: £y, then

As(X)(£:(81y -1 8a)) b C(£: (T (Aa(X)ga), . ., T (AulX)Ea))

GC: i: (Aal(X)(f: g1y v Ea))) b
GC: (4 + 1) (£:(GU:(4 + 1) (Aa(X)@a)y- - -, GU: (4 + 1):(Au(X)En))

U (As{X)(2: {81y -+ -2 8a))) B £ (U (Aa(X)g1)s - - Ui { As(X)ga))
GU:i:(Aa(X)(£:(B1s+ -1 Bn)})) b 2:{GU:d:(Ag(X)g1),s. .., GUd: (Ag(X)gn)

The special case for composition is as follows:

Aa(X)(£0g) b C:(200:(Aa(X)g))

GC:i:(As(X)(fog)) B GC:(i+1):(2oCU:(1 + 1):(A(X)E))
U:(As(X)(£ 0 g)) B 20 U:(Aa(X)g)

GU:d:(As(X)(£ 0 g)) b £ 0 GU:d:(As(X)g)

The general case for composition is as follows:

As(X)(g1og2) B C:( (Aa(lX,tt])ge) ' (W(As(X)g2)) )

GC:i:(Ag(IX1s-. - X4])(B1 0 B2))
BGC: (4 + 1)} ( (Aal[X1e--. X wt])gy) ' (GU:(1+1):(Aa(X)22)) )

U:(Au(X)(g1 0 g2)) b (Aa([X,ve])gs) ' (U:(Aa(X)E2))
GU: iz (An([Xyy ...y Xgog]) (g1 0 82))
B(Aal[21y- -y Xiog, ve])En) 2 (GU:A:(Au([X1,.- - Taa])le2))
Here is the general case for K

As(X)(K:b) = C:(Aa([X, vt])b)

6C: s (Aa([X4, ..., Xa])(K:B)) B GC: (4 + 1):((Nal[X15- -0 B, B2TIR)
Ui (Aa(X)(E:B)) B Aa([X, t2])b

GU: 2 (Aa([X1y ooy X J)(K:D)) b AallXayo ooy Xig, w8000



Here is how the general case for handling the Right-hand-sides. In these rules, AJ(X)y
stands for either A.(1)y or delay: (Aa(X)y).

J‘HII-] . '*u{hﬂll“l{nh b “H{mlll sy Illh} forn>2

A(Xy) e  AQ(Xa- g )(delay: (Aa(Xa)y))
b6C:(n+ 1):(60: (n + 1): (Au([X1-- -, Eul)y)) forn=2

delay:(Ay(X)y) = C:(U:(A(X)y))




Here is general case for the Abstractor for 1 > 2,
Lambda

As(X1)Aa(Xa)y = C:(Aa([X4, Xa])y)

GC:d:(Aa([Xy,.. X ])As(X)y) = GC: (1 + 1):(Aal[X1y.... X4, Xo])y)
U: (Aa(X1)As(X2)y) = Ag([2X4, Xa])y

GU:4: (Aa([Xs, - - Xi_1])Aa(Xo)y) = Aa([Xs,..., X4 1, o))y

Application (no special optimization for go )

As(X)(ya:y2) = (Aa(X)y1):(Aa(X)y2)
U (Aa(X)(y1:¥2)) = (Aa(IX, tt])yy) - (As([X,22])y2) :* Safe:s2
GU: 32 (As([X1y - -, X9 ])(yuiy2)) =
(Jhl ﬂlh ceey Ki_1,tt])y) ¢ (As(lXsyee s Xi1, tt]}g:_] :' Safersi
Sequences (No special optimizations)
Aa(X)((712--+1¥0)) = [Ma(X)y1y- oy Aa(X)ya)

Atoms - no special optimizations. Free functions have some optimizations (but none for
Gc ).
As(X)(a) b K:a
U:(Aa(X)(2)) b £ 0 Sade:s?
GU:i:{Aa(X)(£)) b £ o Safe:si

Functions symbols g that depend on x;,...,x; with a > 1 have no special optimization
for GC,

A(X)g=(goda(X)xs) ¥ Aa(X)xz ¢ ... i' Au(X)ma

U:(Aa(X)g) = (g0 Aa([X, t2])xs) =" (AolIZttD)xa) ' oo = (As([X,2t])za)
:' Safe:s2

GU: L (Aa([X1ye oy X 1])g) = (g0 AallXsy - oo Xisy tt]iy)

{hmil caenlyy, “ﬂ‘!} 1% iy @ {*‘Iullru iy “lhlj
' Safe:si

A([Xsy. -\ Xal)(x) & (Aa(X5)(x)) o Satacsi if 2y gives a definition to x
Aaf(x)x = id




Recall that split:i:(xy,..,x5) = ((%gy..,%4) (X441, ., %5)) fOr 4 < 3.
Here are some rewrite rules to use in the rewriter:

1. U:id t> apply

2. g b (goSafe:sl)'(Sate:s2)

3. GC:1:(GC:j:g) = GC:(d + j — 1):(g o Safe:(al o split:i))
4. Safe:(sioslosplit:j) b Safe:si

5. Safe:(sics2osplit:j) b Sate:(s:(i+ §))

6. Cgb=go[b,id]

T. GC:l:gd=GC:(i - 1):(goSafe:(alo["b,id])) fori >3

B. C:(U:g) = delay:g
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Example 1.8
In the course of this example, the effects of Theorem 1.1 are ignored. Given the program
A{x1.p1)M(x2.p2)E
the parser produces
P1 — As(21.)(P2 — Aa(x2.)E; 02); 04
Simplification proceeds on the true-arm as follows:
As(x1.)(p2 — Aa(x2.)E; @2)
= C:(U:(As(x1-)pz) — U (Aalx1.)Aa(x2.)E); U (Ag(x1.)82))
= C:(paoSafe:s2 — U:(Ag(x1.)Ae(x2.)E); 2 0 Safe : 52)
= C:{pzoSafe:s2— Ay([x1.,%2.])E; 830 Safe: s2)

Thus the ortginal program

AMzi1-p1)A(x2.p2)E
is turned into the program

p1 — C:(pz o Safe:s2 — Xg([x1.,%2.])E; 03 0 Safe:s2); e,
whereas the old simplification algorithm produced

P1 — ("p2 =’ Aa(x1.)Aa(x2.)E; “02); 04

The new version is simpler in two ways. First of all, the new version uwses the Curry
and selection functions whereas the old version uses the K function and the prime opera-
tor. Thus, the new version localizes the higher-order effects to the occurences of the Curry
function in contrast to the old version which tended to put a prime or tilde fand sometimes
more than one) on practically everything. The second improvement 15 perhaps even more
mmportant. Lambda appears in the new version as the single lambda Ay([xy-, x2.]) whereas
it appears as the double lambda Ag(x1.)As(%2.) in the old version. This double (and, in
general, multiple) occurence of lambda in the old version meant there was a potential for a
large blow-up in the size of the final program. The single (albeit more complez) occurence
of lambda in the new version greatly limits the potential for blow-up.

Notice that the new form rewrites easily. For example, if pz = t%, il is an easy lask
(two steps) for the rewriter to simplify
P1 — C:(paoSafe:s2 — A([x1.,x2.])E; ez 0 Sate:52);ey fo p1 — C{Aal[x1..22.])E)i &4
using already existing rules. However, the old form does not rewrite so easily. For example,
either a new rule to ezpress —' as a Curried function or a new rule such as (“tt —'
£1:82) = g1 would have to be added, and this rule is valid only if g1, g2 are function-valued

SJunctions.
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