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SOME BASlC £L LAWS 
Ed Wimmera 

Sept 23, 1988 

Comments: 

1) Recall that all variables represent expreaaiona in normal Corm nnd 
are not members of the collapsing act. 

2) In order to prove the Lava, ve ua~ the Ax1oma and facts al:>out 
normal !orrnsa 
The axloms themsalvea are euff1c1ently rich to handle the case 
tluot different funcUona produce different errors. 
The axioms also handle 1/0 correctly. 
In order to satisfy axioms 41, 44. and 74. it ia probably naceasary 
1:hat M:f:x ~ M g:x for all non-sequence valuea x even 
i~ f and 9 are d1f~erent functiona. 

3) To enhance und~ratandtng, the Coll..._.ing de!initiona aro given. 
Since only 1:he axioms are needed, these definitions should be 
viewed aa comment■ that aid in understandin9 the a.xioms. 
De! dom - K:al ~- I K:id, id J 
Def DEL (id-> K:id:R:X) where X 1s aomething like nt or ~kerr. 

4) To enhance readability, the axioms are informally divided as follows: 

MIi 1 
Axi:, 2 
Axm 3 ,.._ 4 
Axm 5 
Axm 6 

Axm 21 
Axm 22 
Axm 23 
Axm 24 
Axir. 25 
Ax"' 26 
Axlll 27 
Ax;:- 28 

,. N<:: 29 
< )( Axlll 30 
• Au 31 

Axm 32 
Al(ffl 33 
Al<m 34 
Axm 35 
Axtll 36 

Ax11 41 

"""' 42 

1-19) These axioms are sort 0£ like de!initiona. 
20-39) These are trivial axioms. 
40-59) Thaae ara •ub•tantisl axioms. 
60-79) These axioms deal with the function& gamma and dam. 
80-99) These are axioms that need a ganuna qualification. 

C:f:x@ g = c • I J.::,x • 9 I 
comp = C I ( \:app El ar ) @ dom:comp 
cons = C . . ( M: app @ dlstr ) @ dom:cons 
id@ ! - £ 
K = C: sl 
MalutFunc - C:app 

M = AA@ ~ak~Func 
C:f = C:(f@DEL:iapair) 
DE:L:1spair -- (al.a2J El DEL:1apair 
(!&g):x - f•(g:x) 
fig = comp: < f g > 
cons , ' £1 . • . . , fn - I Cl , . . . . fn J 
A.,l.:f:<xl, •... xn> ~crxl •••.• L:xn> 
distr ..,. M: (DEL:i!'pair) • distr 
dom:lf@al.gt1a2J@ DEL:!apair = (dom:f@sl.dom:qlia21@ OEL:iapair 
M•■l. diatr = al El dom:dietr 
f El AA:g = AA:9 1£ f = dom:cona, dom:comp, DEL:iaseq 
lal •••• ,a1,gtlaj)Ol!l, •.. ,£j) = 1£J., ... ,f1,gtfjJ if j=i•l 
C:!:x:y -s: C:~x.y> 
ei:•xl .•.• ,xj> -- Xi 1! 1 <: j 
!@(glih) - (!flg)tlh,.. f·g~h 
d011 ~ DEL = DEL 

COl!lp ~ M:(AAl,gaffllla) 
•pp• I C:C. q, h I 

AA~ comp• M:g•mma 
!1!'[9,hJ 
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Axm 43 opp@ I K:£, g I •• £ ~ g 
Axm 44 C, ( M:f@ diatl@ )al,M:id~a2) ) = AA@ C:f 

Axm 61 
Axm 62 
Axm 63 
Axm 64 
Axm 65 
Axm 66 
Axm 67 
Axm 68 
Axm 69 
Axm 70 
Axm 71 
Axm 72 
Axm 73 
A>Uft 74 
Axm 75 

gamma r - C 1£ C ie a primie!ve other than IO or app 
gamma npp@ lal,a21 -- opp a I gamma~ el , a2 I 

gammo@ AA - AA@ gamma 
gamm•@ C,( = C:(gamma,C) 
gamma@ comp = comp@ AA:gamma e dom:comp 
gamma@ cons = cons@ AA:gamma@ dom,cona 
gallifflll@ grumna = gamma 
gamma@ DEL = DEL@ gamma 
dom : f - id i £ £ 2 K, id 
dom: ( K: X) = 1d 
dom:(£1, ... ,fn) = dom: Cn@ ... @ dom:fl 
dom Q dom = dom 
gamma@ dom = dom@ gamma 
dam G AA = AA@ dom 
dom:d1atr@ I AA:id@ f. g = I M:id@ f. g I 

In the following Axioms. all the g's need to satisfy the property that 
gamma: g = g. (The fa need not aat1afy t.he property.) 

AA:f @ AA:g2 - AA: (f@g2) @ AA: (dom:g2) Axm 81 
Axm 82 AA: app@AA: I gBJD111a@gl. g2 I = 
Axm 
Axm 
Axm 
Axm 
Axm 
Axm 

Law 

83 
84 
85 
86 
87 
88 

10 

AA:(app@lgammailgl,g2))'1dam:(M:lgamma0gl,g2)) 
C:f ~ g = C:(f@)v@sl,a2))@ dom:g 
di str@f I gl ..... gn I . g I = I I gl. g I ..... I 911. g I ltlda::u I I gl ..... 911 I . g I 
AA:f@ I gl , ... , gn I - I f@gl , ... , f~ I@ dom:[gl, ... ,gn) 
I Cl@g, C2 ..... Cn I I £1@9, £2 .... , fn I@ dom,g 
dom:g@ dom:g =- dom:g 
diotr@[All:gl@el,g2@a2) = 

AA:(gl@al,g2@e2)@1diet~om:IAA:glesl,g2@a2) 

gamma@ K K 

Proo(: 
gamma@ K = gamma@ C:al = C:(gamma:sl) 
..., C:el 
= K 

AS 
J\64 
A6l 
!\5 

Law 20 C:(f@diatr)@ M:g = C:(f@AA:(g@sl,s2l@distr)@ M:(dom:g) 
if gamma,g = g 

Proo!: 
C:(f@distr)@M:g 
a: C:(f@diatr@(AA:g@al.e2])@ dom:(AA:g) A83 = C:(!@AA:(gtiel,s2)0dietr(ldom:IM:Q@sl.a.'.:)) Ill dom:(M:g) A88 = C:(!OAA:[g@sl,e2(@dlstr(ldom:(M:gtlsl,s2lt1DEL:1apair)lildom:(M:g) A22 = O:(f@AA:[g{lsl,s2)@diatr0(dom:(M,g)Osl,s2(et>EL:ispair)@dom:(AA:g) A29 
= C: ( f@M: l q@al. s2 )@di etrtl( dom, (AA: q)@al. ,.z I )@dom: (AA: g) A22 
= C:(f0AA,(g0al,a2J@diett,.(dom1(AA:o)tlal,s:]J@dom:(dam:(M:9)) A72 = C:(£@AA:(g0■1,e210diatr)@ doa:(M:g) A83 

C: (!@AA: I g@sl, a2 l@l<Het1·) lo' M1 (dom:g) A74 
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Law 30 K : K : y = K 

Proof: 
K ' X . y . 
- C : 81 X y 

- al : < " y > 
- " 

Law 35 id : X - X 

Proof: 
id . 

• X 

= id : ( K X ' X ) 

( id @ K : " ) • X l 
-= K : X ,c 
= X 

Lav 40 ganuna : ( f@g) - QIUMla, £ @ ganuna: 9 

?roof: 
gamma : (reg) 
= (g1L111ma!lcomp) : <!,q> 
-- (comp@.M:9amma@dom:comp) : <£.q> 
- comp:(M:gamma:(dom:comp:(AA:id:<!,g>))) = (comp@ AA:gamma@ dom:cOIDp ~ AA:id) : <C,g> 
= (comp@ M:gamma@ M:1dl : 'f.g> 

(comp@ AA:gamma) : <f,g~ 
= comp, <ga~.ma,C,gamma,g> 
~ gamma f@ gamma: q 

A24 
AS 
A33 
A34 

L30 
A24 
A4 
LJO 

A24,A25 
A6S 
L3S,A27 
1124 
All 
A27,L35 
A27 
A25 

Law SO gamma: I gl , • gn I gan-.ma,gl , ... , gamma,gn I 

Proof: 
guuna : I gl . . . . , gn I = (9ammatllcone) , <gl, .. ,gn> 
- (conll/i?AA:glL111fflatldom:consJ : <gl, .. ,gn> = cone:(M:gamma:(do~:cons:<gl .... ,gn>)) = cona:(AA:9a.mma:(dom:cona:(M:id:<gl ... ,gn>)}) 
- cons:(AA:gill11J11a:((dam:con-AA:id):<gl, .. ,gn>)) 
= cons: (AA:gamma: (AA: id: <g~ .... , qn'>)) 
- cona:(AA:qamma:<gl, ...• gn>) 
e: cons:(cgamzna:gl ... 91UUma:qn>) 
= I gan:ma:gl , .•. , gamr.,a,gn I 

Law 60 AA = C: ( AA:app@ d1atl@ (sl,AA:id@s2J ) 

Proo{: 
AA 
= AA@ MakeFunc = AA Q C:app 
~ C: ( AA:app@ d1atl ~ lsl,M:1d~a2J > 

A26,A24 
A66 
A24 
L35,A27 
A24 
All 
L35,A27 
A27 
A26 

A21 
A6 
A44 

l.llw 70 app@ I cons@ r, 9 

Proof, 

== M:app@ diatr@ I dom:cone@ ! . g I 

app@ I con•@ r. g 
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= app i I C:(AA:app@distr) i dom,cona@ f, q I = (M:npp@d1atr)@ I dom:cons@ £, 9 I A3 
A42 

Law 80 app@ I AA I! f 9 I\A:app. distl@ I r. AA,id@ 9 

Proof: 
app@ I AA@ f, g I 
- app@ I C,(AA,app(ldiatl9[sl,AA:1d@s2J)@ f, 9 I L60 
= All: app @ distl @ I Bl ,All: idl!a2 I ta I f , g J A42 
= AA:epp@ diatl@ I f. AAll:id@ 9 I AJ2 

Law 90 AA:f@ distr AA:(f6DEL:ispair) ta distr 

Proof: 
AA:f i distr 
= AA:f@ M:(OEL:iapair)@ distr 
-- AA:f@ dom:(AA,(OEL:ispair))@ d1str 
- AA:(@ dom:(AA:(DEL:;lapair))@ dom:(AA:(DEL:1spair))@ d!str 
= 1111:f i AA:(OEL:lspair)@ AA:(dom:(OEL:ispair))@ dieter 
= AA: C f@DEL: ispai r) @ AA: (dom: (OEL:ispair)) ~ distr 
- AA: (!@DEL: ispsir) @ /IA: (OEL:ispair) @ diotr 
= AA:(f@OEL:ispair) 0 distr 

Law 100 cons@ AA:K K@ AA:ld 

Proof: 
First noto the following fact: 
Fact 1) dom:(AA:[gamma@K@sl,s21)@ distr - diatr 

Proof: 
dom:(M:[gamma@K@sl,s2))@ dJ.str 
= dom:(AAdKil•l.s2)) ti diutr !.10 
= AA: (dom:I K@lsl, ft2)) Q di ■Lr A74 
- AA: (dom: i K@al, s2 )"°EL: ispair) @ dlstr L90 
-- AA:(dom:[K@al.id@o2)@0EL:iapair)@ distr A{ 
= AA:(ldom:Keal,dom:id@s2JQOEL:1apair) • diatr A29 
-- AA:([id@al,id@s2l@DEL:ispa1r). distr A69 
== AA:([al,s2[@0EL,iupair)@ diotr A~ 
= AA: (DEL: ispair) 9 dJ.atr A2l 
= diatr AZB 

cone@ All:K 

A28 
A36.A74 
A87 
A36,A74 
A81 
A36 
A28 

-- C:(AA:app Q distr) @ dom,cons@ AA:K A3 
= C:(AA:app@ distr) /j M:K L31 
aa C:(AA:npp@ AAdK@sl,e2)@ d1etr) ti) M:(dom:!;) L10 
-- C:(AA:app@ AA,IK@al,s2J@ diatr)@ M:id A69 
-- C:(All:app@ AA:(gamma@KQsl,a2J i distr) t!l M:id LlO = C: (M: ( app@J gamma@K@sl, s2 I )ildom: (AA: I qam.'Dael(hl, sZ I )~!atr)eM: 1d A82 
= C: (AA: ( appO( gamma(iK@al, a2 I )@dis er) (I M: id Fl 
= C: (AA: (app@[K@el,s21 )@distr) @ AA:id LlO 
= C:(IIA:(el@[sl,s21)@1distr)@ M:1d 1143 
= C: (AA: (al@[ al, s2 liDSL: iapa1r)fdiscr) @ Mt.id L90 
= C:(I\A: (sliDEL:ispnir)@dietr) (I AA:id A23 
= C: (1111:al§distr) i AA: id L90 
~ C, ( ali,dom, dis tr) @ AA· id 1130 
= C: ( al @ dom,distr ta [ M1 Id (I ■ l . •2 I ) fl dt-m: (M:id) A83 
= C: C al \II I /\A: Id Ill al , ■2 I ) (I dom1 (M1 id) A7S 
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Law 

-- C: ( sl ) @ Tl.A: id 
K @ AA: id 

110 K . < xl xn ... I K xl . • . . . • • • 

Proof: 
K : < xl • . . . . xn > 
== K : ( AA: id : < xl , . . . , xn > ) 

( K @ AA: id ) : < xl , . . . . xn > 
-- ( cons @ AA: K ) : < xl . . . . . xn > 

cons : ( AA: K : < xl . . . . . xn .,, ) 
- cons : < K: xl ..... K: xn > 

I K: xl .... , K : xn I 

• . .. • K : xn 

L35,A27 
A24 
LlOO 
A24 
A27 
A26 

A83 
AS 

' 

Law 120 I fl ..... fn I@ g I fl@g , . . . . fn@g I if gamrna:g g 

Proof: 
First note the following facts: 
Fact l) dom: ( [ K : fl . . . . , K: fn 1 . g 

Proof: 
dom: I I K : 

dom:g@ 
- dom:g@ 

dom:g@ 
dom:g 

fl . . . . , K fn ] . g I 
dom: I l< f 1 , . . . , K : fn I 
dom:( K: fn)@ ... @ dom:( K: 
1.d @ ..• @ id 

Fact 2) dom:[ [K: fl,gJ , ... , I K: fn, g I I 
Proof: 
dom:I IK: fl,g] , 
- dom:[K: fn,gf 

dom: g@dom: ( K: 
dom:g@id 

- dom: g @ ... @ 
dom:g 

L fl , ... , fn I@ g 

' @ ... 
fn) @ 

@I 

dom:g 

I K: fn, g I l 
@ dom : I K : fl . g I 
. . . @ dom : g@dom: ( K: 
... @ dom:g@id 

dom:g 

fl) 

dom:g 

fl) 

- cons:<fl, ... ,fn>@ 
- ( C:(AA:app@distr) 

g 
@ dom:cons) : <fl, ... ,fn>@ g 
@ dom:cons) : (M:id:<fl, .... fn>)@ g ( C:(M:app@distr) 

= ( C:{AA:app@distr) 
= C:{AA:app@distr) : 

@ dom:cons@ AA:id) : <fl, ... ,fn>@ g 
( AA:id : <fl .... ,fn> ) @ g 
<fl .... ,fn>@ g - C: (AA: app@distr) 

- (AA:app@distr)@ 
= (M:app@distr)@ = AA:app@ [ I K: 
== I app@{K: fl,g] 
= I app@(K: fl,gl 
== I fl@g . . . . . 
- I f l@g , . . . . 

I K: <fl, ... ,fn> . g I 
I l K : fl . . . . , K : fn I • g I 
fl . g ) .... , [ K fn , g I I@ dom:g 

, ... , app@(K: fn,g] I@ dom:g@ dom:g 
, ... , app@[K: fn,gl I@ dom:g 
fn@g I@ dom:g 
fn@g I 

Comment: It is interesting to note thnL Axiom 42 is \1sed (sometimes 
indirectly) 111 Lhe prooC of eo mony of Lhe l~W9. 

A71 
A71 
A70 
A4 

A71 
A71 
A70 
A4 
A87 

A26 
AJ 
A27.L35 
A24 
A24 
A27. L35 
Al 
LllO 
A84.Fl 
ASS, F2 
A87 
A43 
A86 

t 
~ 

.,. 
-:, 
0 

,;;;: 


