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gives first results 
~he re1~ti-n-h1"p 1........ . -o .,..·v 0 • 

concr.:..;cnc-d with the specifica~{.e;.r: ot al•J<:-rittunic processes in 

~ form ultimately m.c:'1.c.hinable. Oll too ot?,er, mathematics describes 

sc;I:1e of these same i:-t:.."'.-::es-se::;, or in -~c..:~ car;aa ,.nerely L'l.eir 

x;esulrt.:, a:.mcsc always .i.?:i a ,~-.-1~::h :-Tt0~·.e su-.:cinct fo;m~ yet in 
. . 

~- foim t-;bose F.t:'E:!:-ision all will $.1d;itl F.:. CcJ:"nP.tH:ing t.he two; 
' ~ne gs·t~ a v~ry stronq even if ird tii'~lly confused impress.ton 

that pr0<..7re:r~rni.·1-:_r i.s somehow' I!\(\);~ di.ffi--~-t<lt. .th.an it Sh-\"JUld be. 

~ .. l.-09.ic~lly _ _pre.cise spe_cific<l~io;n_ e::~ a_n,-_c.bje'?t to be const:ructe<.1, 

ii..nd a pr-ogt;:;.,(1:"!\ing-lang\.u,gs .-:1ccou.nt of ~ m~t.hod _for 1-ts construc­

t::nn? The c-:-,r.e of an an::i-;-;ar mci~t he given in a singie ~TOrd: 
; 

eff i.ciency. However, as we shall ~~E:, w~ wil 1. .want to t.ake th!.s 

word in a rath-er cliffer~.:rit ?~ense t:ha.n that which orci.r'.larily 

preocc.upi es p:rogra.:-r,me-rs. 

Mcr,:1 :;per:j_ f- ic<l J.ly: th.c:i imp lie:: it dic-tions l.lsed in t.he language 

of .ma thema t5.ca, \•l:'li-ch di ,:::tions gi v0 thi3 l.al'l'1\l~ge much of its 

pow·e:.:" ofcen imply search~.:~ ov':!r irif{r-~i~.e 0r at any rote v~ry 
iar-:,~ sets. P rogra.tnming t1lg0r i thnts .teallzing t.1-~ese sam~ 

~nst:rui:::tions mu$t of necea:sity be StJ>.livalent procedures devised 

~o .as to cut down on the rtu~ges which wi!.l be sea~:ched to find 

the o::>ject:-; one is lccild.nq for. rn t.hic s~nse, one ff'.ay sa1 

that t'~~!".::_1~ling .1,-~ ~~:..~J.,r,i;•'.nt:.:;n_; ,1;9nd b"1at matJ,eroat'ics i.s what 
pr{J<Jrm~d.ng b<'~comes whe!l we fnrg~~t opttn.i~•r:-ti."n and grC\g:::~ 

~n t~~~_E_~ro~r"i:l.~:~ _!or ar0::£}.nAt8:x. fa_:1}_!12,~Chine w~ 
!-}·~~~itd;_~~~ ;.,mc-i~.!.~~_f -rn~<?.£1.• .rt. i!:.; U'!e m,,ss of optimizations 

w:lth which it. is burdeneo ,..,~lich. 'fl:"..akt1·H programming so currbarscm.o 

a process; and one must. al'.irla)'S re1nE:·whar that ·the sluggishnP.s:-:: 

of this p-rocess is the principal ob~~!lclo to the develcpment 
of the cornp\1t~r. art. 



Thaee refl(;ctio:nft ~;uggest t1'1t.t $'i0m0 cf the ,rt@it;llt of . . . 

. _pro9rammi1>c; _te thrown cf£ bi• 1,asshlGJ f:rcm the pr.ogramming 

. <M.ctions. oxdinarily u~Gd to a _max~ hig~!ly °'~thrunaticized'i 

. _language. ·Our hope to be able to ffi:clte t,~thing of this 

. g~nex al idea1 ia rais~,:t by t~e 01.~~~.r~·tion v-..heat efticie.t"$cy 

ba8 b,-o r~ther tliff~~nt r111.dao ~ on~ ia ~them&tical and. . . . 

. &hstraot in chnxa.c:ter . 

•· mi,:St be built ~ a pl'OCS~Q ~ll;·cc·~oo~3 h<»t large at'O tha sat.s 

~ <>{ ·ioglcAY ·obje~ts ovu ~hi:e,.,: se;,.aranea w.u1t be extended. during 

~ ~~°"'c~. t.1 p~·o~s$? • The fi'.r~~- ~idei ck ~iieiC!nO;t is ooachin~-relat:$:d, 

• -~nd ba~d.cally t~o-folil. Pi8:'st. t~ nw.:t~t iu~!t b~~ question of 
.. • 4 • • • 

innt~r .lt:KJp afficiency; • !.i1to iit-.A.&t tc .. bt1l~r rcS!Jpr~cumutionm OM 

_ !teces sacy a-Jr;.s tu-net ~truc~urf:16 i.w m<app·md with advantags 1 once 
""' . . • . . 

t-h.i&i r,epres~nt~ation !:B ~s.t't&.bli!'Jhed :1 !~1'.1 efficJ.e:ratly C£n ~~ 

ne~seary coded pr.oceasea bs ~~~e ~& aff~ct ti-lea~ t~log? 

• T'ti~n w~ r.m~t ask iS. funde1sent~l q~\,~r:;t.i~zb· T.Gla1:t:!& ult.i~~toly 

_ t.o ~T>ie Sl'.)1:riii. chas:u ,\'1hich !Z~trat.~w $1~·~:t.ronie fr.~ r?':leetl'o-

• ~chMical ~e,n .. ~rit~g: h~D l&I't.'1e ai~e -t.~* dnta s.atm wit.~ ~"hich _, 

M, e.19.10:citJi'ml ~:i.ll ff>~OO U!i to a(e~l? ~~ can f:n(-1S~ ~,4a.t~ SS;tf1 

hes~ be stage-d ~t'1-tf!as~ cU.ff':~};'ent. 9r&dee3 of m-smocy so as to 
hiirr.;1 the completior, ¢i an ~lgt~!t"i'chmic pi·o~es:1l? ~e mc1y r~~r!it: t.·. -· .. •. . . . 
that mac.nine-related efficien~; i~$uen.~xo ap~ to hav® ~~ Ruch 
~t;' t.iore t.o do with tlhea~ ~rnoz-y ~~fi.~g<DmGn-;. p!"¢blo::ns ~ ~!th 

prc'.tl !evna of inn Gr loop coi.!H.1~ , ~~·~in.. b~oug~ ~st progrlL~rs" 

~mp&::li'\J ly those with e..x1. a1:H?e:~l:,;" lz;, .. li1~ua~e t"l&ckground and bi&», 

tend t.6 thi.",k -~;6re of th~ 1.~tter. frm: hypct..h~-tical ma;rth~a-ti­

cir.•2d pr~~r~'1'1min,q languag·~ t~o.7-.ld ?~acti"all.y b)' dsfinit.i.on mak· 

-~11 maoh:.tne-r®1~ted t!lfficl~\';:y i5s~g -':?.lrno9t c~leuly. There 
. iti 6 however, no t:e.aB® wh.y t t. should hide t.hasc!l ~re 1.b'.letrl.llct. 
- -!~~ues of -proceia ·desi~gn wh:fcb can .e.a.itily ~.ave a it-ore im;:,ortant 

~earing on afficienq. Ind~ad, ~~d tbi~ is one of tha benefits 
for which we may hop6~ it zhould by fll!.?lsking the former 
enhance. o~ abilit.--y to oone~nt.rate on th~ latt~r. 



. Tlre. ~c.rego:ing considerations i~1Ad ,one to a1t2spect that a 

prog·rrurun:ing la:ngt1age mor.lelefl l;Aft-21: ~;it l:t'{'.ll"Op:d.nte vers i.on- of 
t.,').e formal lnu:;uage oi ilUtthema.tl..f!~"'. n:t:b;tit. allow a programming_ 
style with SO'fite of the auccinctn®'a~ o-! rn~tharnatice, and b~-'lt.: 

. this nd.ght ultimately anc:.ble us tc exp:rcs~, Md t.o ~xperiment 

with n,ore comple:t a lgor i thrns than ~re no-,~ wi L11.in reach., Th.9 

.notion of lan<Jl.uige th.Rt sppe~ra her~ then dem':'lnds additional 

(-=l.erific1kt:i.on. Spea!r.!.1.n'f§ ,:-ery 1en~rtul;l, a eompuaer language 

.?-_S a se¼: of n.otations :ccafer(lncing r;bjer:'CS a.1n! prccet:is-$s., and 

... ~etiefy.ing iill of the following constr~lnw: 
$.. A formal d.ist:.in.ction r~t~~~n ~ll-forme-:l a.w .:i.11-formed· 

?l'~_ranu5 e~is ts, and n «synt.ax chect~i-~ c~pw.:;le of a.&uinistorin,g 

..thi.si distinction. cnn be bull t. ,,. 

t.\." Ji_o, _That __ ,cl~l~~--:o_f, .9P.ja_c-~g __ $_p9 _ P.~9!~'?~Eu~s. to 't'!hich ~el 1.-:fo~~- • 

pr(.~rams r.:efer can be de!!ine,l r iql;.)!'O!.i.!aly ~ 

iii.. A (j!compilez-~ ~\'11.p~t;il~ of \t~~~~-tontd.r.-g a ~t:..:ll .... for~$,~ 

~1:ogram int.o the objr.zct~ ~nd pro;;:Gr~~Gs whicl1 it A~~?.re~.ents 

aan h-1;; huil t & The•g~ -oh:1$cti\.1 ·eru-1 4, f'aet !h~ r®prcl:iil:~nt~ 

~i t.hin a c,~'"nputair, and t.h~ pri.,ctH1~~0 e~ ill f'&ct b~ ciarn:-.i.~d out~ 

Bines lt refers t~ ii x~atte:T of elY~.._t~©e t.o illfinite §et..s: 

t.h® la.n9ua.ge- <.,f ri1at.hestatics niin f:tn1':l t.h¢· fi~2id;: t~"O of tJ'i®tJ® 

pro??f!rtie0 i not the- thirc1. Nfii:~?~:ct.heier;>,ll r- it is al.~t&r tl1~t in 
zearc:hing for a 2tWl~~~aat1ei~~c1 ;q,r~~"r~iing lru1gu..a~e we will 
~ish to nt.art. f~om so~~ ttpp.roprlfit~ v<.~J.~.:d.c,n of the l&r1quatta of 
f-¥~•thematics .... ~i th which . of th,~, ~~-~;,~t·el 'lJatd.a.nts of fomal 

~~thematics w,hieh Might [,!,~ e,,m.tend!E:re eh&ll ~~ b{~gin? It ia . . . 
ns,t unr,~~sonable to ~~dn w.i th ,net t...~~r:{, foi~lly ~~preaontffl~ 

1~~t us fil81.f, in j_ w ·.ro~1 N~nl?Mil'U'i"··~.l·-nm.:j[Sl f '1:Pltl'U. 't~ia !s a ltilHJUes~ 

T.olat:ively free of artifi~ 1 cJ.C\te to th.G heut'istic spirit of 

lnformr:i.l w.£1.the~tice, end ~ fo~~'.i sy~tir::m. w:J3::h on0 or another 

~ersion of which thsre iQ a g~e&t body of 3ati~faetory axperion~. 
In particul~r, we knm.t that U!.d.ng ·th·~· vocy s~ll und isiitple llet 

'of primi.tives which this l&~)~:ia,g~; ~ . .rr.bcdies, t.h~ whole structux-e 

of J)lA~hemati.cs, from a.bstrac.t al9~b:r.ss. to comp1 ... JX func-tion theory, 
Cl.\n be built up rapidly, intuiti•,, 11~ly, and in a n-.1.mner largely fr4)e 

of irritating artificialities. Ta.king this as our starting poiftt, .. 
0 1.tr problem bec,,mc~: ad~pt. aet-t.heory t::> be machin~ble • 

.... jti-



. ~ot intending to cope with the still largely i.ntpene~rabl4? 

~ifficult.ies of :me'bhanieal theo1:<!m p~~,1~, we ~a.-1 to calclllate • 

1iot ~ith logioal formulae but w~t:b tats aotually 8numerer!:C!d, &n4' 
~¾i,~ mt!ang that our. 1~~9e ·rti.11 on lJ ·b1~~ C&pcj.hle of dealing 

wi~~ finit~ sets. Giv~ thQt thia is our plan., ~e taue·t f1r'1Jt 

.ti.l)_tju.:.h:e aa t.o t.he extent to ,chie.h t.'h~ primit.lve notions embodi06 

i1<i the axiom~ of set tl'aaory ®te c~me:tfl~~-ent. with much e rezt.ric-
t tic;m. An ~a1$y e~ami;n~t.!~Yl ;~~;jfl>JS t~et, w!t.h th® ·mingle and obwiou 

($13:t:epti<?z:a of tlie aztiom. of iil\f!ni ey, • ~hii:h l~~sie~t~ that there 

~,;iete a ~~t oo~sistiru; ·of 1all. th~ f.~te•~a&"s ~ ~~@cy. ~'b~$r b&sio 
\, . -~~-• . . ~ 

~<;ms~ructicm. o~ ?et th2ory le-::>-~~ n.~,.t:.~xIAlly fz-om finita eetii only . . . . . . . .. 
-~o finite ~cte. Thus to b~~ll~ ~~:f~: l~ne;\~9e ~e h~~~~ only to abimdM 

\~e rn~~:l~emat.ici~n's h~hlt of ~$fe.:n:ing t,,;:i th~ intsgexs aa e ~loo®d. 

~otalit;y. ~~at X{:pls~~ su-.ch r©f~rsn·~®tll' ~l!'~ t.b~ _pro~~a dietiooci 
_tmniliar from crth.er progr~™iing lafigus.qes··, ths.t i!i ~ diction~ 

which •:i.llc-l-'.i1;• (poasibl:9· ~ocui·~.lve) ge~J'ffi-ti~l invocat:ion of ~ ., 

~et.: of basic pror..·esz~s until .n d~~llt"ed ;jt~~0 :J.r-: lteached. 
• ....:i,.a...,,._,~,.. 

:t°h1l~ we cook our stew of two llll~t2 of ingr~~1i~ntme p~rtly ~ 

~!tatic dictionl?l of ~et t...~$ory, ~(ij&itri.et.~ ru..3-'"-'~ver to finite s~~ 

~:<clusivaly 1 partly of th.e :!.~~~"cJ, ~o-t~ell; Md S:!!!' ~ i:Z0-7t"t th@ 

p~ogrrutif«ing la.t"\9u.ti9es. In coo~ii1,i, the~ci tt:10 ori~rln&lly dispar&t.@ 
~ats of element:G will of cours~ i..m.t~rr~n•~ts1;ate e"ch other o . . . 

A.Wld wh0n ! t all eome~ out of tV?.e ~-~, ti1ha t ~o t1e 1uive? To bq!gi 

11.ith P only yet _anot.~cr progra:mmiws- la..~gusge, an ~nti ty t.he~fore 
which the !2ophif.iticated !'l&Ve . incYe¼ei~ly learned to despisQ e 

Im it r-ea~onabla to e,tpeet. ~at tha defin!.t.io~i and implemant~:tion 
~f emch a lancr~age ~ill, l¾~~rely b~osi1.1~a of the mst.hematiciz~ 
~aract.er of the language, c~~te My ~dvaneag€~ at all? 

. . 
I conterid tha.t t.he air1~~~ ifJ y~f~ ., cont~ntl moreover that t.:...'-te 

banefi ta· which such £t J,ltl1gu~.g~ ~ill ~rc-vide arG nmllet>ous Md 

f'Jubsb;ntial# and begin to buttr<t@~ t·.hi!i claim ily indicating one 

of the roogt gene,:ttl of th~ bon.sfS.aJ.a1 isffC??c.ts e~pected, en ~d:foct 

upon coJnputer science education., The. fl.Va.il!lh-ili ty of a mathematl­
~izod programming languag0 should in ·relat.i,.rely short order l,u,a 
to a restructuring ot the way that computer science ia taught. 

·-iv-



Pre!Jently on~ boging w:lth a ba~da·.oo~r,s@., t5,.tl~d. variously, but. 
~~n0rally called something like "irrtt·o,ltJ~tion t.o Pata Structures 

o.~l'd Algorithlws". This fundam~retal u~ject- Zi1a~ter ~hould now 

fall into two pe,.rt3, which aigh·t b~ oop~r.&.tel}! ~~llad 
&b-atr~.:1~. &lqor! th .. "ttics and concret$ a lgori tl'.niics. Abat.ract. 
~~- - • =-~~---,.... ....,_~-....!...-n~~ .. ~1$ 

algorithmics will be_ conee~nad wi~J-.. the ~apietio~ Md ,ancl1ei8 
~f e~1ple~ algo::cith.&"ttic proc~eBe~ t irJd(!~endently of the 'f.re.y in 

~1.ich t.h~ logical objects to ~b.it:h th,,,.Y raf~~ era to be mapped 

into a cefflput.a:r. '1'1~ pre$<Z:.\'\t. w-orlt is int©n~~ ~s & first 
i?.lustratiei, of ~-uit &.b-~t..It~&ot· tlgoriti~ic:1 i11 ~ltim--~tely to a»e~ •. 
C°'1crete ~lgori.thmi>.!!~, on th-a (:;'c.hsr i~~d I hat-; t!l~ follo-;i:ring as 

its p,ioblel\H 9·iven a fmro .. ly o?. G1btrt1:"ac:t o,bj13ctt1., • und pror:,a:$~(1@ 

'itlit:i.c.n Q~® to aff~ct. t.hcml' i1-0";;1 «:!!0x\ tl:1es~ ~jeet&J ~st be ~pt.Q,§ 

b~to t.~ular form and. t.:10 iil!.13oei~·t~.S pr-oc-~~Be:.a ~etu&lly caxri$d 

@i,t, Note U:at. by !$~1 ntin~ ant'l f':t:tst. i;e-1 ving ~C.-.!M1 of thll!) 

problem~ of ab~txaot oJ.<3·0:r..-i t.~&t::4'1, %~ ~ii~Y a~p$et t--:, b6 ahl~ to 
~iacu~B co~c~~tR.ii al~o=i~hr~tc ~~~l~~s in~ ffiO~e sa~i$f~ctoY:.J 
~ner than ha~. bithelrt.o 000r1 tytpic~l. »@for-0 one MO-~~ -ab.at 

in a com.pl~?n{ ~d.'i!u~tioll ~~i.il.l ~J!A~t-G ttJ. ~~., •tM•.i~ im roq.lly not w a 

~tty good pooition to si;iidy the ~~•a }ln ~M~h ~a aigi~t do i~. 

Convcre.H11ly • onoo M ~t.r~c~ al9~1:itl~ ~ r9u.t fe.,rf-~'l., ¢;no iz 

,~n~r~lly ab1~ to ·smvieag~ ~ ~~ch ~i~®~ .<lllge of ~~eretG 
&pproae~a$ to i~~ optimi~Qt!on th~n ~oul~ oth0~isa be pezm1bl$o 
1!'.r~.\ the };h';.}int of visw of th~ ~r~a,er:t t.r.ork~ pr.to,: ay&:t.ema-tic 

i1t.t~t~ at th& depieti~n. of {11.l~o~j.tJttv,~ hnvs ~n~rillly fa.ilea . . 

.. 

t.4<) ~ep~r&t..ta the ~.bg.tract frQru t"'~et\ 0¢.l~~r.-ate. ,llirtui of tlu?: algor1 thalc 

gu.s:;-t:it."no ~hich tb~y stuc1, but ~~~ mb:ed tha 8bs tract '11th th~ 
t!~erct®, rather to thEO l!U .. ~afi1i;ant.a9·!- of tooth.. It ~ 2 also be 
riritua,,loned th.at it. iri abst.ttact. rQt..~ez- thru\ eoncr~te e.l9cri t..~tcs 

which at.and closest to a t~ird pr.i~~ipal bra.neb of c0anpu~er ac!ill.Uell, 
th&t whii:,h plays so largo & T.';O)~ :tn ik>nald Rn~th • r; magnificent 

suies o.r books, n.!l~ly the ~!~..! !J!_,r£~)~~11ce_ a.n~!ys!~ o~ 

!!,2,~i~~ .. 
1. e.eeond benefit i~ thiait UM· !!U1:!cii?\c.tl10ma ~'lei dese:ripti\~ 

~r of a ~nthematieized progra?W.~g !a~~~age will enable WJ 

to depic·t CO,!'liple.'< proeessefl in their totui ty, in 4ec:iaiva '1$-t&il, 

-v-



,. 

•4~t::,iliad rath~r than fx-~gmer¾'tc!':!:y f'1·1d V~'.'fi'.!2: ·w·,~ ,.:1ill ha,,a !! 

·oot:ttAl. ch.t;nce to con.sider the f.on~ ~nd e:;:'feot:. of vz~ri~ticns 

.j_r,~ otn: ~lgo!:ithms 1 and ponoible gem~ralizationo of t.hm.; Bringing 
:t{-Ji~ a.bEit:::~~t. kit',1::n.al of. iii pi.·oc~~'3 t:,~'b t:rc.·•im behi..1'lia th~ veil 

of a~st~ac~ 1rrelev~neiQe ~hi~h ~Qt't~ally obscure 1tf w~ will 
i;;nak€) this ker:t,·t:Z. mo:r.e c1;~"N1Titir.-Je:e,,bl;$ M.d ht':iir.h.,.'!?. ~-or.~ eapable:: ~,f 

ssystematic rational disc'u~sio-n th;~m '{$0Uli oth~rwilae oo the case., 
~~ ll~itin~t:ton fro:-n fol."'l'~l:ty ~tat~1.t Dlg!.)~t¾-:hrt1s of ixr~lev~nt 

a~cifics hag ~till anoth~r. (1ubg.tF..ntial ~~r.~f!.t. Sp':'!cificity 
1.r..~ n mi~jor scurcn of ·• ~cr,1np,t1t?.,.hili ty het:ween ~lg·orit:llr'-cw, o.nd 

~hzt1·&ctneez • wil 1 i':h,1:rrefor:-z-'-i-l~hv~ce CO.J!'e;t.abili-ty,. C~nsider, 

.f.e>K' e:mmple, the pro.bl0m oi: pi<l:l.'!.ir:1g to.1c:!ther a compiler out ol 

i~i:.: CiMtt.Ot"neo·.:y p:.r.incip~l C.1:JrzrrxH1-i?.rtt1H p~Xtr.er, optiniz~r, cod$ 

-91nierlltc 1r. 11 1~tca We find, 1-:1rpicw.lly fort a t-.,~cle cl.as£ of risimilu 

·vituaticma, th,£lt acl:-o~s each of ~~ J.nt.0t'f&ctiS bet"~~~n ~r.-int;:j,r?~.l 

frwd:nl~s S{).?.'lie collection., 9cne:?:~. llt· rg1i:h~r S.il.ial 1 r oz $t:r.uctux-~a 

''5.ata it:er~~ rollst be passed., ~:com ·~he t.zl)stract poir1t of vi~~,, v 

tl1esG will he unproble~atical ~n~ugh: th~y may be t~@$~i gra~hs, 
·&· '.few mappings lie fined thereu.pct>. e c.:," 

·If t}n.e 1nooulg~. w:tl1 natura.lly ~oauce t.I:"ees Ql: gr.t;ph~t an~ mn~~~~ 

t~~n con·vaniently accept. s\l.ch a,3 ~ it"~p-utQ' n~ s~ri.cus probler.t of 

_1:~om~id;,tt,_.hilitil' l8 t.o be ~:;r.oe{;:rt~ at t.h~ ~-f1tract 1inre1 •" ene ~ ✓ • . 

m®pereitely t~:rr.itten m~tt,P.$ "°.11n i:-e~a!ly 11;e fit- into a tcrt.tl;\lity. 
'Th~ ~it1l.lation L'42r.edi~?:.~1y bec~e ~tfforent when e>l~~t.r~ct ~~u 

!j'tructur-t~s ar.e mapp~,1 int,,.;i r.,,ricr~b~ ·tsbuj,air :fem'° TtJ ~c co !G 

.to de:-fine a hon't of. )?Oix\t~-~~ nn.d it~d1J,i~i:r,1 m~.ehanisn1s: suppl.emont,e1..'='!{ 

'l'.Jariabl.es, overflow COD'!J\~rd.:i,:~r~~;. £!i:!:\ f.¥.v.gi-;,,. t~~~cii1tl ;;-i-b'.bt"ev!atic~t; 

relutin.g to particul~t: ~eita ui;1.,~t,H5C-a"1 fi~tld ~i2t'!$ 1 pimctuations, 

M'~ so f ort..i1. •rh.eS(il tlefir:J. i.J,o.:·1s ~· ~~:rsl'~itJoly ~scau~e fret:t th~ 
·a.b1Jtract. point of v·iew they m.~e !~:rg~l11 ~:r:bi·tra-ry, will newr 

be ,:)ast in. precisely t,b.-. 1S~re-2: Wt1r for b.~,l ~ey.~~ate program 

l'aCI-d~lea excapt by c:arefUl p~lplar-rJ:iint1, and of: oou:cse, Ml' 

deviation firom pex.-fect ag~et\\€:nt ~ay r.equii-e da,ta restructurift9~ 

so complex ~nd touchy a, to be pra•.1bit:i.,?'G. · In this we ha,,o tn~ 
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. tWJ~se which generally mak.es it impor.:tt.U.)l~ to de,:;:ign useful • 

program librarl' components which t•dll @ith.e~ ai;;c~pt complex 
data etructur.es a~ hro•J·t o~ Drt:,·vid.ei s~ch ~t..s..""U.Ct\.l!"'S!a ai; out.n 1J.t, .. ... w 

unless, as ie the case wlth the SEt'!i l.a.rHJU0HJa to b~ deocr!bGd 

in 'the ch~pt:Gi·s wn.lch follnw, lS lang1J.!t<3{l; of f3Uffic5.ent 

generali. ty provi.des a f i~ed frn.,newc,rk of con.vf!:ntions. 1'10:r. 

this r~ason, inter,~dule dt'.ti:i,. lnte:r·fec~s cft.en becorv:.e tlti13 foci· 

of rr.ajor diff icult.ii-,s lli:.rl!:'1g tt,w design os:: large p:r.ogtcamming 

6!y1Stmlls, wherP.:in months ere of~n cona1..ur.ed in nsgotiat.i'on!.13 

c.ci116ez-ning f.Ji~ detailed layout. e-·,f d~t& st.iuetu.i:es to be 

passed bebie~n principal mcdul~z. It i~ no~~lly the ca~0-in 

stich .. s { t.uati6nr~·· that - .a11 b..'ie. ·r~~'fm.t~il af6un~ involved ·have. .. " 
$lnbor-a ted their desigt~ id~a~ nr~t. a!)~ tract ly but i:, ~1:'ffi$ of 

,~rtein i.mpli<.:i t; .(i$$umpticns con1:~~J::riln9 efl•ta 131•0Ut, asraumpt..iO!l:J 

~hich und~rstandably @nough they bet:rJt?.e l◊~t.h ·to· give up.; 
Moreover 8 :no pnwerful ~ lgor.i thmic cet~nmle:at5 on t1t~,:~h.n ique 

~rro.i tting one group U1a (J~in iltl ti!ii1d~!'"a°lt~n~.ir.~; of the proc'e~e~s 
which th~ ot.;~ers nre going to ~pply i.8 ~v~ilabls, ~o that t!i~ 

f:.r~de-off issues ini,olved in the cho:tcs:;a of t~ts lc:i.yo_uts ti~~~ 

to i:-emain obscure on t'<>·tn ~id-ss. Natu..rally, it is thsn !rnn:d 
to come to intellig~nt t.echn.ical compromiseir.. ?:·he s:ii .. g·t~,t~'l't.ic 
rz-e-elru-.»or.atlcn of. ~l.go:.·ithrilic st=at.~91' \lsing· e. powerful specifi­
ca.t.lon .ianguage should :~ai1t a ·~alcoriie 11.ght.. t;i1 ·this d~rk,_ ~nd 

1~rilou.s cor.n€r .. 
• Given that the el.ir.Yd.natJ.on of i.:t"z.:'l;';_;levant. Bp~~i fies will 

i"egtr let t..h~ tendene;/ ~,·wu~d i.nc01a)P,~~7!i1,ili t-f of proy?."am modulus 

.. 

in a e::lgnific@t way, we Fwty exp~et to· be able to produce fairlr 
complex standard forz,1.al algorithms adaptahle for. use in a v~riety 
;~f • td~uatior1s a Thus it iSb~u.1-1 b-acor,::.~ po~:H?ibla t~ put l~x-ger it~~ 
into the cabinet of pr@fa.brica.t~?!d pr~lgr~..s t.han hZsve 

In!therto filled it. In thG pi.'t*5;.;";nt t..ro~k effort will bfj d~vot~tl 

~o·doing just this. 
Yet a third antJ.cipated ten~fi·~ ~hi.ch wo expect ~1~ use of 

~ msthem~ticized specification languaga to provide. is this. 
our method allows the abstr~t apeoil?ieetion of an algorithmic 
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pro00ss to go f~-:i:z:-wi'.= to CC:rG}"l1etic• befo::e ll.ny cf t"-le coner~.t"1 

table-and-code d~si~n isBuea oonne~ted ~ith it ~~veto be fac&d. 

tm1~n oux l~'ilguag,.l i.g ir~,plemente.d" it. ~-,ill ~Vie!'l be possible to 
e%0cute ti1e d:>strat:t p.rogr~1S 1 ~nd t~ verify -t.heir. correctn$&r, 

~~1~rim~ntally. During thi~ p~oces3 a much om~ll~r mass ot 
prog4~~~ t~xt will be involve"l th~~ i~ no;~ the.case, it will 
~ mu.eh mor.e fea~ible than it n~•1 is to e:q:,erimru1t with 

. . . . 
~}i;p~ificar~t varia~.iong _ifi &l~Pl'CH.V~h dtlrlr.g ths devolopnent of llfl 

t\:1gori~r.m. 'fh~u, having a ~.eb•..ayged ~1.9_-c~ithZ:1 in haJ1d, on w-.tll 

~e t:tb3.i?. t.o surv~y .i:t_ to .9r:st a ~et;d.led _pict:\-1.:ce of sll ~1~ d~ta 

~tructures which it involv~_i1 oJ! ~ll t .. h®:i.r p&r.to., and of all 

_the procagsez which l"l·I..Wt: -sEf:t&<r,?~.: t!t---~t;~ pa:ct~ ~ It. shotild then ~ 

• o_~~t_i~~r t.han ls noi-, t1·1~ ct.ts_a h:~ ~o~ t~ t<oph isti:catsd final 

'51.ec:hdonB ctm~rning t.h6';t 1;~ilile-$tr·!~,c-t:ur~.~, M~ s-uanlltge.ffi(;~t .. - . . . . . . . 
strz.\tegi.-as.r ~no· ccdi! teohn:tqilea to b~ u~sd in ~ highly affici$nt "' . .. ' . . 

' . 

-~era ion of the same algo·cl t.hm. In ~ttrr~rrt' pi.·actice, both. e;1..n$lf\<t!0 .. . . .. . 
of isrn.-1;ee 6 cilistract. • design c!).nd Ct)nc::?~te layot~t, mua t. b~ faced 
-"t onee,. and genere;.lly in ~ .::ib.1t-ati~1 of confusion in ~,·hic-.h a . . . 

. p.~ograI~1lS2t, alroady forc,~d t,., COpt] W). th all th® C('}ll',plexi ty ,~--hi®. 
~e. can jugglt~, may be umiJ.i llin~ S\'tln to eo_ntempl~te promii:d.ng 

opJj~i.~~.a.t:to.nl? .if they_ tbre~·ten to o..dµ to the ~~® of o.~t~rial. 
. . 

~htch he rm.1st su.3tain.., Morte<:rt'@X', in ~.:yttici!l eti:~rent. "ituaticns 

it_ is quite hard to maint~in tle~it;:iTh balanC$" -with tl1e conseq~~ 

tl1at • ~er.ta.tn pD.rts of t:h.e sy~ ter.il ~ay b$ cl~rerdecigned, while 
. . 

others, equally or. more cruci&l,. rutty-~ ~orely neglected, and .. . . ~ . .. . .. - . . . ~· . . . . ... . . 
-their insufficiency di~cov~roo only vh6D it h~n beca!\1e imp~~siblo, 
ot at. lemst ~xtt>emely exp~~slve., to do ~nythin.9 about it .. Thei 

m;!.gori thmic la."'l~ru~9e which w-o prcip~U~) t'llhould,.. in short, allow 
f:£1~_. full eompl.e~. of progra~i--degi9n isnu~g i:o be approOlched in 
. . 
o.rderly ~tages, and €1110-11 n~no1: ~mtt.er® to be classified as such, 

whereby design nttention e~~ r~ CQnc~tnt:ratl1!d t.o ferrat out 

highly . ef.fectiye sob1tions to t~y p,:oblns. 

-viii-



. 
M.net of the benefits to which we h&\.oe till new ~lluded coma· 

:fx-t,~ tho \!Se ·or. ,;;1 suit-ably psowertul $pe::;ific~,tion 1lt',!l'JUatJ13, 

-independently of wheth-er this l~nitw,ge iis impl~ldent.ed. Wh®n 

·t.be m&them.ati~iz.::,,.: progrrunming liu~;I~~ we project. if: evaili,J>l~ 

f'o..'t ~1.1nning, however.,· ~ddi t.ional l:id".•-@t~ges will accrue. 

:-~ language of this kind cannot b~t b~ Q i',iOSt. f..).pp~opriate tool 

~for thosFJ riitua.tions, lti$pa,:;ially ~?vn·e.et.-eri~tie o:l univers:f.ty 

.progr~ing, in -vn'1i.c.h e~f>@lriment.at. ial9orit:hms are developed 

\ 

-to be rm, a. few time~ a."!:d then im~t"f,-~s:d or di~c&rd-~-~d aft(!!,:­

:cartein Mp-ects of ~ir hahavio:c ~~- ob@or-v-cd., A tool of this, 
.kin.d will elso ~ u::,-;:(!iful wher. ~ ~lt.bt,x-1Jti~ p:rtogr0~ r,-:.'M~d!! to ~ 

bu.il t t.o run jut4t oo-ce; or: when r..· CO!!Jp le,~.-p·togr~ '9'ho.a~ sole t~k 

::is to p.reptAre t.al",1-!~s fior .some -~:f;12r. FJ>r<;;g~am rnu~t;. i(fr prod\,ced, . 

·.ot: .when meta-compilerm o;r ct'h~~ 1~:-cg~: ~'1r.o-;n:-ams of: i.rd:r~qu-flnt 

-lwe must he preparedf ~t-:c. 1-J.'he m&tt-.~ma-t:ici~n «lei!Zi.t·.1.ng to 
• i " ' -1.~ ~ • • • ' ' ,., e, '- • I'.. .._ • .., "• 11 • ~ ,i,..,.;. ,exper ~en:c. t-11 w, ir.<m~\,J.n.6.t:O'CJ.m . .1. 8l. ~.tHh .. l.On~ ~ 1.:1Uo1.. U.<1:.-\>.-l. l.~~ -

:~!'hake a very heavy inv!&$t~'iliS!nt .ii'l pSs.~:c~dng t ,rill. !i!1d ~ l~'l~g~ 

:of the ty~ projact~a ~est w~icon~. th& cnmputez ~ei~nti~t ~ill 
•find that it allows him to ~ali.~@ mor0 $la~orat.e ~lgori~ tlum 

:~'Ouid othe;;::wise be .in re~ch. Such ~,t:tr&etior:s btr;e. :Sade APL 

i¼nc:r.e.asingl1r po,r,ul~l", l conai~er ,t&at tha partly set.-tbcoret.ic 
rt~turo of t..hat i,ngeniously d~\tised ~zrQy J.angt1aq:ca li~~ at the· 

:-ioot of th is tihenornencn.. • .• 
. "' 

In the d~vclop.m~nt of. large p;.09~fymming ~ysts-m~ within ~6 

.!-imustrial se·tting, a t.ec?i .. uique allevlrig th~ rapitj mnd inelt~~iw 
Jl:leve 101_mlli::it of funct.iordng, e .. ,.,en if :lF,6ffiei~nt.;1 ~ersiotw of 

~<:anple~ progr~ma mus.t also ha of a.-scid~4 ad~~nt~ie, and thia 
: for aevert'f.l reasona ~ • Prasa~tly l~x~·e"'191~ogrm dQvel~nt 

'JJUf:er~ badly tran the f&ct. t...hat 1it:tltii or 11..othing begin.2 ,ri~:lbly 

·.to function until a huge whol~ h.tu~ 1-::~~~ brc-ught f~.r ~lon~. 

At this point, vast tst.nns M}' h1z<v:F.-1 ;:,~s::<\ gpent ltnd tL•Ma i,:r~esovsr­

&bly inv~eted.. It imi then gen~l-~-..lly tho C<il&-ie th~t wat ie dooo 

. ·1,.g done, a~d that a proj$C~ mtta.t cl thta:r bull through Ml.one; a 

fixed coit'tsa, whatever i t.6 intt!;f:t'n6l Oi" s~t®nual ~eficieneiee, 

or die. Sbnpl)• by shortening th.e pe,~"iloooly long f~edb~ck loogs 

~~ich charaeter.ize preaent d~velo~r.t techniqu~s, an executable 
~pecification language ,-sould • prow o~ great :xlvantagc. 
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It may alsc-; be r.errtn..r.ked t.~11-1.t dur.i.rt~ th~J i:ia:W: le.1pmant of Jt>. 

large $yste:m subtTta~it .. i&l en.pe.rA$es ~r~ (X!C~'3io~~d 'by the f~<:t. 

that in s~ch p1:-ojeetff it ia often n~~~§aaey to ~"Z'i te -~~Seti 

of scaff.o.ld-'---od.~ again8t which dev(;)loping sy~t.tmu3 oempon~:nt."3 

can b•3 teftted., In~nc:ling t?usrt c,ur m.:.~t.hew.at.iciaed gpeoifieation 

l&ngueige sJ1ould o:~viat.e t-:.his 6 w~ h.a~.1~ b~n ~t pains w B}?-ecif2 

'l 

an inte-rfct.:~ l!nkinJ ·th•~ ~9~cif 1.est.ion langu1!1g® to ~ conv~nti~ontil 
f i~ld••ma:~dpula.tic.n langt1w;e of thf! kir1d wt.ich wou.ld 11o~ly 

~ used fo~ sy$t~~a p~ogr~ing. In ban~~~ ~ith ~uc~ a mlc:iA&r 

l~ve 111 lan1m\ge, our specit1c~tS.i)n lt>X't·tJU~g,~1 _can ~ct. ~~ a t~et~• 
9·ezi<2r ti tor. 

The full d{?Veloptrt~nt cf "':1:d,l8 Jt1f:& l~SJ-d.tl to ~h3t s-id.ght bia eallGd 
f-l t~ro-s:tag~:i d~v~1op$rl®;t'l't t~~-;hni~~J.{!;., Ttie fi.:t:st ~)~ t.:he t1.to pr.c,g-r.~S.~1 

~ta<J~s coneJ!!ts of t:ha d~v~lop:;1Wflr.it an.d 0~b~"-9ging of. a complet0 
B;ist<.~mg «lgoi:ithi~, writ.tt~1, in t-.n~.lf.~iJ:ltt.~!Ct 1ar&S"''1.~9'~: .snd th0 

mnnotatio.n of t.hiG al9ori. thm "'ri th ~ll t.h@tiJI& r~"na:dt~ cooe!!lrnii'1g 

intand~d concrot~ t0ehn:t~~.er;. ~-fid di1t~ ~.nsgement ctrat.eff 
~ec~a~n.ry to dafine the d~t&ia~ p~og~&m-w-hich i~ to b@ d~valo~ 
~'Jring the s;ec<.'l.nd oti.ge. 'l'1li~ __ fu-~t pr.og:;::-&.i~ing iitage will also. 

:bt .. ;oJ:i,e m~&2urement and i,~er. testirua, 'tlh,$.r~in t.h6 twa~:r~ct 

~lgo~1<hm 6arves es a kind of d~t~ilsd ~i~lator of t.h$ effi~ient 
program whic:h it foresha1lO"llJ& t !'r>.d wher~in • :t t may bti modifietl u 

ne~seary. . I.ltn:ing th~ s-ei,ont!l ~ tu~-:a of FO<Jr~1~, all tll<a 

pa'!'ts of an abstract. c-.>d~ ar@ px-09ra-.sid.~csly repl~cad wi. th 

logically -equivalent· hut ~ucli ~:re ef:t1®i~att plltMnigas of e;~Q~t@ 

cod@, which are h~mmered out tU~&i.n:lt th@ ~h~tr~t algori t.."Ua~ 

All plans involving e~ec<.1t;k.f.ti of abl'tt:r.·a\'.:t m~aification 

la1'igua9~!1. must eventually ho~!, to c1~mon~trat.e that, oven t.houg'-1 • 

the efficiency _losges which the hiihly·g~n~~aliz~d standardisQ­
tion of data r~pzee@nt~t:L~n~~ t'i:1V1i,t, \,)CCa!1ion ~ill, be liu:g~, thsy 
need not be cat.aatrophic. Lo~~ f~ctor= of ten, or even ot 100 
c_a."1 ba borne~ lo11t-t fact.ors o~ 1000 (whi~• ~'@ to ~ot at all 
a.~ticipate) vould be disastrous; ~chnology haB after all 
ine~e~aed memory capaei tie~ hy a faru·,t: cf 100, .and spe$d'3 . by 

even larger factors., ~ver ~~ lut dozen y,ua, .~ promiaea 



tc continuG making t-imilarly S{>(Tctatn.tlale' q~ins.. Would it not.­

·for m~y purposes~ clearly ~'¢;erth\fhil~ to ~c back a g~ne~ntion 
.in m,,~chines, if by doini so w~ c~uld incrra:i:u10 n-::cv a la:rge f .set:or 
m.u: ab:tli ty to pro9ram? 

JJJS ~ fir:al hene.ti t, w~ enpect. thtl: availabili t.y of the 

mat.lt.~ticiiad .progr&nmu.r,g lan~i~1.g@ which tir:tll be deaeri!ied 

:.U\ the pr(!:!£ent ri..--sor.k to bt"ooden t'he fro.nti8r· of ·cant.~.el beti,;~n 

1~rogrrunmin9 and mathen1atJ.~r:. It ~bo~ld ~t My rate sorve to 
emphasi:te to ·the ~thematie.ian that. programming ne-etl not ~ 

~ll mass of r~tty iista.il oii1.y 1 th~t J.t~ f.n-ttt it· i$ concenied 

in a way only slightly unf.amil.i~ar ·td. ~..,_ aou,e of th~ ists?.'182 

i'.><Shi.ch he is Qt.::cust.om@c-1 to conf~ont, th~t into.:r~~t.ing inductiv--ei 

p~oo:fs Ca?\ it1 fact t~ re,f:£it·dsd &$ r~eu:t~ i "-.r~ algo~i -duns, &nd 

to fciz·th. Nhllo ehe r1<tk'1th(.3~t.i.<~:l.&n ~:U. l pr~~~.ably fir-,d the 

l~n9tfage which is de$cribe-lil in the pzenm1t. worh inor~ ftartilia:r e 

• and hen.ce ,rtr;r.:a acc~s-s-lhle, t-11~~·) oiu>i tvJf~~-ry p.roq:rcfuoimd.ng l,9.11g,.,~~tJ 

1night bin, t...l-ie pro·gra:mntar co.mixtt➔ t(i t t. with a ccmvC:Pntional hE.ck-

9round will f i.rul it ne~~~nuu.7. to e.:.¾elfMJ.f3 ~rt:l.:ln of his ~nt~r.·al 
habits, Eattd thi.s may Cit f.ic:-at hai ret:h~r t'.itacoocerting. 

Convel1t.tona.lly, • the 11ente-l pxocer.Hl! of progr-a"U elaboration whid'l 
ewentually r~nul.ts 1n a f:Lnished ~t.·ogrM1 desi9-n or pro\lr~ 

begins not cmly 1td.th h.alf-for'!!'l.ulated procoduze ktitnels, but 

aa ·ffiueh • as anyth.ing elm~ with ~o~ id~ of the t'!a·::a. att:ueturoi~ 

~J!1ice..h are ~ iJUp.o0l't 'the pX()OOd.~}X~~ t.~ bt-? emplO":(ed • OftGn 
enough of a total deslgn the f.ir:i;t put which ~Pl'~~rs on pe;por 

. J 
ie ~" initial eL11b-~ra".:.ion of th~~~ aau.i s·tr.uetw:si;,· their fi~l\.d::y, 

Md the- ~epa:ra:be eignl f :tcances ol. ther~e flGldiz.. Thie d&ta•­

depiction i~ oonventionz.J..ly Uti$~ as an ai~v:.tl e.~o.inet which ali 
the.detailed procasees ~~1ich ev~~t.ually ~ill form part of a 
complete· p.3.ckage @r$ abaped o }."'rotu t.htl pr~sent polnt. of itiev, 

all this, 1:ngrts in~~,. h.a.bi t :0'.l ~l~.'i.~: tHO$t skil.lf~l prog·r~rz 

though it te, is d~fe,,tiv$_~ ~.it.1~ it:.. ind!scriminat0ly confound• 
the· abstract eseentl~ls of a ?ro-c@t:SS i'.:o !)e dibscriood with a 
host of matt.era or. quit$ ditf~l·ent o!\,1!.rtlc't:0r.. our proeed~1.'le 

will be othe:r.w-ise, at"id, bn>9.~sirt9 ~""0ry Jm'!Ch of this cuatou%y 

utter, or at the -v&rL leyt ~.aki~g-it a tx).~tscript to rather 



than the st.art. of our spec.ificat.ion pr.,~c-zess, 1K~ will deal not 

~ wi tn· i.~~ t f.~~.l~!., e.nd .:e£Ln,.!-.:E:.:t!l, but directly with. thos(! 

: t,gsi,~~1..~~~-~'2!~~.:.~.!J:5:ffi..§, ~,£.r.2..:-~l~:E-nceie;, &nd ~.!.i whj.ch. conventional 
• tal~ular data str,..&ctures ·ult:.irnately and indirectly represent. 

• The sudden lcsa of burden w~ich so r.eidic.al a aJ.mplif'ictttion 
;. implies may at first be som~-what dlsorienting, and t:he new 

.. med.i.m:1. may at f J.r.st e~em too rarefiec! t.o breath~. 1ro the 

_.progJ:a .. tnmer whose initial 1.emction ig as desmd.be~, the author 

• offers t..he fol lor,.ring ad,Yice: c'it:m II t par'.iic1 you axe simply 

: 4!merglng fr-om the sea O The M(..~e~aei'1' 11©w tu.ii.bit~ of thought 

-:. are in fact readily .eH~qui rec1, and onc,e ?1'\A~t~t·~-d will lead to 
~ &. subst.;xnt.ial impiovement ir.: .t1ne 1 s ability to· design eminently 

·,:practical ~.lgc·ri.th.ma .. Bttt th•:t r~cess.~l."Y design ~teps will be 

-~ :ta.krm, in q-J.i te a different otil,i:.:;;- .. 

. It c1~"?serves to be mttde cJear that the present m&nuscript 
: t·rrn.li zez hu.t p.a:rt of a ocnsi-r;c~r£bly n1orc ext~nsi.v~1 pl~n. 

: Some idea of the intendec1 acf.-p't" of trork m~y be t~td.ned by 

• t':lxanu.rd.ng th~ table of ronte~ t~ i.1hlcn ft~l.1~, in wh.ich we indic~t~ 

: not only $-ections completed but lllso s~ctione intended ~1 timat.©ly 

~to· follrn,t, not all of whic.~ hav-e i}lt th€i p.!C~sent wzi. tin9 ba([~f¼ 

.;-d~veloped. Of the sectio~'l. title.s after IIC mhoon i11 t.he 

r t.able of contents I II D, III A.8 !IX }) ~ '~.nd part of ".Jl A 

-~:t"esently e1-dst in a.t least prr:limin~l1' m&nu&.cript fo:t."m; 

the others ar-a but p:-~jecte.d. \\for~ ~iroo:d at. implementing the 
$£TL languagi.~ defined. :tn· the fo11(~t1r1g page~ :le ourrently under 

vay, and much of t.he prcje:ct.:ed i:n.1t pre$ently misssil1g m&teri~l 

will be developed in conn-ectio!, tt:i.tb t:.his project. It. rshouli't 

~uo he noted tJ1a. t, wher.~a~ the mt~ill outlines • of the si;.'TL 

; l~nguage now se(" .. m :reasonably t.ta:ble i t:"ert.airt !eat.u~eg must 

be e>..-pect.ed to change; only wld~r e1~~zi~nce with th~ u~e 

of SE'l'L and a f inil-lhed implelner~t-~tior, will yi~ld a final 

speci fi.cation. 

Before comin-J t.<· the end of this ~r~fa-.c.e a few l<'!!at 

gene:-ali ties may ~wi:-opriately b~ put ta- paper .. • What are 

programming languag~s? We wct,ld like to nugge-.t tha follcwing 

; 

-xti- • 



ou:t.lines ,,f a11 answer to this quer.tions, avidentl1"' !at,aful for 
~.ny effort a~ llmgllage desigl'lo Progr~mm . .inq lan1't1.a9as are 

notational. syst{-l,.:ms devised to facilitate the descript.i.on of 
l!.bst.ract objcr.~ts whose ba~ic elE!tt\EHi.t.s ar® fJ~tg, m~ppings, and 

processes. With these objectg ther~ im to be nssoci&ted ~ well-
1Gf inecl .r.u.le for. -ev&luatlng them i perh.&pg, sin.~ i.;.i"i~ obj~cts msy 

contain process~s as subparts f it would be be.tt~r to fHlY t for 

l:n.t-~rpr~tir1y t~en~o Fro.i'11 this point of vi~, an in":P.err.1-t:1.ve 
p.irog:r.runrnin.•fY langue9~ of the o-:tdinary ~er!al kind msiy he regarded 

ae a rnechanb:m, fez- t.h.o deacr iptJ.on of a a4.!~t ·of °k"'--m.t:d.c blocks 1 w:U.:h 

t!'ilach of which is a.ssociated a f~m,.li., of n,6st3:ibls ouc®ssn:ra .. . , ~-

Each blc,-ck ·must also be fu..z-ni~hc,.~ with a t1tarrt\in21ting condi~ional 

t&'an.sfer·t which can- he naetl rlt,t·.tn9 ii~tis~·prt1:tat:.tcra ~f th~ p,r,~r&~~ 

t..."? .. se).ect_ on~ potenti.al succe~.so:.r block at; 1:'he ~~t\,al epoirrt of 
transfer~ 1 

.. Thir; f&miliin: kind oi: loc~tion-co'l.'trrt~r control is .. . . . 
only one of many quite 6.if:f~rer~t po~s.llii li ti~~, h~evt1lx o In 

simulat:to.n L:1ng1:w.get:t., fo:r ,.~~?..mpl~ r th.@. f~gio p:cincipl:a of o:t:'g.ani:za= 

t:{on is d:lffl'i:remt; the s\1h~rcce1:H::es of_.,. $t1imulation i,atur~lly .tom 
i;~- tinordered $et, each of w.bich .is ft.n:nish0d wi t..h a.111 .iAivo-cmtiOJ'­

c;mdi tion ~ •l'he simulation int(;:rpi~~-e.si: ~)mc1:rt~£t in ar.y ox·de:r, 

a 11 processes-- whose i~·v·oca ti-:m con.di ti<:,n is s,:1t.isfi$d ,. as lor..g S.tll 

~rn.y rem,ain to be executed; ~hen rtOli."!~ %'.emai.n, an under.lying time­

parameter ia ae.vanced by the iIDterpreter, M<l i:;.h~· n0ltt. cycle of 

flinn.tlatio_n begins o 

If we bear in mind thi!iJ. bro~~-. ra1:lgtl ,;;f· po~mibili ties, the 

ft)~low:tng point of view aug<J~t.s i t~elf.. 1.'he "fronts or 
0 ayntactic" part of & langu,1-g-.:& Sy$ttJ.m m:ist pr.cviik, n1eb;.oos 

by• means of which very gener~l abst~~ct. ohjects (g:t'aph-like, 
t"~th-~r. ~ha_n trae~lika 6 i -~ . ., ,f\<ln,itting r~v::ta zather than 
purely. local connection&) c~"l ~ c\e@e·.r.!bGd eon\!'$niently. 

This ,,front end 1.11 should ba v~.t•iaiole ,S:1'\augh so th6't the 

doscri,pt.:l.ve notation to be use.d can be t~ilor~d t.o tb~ require­

m.snts ,.:,f any part.lcul~r ~iald, p-~n-dtting the cb:l"eots of momt 

e_ommoa concern in thls field t0 be deacribed i.n a succinct r .. nd 

heuristically comfortable maru·,e:r.. POHert'ul meclumia:m9 for 

deiaeribing the diagitostic or v~ri ficat!oa test.is to be &ppliec! 



to text. durlng its syntacti~ analyEd.s aho\1).d al~o form part 

of th.is lZL-"'l<J'~c.:·,.rie-·sy.stem fr.o~t en.d. The lqb~c1< !'i· or interpret~r 
part of a lsirtg'!Jage i{ystem B~uld .itic.,,.:;.;rporate abstract sti"uct.urea 

~thich are g~nei:rll ienou.gh $0 that. \>,,r1.st~ver atrur:t.ured ohjectm 

r1tay he of. concern in any CQrtot! i v~b le s i tua tic>i1 c~n 

conveniently b~ mappsd upon t:h~.\S~ st:ru,ctures" Now, t.he u,1e 

of general set th.eo:~• should c~rtain1}i7 ~ztt:t~fy th.$.a latter 

r,aquiremP-nt, as l.on.g £'is t.-~6 actual mt~ ct thet~en1-prov1ng r~t.ho·da 

~~e~e othc.r eintit.:.ies than zet~ treT.1u-: r.;U.K·~ctly act~e,s:~ible to 

mathematical intuition ru,a coi; 1,d thf~r1.tfo1ce be us$d &® a 

•. 

. is not. the c~5e.. 11>;.~ua, if u s~ t t,:1bl_y fle~1dble 5yntr-tctic front 

e-.nd can be ut.tached to the ~~·'.:-~.: . .heo.i·r~·U.c lar1auv.a-e ~i•th whic!, we 
<' -

alhall be working, w~ 1..;;':il)_ haT,.;•e a (!:yf;'Jt.~~1 coverir.1g ti good pt.Az-t of 
all t-hat in likely to he fourid al,~g th.at, road which ce.:rNlplctelJ 
b11p~1s~HlS co.r.is1.de~at.ion$ of ef:ii..c.:;ency. This will in f~ct bs 

,~ttempted. Of course, th.is will st~ill leave room for Gemi-gerwrnl 
.1~.raguages which compromise art:~nl.Z.y with full genar&llty in ord~ 

to reach higher efficiencies t,bt},n ~oulft ◊t.hel"'\-d&.e be &tt.ainablca o 
' . 

lfuoev,:1:z- publish2s pz-c-grruns P1,!h1lahei~ l:-ugs; and wh®re&e li. • 

certain effort ha~ been ,Je('.,Yted t:o cl~aning ilf- t:h~ SETL 

.rct!go:r:t thms which ~.ppitiar in what t-oll.~.l, 1 t ~houl~ bs l"eme.mberq)d 

t...t1zit they have bee~ s igr,t-cbi~cked c::mly, not S\~n & syntax-cheQ.kQr 

being presently av~i1a.ble. 
correction.a to the ~uthox· .. 

lndig!\~tt;.t r~aders ~ra l!sked to een.d 

~~~dot'~ vho would like to receiv0 
those parts of the present work WJ.~ic...~ s1~}~equ~ntly become 
available u:re also asked to corr~r..ll."".ic~tit:® (arect.i.~r with t.he at.1thor~ 

Mor-e ample ac::k.r10'd'J.edge-m:iH"-t of t:tl 1 thos0: t('ho have assisted, 

with aid or ~ith cr:i.t:tcism .. in t?is t~~"i""'lopme11t. of th.is manuscript 
t.o its present stat~ ,till be !!;~d.z~ 2.t a. l,~tar t~~.. I co.nnot 
ho\t1ever, re:frai.n from e~(:-_f.'HtH.·.• .. ~ t:l:,:;\n'k..""6 to Mr. Davi~ Shiel~Q, 

whose q-aite. effeeti.ve &nd uno~l fi~h l!!n~.rgies havr:!t been essel/\tial 
in secu.rillg the timely apfl\lsren~e o! that whi~~ n~ follow~, 

mnd to ?1:las Cc.:ms·tance P.ngla ano Hiss Lintla >.dsmson, who did. euch 
&. f.ine job as typi:'1ts of the ftU\t'\U'iJf:ript ~ 
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I. Introduction ....,.....,.,...............,....,_...,..... 

In the present work we will propo~& a new programu\ing 
language, d~si9n11ted as SETL, whose e•~.n)ial feature• are ,'--') 

taken f.rOffi the_ Ntbe•t.ical theOJ:l" of sets. SETL will have J) 

a·p.reci•ely defined fonMl aynt~x as wel.1 aa a aemantic: '--
!nterpreution to be described. in detail; ·thua it will permit 
one.to wite programs for cornpilation_aud executi9nP. It 
aay.be remarked in favor~ SETI.. th•t t.he •thematica.l 
experience of the past half-centu?:y, '-nd especially th~t 

9ather.ed by·~~thematical lo~ieianB pursuing foundational 

' 

mtudies, reveala .the thoo~r of ~ts to incorporate & very/~ 
powe~ful·langu~ge·in terms of·whieh the whole otruoture of 
,,athematics.c~n rapidly _be.built. itp .. frQlll elementary foundation•. 
By apply"ing. SETL to the apetif icat.ion of a. number of fairly • 
complex alqori thma taken frQat\ v·a:c ioua partsi. of com~il.er 

theory, we ehall aee that it inherits these •rune a4vutages / 
from the general SGt theory U?Q~-~~!~ it i~ modeled. It 

uy also be noted that, ~.rhlp~ pe.rtly becau~e of its 
cla1;sical familiarity, the· ~them&t.ical aet-notion p:rovi~•• 
a··cOlt\fortaJlle ·framework· for thought, ,··that ii; --one requiring 
the imposition of relativaly few utificial construction• 
upon the baaic skelet.nn ot Ltn analysis~ We shall •ee that. 

SETL inhc%its thi& ta.r.lVantage alRO, "'° t...hat it will allow U8 

to deecx:lbe algorithms precisely :but with relatively few of 
these superimposed conventions ~hieh a.ke p.ro9rus artificial, 
lengthy, ~nd hard to read~ 

=·· Hcving general·finJ:t.e Ht• as its fundamental objecte, cv/J 

SBTL will be a language of V'$T-f high ln•l .. Generally 
wpeaking, we may regard the le>1~l of a language a• being hi9h 
to the extent that it suoceede ln getting·awey from the 
requireaent of •trict localiq, of operation which adhere• to 

., , 
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an alement.ary l!iutc,m:i."tton.. 'rh,srt J.a: a high level languago is 

one wh:tch incoxporatoe c<,1'npl@x fltt·!lctare..1 data obj:eet.s end 

9"lobal o~r.mtiono u:po11 them. tuch a lang-uag9 ca.:."l frea ita, 

tu,e.r frorn ·t..!ie onerous tesk, artificial fl:'om the abstraC!t 

structural point of ,,1e~, of sp.Qcif.ying the dat3iled irrt~r~u...l 

t?t1ble$ which are t.o r~preoaent the $tructured. objeat.s of his 
co~~ern and cf reducing to purely local fu~ction5 the global 
t.rans.format.~oi1s which eff®ct the@e object~. Tl' . .n pr.09r~rsr 

ie thereby f re.ed to w.c i t.e of at,p;;t.ract pr>,Jbiem-r{ala. ted 
~nt.i t:tea ~nd their interscticmfa :tn & f&mil iaic ~1 a:m~l]t<!i.c­
ally natural :m-tArtna:t .. 

There is, of coura~, ~ vrice. t~ he psid fo~ th~~~ V$~~ 

~-aa t ll.dvanta9~a. A high l..:e:~i;;:l la:n~Ii~@, 't!.'1li~h redt.,(!~a t.o 

n min:i.~c~lffl the rui.vunt. ~hi.ch ~- progr,,,.rr.&.1<.-;;z· must W.!it~ tQ @~cify 
an ~J.1;c;r .ithm in '~tY.tact.1'-:AbJ..,e for~, i~ t.i~t. to ~~c~s c:tzo.itted 
to the ir!'~>'&rieble u.&.e of ~G2l"tid.~ 5!t~~lia~r~ tab"!:UQr f.orm~ for 

t.he 1·1~pr~tli·e:t1t.ntic:,L1 cf the clnt1.tie~ ~:;i·th ~·aic:1 it ie conc@rnd, 

and t.o th.i:-· 1.1s12i ~rf. c&.z.:-t,rd.n ~'Jt.elfi.Jti.~d e'J'~:-o:a◊?cl~~x~f!! for "C.h0ir 

manipulation. lt 'i(..i.11 gtfr.n~r.al:.-y \t$:S ~-h~:.ri'>ti tSlbles and 

px-ocr:ihtr<e:s -ev..ari1 in c.:~ae-~ in whJ.ch ·t.Su-1 nstuxc (.,f a p;u:-ticu-
l.!lr pi·oe~B,~, tc_. b-3 pi:·1;3grar.: ... ~;.~d a:D.r1ww 'i;be u~e ot· ~t.H:h lr60ra 

<!ific:i(3!r.t t.lat.a 1:·epl!.·~r~entCit.ionID ~ud ~AAt, .. iplll>fltir..Yne.. ':i'huti!f 

the uoe c~t lan';_!u.ag~...: .:,f v;?:J'!'Y high lev·qfi -.:~J.ll le;£ld in w.any 

cases to t.:lla cz~1:!',eratir:m ~ very insfficd.(;Jnt p?.'ogr~s. To thQ 

r::ixtent. to t1hieh we -:a:r~ u,1~ble to ci:.1pture the optimi~ing 

• inverativenass of a v:.ki lll;,li progz-swiu,,r by an optimi~uiticm 
algorit.Jun, thig diffic\!lt}t "'1:ill pet'Si~t ~ite ge.:.·Hl!t:ally. 

Set thecry, whJ.ch b1 priruiliplEl ~~g.!il.x·ds ~ function like C.~4 

an~ the Get of all ~irti ~" ~.,s {xi) which it gen~J:ate~ ili1 

being aquivalent., cert.a.il:•lf tt1.::1ds. to th~ U!l$ of diction!': 
implying highly inE.tff.ic1~nt. -'19c-r.it:'rm~1, ~nd -whcr.ean. ""~ v.~.ll 

find w4ys to avoid the ~st of th~~ in SR'1.L and will diseue• 
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vau:-ious wayn in which SE~tL picogt·a!ns can be opt1.mized, it 

vi 11. sti,11 he t.t·ue th,e,t Se.TL will ;,a.y a »nbstant.iDl pric~ 
in efficien~y for its logical poW0r. 

!•lavarthelesso it !a our .Cc,eling that thia B\ilistBnt!al 
·obje-etion i~ not cataf.Stl"ophlc_., i.e., '3;r~t langungeu.,of the 

type of SE--rt can be quit.e useful in a variety cf r;ignifio«nt 

~ituation,s.. ssry.'L will, in the firot place, be uBe~ul _an.11 & 

~pecificntion langu~ge, i.e., ae a 1~ng1.1ag~ in ~hich 
algorithmic p:toceeaeg ca~ bl!! form~.lly ana pr6t.:iflely defined t.,.) 
by a text whose "!{n.tacue eo~rectnasz and compl~t117tneBs m.t1y ( 
be ver:lfiOJ.3 computat.i.ont¼.11 ly. Th~ v~lue in th-e defi.tlition 

of highly complex object.a of the ~se cf f1inne..l text b~r1 z~,~~11 

emphasizoo by reaeaxcher.s at the 1BM Vi~nr.i.s L~b~r~tDtY 
(c~f.. LUC(!S, L1i1ue:r(I' and St.igltd.tn,,r. {ll}, ".:ho h.S:.ve .,,~2vclo~ 

a loti..caJ .. mt1talang'Ji~ge ~.al.led tJLO i.<i1;co:q.:;-.::?-;atlst;i ~arious 11. J 
1>0w~~1.Cful $;et t.!1~ol'.'etic fe~turefi~~ am; t'UlV'·~ -~?ipp.li®& i·t to 9!,~ 

OLD el': fin i tior-s 1~.ng~A,;ze b~t l~"''.. It ,~:J.JY h~ rerr~•'1.rked 

t.h~t t.hft '-~Se 01= fo~~1l t~i;t fo~ thi1~ {~~f.L~.itic~ ~:,f algori~ 
I_~ i,7;,,..,.,. ,,, ~-;.t,~n i"OH-~~•,,\'l t,-?,~~- v~r:-f,,,;".~Cl!!<f:;,.-•n ~.p • ... tnr,-:-i4;,\.A£-?lo e,.,.,...,...,._,.,t __ .1. ·•~J._.,,._,... ... 1. ...... ~~ -.: .. ~ .......... " .... \,,--,··•~ ,_,_,_ ... .c...v-.. ,,.,J;.. 6,'\. ... ,"61/f. ?.\i.:l,,1 ..,_,~:-~ .. • ~.J); ~.,.,. ..... "-'~ 

oGl)Ei arid <frA'JUi"tt,.1.isnt'-:: by t'c1.--mal prrn..~f. nYet'fuxk~ t • unfoz:-tunat.$ly, . . 
ssuoh .~ ateip dit.,;:s:::B not br i,~~~ us Vf.>.'~y f~r t:.t:>w,ard thi~ rath~r 
distant yc,,ll" 13.a ~1g-o;r.it.;.h.'N-~ of the ~~phititieat.icm necesieaey 

fc,r auch i-::z-oofa ere lz,c~-c:~.".''..g (1rt t.b~ f,t!'~s~ot t.mm. 

Once ·the basic etructura of th~·SE'rt language ha~ h~~n 
outlined, ~ will dem.on3·~-r.~te i:h.e Uflll) of the lan~u:age by 

proceeding to descrjbe A ~~~ic~y of ~lgorit.hma in SF.rt.· 
our Algorithms ~ill ~Y int~nt b~ highly mimcellaneoue, 
t.hou9b, in aceox-danco i,-it.b t.he i.ntend~ ttpplic&tion range 

of SE1.rt, t.hey will all be $0~-~umaric~l- Specifically, w~ 



M:lll survey a.a ~?xamples algorithms having to do with lists, 

t.rees, • aorti11s ,_ p:1rsing, Cot.ilpiling, l.~ngu.&ge • d~f ini t~on q 

optimi?.!a-tion, gro1Ap theory, ~l~·ebra n'\Ot:3 ~enerliilly, combin­

&torics generally, codi~g an.ii ,~codi~g, ~imulation¥ &nd 
Y~riouo other fi~ld~. Theee exffi:\'lples will ho inteni1ed to 
tlemonatr.a,te t.hat th~ u~t .. theoret!~ progrram\'a.ing techniq<he 

~eali~ed in SETL do~.!3 al.lo~ .. the ~scription of algorii.':.!mic 

prooedureu in a brief y~t pracise and r~&son~bly tr&n®parent 
fashion, ~nd thuD to ~~e s~rt plaunih18 ~~ n la:u~g-~&ge for 
a1gor.i t.hm. specif ic~tion. ii'e will Fi~~ in eY.atid.11tng tl1es-e 
~runples tl~t tha l.'lse of S.ET'l:, allowfl one tQ 1&vada ma~y ot 
too· buroens ot.oorw.1.rst!'f a-,~lH)-Ci&t,~d with prog:.:-~11r;ii:mg and t.o 

·a~ite progrruiui that follo-rd an initit.i.l und,~rljf!.r>.g path of 

thcil11ght flID.re clo~~ly than ir; ordil1arily po~sd.b1ea. In 

psrtlcul~r, one of ·the eaas.."lt.i°al i.nitifil atepm in p~ogr!lmming, 

th,.., o.esi.gn of d~t~ structmi:i~e to carry e~sent.iaJ. infor.mntion., 

its dra&tically ti.d.mpl!fiait iri SETL. 

powerful ~~t rather inefficient proigr~ning l~~~~&ge lik~ 
~B'KL·may_ be··put:·. ~In eetrtain mituatJ.onSJ, f~ilrll' Cl'm'tplsx 
4'.llgori thms must be programmed in ord·&r to run jumt one~., 

this is the·ear!ta, for ~ple,.when~v<ar a n~w l~ngua9e ic 
being «boote.t.r~ppedw L.,tc ~KiDt~n:;.~,~. lt, other C-!lfl~e, as 

for e~ample .i.n exper iit'lein.tinq t_;,i·th corapl(}'tt elgori thm;is, in 

Masuring th~ pstd!o:cm&nee ot .r:uch algorithm!l!., or in t.he! 

nimulation of cotnplex llliyat~;~, it 'F'..ay b-.e appropriat.e to . • . 

program el4bora t.~ proc-edtAroe to ~ ei.t\'cm·ted j·iJst a f eM tin-..ca o 

In wch oaeae, algorithm in4t-fJr:tci8na-J ~, be of minor. 

ii,porta.nce. 

Still anothex- lFJignifiQtu,t :1,lv1.::1.nte.g~ cf t.hl:Q ~vailability 

of a· language of V/$r.y g:c®at t'rXJiI'es~ive pow'-"'lr c~:1 come from 



its u~e in th(! developni,@t <:,f "itt.At fjjV'Y ~ c&lled a tv1_0-1Jt.a.91.. 

-p.1t_cgttamm-l,z9 6itJl.~ .. In wch $ atj'l.G e-efl pltogranmiiJr«J, clgorit.lma 

~~entually to be incorp.orat~>d in highly ~tficient production 

r;-r-09xanu; would firnt be writ.t.~n. out in SET:t, ~ppear1ng aa 
3ho!'t (but G%Xecutable} t.~xt~ of a high Levtil of abntscaction. 
Once a \"erif ied SETL p.:ogram w&s av~ilabl~, its iayatem.atic 

eptimi2~tic~, constituting th@ ~~~ond $tags of the ~hole 

·i?l'Ogr~ing process# \t.'01.tld beg_in ~. .This opt.,imi:ation might· 

pr(.;ce~d ai,pproxu,a3:ely n°I§ follO'Jf~.. · ~~.minir~g $. SBTL algori th'4 
and notin9 the eote which playoo ~n i:i;a,?,~rumt zcle in it am 
well. 0s the op~rations to which tl'lttH~~ set$ v~re aubjsctt one 
l-'YO'.!ld elab.or~te ·a ~peci~li~ed daJtr1. de.!Clu:.p.t.i.or{ which could 

•lead- to· &n ef £ icient. program fo:· ~!e same algo,;i thffl. Note 

:in" thJ.s. c~nnectj~on t.l,s.t. &~te of c~:r t.&in sp*ci~l kind.s 
<PP~ar:tng t.r.equently in progranm~ing ti:i.cuat.ioru; ~nnit. Vlb.rioue 

~pecial ly ef f.lciei-it 1ti1pr~r~m1t,.rt:.·io~a. Thu~, fQr. c.xam~l1t!, ~ 

•~~baet,; of ~n e~pli~ttly ~epr~~ent&l &0t ~ ~~n ~e 
;ireprasented by n coll~cUon of onia-bit fl.,gs logic~i.l.y 

~ttached to the eleinsn.ts of Ai ar~d e!.'t.h~,: ~ua~ t,,i th the3e 

~lements ox: segregated into a bit t~ble; a ~~t c.•f ~rderad 
p&i.xs nttJJ be rep1~esen r·.ed by a tvo~\ai~n~ional. ar:raty, possibly 

cf bits; ar, interval uf int.'""'Jei:s ro}!y b3 rep!'.'G~e~.t~ implicitly 

JbY a n,llt.le=ical rar.ge; e. t.c. M&:,,:r ou-c~ z~~l?r.e&entatJ.onG ars 

l r,.r,own, an<., t!emsti twte r.:'.Uch of th~ w~x':'iW.l s;tuf f of progrmmuing. 

~ extend z~ucb a cat.alc..'9 of t(~c1ln~qu,:??.ll', 't'."e m&,1 note that 

~tr; can ba represented b~t a;ri~a1-r:u-~ e.1.thir wrt-9d or unmorted1 , 

by liats atructur&d 1.nd.r.g poi.ntet~ J by ent1:iea in hash t~bl~~; 

or by data !{~ruct.ur~s com.bi:1i~u1 ~lil of these representcit.t!onal 

J&Jthods, as for · example structur~s i.fl wh.it-:h-a f irat. fev nat 

eleroents are represented in one ~1 ~hile tho rfflUninin9 
eltm\ents of the same set ar.1? reprf1sant ad in another. Seta 
of ordered pa;i.rs may be repre@entd! i.,y_ _attaching all tllose 
second c:04,aponentm B whJ.ch ~·~~u:r wit.h ~ 9J.v$!1 f.irst C<>ln?()nent 
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1'\, as a list.; alternatively, ~111 the t·l~ments of this list 

~Y follow A in a i~ac.ke-d lr.X:l"<'!Y t panr.i ttlng th~ .repre~ent&tion 

of e set of ot.·der\ld pa iJ-s • in a highly compressed form, 

Special bit-table techrd-:qu~s -'T-€ avai.lab.le for the repre­
tsentat ion ,.;f ~ets fair'.,, y der,5c i,n a known range 1 for the 

reprenentation of functi~ng Jcfin~d on thin subsets of a 
kn~wn t1et, etc. Spei.,.:f.al syt t-~mfil o! grouping, ad"1..r~nta9eous 

when so!'le 1)art of the tot.::.l r~-::presruitatJ.on of a sat is to 

be stored on an external '.tt.orage device, ars also known 4 

Since until no\1-i one htti$ ·-)~ll'le:t·ally lackea. convenierrt 

., 

means fo:r: t.he formal c1escr-{.r·t ~.on of ab~tract a.190.rithms, th1& 

varied tachnique.s o.:~s~::rit,~ in t..h•B above. pl\ztagraph, which 

:ma~, collectively be said t:o con.,stitute the eo11eJt.e.te part oz 
tho theory of algorJ.thms~ hn\'t! mo.re: ()f.t:~n than not been 

discu:--;sed in in tit~ t.e c0n~~f.;t° icn •di.tlt. that r~L~c.r different. 

mciter.i~l which we l'~~f.er ep 1h..tt~k c-f 'as a.b4.t:.,,:.a~-~:t-.1.l901c.i.tkm,lu. 

Sf.TL wi.11 3.llr.:w us t-:) d~.vit.iU. f:ira.~ t:t--i~; t . .rad.1.tion, and to . 

sepa:rat.e, i~tc; two <.U.stJ.rct t·tages, the proble:;""(i of diF.1slgning 

artd f.,r~cisc-ly cl0sc1:i'birl9 th(" , .. br.t.r.a.ct-. et:.ruct\ .. •.re: of an 

alqor ithm on the one hanc·, ll! -1 the tli.f fercnt probleru ·of 

mapping this <llgorithm ef fic;i ,2?'!.tly onto ii given machine by 

choice of dat~. st.ru~:tur~s an.:.. prf,cl·,du:t·es cO'.lt'.d in a langua<;a 

of lower level on tho ot:ie-r: S~eh ~{\p-t:ration will hopefully 

allow u~ to b0 more aecurat~ in our. treatment cf both theae 
two problen!S than we could r.-t·1.(n,.s.ll y • b<~ if, as is now 

• genenll l }• the c.a.sa, we t:i•~re.. ~-·o-r?r;t-r.i-t incd to treat them 

together+ It may in particlt .:t.l" be noted that a g·iven 

abstrll<:-t algorithm can have r .-'\1'1'"' plau!lible concrete L"'nnges, 

&OlM: o! which mj ght he m:i.r:;ar·, if br.Jth th-e abRt'.t'act and 

c::oncrct.e form of ari a.tg,;u:i thr, ~..?iV~ to be d~s igned togt:sther, 

We m.:-1y ,alf;O ht.'PC' th.nt tlK~ .1;.v i l~b5.l:H:y CJ-f a tool l.ike SETL 

~ill enable the, ac,·umulat:1.t>n .tn -U~•!fu1 form 4">.f "pre-f'abric&ted" 



abstrect program4l. Bec&u1;0 aba~~ct pt·ogram~ are free of 
much of the specific· d<i?!tail \-ihieh ag~-ociiltes itnelf with 
ftlgoritbme in more concrete formt pre-fabric&ted abstrcet 

. . 
algorithms of this_ kind.might sQr\T-e as p;?l~nently uMful 

blueprin~s for the development of efficient concrete 

-progrruns·. At any rate, ls:a c~h rt\gard t.ha de~lo~t and 

<l~bugging of a11 abatrnct r.ilgorithm as completing ~e fi.rtBt 

.. .. .... . -. ' -- . 

i . : . In .s formal two·-nt&g<tl_ progrmmnin~· ~t:/1~ the ~rnco:ad stag$_ 

·of progremuning will begin wi_th tha ~hoice. of a a~cial. 
~~presentation for e~ch o:f. the fletis pl&~ling ~ 6ignifice=,n'?.; 
't'lf:i:A:e· ·in· an Mgorithm p· to he r.~eveloped ihto a· form zore 

~f1!.iQ:te~t. t~li.!!1 thet Q1J.rectly utt.-Z1ined. by .th~· SE"lcL_ c~pil~:r.. 
,In an: in~ustrial !letting, th~ ~p~cificiticy·n of thef5e 

.~epr.e~entatiOnal atructures 1 with outlines of the actuml 
• ph'oca-d~.n:·eis by which. the set-theoretical prooeasem app!ll>-mria;r 

:in P ~re to oo ,.>c=omplished when the ~gta 6.{?PG~ring in P 

~re replnced by theoe dat~ mtr~~tureo# mi~ht mark th~ 

termin4!lt.ion of an initial degJ.gn_ phlU~t~ and the 1?11Ssaig~ of 
±:enponsi.bility -from &i da&1ign gl:<)Up t.o a §roup of final 
jmplem~ntors. 

: ..... The utility of JETL durin$ the remainder of the second 

·otag~ of programming, i.e.: during the elaboration of an 

infficient final· progr:L"111 can b,<j enhanced by linking SETL 

-explic_iily to a more con~ntional pr,r;grerul\ing language of 
.lower lcavel, which in thit introductory diacuasion ·~ uhdl 
'delllignat.e as the lower la~.age or LL. SETL, being a 
language of very high level, !~ils delibarately to provide 

:facilitieB for the specific l~yout of data structuree, &114 

reflects machine le•el fea~ures ~~~ful to efficient 

progran1Uin9 only in a very indixeet vay. Intern&lly, it 
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!lm.y represent info1.--mati~n in a quit~ roon.n~~nc llm.nner. LL, 

which can be any small r.e:;rste..v.1g ;_,r.ogrammingtt-.::>riented 

·languagG1 that. is, any l;:lnguage oriented toward. the 
4.1efinit:ton of ~t.ructured tatiles and t.h-~ir efficient fflltlli­

pula.tion, car! p·:-ovic~ the:ze c,pti~uiz.ntion features which are 
·mis.fling iri SET!.. In the tot:ll:.. lanl;n1egca configurat.ior, .env$.,ee_goo'7\ 
here nnd descrioocl in nk',r.e dP.t.ail below, SETL and ,..-r. are both C 
i-ncot'porated in ~ mal1ner all<'l~ing t;.h{~a to be b:t~mined.. Xn 

pax-t.icu.lar, once tm efficient ta..bul-'.lr represent&t:ion .for icoM 

m<c.ruct.ured set. S o-ccurring in a pure SE"!'L program l'laa b.-s~ .' 

decided upon, it will oo easy, u&.ing a:.1 appropriate mi~t.ure 

of SE'I·L a:nd LL phasei? .. to d~(3c.t·:!.be prociedtires beth for 

convert:ir~g S to a t.~bul.ar: reprf;,,,a,~~tation T ancl fer converting~) 
.. C 

~ table having the !it.ructure 'I' back t:o l!. set structured ~s 

S. Snch conversion be.ing'r..-o~sibl,~, on<?J fflay t..ben progreisGiv~ly 

1repl~c~ s-,wtions of SETL ,~ode Ly· expanded ver_aions of th® 

~till!& J,J.>.ocea~es wr ittetl .ln LL 1 ac.t}Ves:tiJ19· hetwe~n tab\.·dar an:5 

eet ... theoretlc :r.·epresenti'!t . .tons f:or all necess;n:y entities a-t ;) 

the po:lnts <.)!: t~~nfl'.i tio·n het.ween SETL a;:id LL code. aolding 

to eru,::h a procediire will ~id in tlu, orderly· t·:labo:r.ation of a 
fin~l I,,xogrrun~ and. will als~ prc\":·id~ liome a~su;..~ance t.b.-,.t the 

program 38 finally d1c.i'\."elop-.ed eo:rrreg~nd11 to the SBT:L Jlp<aci.­

ficati6n as initially ;s~t, do.mi. As fi.nal L!, crxle is develt)~, 
. initial SE'TL statemercte will p.rogrcirnively be rel~gated to 

the status of comment.so rm.ring this procetrn; t:ho~e portionli.1 

of an <n.~igi.nal SE1l'~ co$n sti.1.1 be~u:ig ~-xec\:,ted will serv'b &a 

~scaffolding" for t!1e d~veloping LL coJ~, prot'.iding input 

d,,ta sets ~n~ convenient output .~ checkpoint facilitie~ fo1: 

tenting. ·Note~ howev-e?:, that an 10119 ns a prr..>9rrun roma.ins 

fthybrid", i.e., co11tains broth s1r;tt, end I.tL; it t.fi.J.l be 

inefficient, as ths coatrtt of i;,.uisa9e of the SETL-LL interfl!1ci~ 

that. w·a shltll deac~.ibo 111:~ high. 



An al ter:nat.ive techn.iqu-£ .tor -tt,a optimi2~t ton of SETL 

progr~m$, but one ..:.\Cpf?:ndi11g t:-n ~ ~ii9her degroe of sophist:t-
0ation i:n t.he optimi2ation ,nlgt}ritt'«ni!I required, would, . . 
_ilflf:itead of using f ,.1-l.!.··blov.n 1cwe.r. le--.rel progrt!Urtm:lng languag~ 

LL, make use only cf a d.aJJ{t t.-t.~1: . ..?..tuJte. deU.a.1&.1J..t.,:o,,. lc..ngu.a.9t 

DL, in terma of wt",lie.h any ~r1i~ of 8J\ e,.'(tensive f~.mily of 

descri~h'.l~ -data s.t:t\lctu:c:e~ ;~~ld be assigned t.c a set S. 

Once this we.re done, it wr.,i1lt bu 1,:he :r&.sponsibilit.y or the 

EETL co.mpf.;£il' to iaair.tain 8 :ln. U'"l.s SP.~cifi~d formb and to 
' 

supply any coded pr.ocadur~s n~c~s~ary for th'-i application 

of' ~ray SETL OpCl:'i!tion to St and n~;:,~f-'l&ry for tha uate of s 
.in an anviroruneilt in wh1..:~h set~ ~int.a.ined in other forms 

M~re sir.mlt.;;.n·eousl.1-· b~ing elt.plt.?Y.~. The p~o·.:iaion of such 

~- dat~ etructur,.: decl«:::.·at;i~)n 1~.ng:J,1g~1 would yi!-;.1ld a tot.al 

nyat.Gn\ ElillS.it:'.r tf> use th~n· th.a SR>rJ .. ··LL ~y~tem a.nd p:,n:ih!Jbly 

one r.apahlo of pr.o·ducin9 r~.f~es of f .. ll'liddling flff iciency .. 

We will, in f;.3ct1 not &ttempt. to ;?~rsue ixJ any 00tail the 

rather '1i7!..b:ttious prcgram outl lnetl l'K?ire, sine~ we judge it 
'(:0 be t.◊O arrJJit.i0\1.$ 1 gi~ran tt:12 cur.r~r1.t St,jt~ of opti~izgtion 
t£-ch~iqua. We confine out~~lves to giving, in a lnter section 
of the pl~egr,.nt. work'/ ~n inforNal ~u.rv-ey of varic,us tQchniqi1es 

potentiaJ.l:f useful for theoptuiah:at.ion of SE'"?'L programs. A 

detailed descriptic,n both of ~ nnt.:'! of & combined SETL-L.I. 

language w-1.11 howave.1· ba given. 

Langua~e.s b?.!ving C'9r·t,li-ri o: t~~iie fe11tures incorporated 
in SETL hn;v-e pr~viously be-e:,ii px-o~B('!d ~i t.ber foor • gtn't~t-al une 

or partic:_ularly for uoe &.Si opecific.!3l.tion l~ngu~'.la&. 'rhe 

APL lango.age de~:eloped by )'•v~~:-eon .u,d c:oll~bo::utors (see 

~. !vereon [11) has oe.rt&in ai:-:.t-·t:.h1:t0ret.ic AG~cts, and ita 
use a$ a specification larigu~,e haa been inveetigated. 
1\rria_ys either of nuru.':.)0f.'IJ er. t.if cha.tacte:r.e ~re the basic entity 
type~ of this array~oi·iented tt1tng1.\ag~. The ~ize ~nd n~r • 



of dimcH!slons cf axra2s rna~ varr dyntm'lica~ly, allowing ~rrai.ys 

to be u.aed i:n -a. x~-·ugbly $et.··:. h~~o}.~et.ic way, and all operators 

are systematically ~~tended to array~, giving a u~~ful tl"P'3 
• f • · l'- ' ' t o, :1.mt-1 

... cit 1.te.ra t.:,..on. ''.l'tte J .. :u".;gu.~,;1e :i.ncorpora te.t' 6¢:lection, 

.location, mernbersh tp, ~rd co.r.-c~-t:enaticn operations. !A.any 

rJ&t·~theoretic procedures can t-~~ pt~o~rammed rather. concis~ly 
.i.n APLr b~~t the re-lativ~ly 15.r.s.ited subroutinc~defirdtion 

f.acilities which it inco."a-TO!'-;,t~f-~. the fact· that zubr~utinef! 

cannot be tran.amit.ted a.t. ·?a1rru'l.Zters i_n PJ'L 1 the fact tlw.t 

regular arrays iu-e i:c the last ,t'.ner.lyc,is conaid®rably more 
special than generall ~ets of; st;r· .. 1ctured fliita ·items, and 
~-. 11 • • ' j A'.J.na y that C(·!rta::t.n easent.lcd c-ptim.izations are not .ncor-
tJOrated i.nto· APL c~u.un~ t.hi.-'I curri::;~t· v·ersiozu, of· this· very 

intt?resting la11.gua.ge to £~11 shc.r·': :in ·express:ivc ~-o~-er a~ 
. . 

in ce.r:tain essent:i.al aspac.ts of etficl!S:ncy when c~mprured to 

what c.an be att-ained by a langu.ag,~ t;";j{plici t.ly ao'!!!t-theo;;;.~$tic«.l. 

The LISP la~1guage of Jni1n Mt..':Carthy and othe.rsi (eee M .. 

2:larr1.son [1]) is of consider?'ble power, ar·.d mak~s u~e of 

general list-structured data ~ntities in fully dynamic fashion. 
In; its frc0st basic form, how~ .. l~t· .t it inco1·porate~· only a ratmir 
p:tlmitiv~· syntax, making it rAt.r'.~.r clumsj( foi dir~ct USS all 

a· spcaif:l.cction langu~ga.. In r,a::.-t.iculax.-, LISP' s i.:nnietence 

that all cpera~c-rs .be e~q<Lic.lt iir..d be pref ixa(! ta their liat 

of argiuAents, its gener~l lack of. ~plicit co:-:ventions arid 

abb.revirited modes of expr,(Hs5i.on, fh.11d :lt.s rl:iln<~tance t.,:> use 

dummy varL,.bles wh~re thc~-.a could a!.d the cla.rity of text, 

place a c1·ushin9 bu,:-den on at:.tempta 1:o use LlSP for the 

writing of conci.se M:r:d t-r-~n5rf::tr(>t'\t ilpeci~icat'ions. The SETL 

language which is t<'• be demc:ril:rl?-d could be defined in t~rm• 

of LISP by t.he addit.km of r., r.~ther elaborat1c syntactic front­

end greatly enhanciny the ~xp.r.~6sive power of raw LISP, but 
the am\.)unt to be added 'W'Ould be oo subi-tantial ln relation 
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to t.he cont.ributl.on cf the b~sic: l.'{9!'1 ~roce5~or as to limit 

the r.tdva·ntage of using· a L"!B1> base. Still &nt>ther consid­

era.tlon interven-e$., In o,.\r L,;.,t~n-tied imple..~entat:ion SETL 

will yain rather sut-~tantial ~fficiency advant~gea from the· 
X4th£::r systematic us~ of hashing techniquet4. Sinee USP 
does not Ul.Se these t&,-.:hnigu~s, veriou:J of tha b.ttsic operations 

of SETL ~~•ould he q1:dte Jn,efffciir.'mt if progran-i~-:ed in LISP; 

the multiplication of the aubst.an-tial ineffici~ncies inher6mt 
in SE~CL by theae further in~f ficieuc~.es might lead to & 

package so slow-running as to h¢ pro-hi . .bitive. ·Note in 
part~c!ular that. a LISP-based s~t packag~ wot.,ld crdin~t·ily 

det~r.r!':ine .s-et. member2hip t-y serial. aear~h over lit1ta which 

might g1.·ow t.o bo quite ll'll'<Je: and th{!t a LISP program for 

detei.·-rrdn1ng the equality of two setf!; whose rrwtn1oors may occur 

in quit~ d:i.ffe~ant order will normally be r~thet' inefficien~. 

Besides these two well-i.oo~ .. ·n eJ:amples, va1d.ou~ .~their 

prop,)i~~!ls inco.: t~rating crset.-i::~ecrti!tic ideas to an_ inter@sting 

ch:!gree ee:aerve col\'\..ment. co~!d ~ Di1rger ~ ar-.d Lunde [11 contem-­

plat.e a. language, SPi~C, h-av in,3 a generally s<.:!t-theorotic&l 

chata~ter and intend-.ed for thG -.,..,ri ting of progl~run .specif .:tca­

tions. •.rh~i.r langn~ge include8 both unord.e?ted and ordere~ 

~et-a, which may ha,,~ ct.h~r set.:t a~ memhare. I·t provides 

certaJn selection, nun:tbering, location, in~ertion, and deletion 

operators, as weil as basic facilities for manipulating 
'=haraete:c- ~nd bit strir.9s1 condit;.ior..al expre1'siC',"l8 are al.so 

provided. _ On the othal" hnnd, no i.J~rx conveni~nt method for 

treating a set l'Jf ordered pair2 as a mappir,g is included in 

this language, and tlte ltu,tmagc il.,cludes nsit.h:!)r labels nor 

go-to statement~, ll!nd ug~~ ~t.at.t;;ment• of a rather limi~ed 
•while-condit1on 91 form tc, 8~-~ify iteratioria. Perhaps nore 

seriously r r.,~ precine formal ~ynt;.iix for Sl'EC .le given, nor 
is an implenvant...ation deacribed; the lanf_iU&ge tJ\ue r~mains a 



s-emi-.fo.r.mal systelil for settih·;;t do~fln formal cotmt1an.ts into · 

1tthich infoJ:mal rE?marke r'-"~Y be inte:nipersed, and thu$ doe~ 
not see~ to attain the full-~utu~ of. a progr&tmning 
lt.,.ngttagie. 

~ ut.ill l{!Ore ~la.borate. &nl~ p,.,werf~l ~pecifie.?1Jt: io~'l 

• lan9uage, designated as ULD, v.~a desc~ib&d by Lucas, Lau~r, 

Stigleitner in ill ~nd applied by them ~nd their =ollabor­

ators at the IBM lienna Laborat,:Jrt to build up an extensive 

.foxnial description of Y?il/I ~ utn !!ml' he :r.egdrded as a version 
e.f set theory ap.ecializ~-5 for ui:i,a in conn~·ctio.n wiLil the 
tr.ee-like str'1cture.s ari$-ing :r~s.turally in connection with . 

l~nguag~ s1.;1nta~<.. The bas.;.ic ~;;nti t..:i.fr3 of ULD are t:t<ee­

structured objects defi.:ied by finite si:?ltfil of noders and firnit@ 

collect:tons of transforma"tlons ("sel-~ctor~"), e&ch mapping 

~ node _to one of its subn'X'l~s. I'in ope.rat.ton i-rh:i.ch c:c.,~;in~s 

separate tree.a into a com;,osit.e tree is p1:·ovid~?d, ~2 well 

~n an op.-eration wtfc'l repJ..~ceE a de~J.9:natea ~::t. ~f a tre~ 'l' 

by some other speclf:ted tr.ea Ti t.h.is l.ri.tt.er opet·aticn se~10a 

within the U!.iD lf!nT,:u~g~ as Q; Jd.n.d cf gene.r.ali~ed aagignment 

operator.. In. addi~ion to t..'tless st~uctured "obje,et:.iS", the 

language also provi.des a class of atomic object.e, ~.ll,'r.'-"S one 

to apeak of i11-te.9ara, ~nd pro~·i'-'es comparison· operat.orG, . 

ooole~n and arithmetic operator@..~ as well a£\ univer.~&1 and 
existen~ial quantif.iers to be us,,::d in th0 fo~.ation of 

b!>Olean expressions, gi"ting &..n e.x~ressive power at l~easst 
equal to that of the calculu~ of px-opogi.tion 1al fun.eJtions 

in logic. A choice o~rafa;,r <!:K} {p tic) i SE!\lecting th~ uni~-ua 
celement x (in an i.mpl.h~it ra.uge) h,t..ving a specified propert,l 

p(x) ii! provided, &1d ~ •et-buildin.q operatJon of the fonn 
• {x Ip (x) } , allow.ing th~ con.e4t.ruction of t:h~ r.iet of all elemeantil 
'lifith a given property, i.,t<; 9rovit.1ed also. Tha UL.D la1;gua9e 

: aee.~s only to be intended for use ag a language of 



~pecification, and has not t~~t rigid degree of formalization 
necessary make it executa.ble &~ well. At any r.ate no 

entirely fonn&l ~-yntax is spec.1.fi~ for ULD, and certainly 

none whJ.ch would 1>m·.:mi l. liLU-tn: i t".i:en lJX't>gX'&r.! 1;1 to ba exe~ut.Gd • 

It may also be not;.ed th~t, ,111hile t00st of tha constructions 
• ,. L_. • • • .. • • - • 

not·mally used in ti-Li) can be e}:p.r~az(:sd in strictly finitat'y 

sct-i:.h~oretic term,'&t the 1~n9u&ge do.!s nr.>t hol1-'1 rigidly to 

thi$ constraint, but allows quanti1.iar~ havL,g infini~e seu 
~s ~ei.r re.ng2, as l'-1-all -~~ CX£>!"£-}~-~:tonn inv,olvi.r,g a -var.iabls 

~~be~ N of quan~;tt\~br~; m it.~•:?-1 f being existe;=:t.ially 
.:tuanti.fi~a r even ~~,;:i ... estslc1~~: <-1usnt;..ifl:ed over· e.<.m½e informally 
~nde~stood cl8:SS of ~all pr~dl~ate~~ ~~em to be allowedo 

w••.,.. .. • • • 

Th~ ULD langi~mge, hav!ng t:?ee-1 ik~ objectg a~ b~zic 

«:H'",tif .ies, l€n4·,s i tse'l f qi..1:S,te ri~,tn.rally te> the dioccuu:ion of . 
i\m coriw..s;i:e,-J t.!.,) t~tandard ~et theory t hO\'i"°'eVe:' I 

it. seet~f' to be cf so~uh.at dou.btJ.iJ.1 rmal advant&ge mven in 

thi~ at'eas, a:r,d be dl~tJ.1\:..~t1:~ c.1.WJ1~ie.r as ::i Jp,ecif ication 

tool fn other areas. The l&t1guag~ ~.ncludG© nc, labels and . . 
n? .9?.--:.~o. :EJ_t.~t-c~~.nt~. Pe!?:ap~ ri~~~11f--~er-J.c;nalr., the r£UiH1..'1e.r in 
which ULD is able to ~onsid~r. a set of pairs as a ~Pis 

•· . 
r.athe·r artificial: maps hetw~en ®0t3 of atov.m .ar@ modGl~ 

by all-owing ato.rii$ ·b t.o ac·t .;'.tO. re~i~:g, t-:;hlting it ~ssible to 

regara· a map f' as a tre~ node~ ! (b) th01i being m-J.t.ten •~ 
b'(f), ~nd thought of afi the i!rtl.:,-obj~ct. whi~h th'.S M~elelcto.r• 

b yieldi, wiuen applied to th~ 11nr.."<i!\" t. 

• Its authors une tJ!.Jj ~..ct e;,Blv tr.> dC?sc1rib.-~ the synta.tt of . ,. 
languag_e, ~tit ·a1~0 to ~c'.i.fy i~.,>tt~· processes of computation 

which dotermin.e language ~~antJ.erg. To ·40 e:o, th~ flt.!lta of 
a computat.i.c:m is t&ken t.o. be dei'.-¼..J'ed by the B~nt:4ry state· 

of a tree-like object T, a one dutinct aub-t...roe of which 
certain nodes are speci~~l:t nla=c-k\\¼d. •• ·These nod~s are then 

-J.3-
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proc~ssed in hott.of!l••t.(>-tcp ord<:'!:t 1 the processing of any node 

!~ il'ivolvin~J eithe:e the .t~cplaceme?'t.t of specific sub-trees 

elsewhe-t'e in T by tre.es built in ~n elem..~ntary w,1:1-out of 

the tr·,=e branche ~ depending fr.om tnae node N { l;;'value­

returni~'?.g case"),. or i.n<t"C'>lving thl~ .repl!lc~e.nt of ~3 it.9elf 

by sucli a. tree. Th.la defines ~ x-ecu.-rgive eompui;ational 
' 1 

process \11hich ult.ir.~t~ly a,1$.iq.na a vnlu~ to e~ch obj-ect T. 

Lucas, Lauer, am~ Stigl~.i'tn<er .ru.:ho.nc,j the e:;.:p:c~~~lve pol1'er 

of ULD h¥ defining S,;\l:Var~l ~pe~ iro.li~oo 11-..et~-la.ngua9as • for 
use in corrnection with it..; r)rH? !)f thetSe e'c7l~re~ to .-bbreviat.~ 
the desc.r.-iption nf l.~ng·uag~ rJyni'.n.}f :tn l)LD, ~ne:i-ther ~rovid,~s 

e.bbre,datics·n t.oole .fo:r: t.hB: d<t:l@c:r.tpti.on of ~-rimput~ti.onal 

p:r0(]€'Gf.iB9. 

~~ few co11tment s on st~ .. rtdard ~ t.ha~n.reticc:d. set theory itself 

are wo1:th ~akir;g ~ {Tb~~e cow.m~n.t.s '¾?ill be of Mte interie~t 

to thosf: reader:-:r with a mathen"".at.i<.:~l backgX'(JUnd thai, t,:} thog.ia . 

principally lntere~ted in p::: '.l11'$:mmi.ng lan~p1tt;e~.} An. ~legant 

short. smnmary of tjle ax:i.Oliiat.ic foundations of the sub:iect. 

apf~ar in C:)hen [1), ppft 52.-36. AXiQmatic ~~t thoory uoea 
~ very sm~ll number of formal pr.imiti ve~, i.n. terms of wbicb 

the whole structu1.:~ of. l'I~~the.~~·ti.(!-~ ~:::lt;n be t,.uilt up r&pldly 
•·, 

mnd cw.fc.rt.abl y. • we 1 i~t. t;h!:: 15® ~et t.h~ret!.c pr im:U:.i vee, 

&nd COF.d!\ent on the SXTL oon~t.1:uctiona !i-lhich cor.ire~.ond to 

them, of r..:o\u:a~, wher~&§ re~thmMt.ie-~1 S-t:it theo~y deals w-ith 

both finit<l'l and infini-t.e &-st~, SB'l"t.: intended ~e an e:cecutable 

progrfinu.11ing l~n9uage, tei!il$ w.H;.h f:h.ite sats only. Tha 

primitivem in question ~r$; 
(a) The nt.~11 ~et. P~ovi.:?ed as & h~~ic -e,i,tity in SETL .. 

(bi For two eet.s a a~??.l b ~ tM u.11~-tdeJ1.e.cl pa.IA· ~.& ,J;,}. 

Provided as ll ba.td.c C1)nstr~H~t.i.on in SWl'L, ~v~n . in .a ~wbat:. 

generalized form. This et,nstr·uotion <."lbviotisly 7tie1ds a Mt. 

(of two elements), thus oonfonning W th@ desire of pure 



t.han sets. 

motion, i .. e., to d-sfi11e an o.b-j,ect <a.1 b> for a~oh ~ 111'i.d b in 

euch a wai t..h~t a and b can he re<-~or,.stx:tict~d uniquely from 

n ano b,, In order that no n~w obj~ct. ·types ha .:hitrodv.coo, it 
it is cenveniant to define the ox:d&r·-~ pair <a,h:> ueing the 
un:ox:dertad pair concit:('r.1.i;:!tion. Oma y(lEmibl<! defi~itio.n. of 

<a, b> would. be • {{a}; 1.¢; {b 1} ;·-, ~;; t in i!tan&\rd :J~t theory ~ 

ZJOr,~h~t dif fel·ent b:-5.c.k. S;m u~tiM.1 &nit one def in~~ t,J,fiil_ 1v1.d~Jt.Jd 

p·t1-iit -<a,b> in tertG1s c>f tm.~deroo r.nn:ir!l ,r,~ f-&llowa i 

Ou-d~red pairs ian.d ord.~~i:-.:-d n-t~:iplez plil3:v &ln .:i.mport,ent r~l~ 

i:"A li ti"ri.da Vi:!',riat·y of ~~t-t.heorC:!t.h-r. in~~·ti.:uctiona. !n vittw of 

it~ importenc~v the o~Oe~ed n-~upl~ congtructicn is Fr◊vidoo 

in SETL at': a h..~f;:l~ o~l'.''7llt.:i.on, &\.d vai-ious compr.n~ertt rnodi.f i­

catiori1 ~nd cons~-·1:vct.ion c~atio:ms i~)t.ers.'1it1d oo facilitAt~ 

the uee of o.rdered n-t.up.bes &re pro1ritied in the lan9u&g~. 

(c) For tw"O set.a, a n~d b, the>~r Ul!'Jion a Ub. SETL deal.a 

with finite sets, pormittin1 t.h~ union operat..ion t.~ be defined 
in t€Yrms of a log:tcally mora prt.m:U:.ive operation whi<"!h inserts 
a single &ddi tional ii!lement into a. EH/it. In tarnn~ of th.i.1' 
operation, Md usit1y the fu1;.ci.;icn-&efin.i+;ic,n featur~s of 

SE'I1 .. , th~ ,mion operation may ~ defined .. t.riv.ial ly. 
(d) The '1 f-owar ~1:-:t-r: or i)~et of ill aub··s~t.si:a oon'3tl:'uction. 

?his ia p1:ovided in SE'!'L as a. balftic ·opera~ion. For a~ts 5t@ 

larga e.0 the pG-~.t' set of • &et td;iich io not very £rih~ll, 

eifioiency agait.t becomes ~ ~"r.icutJ oonsid.er~tit:in, and it 
becomes rca.sona.ble to provid1tl -ct~ htd.lt.-i.n fe~t.tu:~s operation0 

wbi<.:h from the pux·e mathe1¥J1.H:ic~1 ft:>ii1t of Vi{!W !!lre redu..-.dant. 

a~ a 8rM!.ll concessi~n ~o thi~ v~ry large fQct, we provid~ 
in SEfl'L r.ot only tho power ~~t- . .l'JOnBtr.lction put. an Op$:t'&tion 



which, for a given sat, ~n~rat~e t-M stat t>f all s1,;bsets 

~hie~ h)ave a given cardinality. -~ 
i& Those ~choicefl f~nctions defin6d by the varioua 

version~ of the axiom of choice .. In S1E'l'L, ther,M ax-e .all 
.p:covidsd by ~ .aimple chc.L~,e opexation 3~, w,ich in an 
unspscifi~d but irnpl~uentat.io.n-dg:(i.ned way cl'.i.oo~s eome 

~J.em~nt out of eacll :non-null ~t, ~~ 

(f) ~a •ran,g,::t of A function1' cc.,~1st:ruct.J.,,n~ Thi~ 

conmtruction, one of the keyo·ten~s of 1iet t..heory ~l its ~re 
eltt(1i2.l'tt ·:repre~entt1tir;)ns, as~~n~t:9 tlw:t if l\(11t,:if) ii; a.ny 

formula of set theory d~~nc1i~19 (m, the two £:reia ~,azi~bl~in 

x ar1d y 7 and det.erminiru;? y unlqti-ely fer Gach p~rticular x, • 

then, given any a~cifi~l set u, the~~ oxiQtQ ~ uniqua B$t . . 

\t CO?i~iatJ . .ng of all y f~ t.rblch th•Z:ra i&.Xi~t.~ ru,~ X in u ~~ch 
t..hat A(x,y). S~tL is intandt~ to b,e ent:ecutabla, ~d for 
thim reason will not 1>$rmit a con~truotion quite ~a gooerel 
"a this; in SETL, w~ 1';,iill only el.law tr&® ran;s $®t v to ba 

formed in co~~ we know d~p~io~i Wl~~t $St w ~st _be searched 
in (:rder to find the ielemtant "t i:hose existence ~.bs-t?"~ct oei': 

theory tu1s,zirt&, or if th~ 63.~nt y e&n be oonstructoo in 

some explicit way from x usin9 'h4sic ~.nd prO-ifr~~~efituld 
• • . ,, 
ZE-':rL operations, so that ~ mt\'f v.rit~ ·y .. £ ht} u~ing a ~ 
expression f. be) in ~.;1hi:ch t.hQ v~ri@'hl.e x iap~0ei:'m.. In tJi13 

fo:r1Jtel' case, s:wr:r, tt:ill allow ul« tr., ~n:it$ v .£a 

v m. • {y cw-J'(3~~u) . (i\ hi t.l')}} , 

in the latter e~se, ae 

V a. {q (>.~ t X t t'-} " 

(g) b:St!ntially Oll gl'(t~i,"H.'ilS of ~ll!lgan<:a, ~t ~eory 
0)!cludes at,,:;r.aa, i.e., el.e:~td~~ othe:r, t.hM u)Q null cGt which 
have no RteJnbors. Tllis 02(elu~ion, ~uiiti."lg- to the infl!&1tence 

that the theory doe.1 only ~i.th &$tts and not with obj~t:1 of 
any other ki.nd, is inconvenient in a p·rcgran'1\in9 language 

. >. 



cc,nt.eJ-rt, where one ganer~ ll}' ·visr~,~a for praetie~l reasons 

to be able to speak of. integ~ra and ch.aracte.~ strings et 

l~amt, wi ~:1'.out be.in~ forc-~d to ti'~e t.;rou.ble c-~t rnapp.i~g the:nt1 

additional objects ~{-On otjecta cf .P\'!~9 aet u.~~oey. Thu$ 
tor progr::n'!l.rning purr-oses & !};,et t.heor~ inclut1.u1g atomc uhia'h' 

~hems.elves have no H\emb~r$ b·..:.:t \."thleh may fr©e-ly be members 

of eet.:s ia more convenient than pura ii~t. ~,,_~_i:;-y. SftL 

lncorpor.;~.t.es t.11is co:n.venim-nt n-1od~.:fic:~tion. Jb..t.~ of thi:rG 

kind can he jntroduced into puxe set theor.y by th~ following 
.£!~ii.co; ch{'Jt'J&e a s~~ s wh.icifi :i0 trtu..rni.l.t.f..v~·, i.~., which 

tncludee All t:.ha ~le..~nt~ of e~c~ of it~ :rr~rnbe.:e, a.nd tn.odi~y 
t.h~ me.aniiig cf th·tt basd:c ~et:-tJ·.e-orelic fl1£::~fi~r5hip rel.at.10111· 

lt-~-· ¥, giving thit11 r~l~lition t-h~ tr.nth volue 0 f;elf.eSJ whsn~r~r 

y is ~ithP-r S itself or ia ~- n~-~nlt·1~r of s. Ttii~ mrute:s $ into 

& .collection of atoins, S i tr~~1f th.en playing thf.J ~b$ttact 

r.ole ~:>i t.he null ~et; the ol.-~~1.r:@l ~1«11M>+1"ltG of S may b.e 

!'ege.rd~d .ms cod"'<<l. ropr.esent.~ti.t,.n~ of' atom.a of nn:t other 

~~sired nature. Such a con~t-ruction !Q of ~ourse u®aful 
principally to t:thow -ch~~ ~o~sl~t@itey wJ.t.J~-.i:n s~t. t,h.¢;!.ory of tha 

iaiaswnption of ·the exiU..te!nCti of a{.::.atn.l'; • in p.ra"tical t.~:rms it 
ls•-;,.,et.ter to gilt$ ¥.hat.eve~- f!iA,,t'lltJ!tH~ 0.f .atO!tts LU'$ to be 

includ~d· in· the l.."Jnq1Jaga mo_:e ~£,f:ictsnt Sp$cial rep.resentations 

of· their own, aild thln !a w.h&t.. RKTi .. doge. 

(h} set theory &ssu.~2.J llt l~al'-rt·. one infi~lite ~et" ~M 

®xistence i~ ~ss~rti-~ by the ne&~l ~et-th~or~tic ~xie4l of 
in·fin.it.y_ Such. a ~e~ is tu~~~ a~ 4 °Btu.ting pohit to build 
up th0 th~ry of the ~et of j,,"tteger~ (&nd beyond this, of 

~11 of th~ t:ra.nsfia·d.t;0 Ct:lt:dJ. "i.tA3.8) ,, • ,:he sequ~11cs of int~q~~s 

is ofte11 defined in ~et. theor1 .:ts ~-, {f J, { {4,i}}; { {\If}}}•••. 

eto. J\ ccnetruotion of t.hi.f. ~~ir,.d, 9:lhil~ &i!Gt.-tbeoriat.!ea_liy 

very nll.!a.t, def1.nei= tlt6 i.~t.eg1!it s· i.i~ing wh,it ia .u1 cf.fact. m 
unary repr~aentation, wh.1~h i~ \'!If coi,rae pointleaely 
l1neffieient in view of the iaid.~-s:~no~ of biMJty rcpresant&ti0Sll11 • 

for the intesr~:rs. In SE'Tlk, tPe f"llow !nvui3ble c~put.er 
3· 
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p:r~,ct.i.ce and X-$gard th~ i'1teiers 4$ ~ re~pw:ate ato.'2/.lic dAta 

type, alf&O pro'tf:lding \.,..a.riou~ 1atandtu~'d arith"'t'.et.ic operations 

au3 baaic SETL fun0tior.t~. 

In 08t th.eoi·y t oncrl! t::.h$ tMtt z of int.~gerfl has ~l?'..n d9fined. 

~~ the ~xiom of math~~tlcal ind.uct.:ton provGd, tha e,;iotence 
ot ~, and mere pa.:rttc.-ul.tu:-ly t~ po~~ibility of mpeaking of 
th~ wh.P·le of Z ae l4 singl~ objG,:.t ~ Zli3m~ the h~.r.:is upon whitib 
one builitJ.tt ~11 suh1:;eq-uGnt induct;i .. v-0 constxuotionr,. To. ,. 

con$truet 2. :furoct.ion f {n) d.sfirned i~duct.iv-~ly, ·th® tactic 

ien~Y-ally u~ed in mbat.ract ~et th0or,r is as fc,llo-l1.rs: first, 

U:Jing ~'thtmnt<1ticBl indtv:t.l.::;ii, O~$ prove~ that· f!o2e @~ch N£ i 

there e,r;i£JttJ i1l u:rd.qu.0 o~t of Q::co0r~ p(u.b:a, th.ia rtst co2uiti­

tuting the graph of ~:s funotir.m :f (n} f~~ &!l n :ttJ:t-:;;$ th-1~ t1~ 

equlAl tt, N r the1,, tiaing -th@ &ii1doi~ of r~nga, ona fo:t'lU tb© 

union of al.l these ~1.et.~ of o:r.:d~r{l,lil p-:z1irs, thue1 ob..talniag the 
':fl"~p'h of the Q-.;;i1·re fui~et.§ .. on 1!. In fJ'.ir}~L 'i.:~ rt,plQ).~'9 t.hi.9 

nb@tract argu:~nt. by c ~,on.tJtructlon ~hict'A iolO~ only nvo1,.tla all 
,:eference to thiD i~1finite tot~.tity of intes@i:: but. h~~ 

f6l:l9niflcant. a&Vi\.11"".tt:aes(e~ of ai'£iciGn,zy 9 n&?.®ly ·i,y ~r~ -

ibl.-u:ative loops and mo.r~ g~n'1?.ra1ly by &truotur~d 11atterns ~f 
~~curm:f.ve subroutirta calla ~v~.lu~.t.:tn~ ~n inductively defi~ 
f'Jlnct:,i()n i.·U.rac::tly" Ffl:,iie.i, the l.aool ... ·plu@-go-to moehani~s of 

SF.'?L, a:.nd the r0e-:.tfd,v& :i:~ubroutin~~ which t.him l~ngua-ge 

p,rovit1oo, a1:~ to b~ :t·sgaxded Ila a r~lacement • for t.he aid.~ 

of infinity occurring in abnt.r~ct set. theory. Ali is k!io,m,' 

raaursive ~ubroutinas ~lcn~ wculd suffice fo~ this p~~pon, 
but wo provide explicitly pr~.r~· iterations as wel:4 sincG 

tll&!ty furnitth a iaoda of 0xpratl5,sion w,r.e Mtural in c~rta.in 

·ci:r.cumstanoea ~.nd more off:icit!Jnt in genet'al. 

'ffa conclude the pre0ent. intrQdue·tory EiGction w:f.t.h a fett 
1·e-urks taken from the g!l!neral .-thoor:y of eomput&tion -which 

' 
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prr,,y.ide a ua~ful por&pe~ti~0 ~c~rnini the languagG which 
we intend to cl«¾volop, A !l!~P,~&lti.;,n C if an aut.~tic 
proceas by which a 1peeif.14ld ~tput ·patt~rn OP ie to b@ 
. , 

pr·oauooo. Tht.lt comp,utatiofi t1ill aeg~ ~ith ~o~w, other ~t:t0ln1 

IP, the p~oqram for tlle c::¢1'tp.utation; will r~quire a cort..ain 
iii·~ex· of .. ff of t.lr.'¾l cycle~· to'· clCN'Slop the desired c-ut~t ~. 
~- ~ill 6i1Zing it~·6ct!vity pro~u0$ (;&r~1n ~~g~$ of 
~ .. nterme.diat~- data -;r~q,.li1ei:n9· -t~:>:~y- st.or~gie. The eist@ in 
bit.m Q.f the' initi.o.1 p~ogr~ IP, t~-s !'i\!t!;!l,..OOX N of cyol©B 

:requlretl, and the w.ax~UP.l ~-su?tber t cf bits of intern@.~iato 
¼!$t(.l~·age. requiied during th~ rur~i~3 of a oo~pu·t~ t.ion ~re 

a11 hi~hl.y· ~ig11.ificant. r;tttri!h'"Oi~t.ar$ ~f c. Given OP we wiilh 

to mi.nimi~e· all th®i¼l. t.hk~,::; f~'l'~t~it$;. but· of courm0 tMilr.!l 

thr$e .iU.ff.t2re:nt goals will .in. gen~z-.~1 not bG oomp~t:tblG» C, 

..:rhe· ~oolutely shoi·tost progrM ~.~cifying a ~ivoll'! rcewlt 
·iiJi ~pt. t.o ~~unt 2?i.i1n,1y t.,o a it-i.)&.:tl da~~rii:ition of th(6 r~ei,J .. t. 
der,ireds ifflt)lying a co-~~,ut~ti<Nl8 al$troncm.io~lly lotlg ill ito 
run.n.ingj time, which :g~m .. chr,j~ &fl ~ntir~ loq ic&1 u..~i 'l~r §© 

l.ookinai for an eli.~~t ai%t.iitlfyin~i th.e. ~t~~-::d cx-itaria. It. 

l~ in vi-ew of the i~tiH,i.bl9. in«~ft1 .. ci1emey of ®\3Ch a proe84tu"S 
Ua"t"~ 01\$-ori1lnarlly dimi:.~g(tltir-.;ao 'bst~d,in .. th~ iftataent of 
·a .. j?roblini" 'lco!ic·tu:nlng· finit~· er.,et3r ~d an ~ltorit.hm for its 
oolution. • 

• • • k1 &.lg(n:i~"l..."ldc ~liition ~ a p,:oble.m ia by contraet el 

'.progr.mi, which re,luc-c,s to rc&oonabl$ limits the· sise an4 

l$ngth of the camp~tAtion nea(tlt';aary to produce a deaired 
·rd1wer·. Tha higher tho level of languag" in which -.n 
Ql9orithm is atated, th~ 2ho:rt.~r i1i~J. ~ the length of ~~ 
·formal progra,n ,:epresenting the al~~rit.hwt, but, v:lth the 
di5appearance of all t.hoae optimi:&ticn hint8 \fhich might. 

• · be f.l:itplici t. in e low lev~l l~;;;.guage 1 ~ w:l.th the \.iae :,f 

etandard rather than specially tailored data re~reaentations, 

•• 



the time and si:e requir$J!len1::~ ~f tlie resu1 ting computation 

~ill in many c&£eil increaJ.;e.. 'le th~ ext.ent that &utomat.ig: 
optiniizers a.re able t<0 .r;0e.rapply ~b~t is ~itted irl too hi9b. 

lGVel ataterae.nt of a pr.oblfiilm., part. of thi,:; a~:irradation in 
efficiency ma.y be a.voidf.C-.d.. lk!-~~r i t.h.~ ©ophistication of 
pre~~mt opthu.ze:a ia not. tzuf ficier.i: to ju~tify r.mch 

con£ idener.1.? on th.i2 c;co::-~,. ~nd cer.-t;ainly opt.ini~~r::l tht?m­

ze1,1es c-~.pa.ble cf chooEJing ~ffici.ent de.ta rep~c.a~ntaticn6 

ha vim ~care-el~:( ber.:n con t~m.pla:ts-d, let alone deii:.ign~d.. 'rt1ue, 
iR r.€al p.7;ic~ must he prtid fo1:- th,~ progr~ro $hoz-tcning wtd.oh 

.s lan9u-l!lge of very hi~h lt-:-.v-01 bring.$. A l~ngunse de~ignsr 

may r accorcl . .'tng to his int:-:;-11, ,. chooeH? cm~ cf t.H~\reral respo~~~ 

to thim dilemr,w.. ?mximiiing the le~~l &nd ~pre~sive powe~ 
of hi3 la.ngua9e, ha !MY, i-Jl~ply aec~pt th@ f.~at t11~ t it 

oocor.w~ ~o ineff lcie~t a·~· to he l~ ... '1s:r.ecutable in practical 
te.ma, !~ this case, t.he- lang·J.a.~~ wl,ll ~ervG only at. 

mpecifieat.ion lru'li9Ul1gof i~ which ca~c it.a ,!.n;ooise foxmmli:-sa-­

tion fi'®rvem or .. \y ·to pflnni't t~.;.f;l application of ~hntav~r eta.tic 
formal 6ynt.act.ic ar.d $1F.l.~n:-tic ve,:.if icat.it)n tool ti! m&Y ba, 

ava.ils.bJ.a ~ On t.l"J.P- ~the:c hand e. demi~nex- d~..i!finitaly inte~..dins 

to produce an £mecuita!,le len~p}hge tt'.clY confine himsalf to 'b°'bt9 

\RBe of ~tat.ament fcr.:m@ .reflectin.11 ~:::e O'!r l_e3$ clo:fely the 

r<i!~l prc1">erti~s of t!:he coroputo:r.s ~nich c1.ra to axcicute t.lwffi, 
ar4d h:no1.-m by re~s~n or exp~rierI;-:e t,o be im,9l~n~bl1S in ~ 

more or lQes efficient way. In :thi's c-~s~, 11'5 m~y produce a 
FORTl-'tlt!!i, L\ PL/I, o:r il !,NOBO:t.. It1 propoaing ~ new lan9'UlMJ0, 

t~e hope to h~ve compr<;~i2~ in an ~ff~cti\ta ~t1y h{atwe~n 

tht:se two polar te1\denci2tl!I, obt-~ining a l~n9t'la9e po~"Srful io 
its expr~'1sionn, but ~tJ.1.1 impl~ml.~table w1t.h at least 
~0st· effice.n(:y. From c:,ne ~ena.r~l point of vitnt which the 

foxc9oin9 r.smark$ su-ggGmtt ~ prog~~~ming language is to be 

judged by the data stxuctun.t:, t:hioh it incorporate,, wh!ch 

should id~ally be uoraf\ll in f:i wide v.c.x-iety o,f oirewnstuce11· 



. . 
C 

and permit significant. efficj_encies in thetr manipulation. 
In presenting the SETL language which ia now·to be described 
we are-mlggesting that general fini~e sete can be represented 
and manipulated in useful ways . 



-·. 

In _the prese11t section we shall describe the SETL 

language, omitting various of its features; these ~dditional 
-features will be described in a subsequent section. This 
will enable us to concentr~te on those features of SETL which 
ore newest. 'I'he ·tokens of SETL cl:t.'e ·name:s, s:gned in_tege'ra, 

character string constants, end octal constMts. N~...mes and 
s·igned integers are formed in b;~e U5U~l wa~r; character ~tring 

constant.a are included within single guc,tation marks, and 

octal constants C{>nsist. of an octal integer with the 

6Uffix a.· The fo1-mation of c'haracter· strin.g and octal 

constants is aufficiently well :Lllustrated by the foll<Y.t1in9 
examples; 

'This is a c.'1.arc\cter ~tring., I 00237B • 

SETL makes use of the following epecial ~:i--rdbols, each of 

which is a le~dcc:il delir"iter.: 

( ) r l 't } * + - I a ; .. ,. 
< > $} < >· $ 3 V ' • f 2 £ .. • - -

Besides t.he operation sy~ols appearing in this list, 

additional operation symbols, both system anti programmer 
defined, are provided, F.tnd conslst of valid names as in 
t({, ne., w.l~h ~ .tu.u 1 .teJS i, etc. -Names may be used 
fs· labels, in which case they are fol~cwed by a colon. 

The basic entities of SBTL are ~eu and ~.tom-4. 

Sets .have elements and are d·l?.fined by tl1e elements which they 

contain. Both sets and atoms 1..-iay be elements of sets. At01"t\G 

are either integers, boolean elements, bit-~trings, 
(,h.aracter-strings, labels, blank a t.oros, subroutines, or 

fU11ctions. Expressions. of -Atly of the types sett integer, 
' 

• 



boolean, bit-string, character-string, label, blank, sub-
routine, or function may be written; we shall sho1:tly describe 
the structure of each of these t:ypes of expressions. 

.a. Set Ex~ressions 
•♦ 

If )t des{gnates a set or .atom, while a 

then XEa is a boolean expression having the 
.ing. If a is ~ name designatJ.ng «ny set or 

designates & set, 

customary mean­
atom". then· {&} 

designcrtes the set wtiose only element is a o More generally, 

• {a,b, ... ,c} de:sig~ates the sr~t ¼"hcse only el~.ments are 

a,b,,. ... ,c. We alto-.,, a,b,c, ~tc.:. 1 to tx:? ar-bitrary valid 

expressions, e.xce1)t that., to avoii::1 an ambiguity th.at would 

c.itherwise arise subseguently, w~-insist that any e:-:prc:Jsion 

whose central ◊pera.tor i$ the bc)9leai1 € be ·included within 

parentheses if i~ is to occuY. in this con~truction. Thus, 
for example, we might wr.it.e 

thiB expression would hav-e th~ saine value as the simpler. 

expression 

where t is the boolean atom "true."' This .braeket construc­

ttJ_on can h~ nested to an.y dept.h, s~ ·that, for example, 

. {a,·{~},· Ua}}, { {a} ,b}} is a valid set-theoretic expression,. 

a,b designating any sets or at◊ms .. The expression 

{l} 

denotes tho olz.de1t.ed ptti.Jt of a and b, which, making use of 

a standard set t.heoretica:t devicC!, we \'dll take to be • the 
' same as the Bet 
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(2) • 

(cf. the preceding remarks concerning thia construction) 

To be sure, our irnple~1en ta tion wil 1 , in view of the 

~pecial importance of ord®red pairs, treat them using op$cial 
internal representations; ~evertheless, all SE~L operations 
will treat the ordered pair (1) as if it were identical with . 
the set ( 2) . i"'o r. example , the express ions a e: <a , b> , 

• {a} E <a,b>, • {b} € <a ,b> · will have the values false, true, 

~,.ls~ respectively, except in case a and b. are identical, in 

v.hic.h case the third statement will have the value true. The 
ordered-pair bracket construction can be nested to any depth, 
eo that •' 

&re all valid expressions. 

We define. tr_?. ordered n-to..ple <a, 1?,. c;, ••• ,d, e> in terms 

of ordered pairs by the def:i.nitional ~qtrntion 

· <a,b,c, •. ~,d,e> = <a 1 <b,<c-;1••·<d,e>> •• ~>; 

so that, for example, the tl'lird Of the sets (3j may equival­

ently be written as <<h,h>,e,d,e> . Compound bracket. construc­
t.ions using both pointed and curly brackets may also be 

written. 

' 
{ Particular ele$Cnts m~:t b--~ sclect;ed from ordered n-tuplea 

b th Of o '"'c ... "\h,._4'o!f.... The simplest of these y . ~ use 4~,f~44 n vp~-~~ Q, 

have the form 

•II• •"I> 

and, as seen, incor.porate a ntJ~b;;lr of ndnus signs, together 

with a' singl.e asterisk, sny in the k-t.h position. This 



operator when applied to an n-tuple x, selects the k-th com­
ponent of x. _For example, we have the identities 

<-*> <~,b> "b; <-*> <a,b,c> = <b,c> 
<~-> <<a,b>,c> = <a,b> 

. 
I 

If 8. iselecti.on operator cont.a.i.1li.hg k symbols {i .. e.r k-1 

mhlus signs and one asterisk) is applied to an n-tuple 

<a1 , •.. ,an>' where n>k, we·use the fact that <a1, ... ,an> a: 

<al~•• .. ,.e.k-l' <ak, - •• ,an>> and :regard the n-tuple ,1s a k-tu.ple .. 
Thus, for example, we have 

Compound selection operators may be written in n~sted fCl.'1\\. 

Po~ example, we have t.he ic!e.nti.tie-!s 

<<*->-><<~,b>,c> = a 

<<-*>-><<a,b>,c> = b, etc. .. , 

whereas in tarms of a simple selection operator we would 
have 

Note that the operator<<*->-> .i.s the same as the composiie 
·operator<*-><*->, etc. Other ~election operator forms, 
more convenient for use in situations requiring rather 
elaborate ref erencin·:;1 of n~-tuple components, are also 

provided; these will be described in detail in a lat.er 

paragraph. 

The elcmentctry selection operators<*-> and<-*> .may be 
abbre':'iated ns hd and !:f, so that, for example, tira have 

hd <<a ,b> ,c> Z1 <a. ,b> 



• Selection operators may 1:a appl:i.t .. d. s11cce~sively, as shown 
in the follcw5..ng eY.amples: • 

p~ !:~ 'l;<a,b>,c> = a 
t.f !td 1:<a ,.b> ~ o> u: b, etc. 

The application of a selecti'on ope.re.tor to an improperly 

structured set w;.r1 yi.eld the spec.i.al atom n ~ 11undefined"} aa 

a result. T:1us we have <-'1.··><a~b> c O unless b is itself 
an ordered pair. 

If ~ is a set .tind a ani' set or at.crtt und if !: contains 

precisely one ordered pai.r <a ,.x>, then f (.a) designates the 

element ~ I j_. e ·. r the .inu.tg e. of 41. under f.. l'4ore generally: 

f {a} is the sc·~ of all x su.::h tilltt :<a,x> e: f. This ia the 

te.t 06 all .i.,a!J~ of a by f. !f f{a} con·:.ains no elem:~nt 

or contains more tllan on.e element, then f. (a} is the undefined 

atom O. Occasionally we will have use fer t11e following 
still more genel'.:al const.:r.ucti,:,n .• If f: and a are. ,.sets, then 

f {a] designates the union ct all th~ st~ts f {x}for x. t. a. 

Not.e then that f{a} may be ·~yritt.en as f[{a}J. 

We allow a. numb-er of related, still more_ general 

constr.uctions. If f is a set 1 and g is f{~}, then g{b} may 
be written as f.{a,bl. Thus, f{a,b} is 'the snt of all x 
such that <a,b,x> t f. J:nd.uctively, we define •.t{a 1 , ...• ,an} 
~s g{an}' where g is f{a 1 , ... ~~n-l}. w~ define f(a 1 , ... ,an) 
as the un:lqu~ elcrnent of f {a 1 , .... ,an}, if this set has a 

unique cl(?rnent; and· othe::w.i.se as n. The expression 
f!a

1
,.a

21 
•• -.,an) deno.t.e3 the iinicn of all the sets 

.. f {x
1

, xi, ... , xn} , where x 1 f:: a 1 , x 2 t a 2 , .... , xn e: an. 



It is also convenie.n.t to let ffo,Ibl} be the union of all the 
sctil f{a,.xJ for >C.€ b, and ~re ~nerally let such constructions 
as 

denote the union of all the a~tz 

In all of these expres.sions we allow f to be not only a 

function.or set name, but any ex~rgssion whose value is a 
function or a set. Thus, for• example, the ~xp:cess.ion 

is legitimatt.., and has the same value ·11.s the simpler expressi.on 

Of course, if f ia ~ function· {~n~ich is to s~y a pr~grammed 
procedure with l'l. certain definite number of arguments) the 
cor:r.. ect number oi par.ar.,\eters rn.1,;.st be suppl led to it. Thus, 

' . 
for example, if f is a function of two argU.t-rtents, the 

ekpreasionR 

etc., are all valid, while 

f{~), f[al, f{a,b,[c]} 

are ,.ttll in val id .. · (Sc.·e JL. 65 fryr a.z:t:ai ls.) ,. 
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Xf a des ignate.e ,.c. s~""; t, t.h.en '!,•• • At; ,,1 ,1 t~n .. ,.. , ... .... b • • .. i,. ~~ ""'.;:;,, .... :. a-~ ... ~, a:.cy .... r !.t:J.ar ~y 

o.hoaen ele~ent of thla e&t. Tha I'tQtation pow(~} deGignatee 
th£: 8f:t.t of -llll s,lhst~ba of a, and npo-w{k,a) the itet of. aJ.l 
subset.a o-f a convi&t.lng of p.rec.i.sr•ly k ele~nt4'.. Th~se 

oper~tioii$., whtle p;r.ovid.e() in S:.!!'l'Lt a~a good e.xa.....~les of 

the type of fiet-t.hecxa·tic constx-uc:tion which should be tUJOO. 

v'7!ry cautiou~l:t" if im.pc'!)~slbli:- lniafr?i.cient nlgorithma are not 
to res., u1 t. 

deaignates the St1t whosa ~len\e:,ts a?"e all th~s,e of .a togeth;ar 

· w.tth x aa fln addition .. ~l ": l0r.;.~nt; a }~~ x daaignat.ee thli) s@t 

whose elemt:-:r.t.s are thos,i: .J;.f a, excepting ,r if x i9 ~n e1.i!".Mnt 

,;,f a; and a ~.1. x design.~_tor:: the $C:d: who.,e eiem.ent~ a.r8' 

thos-a of a, excepting a11· !:>rdered Pf!:b::s havtng ~ .llS ~ !irr.fJt 

el~i1en.t, if any. Not· ... ~ ·th~ {n} witri_·b i~- {iQrb}, t.na-t 

{~,b} l~.§..l a is {b}, eto~ 

· Set equalj.ty, i.nequ~li-..ty, ~nd inclusion ar~ also provided 

ftil opert1t.tora having the forn & ~ h, m ~ b, 3 }l~P.! .. P• The 

BP/4'Ci&l ~ymtiolr! i, t fl,~:uot.® ·the bool~~n val\i~i!I ;.rtrue• lllnil 

•false~ re!!pectively.. The st~ndard.· ro~lear.t oper.ationa ~, 

!?.!_1 P?t:., !:~l~~J ~ are pr.:.i-vided ~ {t~, t'-.?t, Md impli.,e,!!, 

may also be abbreviiittii.d as ~· !:., t~· Between two inte9.ers 

m Md n th~ usual (:l'.1ntpuison ~r-er~torc~, h.:i.vi~1 thQ fcriil 

~!!, ~• ~-' ~, ~.r !!_ aie pr.·.~\."-U~.ed. A eat may be testG4 
for belng an order0d pair by a;pply:lng the operator paiT. a, 
.o.n an ~lement may be t.ot.Jted !o-;: n~"l'lving "..?t.·:1~" &ta.tum by 

applyi~·.1g the operator !..~ it~ Bit tn:rings, chsraot~r ~tx-inga, 
labels, blank atoms, subrout~~s, end functions may be te~t~ 



Sltl'L will une • or,ru:ator proc'Sdence rul<ie which aro 50F...e­

~Mt more reet.rictive th~n those which have become custmt\~J• 
These ru.lee ~"W!Y be de&criboo as follow@~ 

i~ . All bina.t·y o~~tar.a,~1.oep-t built-ln operator~ 

~o~~cing .boolean f x~'Xl) non-ooole~n ~alues, are to haV® tha 

rt~ preced.lJ1ce.. '1.9l~t.5e J.~tter oper~torr.. 1 i .. ~., th~ opex.m.tcr;,, 
"f~e0iJ,ne, tn.c;rn, ".re, lat Cl.,\. ..... , and .ft) have hi~her ~.r(ic~--1.~oo@, 

.,..M ...._..._ • "-~•- -- J~..-..- ._,_: -.,, ~ 

and tlru$ &rEt. G"tV-til.ulit~d f i.r.$,t wh~f! th~y occur in 
.... . ' . . . . . . . 

compouino. exp:i:-~~sio.ns ~ P.~2:.d-~ :f.::o-m thl~ 1 i:mp~.u·enthr?~isoo 

~~r~tJtd.ons ccnt.&.tning b.tnar!;' t:,~r~tor~. of ~1.1al pr+-JCG'denee 

~f/~ < -~!~. P.:: ~rf~~U<:ted. _f:~~o~~ !?.ft}?~. ;.;i[ht ~ C •• o*~ COl~r:~G i parMt.he­
~i~ed ~:i!pr~~s~or.ta will b._~-av&luilt~ bl th-!1 orda:c in6ica·t~d 
~ . 
~~l par.ent.h~ses ~ 

. ii~ :i.f A;:l op~~~t.~~ or.:curr:b~9 wH:hin ~ ~pxe~sion is 
. . 
?refixed by the.~.v--~l $, the prccedenc~ ~f th~ oparator 
~ti ~c,wer.ad otie level t t:hJ.t; ch&rnqe of ~recedenc•a applies 
only ~o the· given occur.re,, ,e of tl1e op<:.t~·at.br. I~ the ~:tmboi 

$ is aff~4Ml to th-a opa):stor .:- t~ pret0de.:one of t...lle c.p-at~t.or -

im raised one level. -Tl'!-;t~, a+h~~+d h~~ th~ significance 
({a·~J::~)~c)+dt t.h~ rr&a.ding t\-t-(l::r~.c)-tii can b~ ol;it~d.ned either 

b°tJ writing a+bt--~e+d or i-,., wr:ttimg ~$+b'#0+.tl. ~imil.!ilrly, 
a+h$\tc«'l ie id~nticttl with (a.+·b) 1t tc~) . 

iii.. In muc.h tha ~~ v1-ay, t:he pre~~~~nc::tl of ti given 
c,ccurrenc® of an oper.at,:,~ i,a! :cai~ed it levelG by the 

oecu!..~rence of n affit-coo fiymh¢J..t.i $, ~nd l~~r'1Jd n levels by 

the occurrence of n pref; ,r,.~d :!~~ool.Sl *. Al t.amativlfil1 y, n 

~ff i:iE.:d s:rmhole. # ,nay ~- a::ibr~viatt?.! sa n$1 and n ~efixed 
~)"mbol 1! _ $ may be tlbbreviato-.:1 i\S $n.. Thus, fo~ exa:mplca, 

~$3+~ indicatee th~t th~ r,r~c~~nee-~t "+w 1~ to be lo~~red 
thr~c levele. As ~n e~~m~le of the u~e o~ th!•_convention, 



\IJhich i!l i!!t,ended. to prerV'ent the aecu.ro.ulation of pa.r.entil.lBse~,. 

:note tbnt the exprarudi.>n whicl1 i.1:t conv6ntionnl notation 

wcu .. ld appear &s {a+b) ~ ( (c~) • (Q+f*9)} * (h4k) oould b! 
~ritt.en u$ing th® Si~L conventio~ a~ 

.. 
iv~ Mouadic opE!.t"&tor~ w.i.11 "-lwei.ys have high~st 

preced~nce r i. ~ ~, r.d._"lin'l.i.d acope t e1tce~t l:t$ ir.tdicated by rula 
i) 01· by the occu.r:::·~nco ·of pr~cE1d~1~e-rr~di:fyinq fi$"' symbols. 

Thus l to'!' exa.niple, n x~ ~- it.: ~tn.1.i. v~l@.nt. to n (~t !1) .. ~-nil~ 
~ ~ ~ r 

!;'_ a ~~ b is e'.J' .. ti.valan{·. to • (f:.a} ~- b. The rea'!!ing 
n (a.andb} c~.n ~ obtnin~.l bv wr: i tin~t c1! th~:r.' $n B alkd b Q~ - --- - ..,. -- ~-
n n ~~~$bi $.imiJ.nrly, ,-a~li re.pr@ssnt.~ - (a+bi . 

v. A& inaic.-at.c-d he:4cw, SE:t1L a\llow~ pr0<Jrrurlffler-d~fimtd 

infil( bi-no.ry and n~na.c.H .. c <;f?-rators,, "!'he :!0~1va11tJ.o~s juot 

d~scri.oE:d apply to tho$e operato.r0 laJ.r,so. 

7.f e is & s~t., and c {~} a oool1;an formu1t\ .in wl'iich a 

name x occur.&, then ti. fort..ml.a! <>f ~;i~;h~r -or t.h® P.o-rm.s 

3xt$ f cc~, 
V~$t.1 f C (lt) 

r~pre~ents a. boolean va.lue. Th~ v&lt.'fe • of the first of thos& 

expres&ions, th~ so-<Jall.ed e~u:ttr.s1.t~l.!.y .q~n..t.l6.ltd form ia 

obtained by ealculafd.ng i.e.~ valu~ of t.hllJ bool~ expression 

C (x) progressively f.or eat:b of the ~1e1~nt~ of the s~t e, 
and by 1tfSsigning ·the val.t-1~ "t.rue" on. fit'..it cbtcinin.g c11 

,.t.rue" result, but ~aa:;igning the v•lue "'falee» if i10 such 



result is. o~t~ined.. Th~ sec~o$d of these exp~~l'eions, the 

oo-c~lloo u.~.fvt~~alti qa,.ui-ti,flt.d form, is calcttlett.-d in 

cor:res~ndi.ng fa~Jhlon but wit.h esf~.lsa" replnc.lng "·truGM ami 

vice v~u::~~-in the precedir19 d~;,'.cription. ln forming . 

expre$sions like (~i or {5) we wi~h, no~ver, to *Xcluda 
~uch &r~higuoue o~ze.a ~s 

wl:'d..1:;h ar~ irt a semae SQt-theoz-D,1.t.ic&l •;rG:re:iorus of thot\e:i 

~biguou.s prc,grarmning ~1?.qt.;,;,1r~ce$ 'in ~hich ru1 it.er.J"ition 

variable is explicit.ly modlfir?td w.ithi.111 an it.~r.a-.t.ion, ox in 

tsrhich ~n. iteration is he,~d~ by some :Such a1~hi9Uo.:s Gtat.e,1a6rit, 

for exam9J.e $;he FOf.t'"f~.J1 st;ttt1~:\ent 

.. 

~:i.ch ill-for~-e c~.eiertrt rr.dily be re,r.cludad by epplyin9 the 

!~)l lowin9 technical r,,1.le. J>.t-,_ oecur renc~ of ar1.y na.me in t!\e 
role -of x J.n a formula like ( 4} or (5), i .1£i • ., an occurrence 
of:a n&ffl$ x within a p~~t. P of a l•rger formul&, P having 
oit.her the structure 3 J\ e~pr Q or Vx gxpx- 0, is_ 11aid to 
~ a dwsmy,or_ bou11.dioc.~.u.t, ... ~~;'l.1:.t of the. ii~e x .. All nccurren00 

o! a name x which ia not bcune is s~id to ban Atttl,or ~~~~, 
'1C.<!tl./f.Jlf.t''lC~ of x. we r~~s.2it:e ii in ora&.r th~t t.llS· l)oc,lean . . 
~xpr~ssi.cms (4) and (5} t--e p:rcpcr.ly f.:)rme>d, that all 

occurrences of then~-!\. tn t.h.e boolean eXb?rei;aion C(.x) be 

free, !.e~, that none of th~e~ tt:tp~e~eions ~ bound-
I • 

Several additionitl bt:>e~i.e.r:~ expre·$~icn for~$ closely" 

relatfed to the foms (4) ~n-4 {5} are pxovid~d, and Mve the 

I 



• 

(6A) 

·:c-1~} 
min~ lk.,;.mu I c {k) 

min~ Vk<max!C(~} .,_ "'""' '• 

·-

taf1X"3k:>miniC(k} - - • 
~>Tfk>miniC{k} - ... 

l:!1 the~e· fcrruul.te C (k} is a b{-x:;le:r.n e.xpre&slo:n in which the 

name k occurs~ &11 of it.a occurrertcat; being free; &.1in and mex 
&.re integt~.r expre.~sions in which k does n,.,t oec~. Th8 vlllue 

of the first. of thast'l • expresoiei:~ i.~ fo~d by c~lculating 

the· valu,i of. the boole~1n expresa:.:io:m~ c (k) for £1.l in·t~g~ra 

in tha rr1nge -axtiend:tng trorn t'he v&llUlJ oi r'lin ~o ·tb.e ~~a1u0 

of rna:,t, a&~igr.d.~ t.11.0 value ~t:n.H\t 11 j_f.. c {k-) ~vGr ~ui;sume$ tbe . 
vmlue -"true' 1

, and aeGigning t.'tm ,,al~a ''falma~ (ti't..:~~ndse. 

OCf. ~~:r: < min,{~) h.AG the v~lt1~ 1:f.al~s•. Tha ~~pres~ion {7».l 
~~s·&n equ~;1y·tr1tident ~~anin~. 

0,,,-,·-- ... _... • 

~he vat ia.nt forms (-SB} ~md (718} prio-vioe for ~ ~ttrittu,·t 
orc1er of·· .s~ai-cb. ~hus, (6A} L~plie~ an it4'tir.ntiv~ a~,::.u:ch ;.n 

which :£.r:teg"':r:u k are te~t.~ in l,!ec.1t.et18>'i~~i ordor until U1e 

e)tpresgion c (k) taken; on thi:2 vs.l;le. ~J ~nd ,:1t.} an ~terati'1!.\ 

S9ar..:h in which integers k ~re t'3~t.Qd in inox{!tatJing order 
until the exp:rsu.;sion C (k} takea5 o~ th~ ~nlue g_. S.i:mila:rly, 
:(6~} implie~ art iterit.ive ~-2arch iu which int:;1u3er~ k are 

li!nted in dtc.t.e~~.l.~1~ order. until tho eJtpr,~HJaion C {kl take.» 

en f.:bie value !:._r tt.nd (7.S) ~n iter~-tiVl.l .sen:r.ch in wld.eh tb~ 

integers h al:"e t'lated in decrte1ac;ing o:cd~r rµ,.t.il the expret14iion 
C(k) t«ka~ on the v&lue f. -

lt1't:@ th~t the c.onstructlon~ (4} i (~) , (i.) r at-..d (7) ~y 
be COn\._~Urnled, 80 th&tt for e~~~lQ~ w~ 'fvB.Y l~gally write 
t..'.e boolean e~pro~~ion 



~J ... 1 occurrences of x and k ar:e fri:,,e; t.hat e be a set 
expression in w!1ich n•:d1:h~r x .rtor k oeor-u:s; ca. that min(x) 

and r&&x bcj be i1,1teger. e'l(pr~ssi-:0.r.a which ~ay eon ta in. fr~le 
occu-rr.enc~e of x b~1t ~ich do .m'rt. contain a.n:r occurre.ncos 
ot k. 

Th~~e restrictJ.ons ar.;e. i:ltooo~d to rul@ o,:-t web 

ambiguous f o .. 'lMl ftO 

€Jf;c Q (cf. the p~il-Cf)i!H .. ng ~ .. iWJl'i~tti£ cr)nt:€:rnlng £re'1 and bouna 

v~r iabl~~ for· a more tUft..i,n.G1 -;(J. 1.'~rk e-~ 1:~~tr iet iong t:1rf • • 

this kind). 

Th(;! f◊llawi ng ahb?:eVi>Olticrn tJ:f t.M compctu.i-ti bool.~an. fon 

('-3} io ~llow~d: 

3~c~, mi~(~}<Vk~,~~X{~){C{~,k) - -
More 9~1eral ly, we allow oorapo-und bool~sM e~resaions having 

fo~~ like 

which .r.rA.ay be tmktSn in &.:.""li ;Jvid~nt. .my ~~ Qbm'~w'J.ations for 

expreasions compounded using t..~a ba~ic oon~t.ruction {~), 
(5), (SL, {7). 

In· a boole~r. e::tpres~d.e:m ·Df. t1}l!!] k.ind., tse requir$ that 

e
1 

contain no occu~renc~ <>f tl'll~E vari¢ihl~t:l ~1 , ••• xn: tt..at 

e
2

(x
1

) contain no bound O(:c~r.~~nc-9 of x1 ~tYd no oecu.n:Gnce 

of x
2 

•... ,xn, ~to. All but. th~ fir~t of a gequ•noe of like 

...... 



qu.:1.ntifiora nw.y be om.i.t.·tad, so °!:',h!it, for ~l::~le, the for.llUlA 
-diaplayed just· ·~vr1 aa.y be abb-.r~l'1i&ted aa 

·A: resolving conv~ntion ia reguirnd if ~.h~ impli0d scope of 

~ sat of C'r''1&ntifi~rt.-i~ not to~ ~i9UCUS~ (me misy ttsk 
.for exazaple , .. if ti'~ (,xpre'f;.~ion 

C. -

is to h~ve· the re;i.di:ng 

(V~teir,d:.: it. G) ~ (!f !9, 0) , 

• 

We adopt. th.e fol lowing co1t11enti-Ot,. A $i:.ril1g of q:r.,.antifiet~ . . . 
tend.nated by a· v~rticttl Mt· i~ to t:~ regarded &5 a mona"io 
op.era tor~ A8. uu-ch, it ~11.ll havt} tl\ir,.i.~1 ec<ipe (~xcGpt 

·u~·aofa:r at.t bu.il t-in operators prt~uoing boole&n fr,¢!fl non• 

booiean-quantitiee ~y have highE!:C prrs-cedet~G) ~ ffow-,avat: I 

the· mcop,~ i;f • a ~ti-ing cf qu&ntifi~rG l'.Q-.)• be expanded by 
.. 
p:n?fixing itii t:ermimut.L.-,.g ,rer:tic~l b11.r with o~~ or ~:c~ 

oy~l:iols $,. It foll-o~s tb.~t th~ £.b.:·~t of tb-, apo~i"'e rM.d!rig~ 

i.a eonact·; - t.hG. 1it100i''.Kl may he ohtiri~-d 'f.i.l'it~t. the Ulila. of 

parent.ooses by ~'1:i.tin1 e-ither 

• 

I£ c8rbin "-taria:blee "l • xl, .... • ak "-:-..ecur in a quu1:.ifled 
bool.oan· expreiuiion 8 of the abo~1e typo., if tJ-41e v&riableo 

.. 



are all existet,t1a11y quantifS.i!d s.nd ar• 1,ot precee,lit1d in 

tht'tl sequenci'! cf qua.nt.if..ie.r, cccux-ril.'3.g •.tlthi.n & by any 

nn.i:ve:rsa¼ly quantified var~~blre-s,. ~n¢:1 finally !,f thef!(;l 

var.i-t-t.blee &r.·e en(:1osad. in s~ax:~ .brack.at~, th~n, aftar 

evaluation of the g:,.·prea:r.i!..~rii ;:;, • t~ variG.hl-es )t.~ , ••• ,x.~ will 
"'" ,tt, 

take on those firr:11; v"lun,s ~~p..~&ZF."itzg i.n th~ it~rat:i,na 

ee~rch r~qtdretl tc. ev.~lue.te E which yield the ·.ralt.ae: •t.ru~" for 
lip If oo ~u,..;h.Vili•~.¢s il:d .. rit, t.:han x.

1
, ... q-xk ~:ill a:ll t&J:~ 

on the und.e~tirt~ Vb-l1,tfl;1 {L ~~!:n~u I fot: a""t~~ple, if .t e.q is a 

~eqt,enc~ of ,;eta of inteqel n ~ :aval.u.ai::.ion of the ~xpres~ion 

rd.n< 3lkl <t~x, ~z~e$~!~) 'n Qt O - - ~- I ~-• - . .. . . 

~UJ.. .. ~QJU':~ --~- t..Q ~~,~t\:1$. JJ;~. ~'-!~-ftt. .. ~~t.~~, .. .tn tt~ indic~t-ad 
r~n.~-:112 ,. for whi~h all .lnt.®ir~x~ i:o. t.h.~ £<-Ht soq (k.) .e.ria atrictly 

poL9itive. Sim.i:.s.r.ly .. av~lµ1~tion ef t..he ex~~te$$iOt1 

l,il:t. ct.use k to asswn.e th~ l~r'9'$~t ~-~lUISI, J.n -:.h$ i...:'1'.iieat.~ 

:=-an~o-, for: ·tchich all ir.t~{J@~s !.n t~ s~t 51~();) ~-r$ ~trict.17. 
pc~f.t.iu-~. lf'or a thi:d ia~,r1~pl~, x,l(}t~ t.ha·t ~~l~ation of tJ~ • 
e~preatdon 

~ill cause k. to «!.~sunr~ the 11.u:g,.l'~}t. Vfilu® v j,n tM indica~ed 

rw1ger for wld.ch there e:;;:.tgt.~ ~i1. l,,'h"~i'l!iv,s int..eger i.ii th~ Sftt 

!t\eq {k), ar .. c1 will at tha $~~ t.iw.c c:,atlt~e n t.o a:,;aume 11 

positiv~ value bf:'longin.g tx_, thie eeti n ,aill ~ the tirzt 
po$.iti.~..ria i.nt.ege~ found in {l.:he i1~hw;Ite.nt.e.tf~f.H'l-dof i.1.1ed order 
cf. se&r-oh over the ~et seq{~). (If. n~ such n ~~iatD, n will. 
be as~igne.d thP. valu~ n. • '!'h~ fact t..hat en e~i~t~nt!al 
t~et oft~rt ilni)li@$ i!\tareat 1.r1 the element or •laments 

..... 



.. 

utuifying th& eo>:re:si?(}nding r.•redie.at.e. le.nds eignifi~a~ce 

_to the e~ist-ent.ial optio~s which ha".'?@ ju$t b~i ~~1r..-oriood. 

. . 
c.. S~t E.upr.essi,~·ns Orica ~10.r:e 

--- • .. ................. ..~- .. __,.,._,_....C' ... ~~.,.,,,~ .. 

't-1"-~ n'-.."-"" b~'-~J.1 to ..z1...,._ ft!"'...... -t -~~- 2 , 
•'1'\"ijl ....... w.&.- ~-"'-~ ... "'.$.I'-" ¢\n J..~:?Qrt&nt. t.:ype of t;!l"!lt'.. 

_expresalon h&V.in\)' ~ very gr.eat (tXpreesive poweic. This 

.~ e!, ~oJtl5'1t,t ~a,o._ th~ tollowin9 g~,~~r~l f0!."1lii: 

. . 
"-"--· --.......... "-••-- ...... -.... ·--~ \ 

· t9) {te {}i.l, .,. • • .,:r.n} "Y.-1 -cal' ~2 e~'?2 (~l) ' • .. : 4 "~nt~n {?{la· • • ·,.Kn-1 > f c <~1•· "· ,1:n l) 

. 
In t:bJ..s .. 9~.1/-~·-~i. ~.xp;re.~sj.op..,_ x 1 .# o ... 11~-1.♦. art1 .n&Ii'~~, ~ 1dazignlAt.03 

• tP- .c:. 

!Jo' mat-e;wi~asion not cont1.tin:t~g zy.,ny oct:;urr.,:l:uce cf ths~~ !.'.l~$, 

ft 2 {x1) a tt~t ~~xpres ~icnl nt.it con ta ini:n~ ·any ,)a·c~1·en.ce of 

~a, ... ,x.n a.nd ;.::ont&.ining only fr.f!:les occ·L.;rr~,mnes 6l-f x 1 , ate. 
Moreover, c~ {~.J.., •.. ,·,\

1
) da~dg.f:at~s. a boolean ~xpr~~~io.n 

~onti.ilining 0:inly tr""~ oi.-::cur:n.~ncer tif x 1 , .... :-Xn' • &id e{x 1 .•. ,xJ 

detdgnateo ~ny arbitrary e~xesssio.n cic,1nuin.ing o:r ly fr~ 

occurrences of these: 3amt.,. n~~. 'f~ nobtif.ln&\l fem nn 
is f~iliar f:t·•~ aet t.ho·o:r~;1 its va.lu.~ iJs tbe Mt fo~ by 

the .folJ.ow:tng rule: ~alculate th$ •~t e 1 , for each of its 

0le..11\:tmt.o x
1 

calcul~t.e th~ me~ -&i '.~ 1 ), fer ~ach of t:.~~ti• 

'Olem~nta calcula.te .the ei?t tl'il (~1,.z2}, etc.. For 0a.ch n·•tui,1~ 
x1 , ... C'xn obt~ined in thin ·wa1, ~nd bavl.n.g the F,'Operty that 

the boolean. e,:p.r.sssion C (x 1 .... ,xn> ll?il:s the v~lue 11tniett 1 

fi!lc~,l~:te Q (x 1 , .. • • ,xn) ·, gat.h&.r- 4111 thia.st& ele:~Jtwmta into u. •t 

to fom the r~qu:lred· ail!tt. Tl~ .it:.d~br ld~al N~lt.rietiona 



:in Cl:1rts.in cai:sea i.n which 1'-~n.ge:s o.f !ntege.1;t; _play 6 role, 

:&nothez- kJ.nd of rtl!inge r0$t:,d.ction r t.av·!ni one of th,e for.mo 

' .• 

·.-, 

-ie provided. lf a tang~ re2~~iction of th$ typia of (lli 
occl1rs in the formula {9} in t1laeo of ona of th!llt :ra.,ng0 

-:'ietiltrictions (lv} t then, f:~1: 4tllCb Kip!):t',f..cp>.tiat® Xl, • o q~ • -l · . . . ... ) ,......_ / 
• 'the t\iO ar i thm~·tic expras~ion~ min~ (x 1 , .... ,.Jt:. =l). &n& . .....______,,,-
• . J ) 
'm-1.x~ (x 1 ,. ~ .. ,xj ... ,_1 ) will be c:~lcul~ted, ttno. then. in th~ 
• . ,J 

·formation ¢f the r&®t. (~) xj \1.i.ll va'E:}' O':~er the aumeriea.l 

rang,~ det.c:cm.1.ne.1 by t.iJ.tr.~ri t.\~,~r mri.l lo'((tcQ~ llm1-t:ti (in the 
iitdi6at.ed. 6:r.der). 

\w ryf 'no' \~.?4~tir.:ula:r bool@e:n conditio~-t C l.$ to h© impos~~, 

i.:b~n th~ expr-assi..e.,n (9) way lw. writ.t:en a~ 

.. 
• ~e(xl' .. ··,:ii~) rXl£~1' ~2~e:t {~l) r • • • '~n~efl (~li • • C i,~n-1 11 

;. . 

,: .. 



All the bc,olean opei:-r.d: .. :lo."l:.t'<. apJ?l.Y ® e b.it .... by-.bit ha$i9 t.o 

bit-9t.ring3.. I.f. two ~rt.ri.ttgt;t ~f tme(ft.l&l len9th ai'® ~in<.,d 

by these opernt.ionzs, ttl . .a $hC\t~·ter is ~.Jtt.so.ded by ~~ading ~er~ 

to the lengt...}i of the lo~e:r.. Bool~nn q,.1~t-it1,.l)S -&re id.~ntifi~ •• -

wl'th '.bit-strings cf len-gth l. Giv~n bro stl!"~tJoi !!S and ~'. of '-/ 

the game typ.a, n+s a ti~sig~rd:~.!'> ·eh~ir ~onctlt~a-'tiotL !:f n le 

~ j,nteger not ~:ntceteding the .l.r;;1.ngth of ~, th~ a:q,r~~$i9na 

n WA .... { t6 a.n~ n !.,__q{ s ~oi1igi)~·t.~ the ri fir~t and t.i~e n 18.U<t 

b1ts ox- characters of a res~~i\rely t> while n µJ :i;; d0.not~4 

~ n-th ~.lcment. of the st.x-in~ e: ~""Ad ~ 713 t~JaigY.1atf?Jtt tl'M!k n-fold 

eonce\tetiat.ion of e lfith it!90l.t'., T"rJi~ sy~c::.t:iolr; !l¼! &'¼nd !a!~. 
d~r1ote null b:l t tu1" e;h&l'c1otet etrin,;;B ;:;•~peet:t v~ly. Gi·tJ@i11 as, 

lnt{~er n, dtt n en,~ oa.t n ~~l..~n1'.t@ th~ r,~p~i~a,~nt~tiont1 of - ------n· by a cl::.~ractiar at.ring t·n the, dec::i~~l ~"'\d oct.81 &yat~ 

respectively.~ 
. The allO"«a'b le cbzaractcr~ in ~ e-h~llettlr.: ~tri~'J &?.'ta all 

.the norro.al ~~mhers of a ~t~srd en~::;:i!'.~t~~.:-~~r.·t, plus omt 

~dit:i.onal ch~acte,:: ac~i.g-nCA~c-,·d ~ (.$n,d JI~·i:::e,rd}. If :13' is 

an ordered p.air <Bt,n> con~f sting of al ch~'t~etfJr f:l~i!',g ,tt .. 

Wld an int.e-~ex n :refo1.oe1tcing cnEJ of i (ts ~h:,i~ae~zs, the SY$~• 

function Jt.t.cotuf may b® ~ll®d ft'O(i within ~ny ~iq>r~1~tSion, ~ 

in t .. ht➔ tam 
rcco~tl (s) • 

'Eh~ value v of t.11.:ta fun:otion is ~-:e segment. cf the ~tr.ing &t., 

beginning at its n-t.h c:ha.r~ot.er 1 $.~•.1 lnol~int all oc1.Aract¢lr& 

of e up to but not L'tcluding t?'t@ firGt oc.-eu.'rxe1~~ of t.~¢ 

char~cter tJt 
1 

when :nacord iei cttlletl, it .tnc:c~~A1t.s th'1) -it, n , of ! ts arg~n t i'y l•n _-v ➔- \7- 'ft?....t:ti 1- • Cit\ act.t~.n 

appro~riat.a for an ini,ut reaoe~. J 

,· 

• 



I:f the '1-th character·o-f ~ ie Qr, then l!.te~/4.d r~tu:ns --
t:~b ~""l•'-•,r;,. n1u '',,., si.:~A i - &,. b _.,._. "a .. ,.;;. -~ ~~ .. .u • u~l:'~"'le.n· .... » n y 1. If .n ex-a-!lsds t:oo • 
l.ength of tha string s, t.h$n ,'tt<:.aAd zt-st:-urna t;r,,e volltra o, 
and does not increment it& ar~nt n; th!~ f5~t can b$ u~~ 

to perfol~ the SETL ~nc?.log of tb~ ~onu~l '1em.'i-of-fil~1-: test.,, .- .. . . . 
Two. ~p.ecial st.?' ingg_ ;f.nf?p,t ~r.d OlJ.t-p-11~t ~re !~·ovidctJd ~ ~e ~- ----,~-

st.r i.ng -wa&;t ls ird.t.iali2~-1 to a value .ti~fin0d by f.:be 

cont~nts· of the sinsn:.~ J.n.i=~t· mooiu.m ~t -~ t:i.ffl~ th.11-t ~ mfl'I., 

r.,.ro9rtm1 bC~!ins to run. t~ach tu.w atldi tioi1~l cb~:r:~ct.e.r~ &rt:l 

~onC''\·'.·.&1l'it~l to the et.rir,.9 {J::!-,tP~!;_t_d ~ co:-~~~tJOnd:lulg ~rir.t.~l 
reco1·4 wi~l &ppear e>ti th® ;;:r,~t~m output F~ilffle l~ra . . . 
"6pecif.lca11y, ,~rtch ooc1.,:r~rH>:.e> in th-$ output t:?trClml of the 

character .f.JE. wiil terminat:e ths curr~nt. ~:tint line with & ...... . . .. 
~r:lod, •• follow·ed bS, .tas m/$.ny bla~kg as)·~r~ nece~sary to fill 
out th$ line . Lines n.ot co.!'i.U.d.~·~ing • ~n cc~~urr1.!'rtce of the 

char:,.~ter ~- will alWil.:\19 be. te:G1i~1~tft.~ with St bl~~, foll~ 
by a pariod. This conve.nt.iCl'1 all«xi's cb.a.1:acter ,;tring~ of 
arbitrary length. ti:; 1.~ tr.an~Jtt.;t:d ·to- th.a ou'tp:at tiledium., _.end 

to he r.epres-ant&d t:_~ere un~iguou~l:y.. If tll0 string e..il!tRlt£.. 

1~ "r~~-oim.d •, i O e. • .if -ti •. ny M~~tion of it whit?h hae alredy 
been tra1tsmitted to the crut;,ti;t medi'Um !$ nclified, a me$2agG 

of the form 

n b(?ing an ap_propriate int.s9'$t', ~- t~ p!'"i~t. lJ.:1e e:,)ntai~b\l 
th.is raaa~Etge· bein~J ·te't:iainat.ed by two ~rio-~~, ~111 • 0;~;,1r~r. • 

" 



In a later paragrap·h WI! shs.11 ct~acri~ conv~tiona whkh 
allow t.h~i SETL u~s:( to indi,:~1,.u th~t cert.sin oh&racteI" ~t.ring~ 
ar~ te.} .be ~t.ored on exters1~l rM!dia; by taking ~\"ant.s.q~ of 
th~se conventions n1"td by us.tAg the ~~ratio~a j~a~ d~fWribad 

the SW.N.s user wi.ll ~ ~bl® t.,l perfo3;.m "!ll neces~w.-y basic 
J./0~ 

No ~ration~; comh.inir1g 1ah@l~, ~l'tc<epi,: the ,9~al.tty «nd 

ineg:\U!lS:ty eo:mpariwona ~ · rod.GtJ ho~Yi~r,, l.~bals may h!J 

m~ntb,trs of $ets ~nd ~Y thf!t~fore a~ax ~ithin orderGd 
pt1ir:M, so t.b&t th41.\ ree\tlt of Qpr,Jyin9 f.4 function to an -el~.nt 

~\ay oo a lab~l ~ J\".) e,!pre~a!.on producing ~ lab<ll v~lue may 
appear iri ~ go t.o ~tate~nt (see ~low} . Thi.s po~sibility • 

can ba UllQd to obtaJ.n a ffcal-,ulatM!lf g··o to etf@ct i~. snn 
prog:cama. 

q. Blank Ate-ma 
-----••:c. ·-

No operation$ (;ombining blca~k ~t~i,, e:::.c&pt th~ ~quQ.lity 

and i~~quality co~~r!aon~ c~ist; hO•vsr, blank atom9 oay 
ba 6.le~nt.s of f.fet!J, jua·t ttSJ a't.om.18 o¼ :tnf oth1ar· kind• J,l&?L\ 

atoms ar 0 c:r~.a.t®d by th~ b'il1~1 t-in tSETL il.Tlnction !!!!~, w_hicb 

er-ea tel5 a n~ blank at,~ oac-J1 t.l~~ it is ea.ll1!fl{ • ~ote, fo:r 
example, that at1ch an expresai.oi'l 9'S ·;a:~!_, ~~> <d1tSJignatc1• 

,in oclar.ed pair. oonsit'f t.ing of tIJJtt eU:1,U.11e.t bl~-~t\\ e.tt:!'ll- .. 

Blank atomm a.t:e provided to ~erve ~, •t.ructurt'l1- ~:·;:<::r:t'~ 411 



complex B~ts bull t Ul) ttiu:a::·:tng i,tv.e ~~u.r~e of a i~ c~putgt.ion, 
~ml to faoilitat~_ga..-b&.ge collection_ 

- • -., • ; • • o .:. ,~ o O .. 0 A • 

~nd. han its cuatorMil.!:y a.n~ ttivld-~n~ m2a.nir_.9·. iiaxe., h-~1
1 

.... , 

b~ol~_ 1.era·~$qu.ired to bi boolean axpre~$ians 6 • whil0. 
eriq?r 1 ,., • " o ,:,8'1tprn &re e~pr~:.ision$ b..av-L,~ ~rbitr~:ry . ;,r~lu0~ •. 

. . 
As an illu1.d;.r.ntion ,, '~hich tM re~dGr ~Y fs.l'iu.h to ponder P 

,;)f the CO\~~oun.d u.e:e of vari-ous of t1ie bae:lc $~ coii~tl.-U.f;;?~i,on~, 

~J..l esp(:Jci&l ly of thG ~i?z:t of th@ ~n~xnl ~r•~s.i~,n {9) , . 

w~ give an e:iq?·r{:esion t!--t:ilv:itl:J the fol.low:i.:ir ,r0tv~..imaii'i9 • 
- . , . . 

~r.¢hlem: • g1ven a sat !!.4 of oz.·d(groo paire8 <n,}(
21

> r•pre~~t-

3.ng • a eequenc~, and giv~m .i1n~· add'i\:iona.l •-sl..~.nt. y, expre•s 
the l.'e&ult o:;~ ins,ertl;1g y &~ the ~-~h el~"'lt. 4).f tl~ eaquenoa. 

~he ~eguir8d e~pre~sion im 

A reeol ving con-ven~iG11 ies r:ig<;_i-:-:liroo if . t.t.s :hipli~ !'.CC~ 

of the co:~el udinV 11.,U r. in ~ <»r.H'!i ti;onAl expre~1d.on ic1> no't 
~c be Mbiguous,. One 1:!i.'lklr .ask., ft~r exu.ple, if ths. ~"Rr,r~~sion . 

(~2) it x 9!, 0 t.hen )'" t1lme :n.v,t 

iw to haV$ the reading 
(ll) if M i! 0 t.hen y els~ (:-«·y} 

...... 



w~ ado~t.tha followin~ conv~ntiv«6 ~te ooncluding ~l4~ in 
~ condl:.t.f.on~l eX"£.ir~!lSj.on .it~ t-o ~ r<t3ga~'d&S aa "- mcmadie 

~\~~tor~ A~ liJuch, i~ Will h&?~ ~inat&l SCC,p,;) {~XCGpt . 

inl!lofar ae built-in o~~r~tors pz;i::r-J.m::i..nr; hoole~n frc...~ non­

w.olEi!!l:n ~1.tanti t.iiea iii.l!:/ h-"2v.r;, hig~~~ p1t€c~ie:o~e; • ~~i7~V~r, 

the· Geape of the .. t~~~~ m~y ~ mxp-.:i2l.'!J•~l by pref.i.xi~g tile~ 

.key--,«,>rd peaJ.maa ~:r:.-th t."i:ne 01 t??x:·-~ sltm-"biol~ $. :tt ft>llcw!I . · 

that the nor1:~l .re«2din.9 of {J.;o i~ (lA) 1 the re~dL'"lg (ll) 

im'i.y be obt-nJ.ned wit..r'to·~-t tho us~ ~f f~'lt.1:')i,·the~li by ~itL"".!·g 
eitJ,~r. 

i.~ ~ ~t C ~-c. t:hf.llfr• y ~lf:'.t!J ~❖$y 
or 

if ~-,::, fl!. 0 t.'h.sn y $els~ ~--.t.z. 

\fe ~loo alloi~r t.he ur:::q, of pnren~"'.te.a~s" in ~tn rZit'it.10nt 'tUiziY, to . 

aatennir.e t:t001)2S in co::jditional 1cltpr1911a!cns .. 

i .. -'the Use ~f hnctieo~ Within t~r>r~e~~.on&1 3>fow.:-•~t?.tr ... 
-•-------._;_~-------_,.,...,__._ __ ...........,, l .«,~ ~ 

Q_e_!_ in.~ ~ o~;:! tig!l..!.:~2.$.i-~}~ !l!.!~~-i!--S~er ~ 

StTI, allO\t!l subroutiues and fnnct:lonm to b(b do.fir!-~ in 
I.ti mani1er to he descriMd in mo1·~ 4etail below. Fwicr.~ioncs 

• ll4y bQ used es parts of e.xp~eas.i1Z-1uu 11 function invt'<.~ .. -atJ.(;•n 

cccur.r.!ng within an ~pr-ezoi~n -will haw the fcna 

' Here, !la!lffle i• ·the, funotion namo, ~hile ~, • • • ,~~A'F-!l uy 
r 



ba a:rbit.r.&..'!'."U S,ETI, e:m~_,...•""""'~ion"'• mh.-..fi_"" ~-~ F-11 • .-u;;.a ,.,, J."""'""" e~pralU:ti~..nf.i i?tl'S 

~valuntoo befcii:e the £unction :1.~1 ir\·voked, ~nd the· v~lues · 
tJwreby obtained define tha ar9t.1:u.~nt:i to oo t.1:a.namit.te..."l to 
the function... :\ f!unct:.t~n calle.)(J tro..,n with.in 1u1 €Y.pr<i.GGi.on 

~ay modify v~rious oft~ f~ctic~~s ar~umant~, Md it~ 
!rs.vocation mny in g~i.i~r.al ca~s~ o·th~r "sd.d3 ~ffact:.1" .. 

Punct.ioxi ~rgi.mt-er.to wr .. (Jse val~~~w ar.~ to ~"'! motJL.:it!id ·lshould, -

of cour $e, be simple IiJ.>"-eme I! r. .a ~ .. helt' {~n ct~:.~~und. 1i::OZ.preasion$1. 

-~~ 
s:t(k~ ~llows pr.cg:i:·0Jmt0r··~-t"lf :i.1\~ functions ru'lf.l f:m>routin12a 

of t~.10 <=1.r.gu:merits to b•iS:-'! lt3'.' i:ti;..1-zm S.!l i.nf l:lt ~r1,~J-.!"at.ors r pro1!idt:4 

that thi,:,s tlotatlor,.al htteint i~ ~1:~propr i~t(;:ly ~tat:oo in tb! 

def i.n ?~ tJ.on of the f.uno·tion (addi t::tont\l ISl!t:ail G are 9 h1~n 

h~lrE,;) . S$Jl\ilarly t fn:nct_ions of .fA singl~ ar~nt ~y- bf.i 

m!.tlon -?sG prefixed m~.:m~dic op,ai:at-ol"~.. ~~ n~ of a 
function to bzy. writ.t-en in ~uoh a!: cr.-.cr•~.tor fQrm-.t w~ther 

at0nadic or d1 ~die., is· ur1derl i.n~., T.h~~s, fo~ rutru:aplo, i.f 
nr.ion anii int~rs~c1: ar~ the n~~3 of ·-progr~r--def in&d .-.---· ,,_._.........,...,_,,,_._ 

dy&dic ope..xatorn w~ may 'i-!rite 

in b~~oect. oett 
•••• .,__,..1 , 

Th-0 ~~eic $'&Tl.. e.>:preisuii-:m for.r.s -.rAy oo ·n$ated in mrb~--. 

trary fashion to p~-od~~ complmr. •~:.pr~seio:ts ~ Thus, ~Gt-

forming constructions •:v be n.;s·tw •within col.'\Clitio~.al 
expressions, which rlllly .in t,~1-.::t) JJ31 n~stad witllin n-t:;~.~l,'¾ 

forming expreesi.ons, f:t.c:-* The ow• c,f ~xpre•sion t-,:~al-.1ation 
1$ inside-out .and lsft.-tr;-right. • Thisi obe~rv .. F:;;:io:n. ~.:on~0m­

ing evaluation ordEu-: att:V he import.wt if tunct:).!o~,~ ::-:i:odttcis\9 

eide eff~cts are invoked durin9 the evaluati<"~:, ~f ,-:.:.t. • 

expression .. 



j. 

~ving ~aid sufficiently much concerning expressiont1, 
':1e.·go on·to discu.ss the statement forms proper provided by 
. IBETL: beginrdng with a di~cussion of tbe ~o4.ig'1j,"'leJ>i.t Gta.te­

ment.. Si.ng-le st~t<=-..ments of SETL are punctuated with 
termln.ating semi-colons~ The 1.1implesl: kind of assignment 

statement has the fainiliar form 

h~re n~me. muf;t be any val!~d •::.retTiable name, while t.xpli. can 

be ~ny valid expression. A ~re gene.ral type of su!:t-lpl~ 

,tu.4.6{g.t'H111:,n.t ~tate.men.t lnfended to h.e of con.venient_\usa in 
connection with ~rdered n-tuples, is also provided. _such 
~ £Jta.tement make$ use of a structured «<i-6.lg nme.>tt blf.a.c.h.e..t. 

A simple .&.B:13ignr.lent bracket. has a form lilte 

-.... __ -x - -v - __ ,., ---> 
-.. • • • l • • • "1 • • : Ak 

1.~., consiats of n symbols enclcsed within pointed brackets, 
and separated where ~ecessary liy cominas; of these symbols,-
a certain number k will be distinct variable n~~es, and the 
remaining n-k will be minuo Gigns. When such an operator 
is applied to en ordered n-tuple the k elements o.f then- • 
t~ple which correspond-in position·to the names appearing 
withira the assignment bracket are located and each name i• 
asaigned the value which corresponds to it in posi :~ion. If 

no element cor.r:espo11ds in position to a name x, t!--;c:1 x ie • 
assigned the &pecJ.itl a·tom O as its value. Thus, f,:r £~~ample,. 

the multiple a1.a~ignme11t 

_, .... 

. ... . 

... 



!f one of chQ name~ t:pp~.~ring \i'.ithin a 9Emcraliaed.. 
aosigrunent br,,c!r..c1; is replaced by an aust.er.isx, the bra~ket 

becomes ~n d-64-<i.911.me•tt optJta:tori, :r~taining !ts "astJ1i~nt• 
l\ignif .icance with r~gard to the r~~ining n~..1a, but at the 

~~-time bec~tlng ~ valid comp~nent. of a set expr~•eion, 
having as its valu~ that particular ccm.l)Onent of the n-tupl~ 

which ia locat$c! by the .a$ter.lak,., T-taus; tor 0>tampls, ~!ach 
of the etateit~ent~ 

!i, equi11alent. to the pair ll!ina: YJJACS of iruU.,•id11al a~r-ign­

')e.nt.B. (cf •... the dieeut\zior.. of. s~l~tion opsratora r~"'-:ian in 

a preceding pa.ra.g:t"aph. > Point.<i:d br~c!:t~t• may b$ ne~ ::.-.. tJ i-:~ 

Pr0<1uce .IJOmewhat tt0re highly ittructur~ gttMra~, ~-~\9d •:,;.:ilti:1>lo 

•••ignment brackets and a:!lti~.n:Aent Qperatora1.. ~·Jor,-;r 

••sigJUnen-t brackets and ••signnient operator• &!:,:~ in:·~•·:':;,icts! 

-45-

• 



, 
to be of conver:d.ier.,t use i1' ait\J.e.~"'..on-e rO'f.jldrln.g *laborat.e 
r~fe:te~C~$ ·to n.-·t~f 1le COO\~'?nts. 111:~y will \>.e describf:d 

in detail in a lt-tcr paragt:ttpb, ~ich will al~ g!va details 
eoncerning _the general fon?t5 of z-el~tion ope:r&to%s provided 
il~ ,F.iETL~ 

l • ~• • - , • . • • . 

SE'TL iJl,;.o ~mk~t u~ ·of -va~i<:a~ -~,aig~nt forms rel:rtetl 

to the ~ i...~de..."ted ft s.~.9.igmr;,~r!t 0§.'e~.a tion.s eon'lf=EJJ'!ti~r,al. ly ua$d 

in pr~r.tu-er.~.~..n.~ lang-uag~i!;i ./ TP~ .eiror,;•le~t ~\.,,Ch oper&tor h-~s 

the fom 

b~u.·e, no,~t. i~st ~.1 a '"li\~id naT:E ~b.i!e 1!.tplt f .en4 t3{p.it2 illlllt 

~ v&li~ exp.r:eGaion·!I.. 'the v~l~EJ of Jt.;..t.;t srm.§t 123 a oot. 
Th:i.11 l'ltatian,0nt has "th~ il~1? oif~ct. am· th~ v~re ecaplu 

-ata~ement 

- • 
~ "' (n~'!! J.e~f ~'!'.Sll.'l) ·~1th <ax:?rl., expr2> -~ ................. 

her.e, once more," Ka.mt must oo •· valid nea, • ~le e.tpll-1 
o.T11..d e.xp.1t.f 2f!ust btl valid e:cprea'i-ior.e; tho vel'ltJ ~f el:p.tt 

&:.iuat in thi ~ case aloo ~ & s~'l:" W:mn e1:&CUt~, thie _state­
~nt at first. .rerooves all C",!rderl'4 pairs of thta form 
~ex~1;. y:- 'frot 1• the· aet de:eign&tei! by M.l!lct· e.nd the~.~-unit:.os 

"the eet 

to the rewlt. 



Th.e • §p,ncial ca.~e f {ft},r, !'!! r~r..re.<J all pairs of th.a form 

<&tx:i fa:om f, and is thus syr1on1r-moua with f"-f lesf m. tls .,,. .......... 
~llow th~ special a~£ignm~nt f{a)aa, vhlch has no oth@r 
reaoonable msaning, to have t.hta y;~ m9aning u f{a}aa !!_. 

We isl so par~!t. unil. ti.ple indo.m.~e a~~i~-r~tai uating a:,si9nmant 

lu:aek~tu. 'thus 

hat; precifiely the $at~~ afi:~t~t '1t.-. th~ two ii,dlvidual 

*ssigrunents 

• 

1?ina tly, we allow multiply J.n.flQ'l!too ~tuiignrn+lntiz, having trua 

:for.m 

end 

• 

the aeeond 4 t.a~t r,~_,tt:Ri &l!. or~~r-1 (n""l)-tupl•• havinf 

the tor2ii <expr 1, eqr 2, • • • , -.~r n, . a► froa t., •nd then 

uni t.oe the set 



~~e al\i'ilo perm1tt~d, ~m,~ n11vo an ~v:ld,i~t. ~~nin.g. J.1ultiply­

indaxed n~n;,."!s may &loo f¾~&U': i.1' ~t-ructu~ .12ssign:wmt 

o~r.ato.r:si; ~o ·tha.t, io.r EUC~l.tfJ, 

i~ a valiu ~A--p~eesion ~hosa value i3 hd tl ~ u.d who~ __ .... 

Th0ae a.seigm~n-t sid" eff~t.e :t~111t be c~:refully no~, 
~™5 in o~a.mi.ning· al(proc;aions COlltAin.ing auoh operators, it 
zaay be neoesgary to ~~ep the SETL rul~$ concerniftg order 

of sub-expression evaluta.tlon .t.si l\i.L~. lt Yill not 
infrequ$ntly be possible to raake congtructiv• u•• of the 
au.le e!fecta of oporator:11 invok~ during f\'lllQt.ion evnlut.lon.· 



.k. • !..~~ffi.!~n.t_ ~~1-m$. __ ,.9='.E~~.l...:;~~:-~t~.t Jtera,t!~~i? t 

~'=! CSJ?~~"'.\d Qpe:i:::!!!9.~. -

Control of progr'1.ta flow ia1 p~O"J'ided in 1H;veral forms, 

'by go tc statc.w~nts,. by ii ~ta.t.er1~eftt~11 by a l'~t~~ant fom 

specifyirtg iter~tion ov~r a ~~n9~ of ~8te, by a a·tat~t 
fom specifying itft.ra.t:ton for 1u1 long ~81 a e~x-~in boole&n 

cowlition ie V3l~d; ~l'td by 3~broutino or functio~~ 
_____ ,,,,. 

A SETL St!!t~nt lllD,1 oo labele-~ h1' prefi>=in,g it with 

zi name,·. which should be fol lc~--~Ifi J;.:i a colon 1 &...'"'ld. which for 

the Sltk8 of r-eadibili ty ~:v l'-$ enclOS\1$d in ~qu~:ce br·Aekets • 

The affixed colon de8i<;mat0:s -the name .r,g & lahi!tl. Thus •· 

label: ., ((l~belsl, 

arG all equivelc~t v~lid labels. 

the expression occurring 1~ such a •t~tement aay be pP.rfe.ctly 

general, but mu~t have a laMl •- it• valnG. An l' ~tate­

ment may have t.he form 

1! boo~
1 

then blcekl. elae if bcol 2 th!!n block 2 ••· 
$lDJ9 i! .bott,>ln-1 th.rut blockn-1 t 



Uere booll, • • • ,booln·~l &re i·equi.~u t.o bG h-oolaan expressions; 

eltch of bl·ook 1 1 ••• ~ bloakr~ it. ~n al"t•i t:.tary ~eq_u{:ncs of valid 
SE':f'L ~t:at:~1~~ts) vhic:t~ r.1.&y iMl~0 ~'O to ~tat~f.mt& and 

adc.1itiona1 if statf.U~:nt~. 

ta.eh l;U.ttt.r.'tf.·!:nt hJ~ ..... 1:;: ~""--"i""n- i"l~.., • .1- ,...,.,, .lhn .,,f. .,"t 4 ..,.-..,,,Mt ~ _....,......... H•'"""• >tJ .~ 11 1~••i:;:.,, "" ,.,J.,. ~ ;_,.,,; ...... a~~>,- ~ 

vi-th the e,;ce19tion ~f t,,~e l~et £iiui.1h ~t.s:tem~nt. • .blr:ick, 5,.r; 
• ~ . I 

tern1n~ too by too ot:(:;;>~?.7't~ne® of th-,~ me~t. foll~.ing k@Y'l'ord 

~.U t or ..tk¢n. Tha 1~et bl~ck it:> tar&~t.oo by the oocurrcnce 
of the aemicolon e~q;:,lloitly ,oo-i:,m a~ t-e..~ifia·ting the if-· 

atatem~nt. displayed ~bov~ .. • Of c~r@e" i:;iJ~e;e tlVtl fir..al 

atat.ement of thi9 fi.n.;;11 blo;-.;k i.e it£elf t<!trruin~ted by a 
• omnicolon 1 t.ha visible sign of .u1 if,·~t.a'l:.~ruent tarr.-lination 

will be a double ffle3nicolon. Fv~ ~~atapl~, ~~ might have 

'r"nia style is acct~~pt.able fo1: short bloeks, but when long • 
blocks of stateine?'ita ~re ~~par.seer within if-at,atementa 
•copes delimited in ·this wa'I vculd become confuaing. !'or 
this re&son, we pert!!it & varj.ety of t&ternative conventions. 

'l'heee ar.e.:. 

l. The use of f--a:'tmtheses. Any bltlck of stat~~ents 

may be ~ncloQed in P4rMthases, &nd remaina a block of 

stateme1~ts.. Thlts, we might ttrite 

2. 41'-he us-1e of either cf tl'tf.'! ~~ visible terminators 
"_end if,111 and "en4 eloe, 11• Thus, we ~ight alternatively 

wite either 
• 

. .. 



mo Pt'O"lide ~~ ·y~t- V~t_:-,,'i~_.,.._1.•. ~'-'!;:··."".,,,•.t' ·l:, .. {-'f-,.. ~-•"'-"""-•f-.> ?... ·,·~··---· .... 1,,.._ l't ~ ... J;.' - ,.. - - "-•~ ' ,-.,, ~-~..,. ~•A.~~,r.~ '\..,!;,,-i:,).\_,.t~-:,.~h.:;a=J!! 1 W-¢1. :I ~.,'!'>u 

the to.rmins':!t.o.r& :-.~{~ J.fVI ~~ He~d @ls=sl'l to b~ ~i~t.~nar;:d b.;; 

inclu0ion of the .first. tok~n ~- llowing t~ t:orr©i1p.-.,nd.lng­
ke~rd st if 11 or Of«sl.t.io"' in t.llu ~{:.at~11t. b-idng t~nd .. na.tt.!td. 

For e~&Wt1le, ths $ta.t.einen.t$ she,.\vu !.i'l~v0 r--:.diz alro h~ ·~:ritt$.Jl 

e.s 

or 
if x 21 O then set=~~t witl! x, ~l~Q n•n+l1kmk•n1er.& else n1 

3. The U$:.S cf ~n explicit tndic-~tion of° 1;;:op0. Thiei 

employs the fo.llow~g conv~at:len: ,ill.. io • kt,}'WOrdf if the 

coD'J::in~t.ion 

occurs i.mm®diatoly follcwi~g th~ l&st el~$ Qf an if-stata­

_,nt, then the bloclt of s·t~:~ttt.1 will ba tQllL"l.ated not 

by a semicolon t but b~l t...~ firet 1k:1l.lowing coeurrenco of 
the name ~x a& a l~l ~ ¥or t.-:~.1J~ple, • uy write the . -·-
above _if-at..atesnent opt.io.W1lly ae 

.. 



easy to_ use Eo:t.""m ~r~ pro~id-~ i -=r"" • r, 6:BTL. 1'11a:st1; are· called 
~o--bloc:ke, a~d de''.o.ils ~~nc~rning them are qivan below. An 

.... 

~e:t"·-le~gthy sequ_~nce of ~ta·te~nt~ eiw~~m~d within an 

:i~"·B_t:a:te..'nent may_ bi:! ~-~pl.A-=(..-<l by a do··block .in~~ation. 
~hiD can laGd to a mo~e r~dahle. pxogram. f~ra in vhioh 
.lengthy clauses aro ~erh~e(t to an out-ol-lin~ position. 
Vsing thia_possihility, we might in the ~ituation contem­
.pl_nted aL-ove ~-j.t,e 

. . . 
.... : f .... .... . .. ... . . . . . 
where tMJci t-sttemtn.tJ ii, a d~.,..bl~k having t.he de1'A iled form 

indicated below but logically oquival'l'mt to the.two separate 
statmaentis 

• 

Additional do~ilAi c~rsce~ni;19 the fom -."ld un of do-block• 

will be found b,i,l~•W. . . 

SETL allow" 1 terati.ct\3 to be specifio.4 without th• 
explicit u•~ of labels. •• 7.-WO-~t,ite11ant fo~a $UVing this 

~ncl ar·e provided. The first W'h!ch MY bl! C-'llled the aet­

t.h$Crrot.ic it'Jt'at.i~~n ha.-, tru, ~~:i~.r•l a~aran~• 



iB a11y t1equenc_e S of valid Sb"!;L ~~t-~ttnents and W..l\l' .include 

go to statements. The stat.~~"lt: (2) is executed accordln9 

.to the fol lo'-fing rule: ealcu.l.!>.tfJ t.~ ~et @~ ; for -oach of 
J. 

J.ta elements ·x1 calculate the _~et e2 (x1 
j 1 f_or .. ~ch of these 

elements c~lcuaJ.te th~ c;et e 2 t:~~.1 .x 2 ), etr!. For l!la.ch n-t.upla 

1t1 ,: .. ,>tn obtain~ in this way a.r,-d .Mvinq tM property tut 

t.he boolean exprQscion C (x 1 ,. ,. . ,.xr,) h&s th$ m:;px-\,ss.ion .:t>t~t, 
perform the st~t~tns of t-ha ~~$~e s in or&~. {Noto 

th& t th& occurre~~e. in S o t· it g~ to sta·t~ t: vi th a 
clest:in.ation· label ~\1t6idm s will tamna.te the iteration 

J.mplitsd by th~ st.n.·c~nt (2;.) 

occurring in (2) may be eall~ ~~,.9~:4i,.&t.-..ie.Uon41 for use 
·when 'J.ter:ition over a r~e fa-.t: integers is d$aired, a 
rc:strict!on having th~ v•riarrt f<ll"Jlt • 

, .. ,.. ,,. • -- '. • • c;• .,._ .• . ,. 1 • . • . • 

(4A) lllinj (x1, ... ·,xj~l) .! x_}-<&&Xj ~xl • • ~·• ,xj-1) 

·-is provi.ded. • .Ii° (4A} oeours in ~ti ite:r<1tiot1 (2) instud of 

(3) , then for each !J?P~!'x·ia~~ ~t, ~., • ,xj-l thtl t1f0 arithmetic 
expr.~seioba w ll!li.n.{x~ ~ •• ., ,:«j .... l} and MX._; {xi-,_· ... ,xn) will M 
oalculat.ed, and it..eration will~ extend..t auitably over all 
xj in the numerical ran9"e def inad ~! ·tlieee upper and lowr 

lWt•. • 
... • .... -....... • ... -· ............ . 

N~rical rang• .t"•at.ric:Uon• in tho variant ·for•• 

(~B) ( ... ·) > ~ > minj (x1 , ••• ,x ... _1) .. ux:; "1, t ••• ,nj-1 - j-:• .J 



are nlso allowed. Th~~e variant forms p~ovide-for variant 
orders er! iteration. Thus, (-tA) impliet1 an ite:ra-tion- in 

which Buccessive integ~rn ~~~retreated in incraaeing order; 
J 

. (4&) implies an·iterat£on in which tiUQcessiv~ integers xj 
are treated in d.e-.cx~..e1.,;;i.l'n~· order .. 

lt.srat.ion over .em a~'-PtY at-t is allowed, iu which cue 
th~ .blt">Ck:-of .. steteme.nt:! in· the· so9pe of the iteration ia not 
executed. 

The scope of a set-t~eoretic iteration of the font (2) 
may be ind°ictit.ed, .. i.n'·'tne· ~inrier· ghown," bf ·t.'1~5° location of 
a semicolon otl'l<erwia.:e a.b.&~nt. For readibility, however, 

ae-ve1·al alt.~ernative fol."1'!iS .are provided. The111e are: 

l .' -The usa of. a ·ten.niiu.ttor 

end V1<; 

to· close the ~cope ot an i-te.rat.ion w'hicb begins 

) ♦ 

. 2. The _uae e_ithar of pa.~enth••a•, of tu til. option, 
or of a do-block, -a• described above in eonnection with 

the i,~stotement. 

.. 

A second type of iter~tion, m.i~'b -me.y hel called t..'le •ULt­
r-el.aUd forms, of whieh the iteration, i• pl:·ov1ded in tw 

ablpleat i• 

(5) 



Here C ia 1:tny OO:)li~~n exp:rorss.wr1, 'i.'lhile b.tl)cJt. d-a•ignates 

a~y .9equenC'e S of $~i;~ent$.. Thi,9 uta.teme..,t has _prec!•ely 

the earne significanc~ as the !~llowing rnor~ explicit g.roup 
of statements · 

(6) Lli if n C -. . . . . . . .. . .. . .. . . 
where L1 and I,2 us tmiwio generated labels. 

• # • 

• Th~ ~pe of a uhilo-it~ration ~ay bo indicated in 
the manner shown by the lce~tion of 4 semicolon ot.b.srvise 
ahseh-t. ?or rtlli.1dihility, oowevar ,. aeveral al tern&tivo for=• 
are pro 11.rided. These ar• 

1. The usa of the more• .. visible te,rminator 
.. ... 

This teniin&tor may optionallt be 111&.de-aor~ explicit by 
extending it to include tho.first token fcllowinv· t.~e key­
word ~hi!~ which opens t.he iterat~n 

,. . . . 

. ' . ,• . 

2. The use either of parentheses, of the ~ option, 
or of a do-block, as de.w::ribtd above in conn.-ction with th& 

l,-at.atement, 
A rat.her ~r0 9~n~r&l fona ol the whi1e-itar~tion i• •• 

follows: 

{while ·c doing bl<>clta) hlcck br 

llere c ie any bool«ran expresmi~n, whilo bloc.Jta and blockb 
are ubitrary aequenioe• of atateaent.•. Thi• ituation ba• 

-ss ... 

t 



where L1 ~od L2 are untque generat$d labelsr This alterna­
tive form of ·the whLt~ it~~-Jll,t.iot!-hil,sder is provided to 
improv~ readabil.ity by 1nal~in9 it p<)ftlsible to at·btch loop­

at\aociated b¢okkeeping instt·uct.ion)j dirfjctly to t~ head.or, 
.rather than requiring thee6 instr.u~tions to be placed 
remob~ly. 

The in0truction 

quit·, 

occurring either within a ~t-thcuretie&l· iteration or within 
a while-iteration is equival~nt to 

where L is a uniqt1.e gena;tated label occurring at a position 
.immediately following t.Jle last statement in the seop.! of 

the iteration. ~e also ~lloi\( t.bia auteineflt in several 

11t0re explicit .fonoa~ The tom 

. . 
is equi.valent to (8) where Lit a unique generated label 
occurring at a poaition iff«aedi~tely followJ.ng ·th•-~•~t 
atatoment int.he scope of tha set-theoretical iteration 
Vhose header begins ejt.her with 

) 



or with 

.. . 
or wi t.h some other a1·1 ~-~d .f-o.,.._ ..,.,,. i 1 • ....V...,,li' - ... ," ..,1,. range reltSltr ct.ion ft 

Vhieh NVxff ~ppoars.. Bot•. that tl\i.s 9en-sr·ali~ qu..£.t !State­
ment JAaY cause control t~ be tra.~af0rr0d out of several 
nest.et'\\ iteration scopes ~ll at one@. For exuaple, 

. .. .... . . . 

... ' 
.. 

("ht&), Y~. :o (trMl~. fy I!_ l) (ViHty) n-n ~1th :11 

if ~n ~~ l.O t.h~n ~~i.t \t¼;;end Yz; an~·;;;ilo; and Vx1 

ia equivalent to 
,:,-. -;.· . : ........ • .. "· ... ~ ,• ....... 

(Yxca) r:- x; {while ty ~ 2)(Vs£y) n•n ~!!=h •1 

it fn i! 10 t~n s~ to t;send va1,1[L1J ••• 

We also permit the forsas 

and 

TM _first of the~e ia aqu.lval.ent to· a tr.ansfu to a labOl 

occurring at a position i~iAtely followin9 ~ laat 
ata~nt ln t,.)ie sco~ of tM iM$JCm3t 'Vhil•-iterat~on 

containing the quit Qta~nt. Tbs •eeond, mre e.plieit, 
q~it atatemttnt baa a significance which uy be 1•fine4 •• 
Jollovs. Let If be. the innez1\'K>at vhile-iteratJ.n9 hNder 
whoae aoope contain• the quit &tatol?!ent and vbich be9in• 

~ith the •et1<JU1&nea 



of symbol~• Lat. l, be a ~nigua la~l O•ccu:rring at a poaiit.ion 

i.nii'tooiately fellowing th~ last "-t.E:.t0".ment in the scope of 
ff. 'men {9) i$ $Quivalent to (S}. 

Tha inat.ruction 

(10} 

is used in a clo~ely related mannax-. If this instruction 
occurra. either within tt e<r~t ... ··thao?"etical O?' a simple whil& 

iteration, it is equivalent to (8), uh$r& Lis a unique 
genera·ted label occ1.u:ring wi.thin, but &t tho very· end.of, 

the ,;cope of t.he itet:ilticn. Thus, f~ exa.mpl., 

(whil-a x ~ O} x-c-.·~-! (.:() ; if g {x) ll_ O tlt@n continue, 

eilee y-y+9 (X} 1 1 end ~h.i.ltt; 

{whi.le x i!:. 0) xmrx-f (x); if ·, (:;t) !! 0 t]len go to Lt 

elM r,y+g (K) 1; {Lil 1 end while; 

8'..;.p:pose next that a simple eo~.t.in.u.t st.atem~nt (10) occura 

within a wh..i.Li-iteration whose header i• .of the more complex 
• form 

'rhen, by definition~ (10) c~Ge~ a trusfer to a unique 
generated lmbel l<>c:11.ted imed.i.ntel.y before·t~ various 
statements of the ~lc.1=:k btti~ta., vt1i<.ih (cf• (7)) fo~ a 9ro-=-p 

terminating the 9eope of the whil.-,,-iteration. Per exaapl._. 



1• equivalent to 

(whi}~ nee) if g(x) lt O th~n go to Li 

Glae y-y+g(x)1J[L:] =~t(x)1 ~~d while; 

We also lillow ~>:~ gen~a\ conti~IAt atat~nt11 having 
the £om 

(ll) 

(l'-) 

(13) 

c.-ontinua v~; 

C()nt iD\~e "tihile; 

continu$ ~hile token; 

Thi$ io how we define the ~ig1,ific$.nce of tho statement (11). ~ 

Let W he tb.e innermost its~ation h-.s.d.ar whose scops containll 
the continue statement {11) Al'lrl uhich begino either with the 

sequence 

••••• ) 

(!llin < Vx < JmUt ., • • • ) • - -
Let Loo ft ~ique label oceur.rin9 within thle •cope of this 
iteration, but at the very 6nd of ttie scope. ~en (ll) 1• 

equivalent to 

90 t.Q 111 ,·. • 

'l'he eignificanee oft.he •te.tea'ldt• (12) and (13) •Y be 



defined in silllilar f~ahion, ~.d we l@ffiV~ it to the reade~ 

tc supply the nece~m~y, detcd.l.11 ., Ob~~n~e 
I 

ho~Gr, th.at if 
t,be while--iteration .neader u, which (12) or (lJ) refs:rs 
c:ontaiPB a do.ln11 bloek., ~e:n (l2) or (l.3) will c~u~e & 

transfer t.o a label l<X:,'\lted illl:mediat;.lly biat.nre· tbE! first 

8~teitterrt in this block.; notei (~f.. (7)) t.h¾).t t.hie block of 
atatements occurs at th," v~.1:y tn..d of til6 aeo~ of the •lt.U.e. 
iteration. 

we now dGi,cr.t..be ~ t:tpe of. eo~pcuKd opeJtat.o.c. provided. 

in S!'l.'L and related to t...fl.e ~et-theoretic iturationll with 

which we ha•1• just been eonc~;rn~:,:L I.f op !11 any bin&x-y 

operator or function of tw-c va:ritlblcur., or bt:>ra generally 

any exptesf>ion h~vi.ng rruch 1u1 c~ittot" or function as its 
value, then 

denotes the value V .t1ltich would N.2Ul t fr= the follOWUCJ 
it!!rlttive calculatien 

... 



example, that the «,railNJility of th 
allowG us to write ttw; o~j•n~ ~ construution (14) 

"· ~ 4,ry If.la thema tical 

.. ---· - ... 

.• . . 

i 

1• to have the re!ading 

or the reading 

·1+ : xca
1

J (f(z) ♦ b). 

implied ccopo 

One may aak, 

We adopt the con~-nntioz thal a Ci~ opera.tor ia to be 

z:eat$d as a mo--1adic oper.at~r.1 a• aucht it will have . 

n~1 ecope {«!xcptet 1,sasofa.tt ~s built-in operator• produoin9 

~le.an frOD1 non-boolcu quAAtJ. tie• •Y have higher. • 
_Preee<lenc·er:·. !hua,· th9 titt1~ c:·•· the· two po••ib~• i~d:in.9• 

-noted «bove ia correct. '!'he eeope of a coapounc! operator 

._Y, ~ver, bte vari.e4 by t.M u.10 ot the ~,• symbol iD 
t.,-. _,,,ner cleac~i.bed ia u earlier para,-raph, ., t.ha~ • 

lily ob~in the ee<..--on4 nadJ.ng 41.~pl.•,ed &ho:" .by Wi t lnt 



., 

either 

or 
_r 

• 

, . . 

SETL provldea vuriou:a fe;at\.\res int~d~d. for ~ ~definition 
of raub:routines, fur1ction$,. an~ n,~cror, called in vuioua ••Y•• 

A subroutine definition h-~SJ the fom 

Here rtctl!H!_. ·cvs.g.1, ... ,siAg~ are all valid n.amea, while bodf i• 

any valid seqi1enc~ oi: Sm'L statemsr.to. The fin41 ZJt:ate111ent 

\. . . . . " 
. . 

in. the above definitl<.1!1 lo-0ater; it.a· end~ A aubroutino defined 
in this conventional wa.y is called via a statement 

name ·(e:x.prl, • ..• _,exprn) J 

1n \lthich e.~p~ 1 .. RV ~,u, a.re e~O't'~,u~!on• aef ining the actual 
· 1 • • • , ._ .... ,, • • f 11 • aet.urn 

lllh:rbutin• argument.a ··to· w· u8'td· at' t!M,- 111t)Mnt 
O 

ca • . 
from a c11lled subrout.inft i• acc011Pliehed u1ift9 e. .tttUA.• •t&U-

llltnt having th• familiar fo:r.'tll 

• 



i;ote that when ~ --ubroutine is called rGCU·~sively only 
the subroutine ~r9t\U!'.$nt.a a~ the vari-.blea ·1~1 to the 
t\)bi:outine are. etacked i v~r i~les t\2(;tet·nal to the ,uh.routine 

i,ut: known within it (o • f. th~ ~iBCUilaLion of nae Aeoping 

an:1 the o:tt~.rut.t d~clarat.ion 11bieh follow~) &r$ not etaeked.· 

Thus, for. example, .a 0ubroutine ·Atay ~ uted recuraively to 

. add elaenta to a ain9l.~ particulu external Ht. 

Functions rather than ~implQ llUT.'4:'0utinoa Qf be defined 

by writing 

Return auitemants occ~u.ri:·ing wi·thin the bQdy of a function 

• definition must have the sllih.tl:t· exp.anded for». 

retu·rn upr; 

bare t>~p.\ is an fl:tpt"esaion whl~h,· ev1,.l1:wted i.zml\ediat.ely 

be tore ft retu~n frora the func:tioR, def ineas the funQtion 

I~ 6dd.i tion to th~ae conventional for.ms of function &n4 
IUb A'' ition of function• an4 

rolltine definitton •. SE'.rL allo\-.1£1 t.M d.e,1..J..ft 
lt\4 ~~broutinea called in a manner ._.,re closely reafdObl.lng 
the ~..cl'll\a.l ,SETL use of inf ix and prefiJC operators· The 
aifin1.tion of a function to be c~ll.64 as P J.nfix operator. 
11 '-ritt.ft,n ... ao follova, 

_;j 

• 



Aaide f~om the fact that it f.i; written in a different 
•yntaetic form6 and that the function n&me is underlined, 
tbe above infix f\1nct i.on ~~$ ie."<actly ~ s&me li\~ntic 

oignif icance as any tfl#O arg~~~oint f~nction name {a:r9 1 ,ar92). 

A programrler-defin~ pr~fix er moMdic 0P3r~tox will 
b.ave only Ci single ar9·ument; its definition will have tho 
torn 

definef !) __ rune arg; .body1 end 1\£\e1 

Infix tJ.nd prefix operator11 as ~11 as functions wri tt~~ i-n 
ordinary parenthetical &t.yle,· .-y freely be used ao ~rts 
af expressions. Monadic o~rilt.<,:.::-a alwl!y3 have a precedence· 

e1uperior to that of any infix cparlft.or·, titXcept tJu1t built­
in operators computing bool~an fro~ non-bcolean ~antitiea 
have h.igher pr,.~ced~nce. The p~::~ooence of a given 
occurrence of a monadic operatO'!" ,~ay be varied by the uae 

of the•$" convention previously -1\lscribed. 

·subroutines of. l and 2 taguffl~~t~ ~Y also ~ written. in 

infix and pre.fix f~n, • re!:~cU~ly ~ ha.~ing in ~is case 
definitions of the form 

.. . ' 

respectively. s~broutinea 4<l\f L!t!M i,n one of the " font• 
•houl4 i:,,~ cal led in the cot:~':'tUlf•;>,:<i in9 form• 

• 



!flit allow sub;r.01Jtines and f·~c-tioni. to bt call¢d in a 

vax-itrty of ways goaerali.zin9 t:be com,~t~ne.1 (16). First, 
as to f.ur:.ction•, the c~ll 

I 

wlll return the value 

'l'hia conve.nti~;;n is cor.~i"'t~mt wi t..h ~i1at wa tc0uld 1--....av• if t 
w~s a set of ordere~ n+l-tuJl3$. Of course, if f is a 
functiot~, the right nmnbe?: of at:·gumants nmat .be wpplied to 

The call 

~,ill retux·n the set 

• 

Again, thi• is consistent ~ith oi:.u: usage ln ca«io f is a •et 
of order&d n+l-tuplos. Still n~e generally, a call of tht 

fon 

vill return the value 



f l• 1 , ..... ,~.n}, 

is equivalti.nt t..o thta 1~- i . v,r;;:C.~t Oll 

f ( al ., . • . ' fi.i; l ' a j + l , • • • , [ ak , $k + l , .. • .. , at] • • • ) J 

is equivalent to the iteratior, 

(Vxjcaj,xk£~k,~k~1€~k+l'···,) • 
· _f (a

1
, ... ,x.

1 
,~j-tl, ••• ,xk'~+l' ••• ,xt• • • ) 1 ,- • 

for -rnon~dic oper~tors ~.,. can tff.'it.G in very sintilar faehioa 

and with similar meanin~, 

· For binary i.nfix operator~ WE' can wr!t.e 

Sub~·olltint?tl an~ fu.nctionli a~e leqitimate atant-t.ype• with• 
1n SE'rLJ in particulax, they r<~Y validly be elements of Mt•, 
componi,nt• of ordered paiu, a...,-t• of othltr aubroutinH, 
etc. Thia faot all0119 various powex·ful p~ogramming d•vice• 

to be usedr we IMlf, fo~ e1'ample, tag a Mt with cer~ain 
!\lllctions of aoee•• and combin&tlon which ar• a•sociate4 

.. 



with it. etc .. • 

Aside f.r~-n the operatio~ of -•FPlication that naturally 

bela~gs to s:11broutines and ?unct>.ot"~•., the only built-in 

·operations which apply to a~s v~ these t.ypea are the· 
boolean t~sts 5 and~ of equalitf and inequality. 

sach statement ·in a bl•xk of gtdlteMnte ·oeeurring ·1n 

the fo:tm 

will boe executed tlie f i:c11t til\1&; the !J\Jbrout.ine containing 
tis) • is , entered; ·'(;u£ '·no€. ·~u1>$e'quen~lf ~ • rt. • l!liY,. StJCh ·:.tlit•-

ments occur within It subro1i tirte (or f\UlCt.ion) ; they. must 
preceed all other st.l!lte~nts of. t.l\e 1'ub:toutin• (vith the 
exception of declaratory t.X.f:VtK4:t ut.Atemont8J aae below). 
This iives us a general. method fo~ the initialisation of 
variables. Within auch ~n i'1-l.t.l~.U.zi.t1.on bt~tl, ·a aut__.~ 

having the degen~rate form 
: . 

is taken•• an abbreviation for-

.. . . • .,_ ••vna•' 1 

and th.us initinlizes·t.ll& vuiabia VK01t. to a cb&racter •tring 
equal~ the external ~epreaentationof the variabl••• naae. 

tfe atao· allow the JDOra general fo1:·• 



A few oxtro words d~ti.li.itlg th~ aemantica of initiali-zation 
blocks (18} s;omewha~ b:lr~ vr~ci~ly fjz-e in ordErr 1 especially 
in case (18) occurs within~ recursive a~broutine confusion 
stight otherwise a.rise< ~\l taJ~e the ini.tiali:1lhtion (lS} to 
be precit1ely equivalent t.,_-., t.he ztatGfaent 

where dla.9 is ~ gene~nted var.iabla ttni'I'tlely a~30eiated with 
the initialization a~ata.,-.e~t (18). ~ vari&.bl• ol49 
occur.ring in (19) ia also taltt'..n to be c-:tt0:rn.at to the sub­

routine A in which {18) ocour~ l.ee, ·thie vnriable is not 
=tacked lf A is enter0d recursively~· 

Thus tl\G st~tement3 of btcck ~ill be executed only vben 
A is invoked for the £:tr.st ti~e, even if A is entered 
recursively. on the other h~J perfcc~ly arbitrary atate­
Mni:s, and even recurad-ve aubr-out:f.no calls,--•:iy b6 contained 
in f>.toct. 

In addition to the td!feot@ o! e,._pUc_lt ..£11.it.u.l.li•.tlo "-' 
of the form (18): the values ef variables will he initialised 
in'certain circumstance• for r.e~sona i.Jsplicitly connected 
with the usage of these variab1us. Such b.1pl.J.cl.t .£,d.t.iaU­
z•Uo 11~ will be wdtt b-:afore dy tt?.fie.!t .i.ff.i..tJ.«Uzo.Ucntl. -

of thE:J form. (18) ,1:re ftle.46:.. •rhg t"l~c•ts~nc•• 1-inCJ to 

inlplieit initialiutions a.r~ aa follwou 

-,e .... 



routine, then th(¼ varillbl•~ of th@ ,saltia .n&.ms will be initial­
ised to have a vaiue equal t.o the ll."'l.iqu.e ,label a.tom 

corresponding to the lab~l J,~bni.v.rit. This initialization 1• 
useful in that it al!owe u~ to ~Tite such. expreseion~ aa 

and thus to make use of ~~alculat'Jd go-to'&~ in flexible 
and con\te:ni~ . .nt form .. 

ii. A procedur~ definition A may he imbcddad within the 
t.e~t of anoth~r procedur9 B, in lll'hieh ea;;e the proeedur.e 
A is as.id to ~ .i~.te.-tn~t t.(~ !) • If A. is internal to B, but 
not internal .to ,u,)y C whioh ie i t2elf ·1nternal to Br then 

A ilS said to b~ bltm~d,i.o.t;zl.y -i.n.t.e~n1i.l to n. A procedure whose 

defini.tion iD not imbedded in the text of any other SETL 

px-ocedure i• said to be an e.xt~•Uu.tl procedure. 

A nmn.a A is said to b:! h~o~sc tt4 , p.tcc.e.du~~ n«•e witbia 

a eubro:utine B if &ith$r 
a) A is identic~l with the na.~~ of~ extsrnal 

h) 

d} 

e) 

f) 

"'r.ocedure, or 
A i.~ identical wi'th t.l\.a n~ of a p~cdure 
immediately int.er-11111 to Bi or· 
A is identical with the n~fflt'i of G procedure 
to which 11 is ~-!at.&l)' in·ternal1 or 

Ai& identical v.lth the fi&me of&; or 
' A ii identical witl' the name of a procedure 

c, while c and B ~•"'i?! both ~.:i.atel! internal 

to the same BUbroutjnQ D1 or 
The name A has been. i,~entitied by t.ho use of 

(fc:: which see bellow) 
eubroutin• 

an exte.~aux.t st.at•~t 
vith • name occurri~ in IJOM other 

. ' . . 



.... w_,_,, w \,,,.,, .... .u C • C and known aa a proc~iur~ Mm-.- 1~~~-

cace~ a);~), C)t e) a~& all aubj~ct. to the p.roviso t:hnt 

the name _A ha& l\Ot bef3in. -uaed t.s ~ l~bel within D, and that 
A haB not bee.n .identified within a with any axternal name~ 

coneerning d) , ~a nota. that tl1e r1~a~ of a Etubroutine mAY not· 

oo used.in the ~u.broutine as a label. Concerning f), we note 
th.at the narrr.e of a pro~edure :c..~y ~ot be identified in the 
procedure with any ext~rnal nrune; and ~~at a nama uaed within 
a procedure. 11s a laooi mfi;t r~ot b9 id~ntified in that 

proeed.ure with b.~1.y exte,:~e~l nruna~ 

I~ each of the caa1t~ a}~!}, .& ~ame A Jo,Otm ail a proce4ure· 
na..me ~~ill J:efe:r t.o SOlUS tm..ique proc~ure !'1 wh~ A :!.a knOWD 

as a pr.ocedur.e, its valu~ tg initially set equal to the 
_unique t,ubroutine ~-r ':unction atora c0rrer.pon~in9 to· the 
procedure P. (ne~r that in SETL m.ubroutin-a1! and functions 
Jre atoms and are ofta\ t.re.ated in the same way as atOld of· 
any other kind. tn F·'.t.>:::-ticular, a v:a.riable whoso value 1• 
initially a subroutine nr function may hav~ ita value ehan99!4 
by an assignment st.At£mnnt, for exa?DPl~, if sub• ia a 
aeq-..1enee of singlo-a-rgum~~t subroutines, we MY· l99ally writo 

thereby applying ever/ •<~broutin~ in the sequence to tho 

variable >t. ) 

WO now tui:n to cteaexih«!i the (rather coJtVafttional) a-• 



,zcoplng ru.les used in SE~".'l,, and t.ha e.~.tek.tia.l :statemer.t which 

inay be used to vary the scope ot nari-~a. A SETL variable 

or label name is ordir1arily loe,l.l to th~ (.mail'i pr.c-grrun or) 

define-.d Bubrout.ine or ·function bodJ t-thich contains it. That 

is, id~ntic~l nMe~ oceu~ting within d1atinct ~ubroutin~G 
A ar.d B nf;;>:rma.llt l:'t:'H::Er to diffc.t'en~ vui~hleC! o The va.rtous 

forms of th~ ~~te~nal statoment. s~x~a to identify ruli'i\Q­

references acrOZil$ pr.ocedur~.rn. The l'n1aic forB; of t,."l.i.s otato­
men.t. is 

whera exte1u1.at is a k·~~~~rd, ,mar@ 11.,u~tJ, • ~., 1ttta!.k &re 

variable names, and wher~ •'4-L,~ im & valid SETL name known 

a.s a proceduri9 name. wit:!1.h:. the .subroutine (or function A) 

:L1 which (20) occurs; subc is knO'tm ce thf.t pl1.oc.e.du1tt 

~t,e~ence pf the externnl ~tatement. The $t&tem~nt (20) 
defines mune 1, ... , nue.~ .~.:1 ha.vin.~ references which aria tho 

name as those which ident.i-;:~.1 nruaee: occurring in th~ sub­

routine 4ub4 would hav~. 

OccasionalJ.y one wi.ll ,J.ar.t tQ be. able to &ccess & 

variable na.me.a de.fined. in ~ aubroutine -5tt~«. from withLwi &\ 

subroutine· B, but will "'~uit the vuiable t() be known under 

a different n~e withil'l t.ha subroutine B. This Might, for 
example, be the eauc; 5.f a had occ(.<r.Bicm to aeects• two different 

variables, originally occut·r.·in-g i.ll two d!ff.a.r~t subroutine•, 

both of which happen;.:d to tr-&V!i ~ e.,i.'9e narae.. Por this 

P\lrpose the vmriant foxm 

(20) 

1a provid~d, thi• declaratio~~ occuring within tho eu.broutin• 

... -,J ... 

. . 



do f int~ r;~ba b:.) r 

define aubeub (y) t • ~ •.J ~•s+ 1, •• ,. , ~ J!SQb-,J,, and suh&i 
define a,ubb (u,i); ,;nba «:?itte:-nsl ~\lbaub1 

~~~t1b es~ttarn8l z; ... :~~ S\lbbr • 

ln thi~ C~ltse, tf't:@ !itl;j't of ~,e ~ i~:tt..t~«! at.4t.auat• 

occuring in Aubb ti\luld t,:,,!\ke «:.he s,,Jbrotl~in& .6ttb4u.&, which 1• 
internal t.o Ar.tha., <nt:;r.m ,us Ft. pxocedu;,:e naN wi~in .tu.bbJ an4 
the eecond e.i.Ct.1&.,uil QtA~~ in ~ut,b then idqtifiee • vith -
" vt1ri~ble of the s~ n&M occuring withL"\ ,u.tt,eb. 

tt~ ~in prc-gr~t) within t.-nich ~ll s~ fiJ®!'outin•• 
cx:cur MY ~a con~idored to.b'.t ~ subroutine with nn •8Slllty• 

nmne, the so-call~ •~.ltt .-.out.I.Kt. ~ •ta~nt 

cocuring in t"i• Mirt e~~ti.~ teninllteia prcgraun ex-.,ut.J.oa.·· 
An il~e~ftd ~~..a~nt ~ith a Miosln9 procef:l:are r&terence la­
~n. to rofu .b,"t.;)J.icit.l.y t~ tlte eiain rout.~-,,e. ~t. la, 

(21) 

itJ.ent.if iea ~i\ch ()f J!4ffit J , -r , ;. ,. •a~t wtth e wuial»l• of tM 
oame ·torm occu~J.ng in ttaa m.uin rout:~ of the progru 

.. 



• Note Clf"4i..'.)•~ anz:~ th-ii'. t n~?.;.~r~ tw,1 .. iii -1ae ~ubi:~,s-.:·tir-0-:; ~gu-:~t• 
er :us lt~bel!j rt!illf f1,~t ili•~ d®~l-&&'~~ ~.Ji.;t~.~s~!!l.. l\ giv~ n$M • 
•ay only ~ ~ecl&Y.~ &~ • t5Xt>~rnal e•ne~ _tt§ithin a i!v~ 
cul,rautil-.e.. JUl til«t t.;tttJL.;:Ql Git~-t~.!li:.2 oe011.1rin9 within 
a 9iven proooour.~ w~Jwt ha ~;1p,-~ ~t t.h{lfJ ooginliing of thG 

prQcedur~, a.'1.d must. prec~~ .-u.y ot.bor t:tst:«Bents !it thG 
pr~e4ur~. 

~L puovides ~ ,,~rS.e:ty of rtaero form•, ranging fra11 a 
!'Ntry t~!r.q;l~i type of 21eto allowin9 pro;re.., text to ba 

written in a si,ore re~dn.hle ~t~t~nt·oE'd~r than wula other• 
w.ise 1,..., poesible,, to rat..ner hiqktly atruct.urC??d eyritu Mero• 
pr,:,viaing 51:-!'L with ~•rl:ul lsr:.~ue9e e~tcn3!on facil#.tiee. 
At thia poir.tt in 0Ur ci~p::ud.tion, ~ •~11 only do£Jeriba the 

' ,sb-,,pl~~t S,~L ma~~ :teat.Ure~ Th.ii& t~Gture tllC";t~ UD to 
d~fine a naraoo r.e;~~o-hlo-~k of code by w:-ititaf 

Hora tt.q,mt,4Jz.g7,.,. ,M!'flt u~ "'J'&lid SBTL n~, and 6odf uy 
bu a'il.y log&.l. se~ence of. su~ta, ~A.g1, .... ,aJ.tjtt will nozally 
noraaall )' 00(:ur w!.:thin. ~~Odf hut Kdt flf.tJUld iiOt • A ucro-
block defin"a ha -~ $:ewra {22} cu bG invokw by writing 

(23) 

Wher• tolt1 •. .,, ,.t~.ta, Uil 'lfltlid S!~ toklana. The•! t.oJtena 
are Rbstit~~ for ~,r .. : .. ,,tA.9,a:-ia tM bollf of' (22), anl. 
the rewlt!~ te1tt: s-epl:.ace•· the •tat-.nt (23) at it.• poin~ 



of occurr12nce.. 

Aa indicated, this s~l~ :f.ae:.·o-fom ia provided so 
that app_ropt·iate ~uhua~ti.o<i·;s of SI.TL ~rogra:aa cAn bo 

arran9ed in whatev~:- order w:01at enhances readibility .. Por 
exa,nple, onQ- might tf'ioh to w.::·i.t~ ~"' lf 0 11tat•rutt aa • 

r ·•if :,, n b then do ~b.igg~ {n~ 1 cilit& if ,0, ,'lt. b tl\en do -1••• (n)° I -.el~& 4o q-qu~l(n),, 

$SP9ei.Ally if ti~& c-ede 1'lc~J.:bl tt~l..eg+?...-. tmd Al~., aNi . . 
at nll lengthy. • Notti in t.:~is con.n@ot..ion that the cle.rity 
of n code contain~~ Rtttoro-block.g c&n be greatly enhemced. 

b'iJ the redu.nd4n t \.Hl& of ~.aro p.11."·~tcra. Any pu-ameter 
fo1"ffllr19 a a.igr.if leant ~rt of t.h·l logic.11 cont11xt vit:hin 

wdeh a :a~cro block {22i \!&'ill be called &how.cl. app.eer 

explioit.ly in the ua~ daf~n.itit.m even though the act.u•l 

mnner in wi,ch the ~cro J • t.o be used tftight nke this 
• 

.... superfluous. 

We ~elate the gpecial undefi~od ·atOJS n ~o the variou• 
SETL operationg in ~t $i~C1~l wayt. 0 i~ a blank 
atom, but one l\.avir•9 ali9htly unu~al properties.. •• do 
not allow o to be a ~ber of any 9$t, so that any attempt 

t.o fora. web a aombiittttioo ~• 



.r ... 

pow (Q),f>(K}-, f(Sl), f{Q} 

.. 

in a range restriot!W'l 

,·· 

w11; lead to an error ret\1rn .• The value g vill be returned 

-a• the value of 

if bis not a pair, and as t~~ value of f(a} it• !a uot in 
the d0taain of a eet f of or.d~-4 Ft'iza. we al-.O ha•• 

• .. !!! ~ ~ ~ 0 • 0 • 
..... "' " ..... - .... ' ' .. • .. . 'theae conventi<>!lll nave v<Jry 11,..tul. •ff""t: !n- loc:at:f.ltcJ 

hug• in SM'L p:ro~x·uw.- ·a·s -~~Y_ -"NI'• ~bat aany aituation~ 
h which the actual .. fol'll of dattt c1.~ .. ftero frOII it.a ••8\llllld 
fom wU.l lead rapidly to. tho ocCUJ.--XeDCe of O •• • •ala• 
Ul4 very ahot"tly theroafttu" to a~n error ret:ofll• 

a 

.. 



f ~ t lamf ~ 
{~ .,.,111, 

• ll • 

c.,:,mw~?ts are-enclosed for~~~-aft by use of the compcai~~ 
JU\.rhs 1~ {pref:txad) e.ild ~; (affixed). 't'hua, for: example 

Input/output convention• auffi~isntly 3ub~tantial to allow 
SETb to -mak0 uat1 of ~x~er.Mlly stored. tiles w~ll be ae&eribad 

. • 
late1:. Hare, honver, we de~ril-e ·two SE'l'L 8~tement• 9ivin1 
a rudimentary irtJru.t/output fi.tii11ty for uH in co~tion 
\fith a ata.ndaKd input. Md a standard print. fil•• 'l'beae bava 

the form 
{l4) 

and 
{25) ~ ,;-ead r-s.&ma1 , ntt•:r, ••• , n~, 

reapecti vely, where e • itt et.the1'" atl expression uving cs v•l• 
an ordered pair <at,n> oona!•linf ~f ~ char•oter otr1n9 and 
an intoger 

I 
o~ i• one of tl\$ speeial fiYOtaea naa,es· !,.nest or_ 

2';!t~:..~• 
'the form in whioh a eet will b-8 p,rint:.ed is date~ by 

the following- recux•i•• conventiONS. An intet•r will appear 
in cleci.laa 1 form, poa• ibly p:.·6ceded by • ainm stun 



a chax-act.<ti:r ~b·:i'i.l·,J will &ppeA~· enclc:;s~ withia 
cr~ote ma~ks in it~ normal external formt quot~ 111arts tbesll­

S<:tlves being repre~et1t{-d by detihl.11 quotos~. Bit at.rings will 

ap~ar eit:her in "'binancy!CI ft,rms if.-~leh ~:s Oll.OOJ.Ol ... 01:s, or 

in ~ eo.mbin~d "'binary-<l-Ct~l lrf fot:B., in ~hi.ch a binary prefix 
pxeceeds_ tbe l~tter il €n1d ,.'ln oot-a1 suffix follo-.fiil it, the 

tot1al bit•-~tt'ing ~ing the: ecnc~tuiation. of these two 

fiar,aratoly i·epr.e;serrl~&d part~~ Not.-a for ~le that. th& 

iitri.n9e lClllO-O-Ob a~ 10b70 at-a identical 1 and. that eith~r 

form may be used. in~ SE'rt pe~ram to r~present a bit-atrln9 
ccnetant .. 

If ~l,~ .. ,an are th~ cla&ent~ ◊! u aet •, and l, ••• ,r2 
a~e 'tn• •• printed. repxesentati"v"e$ ·of al, •.. ,an reapeetively, 

b\on -th~ 3at. 

{ $l, ... ~ , e.n 1 
will genere.11:y appear printed as thd·~·crut:-actttt strin9 

• {rl,-~.,rn} { 

a aim:ilair ccnve:r,:tion appl~itiJ to n-tuples. 0n tb8 other 
hand, each set. to b& pr!r,t.~i(i. will be u,~ed to •ee-~f it 

is ot the i.,pecial fo!tJ.rl 

, ' 

I • 



where rl, • • ► ,rn a.re the pri~1~~1 r~pxeoentat.ionu of ml, .•• ,o 
reupectiirely ~ ~rh~ea si.-ple l'i.ec,11:-~ive :rul9i; will ~ used ao . . 
long- e~ the len9"th .of the el'k---!::'t:.ct~r -~t~in9e it ~oducos 4oes· 

• •. ~t exceed t.i-:o print~ l-ini1at. ·, ~ ~~.e l_evel 1'f ~entheaia 
• · n~sting needed wit~in t.ha~ chai:act~r etringa dc)$s n,:,t 

excee1l ~. Vfn~n th()ae- limit·,n .are o,:cinooed, . mro-sats of a 

c®'li;:;:,.site st.ructtH'G which i;:. to :t.l3 printed will bE aseigne4 

abb~cviat.ing de~.ign~tox~ i.~o.nsifSt.inS' of .nn intat-er follOftd 
by a. (1eci.mal poitlt., lln~. tp.P.: &'lignJficance of mtch abbrevi&­
tions will be indi~~too ~ sapa~ata printed linea, inden­
tation being u~d l.f-pt'Opr.latml' te improve th~ :readability 

.,. of the resulting tG.ttt·. Thu~, for u~ltt, lt $et that might 

have ~en printed a~ 

~tll actually ap~ ns 

(27) {{{{5,lO,l5il.,l}}Jl 
l. <20f[Zl,l2,l3,{{24,2.},9J> 



•t.ructu:r.~ of somo suoh ·torin :.t1z tll) (~r fJ4) will then ba d.igeeted,. 

blanks (a~cept quoted bl~nk:.;} being ignored, a..l'lid aingle ehar&et$rS : 

!d. (~ut .not pairs of succX'a~!ve cha1~~.ete~s il) l)eing· ignorod ~~o"I 

once a balanced strneti,\;ee 0£ ~ !em lilte (23)' or (24) ha• been 
rettd, aubeequ!lnt bJ,anksa u.p w e)rtd including a tirat't et olu1rac~r, • -br up to hut~ not in~lUi(ling any et.h~:c:· non.:.b1a.~ tmara.cter 1 vi!l 
b~ s?d.pped, and the ft..t.c..d o~rati~it then tgmiraatec!. 

f • . Pxn~.sl£..F..~.2; t!J;~ .. 

s:en prorp:.t.une ~d.l.l OO~i'.,,f!io~~1..ly incltul~-o or: 90narate pr09?:am 
text; by· aii~~i.n~ such ·~~t to ~· ~ilod during· pregram 0XGm1"": 

tion, w~ prov id.~ srirL yet" M<>tl,~-i ~-ult.e. p,owa1.'fnl fet1t.ura. . !his , . 
f~atu~e i& provided by a pr~fi~ ~~~~tox 

. . . 
12 b) , .•.. , .. ,._ • ........ -•··~·,~:•'3.-,· «·_; ~-·".'' ... . 

0 (r,.~_:_ .I .fa.r.. ~ y ' 
• .. • "' •• A,, • 

t . . . . : 
~ v~lue of whose &.:.-q~.nt :-t ig ~ ·t..."har.acter etting. Thia 
~haracter string 1m.1i1St bf! e valit~ s~::outine o;:- hnc1:.ion 

~.finition,. i.e .. , mu$t hava 1!:-:.1th~~ the form 

• (29) 

lf a subroatine ia tt::t be t~oepil~d ... ·~'fr t:.he fona· 
~··•··· ....... · ...... •...... ..... .. ....... · ...... • ... • .• •.:- ............ . 
1.30.L .... · ...... _ .'Ae!irmf.. ftn ... ft . ..:. t~~l.l .... {'!.d. tJ.n1.~ -·· - .• ... .: .. . . . . 

i.f· a .functi·on is to M CQt1Pil~.~ Bal'• ~ub an4. s.iaa 11UtJt be 
vali.d .n.-". Strings {;?f} r.nd (J')) to bfl ce£tipilo4 may not bo 

infix• or prefix-foxY!l t;perai~or dofiniti()rJ. . ,. • • • • . 

. The value of the exprtt~J1io2·. ~iii· -is i-~ atoffl ai thar of . 
BUbroutine f i~ c&~3 (2~) l ·t1-r. t>f }~1v:tloa t.ypa Cill ca•• (lO) l • 

!'hi.a ataaa may tl'Wn " uaipe·d -.s dl-0 ~l\lfil of .e SffL va.ri&b~, 
~d ~•1184. 1~· the no~r;.l fashion. ·nt~•,. foJ: ox..-ple, we •i9ht. 

~i~ . 
•yMif-s9!:J2il~ 'defin~f 11:4(t:.,tl} i' • 

x-et.nm {xea j' !! ,etbJ ?! {~b.• ta ~ea}' 
end aa1' 1 x•s)'!M!if ({a ,b,c}, {b.-&,.el i' 

'J'b:le would 9i'M x .th• value· {a.,o,d~e}. 

i _,, .. 



The t~x.t appeari·ng eit.M?:" i11 {2~) or in . (30) WL!f contain . 
111,bedded subrou t 1.ne and fun i..-'t -: on def .t~ '-ti... ,,. • ,,. • 

• ·- • • ~,6, ,..,iag, t'!: "'e..\th«. statement•, 
and lnitl~llU att~t•ent5. 

The nJtme~coping r-uloH %ridcb app1y t.o dynainically compil.S 
aubr:outineaJ ri'\ay b!!:l. eta.too a~ f.o).l.ows. suppoeo that the "tate­

ment (2i) appE.ar.-a in th~ ~ub:.t"a't:.,..,irte A of a eoms,,lete rJETL progrm. 

Then, when (28) io P·tat% :f.o.n"OOtc E: \1a~a $eo1r~s vill be assi91~ed within 
the resulting eubr.outh~ U$.i~ p.recii5a,l·f the ruleg that would 
Mve applied if th~ t~~t x !u;,d origi~ul1.y ap~aied as &n uab.edW 
a,lbrout!ne d~fin~i..tion i,d.thin ii.. • 

p., $ana.ra!_~!r'2!~~1;QJ, ~n~pl~c~-!lt OP!F!. tops. 
Genet·aliied rnu.l tia~~ lcMentu 
·----- - • • • • '~ -·· .. J r.-_.....,____,_ ... ~ 

In the fr~aent S\~tioni we c0i!p~$t~ our account of the 
basic partm ~~ the S~TL l~ngua1~ by describing extraction 
c,par~toru relatad to thotle Sp.?~~l~S.t.t in scr,etion a) above, bt.1t 

considerably ut~e general &nd int,-.r.oo.ed to ~ of convanient UN· 

in connection wit.~ ne&ted stroct~~~g built up out of orderec! 
n-tuplea. Ganer al i2ed fo~ r~l.!.-~ to the utrnction operntoire 
which will ba deac.ribed will n1$'0 be us«l in writing multiple 
a.ssign.~nt atatsmQnt,s. w~ ~bali. "ll~o describe a fmd.ly of • 

atructured repla.cen~ent operntol.'t..t which· allow the r•pl•~t 
of particular ~X>tn~enta of &rd~l:'ii~ n-tupl~s by mpeeified. va1·11e•1 

thoae r~place.rdant o~:t~to.'fll ,,-i.ll l1$ usefUl in the M1Ml &ituatiOM 
aFJ the generali,ced e:,rtr~cti~.n ;)pta-r.atot"U vith 11h.;eh we nhall be 

-eoncex-ned. Note th&t the 9en~-1.l "t.:.rac--tion (.tpUc\tors to be 

~escxibad in the pr~t.:18nt. meoti~:i?\ ge:~rali2e ~ho ,duple and ~ 
neata, &election 0 ~ 17at.ora d0ftcri~ in aection a}~. a.D4 
the aasignment l>x-a~t:. and ~Ui15:~.•)n..~:i~ c~ator• deacribed iii 
800tion j) abo,.,.. '!►.• follWL'i.~ pi-1.ncip!il nev f•ature• are • 
provided by the venur~liii.nd fo:tM.• ~~~cribed ia thi• aeotion. 

s.. speeificat.ion cf COJW!lflf14t.1lt l>y nUMG~ioal index, ••9• 

<* • 13> ~ 
ta the 13-t.h compo;c,:,t, of ~ n-~l• x·, .. 

I 

·<•Sn> X -ia the n-th·oomponent of x. 
.... 



ii. SpeQifia~tion of co~ipt.~enta ~1 bu • .,.._ COl'&pontmt.~ ,. a44r~""" 
ing sequeace~p e.g. 

<* ~ ~.2.,lp5>> x . .......... . 

axtractB the S-t.h component, of th~ J-rd -G!~.c:ponent of the ;t-nd 

cO'lnponent of x. 
iii. Nesting _to ~rbitrary d~pth, and the uB~ of nau• aftd 

ind Med nmnet-J. to • get 9 lA~~ig~nt. ir ,$f-feets. 

The det.~.iled s~cific~tio.n -~f ·;;he s,~ntic'J of the~ • 
;rath~r ·geileral ext.ract:i.on operat,.,r,;-,:~. ;:,nV<J.lV$G a &see of fQirly 

~plM det~il, ~oo mak~s a c,11:c~ful. ;.;nd preci4\tt daacription 
neces,aa,:y. Wtt bi'lgin by ~l..,.in ~ ti.~l\lJ notion ~f tatASLc.tu~al 

• t1.dd~fU .a • !n ~n n-~~ple of i:ha ~--~ t.r.: fem 

... _ 

th~ structtu:al .address of a.n:v· e:o-:apo~snt. ifl it.~ pr;~it,ion in the 

n-tupl~. 'rhu.s a han 't.h-.e strucitu~\;ll :~.ldlress l, _ o the 0truetural 
&ddres!a ) , e the Ell'trVstu,ra.l ~~('~e2s ~ ~ lf th$ j-t.l-1 component 

of !In n ... tuple x iti an m-tupl~ y 1 th~ra th• k-th crloiSponent of y 

baa the fit.tuctural ao\i:cestJS j ,k in x~ &1td m3 ~11w thi1. con•truc­

tion to be carried _to ~11y ,1e~h t.tf n-~sting. T"nu~, fo,:- example, in 

(l) 

b has the ~~ruetural &tidrcs~ l,2t. d tM stio¢t.llral af'A.reaz 
211,1,21 e the. s-t.rooturGl eMree~- :L,1,2; f th$ ctruet.ural 
addre~s 2,2> and 9 tba ~trucwra3 ~~dr.esa 34 tte NY a1ao· take· 
th~ &tr.u<!tural addrtt:sis ·2, l ~-- ·t·Qf~ t.o <<o ,d,,. ,@>, JAM the • • 

et.rue w.ral addreas 2, l jl 1 to refu t1>. ,e ,4~ ,@ta" 5ot• ~t 

aince suc.h identities ao 

_ <n,b,c,d> • <•,h~<c,d~~, 

every n-tuple may.also be regud.;.d-~&_•b •-tuple for every m.< ns 
from ~~i:a ariM=• 6 certain !t·ritatint t.et'r4on<.':Y toward ~ifi,d.ty 

• in the interpretation of att'uctur&l e<l!rfi-~lleJa, a t.nd.ncy ~e1-

wa mu1t be prepared to comba~. we r~k that the ~plex 
collection• of n-tuple$ vhich.f~rm ~~ oporand• fO-t!' highly 



atructureo extraction oper~t.or~. ~ill in general ~ "tlthles 11 • 

In such tables". the o.r.de:r· in ,.,~.~h part.icular entries v:-e given 
ilil a matter of co1.vention. A &t.rootur~l ~ddl'Elf3S o~,:ves to 

define the 1,,cation of. lln entry in ~uch a table; the value of 

tlii's entry is then assigned t.o the ~pprop,:ia~e tu-get in ~'° 
~xttection oper.ator. 

At. MY rat:e,, ~ach finit~ ~et..fuQMe of positivo integer• 
is a structural addr&.ws. 

Bach utt'Uctural address 

oonsist1n9 exclusively of. positive integers defineo twt) oparation•' 

a 4ho.tt Jietec.t.,.l~~ o
6

a and a {utt -'e..te~.t.Lon Ou • These 

operators are defined by 
. '-"· -·· ...... · ... . ... 

(2' ') . . . . .. . _ t.l a:~, f.1•i4e1ttity; l 

. . ~•M.<s!>.•-1, tm•<ll1• ... 

Note for example that 

and aicniluly 
. .. .. . 

,:, • +-ll r.4 t..t; ,: t ,- GO :th.a t 
""3,2 .::.. - -- ·-

0 ··<a· h <e,d,•>,f> J,2 • , 

for•> l. 

I 



{l) <part 1 , pa rt 2 , ... , , part:n 3; , 
wtiere e~~h_ prt.1t.t haa ono of th•~ f(i 1enu5 

(4) name, n~, .!,_Gx.pnt i'!Wi~ .!£, ;lf;..Xpn_, ~, ~ !_e~., -a- ~t._expn,-,n-,.or. 

(S) egi;p or. tfix~p o~pn, 

where txop i@ i tse.lf ~tl ~1<t.ra~t.1.ou o~tctltor. • Tha aywx,l z 

iotea.d "J.G&11 the sy.nbol zt. irJ Xt1&1$ ~Ul tail•. l:n (4), namt. 

llllY either be a gjimple n~), or ~, oo at:\ ..i.~dt.Jtcd nam~ of 
ona of the fornm 

name (e2,1;p), na:meft~p-}, .... ~ nat>ac (exp
1 

,GXp2), etc ... 

Again in (~) , ea,c,h ex:J.)n has an w""tup1'l!. 1.)f positive inb!qers as 

a valut1, :lnd n has a pomi ti ,,e f.nte90t' ~ti Vl!\ue. The &ste:-isk, 

in on~ of ita uJSa9iits (~), will be called the "ep...~ial name" J 

this natr.e i.$ al lowed to apr'3a !:' only cmo@ in a!'l e~traetion 

operator (3). Note that the asteiisk in (4) if ue~ in aucb 
the same ltay ata a n.!!lffis. Tb.$ Vt.)lt11J aCJtligned tc this nama ie 

the value of the expreariio11 <pu-t 1 1 •• ., , pt-st 11 1>,t • 

An extraction operator. (J) a~~ietam ~ •tructu~al addresa 
"1th each part and oech sifflple ·1;,r. indexed name occurring tritbin 

it, according to th:s f,~~l lo\-.ing ;:ul~ai> t 

(a) if .a part of (3) h~~ tb:a foxm 

n•me a expn, name gt ~,:pn, -it !. .xpn, or " !! expn' - -
th&. structural adilress ,1hi<~h (3) a0$ooiat.es with ,u,11t (or with 

the •~cial name ~) is the s~ar~ of component.11 of the 

._tuple obtained by evel.ua.t.ing ex.pn ~ 
(h) if a par·t: of (3) ha-.s tlw fot11 

then th exop !. exp~, which (3) associAt•_• 
e •tructur.al addrebl n1,, • • •• ,nk (a). 'l'ben, 

"1th t\~r-p is deter•ined a• in th• preceding case 
rttcur i h attuctural addr••• 

• vely, if. t1'0P would 1.s.1u10,:.l.-~~ t e 

i 

• I 



' 
the- otructural. add.retiG which {3) t1.aeociates ~1th nl'u,~ (or with *) 

iB the sum of th$ pl~ct vdlut~ of. &11 prae~in~ parts ot (3). 
we call. tbia the p.lt.tt.!~. a.dd1tUlt which (3} asaoci~tes w-ith na1Wt 

{or with ~).. Pls"e va.l.1e~ !1re defined a~ follow!l: .a part of 

the fnm 

n-

lia~ place val1,"'-$ n; ~ part c,f c:iny othex form ha~ the pl.Ile$ ,,alue 1. 

(Noto that n i.a allowed to b~ any 'l~pres.sion with a nonnegative 

integt:r value} . 

. i\ put of (3) havin9 thCJ form 

ll&ile 

is t.akon to havG the S..'\l'Ms Gigrd.fic-anoe as· a put of (3} havinf 

the form 

simm~ ! r. i 

unless _ttct!IQ\! is the la?St part. Qf (l), in which ca$t'! it is talt.en 

t() hav~ th~ snme uignif ic~.a as 

name ~ n; 
here n is tha place add~~ss of w~~t in (3). 
of (J) having the fo1."m 

* 
ia tak~n to have the samtl sigf!ift.o~noe as 

Si.m1larly, a part 



a ... ub~.~rt occu.:r:x in 6 Pi tl i • • ~ ~ 'tf '
1• ?:. 1 t' ~!Ci'l {3} tt~~oe.i.at~a the 

concatenatoo sequence n1,••~1~, n with thic •~e &u.bpaxt • 
. Not~ also that the extrar:tic-'!1 opiu:atcr 

<<a,,b> ,e, *" 

and that t:he cpe.ra1;~'.lr. <x,y> in a n-:..1Jltiple l.~!ji~nt statement 
fflight al~o be w-ritt~n <y ll. 2, ~ ! 1>. 

(c) A p!i,;·t. of ai the:: o·f tM fei,,r.m5 

- O'St n-
has no associated st.ructural ~-:ld.i:-sfia, but i• inc:l~ded either for 

its effect on the pl.ace v&lua~ of th~ other pBl't3 of (J)', or i• 

included to prev~nt acme ot.hfllr ·J:)drt of (3) f:rom being the laet. 
If {3) aaaoci~te~ th.~- st.r:'1ctu,:al ad.~.reas n1 , ~ •.• '2ic with a 

certai.n namt, and it na.,i~ O(!Cur~ i~ (l) either explici~ly or 

implicitly i.n tl1e for-.:a n·cz.m:t i u1ptt, ~" when too a0aignmfi.nt 

operator (3) 111 llpplied to a. qn-ttntity x the assigr~nt 

(6) 

<a,b(~}> ~ <2~1>1 

' i• tlll.f'\'t.1«_ ...... 1ent. to that of ~ 41 performed, the re11-ul t It/I v-.,-• .,,.,.,. 

b(l) • l: C • 21 

.. 
...,s-



In any cae~, ~aei9mn~nt2 (€) or {~~) are .made in ffquence in 
occur in {3), i~ ieft-tc-right 
•;alue of ttpA in (6} or (6 •) is 

which the· corr~sponding ·lfa:Hrhl.2 

ordeT-. ~te also that if th$ 

5uch ~hat 0n.,. , ,. ... ,nk ~,tpn or (O.n n expn) ia undt,finod, 
~ l,.,., k 

t~~ Assi9J1m®nt n~.me ~ n is 1mc.~. 

Ali teXtt·action 

.. followlng sy1ibtctic 
o~rato.t" (l) is applied to trc.pn 1n ~­
ft>nil~ !f {l) contain8 no oeeurr&nce of 

tha "special r.ame~ 111, WG!:'; wr)tt~ 

(7) _ . <part. 1 ,_~ ... .:.,~~-tn> = expn 1 .. . .. . .. ... .. . . . " . .. 
i.e.,.. usa n ge.;i,t,.,-,._a.,l.,lttcl .rw.,~t.,l-,4~JiR~u,~~t 

a. (necea~i!tr.'ily unique) 0t..1~1.1o,:·!'.'et1c~ of th~ 

use 

form.. If (3) containa 

fl !&pee i&l ll&M ~ • ' -

(0} .. _.,. : _ ,:cpart 1 ~ . .- .... ,~~rt.n>@.."'t~ ... __ . ~--_. ~ 

w~thi.n• some· other Ejtpr~~sd.('> .• h·. • Wh~n t.hiiJ ·stnu«t:i.i;'t.d tit.t.«e..Uoa 
~pe"o.t&ll. • is used, v·arious ~r.:i.g.r,nte:nt~ (/;) and (S •) will be macta, 
asuurdng that (~} associates the •~~ctw:nl ,~dress n1, ••• ,rit 
with th~ specl;aJ.· nrme, t,ha valmi of th• m:prea,s~on (8) wil_l be 

eiithar \, $xpn or 5' upi, , aeoor4ing to tho 
. rt1 , ... ~ r ~ . n.1 , ••• , nk 
rule expl~ined dbove in conr,;.c~K:ticn wlth (6) and (6 •) 1 i.e. the 
value 6f. t.ho e~preea.l.':-"1 (8) i~ the· valw,- th~t would b$ ~s•igned 

to the special va~ iable ~, ~i~~o&d •~ 6.. va:r;ia1>l..a .nAM., 

i..s an: exaiaple o( the ~~ of $Ur ~traction operators, nota 

that the foli~wing sub~outii_le p-rodU\':ea the_ eeq-;.1eno~ of ~nenu 

of an n-t.urJle 

An eqi1iva.lent progx·am, 
•ection II c below. • 

Mote that when the extrae-~.f.o» operator is ~tted in the fom 

<7 > we ·regard it as a m.ona\i.c oper_.tor, a-ubj•ct. to tJ\e ueual nl•• 
~noern.ing operator scope. In p«r-ticular, th• precodence of u 

\ 



ext:r8ctio.--) opere.t;.or (8} my be raised by affhting the aign $ to 
it, an,j lowered by p~efi~ing $ to it. 

t~e.."tt we tiu:n to de-cc.rice replat:e1!t-ent oper.a.tora .. 
'tbeset ope.t<at.ors have the fert1 

c,> <part11••·,part >, n 

and tire uBed oi; m-?rtadic oper~.tor~ ttit-J:..in Npreae;iens, 1 .. a., in 
the t,aeic eor-minati~,n 

!hese operato=~ serv~ i.n vo11:ious ~ya for tb• replacement of 
componentl!i of e.n n .... tupl'9. :rn pa.i~ticular, the follcwing poecu;!­

biliti~s are provid&d-
i. It.eplac~2ll\ent. of cp.~ponents; &~if iod by poaition, ••9·, 

<-,a !_,-,b,-> <ctd,o.f,g~ ig <c,a,e,b,9>. 
ii. lteplaeement of a~ l co1~ntmts p&st a given one by a 

epeci fled expreaeion, • a . g .. 

<-,x+y rt J) <c:,d"e.~,g> ifi <c,d,x+y> .. • -· 
as this P..xample ittdicat.es, tM point. of replacMent ~ay be 

apecif!ed by an e.xpr.e5sion; cnff t.h$ raplacQ\'M!Ut quantity 

apecifioo by an expression isl~f.>. 

iii. Specification of Ct:>r.ponent~ of cotiap0n~nt1 by 

&ddres.eing saquencas • -a • 9. r 

<a rt <2,2>> -4:!,<d,e.f>~g> t• - .<c,(4,at>,f> • 

Thus, f~r exuiple, iv. Nestlng to arbi.t.rArl' der~h.. 

<<a r 2,-,b>, o> <<d.e,f,9>th;l~ i• <il4,m,b,g>,c~. 

(ll) 

(12) 

-

-11-

.. , n-, ozr 



. o,riventJ.ons ~lmost pr;r.ci.aely like those 
~ase of -the extr-ac·tion t,pex·;.Stol: a.~$0oiate the 
w. each .replacement -0p~r;.1tor: 

given a.hove for the 
followins conatruota 

i. A oolloctton ~f ~t~uet-:.u-:a}. addre~$ea Mlonging to tM 
replacement opera:tor (9); 

:, . : ii. ~ rule whi.-;~h aa~:t&tear a str 1Jct,;~Al nddrese with Mch 

("P occurring in a p&rt er (ill~'l~.t·t of th~ replacement operetor (9). 

We require that _tha~e atruct~al ~ddresses conbin no zeroa, i.e. 
w~t th~y be S~q\t~ncG~ n~, ~ ~. ,u-:-,. of pos:U:iv·e integ1.1ra .. 

~- ~-
If a st:in1ctural addr~e, ~1 •• ~.,~ ia as~ociatsd with 

an expr·e·s·iiiort • e.'!t.p by t.~..e .tepl&c~!',~~rat o~rctor (9) , ~nd if ~xr, 

a1>pe.ar,s in (9} or. cna of it~ 'l&nbp.~~t.~ either imp.licit.ly or 

explicitly in the form 1vq1 it tltp~. , thet1 w0 r•quire that then 

n~ struct•:ral .ldd.res~ n 1 , ~ ... tnk_-l .. ~ with ~ .:, "k be 
as·a·oc~iated with any o"i~.i--~~Y.~ree$iOn up 1 by (9). 

. . . . 

Suppo~e now that th~ eollactio~ a of 
addrassea covared by the proo~~ing rear~ 

1 order of decrealiiini; lsngth, and that. tJ-e l~t 

~ll the Gt.ructural 
iii i• &rranged in 

R be the n1f ... a,nk 
~alue of the replacement expre:s.i1ion i.1tp ••~i&ted with nl,. • • ,nk 
~s in ii. 'l'hen t.'1e value of (Si) may· be d~fined recursively, 

cc fellow$. • 

(a) First tue all the st..l'uetural addret~o& n1 1 •··,3it 
in S antl of maxi~al length k. Gr.o-.i9 all these ,u-uctt1ral 
addree·ses of nui:.d..mal 10ngth vhich oogin with a given initial 
iAN,'e"'-"" n ... . . fi,,~..,.tl~?' ini:,o ,.._ set J, and wr i t.41 -, .... •~...- l' .... ,u•. l "'"""\:i> 

·It- ·. 

C • R t 
j nl, •.., ,.,~-l ban4 

~henever· fl!.. • j :bt1long• to J • If on the other 
-. nl' st

"· 1~-l' · inning with the 
•a is ~ structural address of length k bQq 

,. ., to J but •ome 
•e(ll.lence n

1
, .... ., ,~ ... 

1 
which do&# :110t • ~long ' 

•letaent of J exceed• •, put 

be th« l:ar9e•t 
•trUctural io4ex 



Il, on tht; other 1:nnd, tY.p oecnra in (S>l eith~r e~1>lieitly or 
implicitly in the form. ~xp ll. . , • , put 

,,,.. '\'11 !l:!C <C1 , ••. , .,c ·,o ~n> 
~l' ~ ·•· • t"l-t-l - "k nl,. • • ,r,k-i ,~+1 -r • 

!f on . n n. ·'·1 ~) ie not Q, other.wit1a Y'int 
1

1 •••~ k-1•--x .. , r ... 

l'n ,... rs: <Cl ' • ..... , C > • 1~-••,~•k-l ~ 

(b) Ne)rt, e~ppoein 1~f tii~t. P . has b8en defined n1 , ~ .. _,li.-k 

wheaev_er k ?. q , -we are p:r..red to treat .at:cuctur,a.l indJ.cee 

. of length q., Group all th~ etructur~l addr~a• of length q 

which begin with a.given in!ti1.1l ae,qui!nce n111•••,nq-l int.o 
a set J 0 , ~nd let J be the a·trt of ~lo.raenta of J 0 imich fora 
the .initial part of $Offle ae-:.i-nc~ s. Thfln, for each structural 

address sa = n1 , ... ,nq_ 1,j 1n·J, t:h• quantity Pn1, .. ~,nq•l'j 
will already have been dca£in•1. Mo;it put. 

cj ID p nl' n. ,ntJ .... _\ ~ j 

if sa belongs to J bat not to ~, t-.... ..1t pu.f:. 

C • it • j j n1 , .... )iaq-l' 

if ea belong a to s. If or.1 the oth~r bar~ SZ\ Mlonga to Jo but 

not to J, While some elef(&8nt of J-exceedas aa, put 

c o . upru 
j • .nl, ~. • ,r\i-l 'j 

f • n bta the largest 
c • (10) and (2 ') (2u) •bove.. Let nl' •" ·' J: 

' i s10ciatod with &IP 
element of J. If thi• atruc.tura-1 indu: 9 • 

. h... • _ _.. if ,.,., occurs within (t) 
._z the repl11cfffflent operator (t), ••NI . 

•i•"-- .a tbe form • ti:p Jt.t • • • , 
~ 0 ur explicitly or iaplicitly ~~ 

.t~n put 

_,,-

.. 



Xf, on tllG otl\er ha nd ,.- e.x.p occurs in (9) sit.her explicitlf 
or iraplici tl.y· iu t.ha fort\\ e.r.p J<. •• ~ ,, put 

p 
nl' ... • ,nk-l 

(c) Th.e &hove 1.aules detine P for all •equencee 
~l',.. • '"k 

n
1

, ... ,i1k, and 1 in part.icul~r, as~-1')eia·t~ a well-definad qu«ntity 

p with the null seq~en,.~e... 1-'his. quant.!.t;t P '111, by definition, 

the val.u~ of the exprtiuu~ion (_10) • 

A few addi tio~l exrunpl.~ will b8l.p cle.rify the. effect of 

the rules otated aL~e~ 
For exlllmple, it da:t4 i~ <~c,d,g>,<f,g,h>,cl,j>,k>, then 

baa the value 

~nd 
-<<-,a , - -; l , b ~ 3 > "-• t.a 

baa t.he same <11alu.e, whtl~ 

<<-,a~1 1 ~ ! 3~ data 

both have the val~e 

<<c,a~,<f:t,~>,bfk> ~ 

t
'--"" folJ.owin_n· will 4ef in• an ,,_..l tuple 

If .tJ.tp iu an n-tuple, • .- 'D __ ... _... ae t.tso•• of tup, APIA: 

l\fhoi.,e fi:r:it n coordinates are the 

~hose n+l-st coordinate i1 xi 

newtup • <~ t n+l> tup, 

thia 11ay alao be written as 
< ... rt t1+l> tGPI newtup • ... -

I 
" 



n 

..... 

Again, to_aet H~.t•r;;!-i to <<.~1 ,, . .,c,.,.
1

,x.,cj,q•,o.t:i1'' where 
.tup is <o1 , •••,en>• .i .. e ... _, to insert &n &dd:i.t.tonal componant 
at the n-th • posi t!o·n , execute . 

newtuple w -<x !, j, ·<~ l'..! j>tup £!(j+l)>-tup1 

~hich _of cour$e in,•,111,eu oot.t,. ~plae~t and extrllCUon 
operators. r.J. te,:nntively, oy~~te 

f. J\Wtuple Mt ~ (~-.t)-, .'X.£._,. <(j .. 1)-, 11~~up>t.up, _ 

Thie itt ot course the esa~M ope!'~tox- • 

- ... . ,, . 

I 

. . 



IIB • ~-s~~tl-.En, 0.! .. t~e--~.r: i •:~ ,qJt,~U=:t• og t:tu~ 8e'l'L l~e • 

In the present eection, "1~; r.-ftc&pi tul ate, in capsule 

fo.Dl, the pri.nei.p~l 1;'l,s$ic foat\i1:t,5 cf t-"!e SE'i"L langu.ago. 

Whil~ this me,:·!£tly ~~ats i~lf?~tic11_ ~iy~ i!l ~'Oll~:f.dar~ly 

n:>re detail in thfl prace .. U.l!',.g 1'eet1on, it may be hoped that 

auch ~ ~tc.i.o may ~eri,~ a~ & \136ful briet ratcrsnce for . . .. ' - .. 
the reader .. .. . 

?.~~:i·,9 ";)bj~;!.~ Se.u and «t,"'i:4~, .gew lhy ha"1e ::~t01U or l!&ta 

a• mesnbern. Ab'.ifflft me.y ht\ 

C 

Sool.ean et:eingD 0 ff~~les: lb,.Ob, 770, 0Cb777 

Character strings examplesi 'aeiou t, 0apa.ate­

Lal>el. {of s-taten'.lant) extmtplo:1; lab.al&, flabal:) 

~lank. (crented by function !,~> 

Notes Special undefined bl..u,k &tom is O • 

... .. . 

!,~a.!_~~a~}.o?fs f?_~-!1 ~0FA& t. 

-~, _ P •, l, ti (rominder) 

• !.CJ., !!!/ !t,· i!, • i!./ !.! 

othert ~b$ -
!_ooleans t logiaal s . , .. 

• )iQt ·cor .!> - t for tr\'!f,, or lb}~ -
f (or f•~, or Ol>J • 
..... ·-

• 

I••• 

• 

.. 



► 

Chiu:act.er. s~:=~tni!U ...... - . oct ·--
_, 

E;ta~les: 

+ (catenat..:ioril i -1: (x·eooti·tionl • .-, ,. t l .... , ( ,. , , !.=:!.._, _!ut:, ~ extiaction) 

l.en (siae) , nul, nulc ( t - --· --··-- ,~ 'f ~trin91,}. 

lh:-ples: 'a' + 'b~ .i.~ 0 ab 1 1 :2 * lb-' ia liO.OllOObJ 

is 

,i 

~ ta.be:' is 3 , ~!11! !~. is O., 

General: 5or ne, -

t (~rship t~st), nf. s (arbitrary el93NJ1t), 

f (!'lumbe~ of elamen ts) , !9'., ~~ (eg,m!llity tests)~ 

• ln.E!. {inclusion t.e&t:} : w! t.n, 1~~ (addition And deletion 
~~- .-.. . , ... 

of element) 1 l~sf (ox:deJ:·.0. psd.r. ~letion). ---
pm,(al {aet of &11 subsets of a)r 

npO'll!'(k ,el {!.1at of all aubseb ~f 1\ ha,"1ng exactly k element•>• 

Examples, 3 nt. ts A, 

-~ {a,b} is either a ~r b, i • Ut,hJ iu a, 
{b) W-ith 8\ is {a,b}, la,"b}· ·~ ll i~. {b}, 

-
I at is O, -

{ • {-._ ,b1.. ,:!.es_ {4} j.i,· i• a,b)· le•tt o 1• {a,bl, - 1 ~ ....... 
!>CWt{a,b}) is {n11 ·{a}, {b)t {~,h}}. 

·-

npct,(2, {a ~b, c)t is { {a ,b}, .fi{a~c),. {b ,cl}• 



~~!_~d P!d.¥:£:: 
.hd,tt; --

~!~!l~~i h:_~ a ,..b> it. a, ~~ai ,h> i9 b, 

~<a,b,c> ·1s a, !_!<~,b,c> is <hrc>; (Mp is p if p not pair). 

Hote thbt <a,b> is id~ntil!el.-it..'l.{{a}~{a,J:i}}, ao tb&t 

fer -e~ample • {a} € <ti ,b,. i!l !_ whi.le a t; ,i-~ ,b> im genorally !.• 
$~e ml~o; ext.ra:cti.oz~ o~ratore, 9'9neraliu.,d l.'.!Xtr~ct.!.on · 

op0ratars, :replace~:tnt opE;ratoi:~, and multi ... &seignrnent · 

Set-definition i by ,~nt'im-4;r~tinn • {a ,b ~ .. ., ,e} ..... ~-~ .................. -
Sc-t former 1 ... _........,_,_ 

·{e{x1t••••xn), xl £ @1~ x1 c ~2<x1>r.•••1 ~n ~ on<x1,·••1~n-1>f 

C ( X l. , • • • vX!l ) } • 

The Jta.1t9t Jii./4~.lt.ic.t.llHU. ~ t a(y) have the altern~te 

1tume.ll-lr!.a.l. 6 a -~m 

?ni."1 {yJ < u: ::, ins.~ (y) 

when a{y) is an interval of inta,;e~e. 

Optional ·forms ir.c.·tude { :c t a f C (~)} , 

equlvalent to {x, Jtc ci I C(z)J; ond 

·{e(x), x c &}, ft ,._ t} equivalent to ·{e(~), • & • 

4 ~-r.~d ~~iro, or a {of n. set Oi; or~..... l" 

t{a} ia'·{tt p, pc f j ·(M_pl !!1.la}; i.e. 

ia the :t uf all x such th:.it <a :x> t f 

:t f {.a} el111e fl, f(a) is : if f t{a} !i. l th ~ll • t 
f I {a} or is undetine4 • 011• i.e., ia the unique el~t O ' 

1 i the image of e under f • • fl aJ is • { t1 p, p t f I (~ p, £ • ' 0 ' - . 



.. 
iliii-.., 

f(a,b} is g(b} and f(a.~} i~ r~i • - g,tJ,,. );here g iG f{n}: 

f [a, bl is { !l t,f ;; , gE:f. ! {111]~} t~ !:~ ((~ tl. g 1 E;b}} • 

. If f is v~lue-:r.-etur.n.irig .f.tmctitm, 

. . f { a, b} t'>, { f ( a , .b ) , · f f .it l " { f ( x) t lte; $) , etc. 

conet~~ctici1s like t{ at [bJ ,.cl, ~tc. ar~ alEto provided. 

~-~9!l'2~"?d <_;pie~-~-~OJ:.: 

{~s xssJ ~ (::~} is (:°!{:J~l) ~- ,e (x
2

) ~n. ~2 e h:n) t 

h .:, • r } were~ ~at~i~·••ixn. 

Thi~. ~onrstr.ucti.:·m i.s al $C r,r,~vided in th2 gf::ne>:a.l form 

io_p: x 1 £e1 ,x 2£e 2 (x1), ..... ,xn~an tx1 , .... ,xn-l) I C(x 1 •• • .. xn) l, 

~lfhere the r,.4nge :;r:estrict.iona P.1.&j ~lee be.vs th~ alternate 

\lMX: x£{l,3,2}} (~+1) ia 4,: _, ....... 

i+: )ft(l,3,Zl}(r:+l) ie 9, 

f-t: l<i<n]:-,di; ,l$ S:eTL form of£. ai • 
- - i~A 

. general form. is 

sx
1

ta
1

,x
2

£a
2

cx
1

), Vx3~a3{Y.1,~l),.,. 

where the range .rent.ricticns- ,oll,"J •.l•o h.ave 

n~rical fon'11 . 

. . 

Jc {x1 , .. . x4 ), 

the al ternato . 



searc~_!t!: _!'-.~~ ign~~~ ~ --
3 (xl ea IC (k) has: ,rsam,e valut~ aa_ Ju.£:a i c {>t) , 

bUt aet.$ x to first. v-1.lue found euc?i tha ... c (v) 
... .... (:a ·t., ~-

Any nm~r d: v~a-i-&hl~o Atta-ch~s t'> initial 3 

quantifiers ~~.y be pla.~ed ~ square bracketc. 

of range reetrictiona inay )~ ~a~d to ~ontrol order of •acrch. 

£0n~~a] .. e~~~: 

.. 

if bool 1 then expl.k1 eln'tf if OO(l.12 t.hen expn 2 ... elae expnn • 

~ne.rttli2~~ e~~ra~!_<:1n ~ .. ~ .. ;-~£~;:ic!~tmt or~r~1;~;~_; _g~arali~!! 

!!_l,li!._B, S ;i gnW".t~t~. 

Th& tJCtA:ttc.t.i.cn cp~li.«ttM .. has t ... "'le. form 

(l) 
<part 1 ,,.. ~ ,part.n" 

lfhe-:r~ each pa.Jt..t t~s one o t L~e fot-.f. 

•leop 01· e.xop e:q:,n, 

Ol)erator. Name. uy be a 



the Beq'-'ence 1, 2 tp J i~ aa$o,~d,,,--:.-~i.d vith. &1 ! f 2, 2 with b1 1.uld 

2 with *. The a'1tteris'k • -m.~y ~ u:,ed ¥e a M• at.· moet 

onee in ru1 extraction ope.ra\ t~, ~he struetural address 

nl' ~ .. ,.n~ ·associated with· a llbtil~ (or tiith the •61pecial ll4llle• *) 
. 

by an eY.traction oper~f.:or (ll 1.ieter~dnel! t.t~e qu•ntity that will 

be assign(;d to the namr-, .. when (l) iz used \tither in th~ for:n 

or in the form 

~~@e.s: 

X - <•~-,u<2,l>Jw>~a,<b1c,~>k~,f,g> -

_,,_ 

... ·. 



)tUi\ I .i::cb ,. w,e.:: ~fl 9';.- ; 

x~-<~.-fiz<2,l>,w,-.:.',a,<h .. c,it> ..... f N), 
" •• .._ ~ ,. , ,o:,,. , f' ~ 

or is. itself a re-placo.roen.t ~e,~ator. At least <me· C)ccurrence 

of ~ is :r.aqu.tx-ed. Bach e~p,i h~s an m-tuple of. positive 

integer$ ns a valtt~, Sll-~h ar-. opru:a to!' asooci-ttt:e.s a 

»tructux:-~ 't addrestt with ~~ch f.!.X.p which ot:ct.ra ~1t..1•i111 it; 

tho :rules for cal.cula:ting this addxesi; ;lre the same as 

tlwne applying to QXtr;:i.cti.on opaY."at..orn. W:\en ll ,r(?placement 

op~rator is epplied to a ntru.c-..:.:&re bu!lt u.p ui r.•~st.t,d fashion 
out of n-tup~t.~s, any e!r.im~nt of t:h•). _structure addr.if!sned by a 

ct.r:uctu.::.-~l t..idd.rcss A is r~placed- by t.h~ e_:,,~p to which ~. 

be!.nrigs. Ei>.ch It dir8ct.6 repl~~~~·wtt of .tno.J'\1idt:Al 

co,r,ponent 1 each Jtt., an entire 0 t~i 1 N., 

<A,Y !:. 3 ,-><ii ,b .,<c ,d> ,a> h~tt the valu~ 

<x,y r·t 3><a,b,<c,d> 1 $> h~~ th~ v~lua 

> h "--"-e ~-alue <x,y ·r<3,l>><a 1b~<c;d> 1e ~3 i..u -



f{~xr:}~ expn; is 63.m~ a~ 

f ~-{pcf I <M p) ~ a~}:!_{ <'..exp,•>-,iu:expn}; 

f {"xp) :ui ex-pn; is ~'!le·. 82 f {exp}11::{expn} 1 

f(a,b) ?'=' expn1 fL11rbJ~ eltpn; ~tc. ~ltie are prov.id~. 

<a,b>5;:I e~pn: is same an at,,,!~ e;qm; be~ e::<_pnf 

<~,b, ... ,c>• ~xpn1<a,~b,c>, ... d)~ sx~~, etc. ar~ alBO 

p:covidoo. 

<f (a) ,g{h) >::rsexpn; is aa~s a:1 

f(a) ~ hd e~pn: g{b}~ g_ ~gpn: --
9enerali2e6 foXlt'ls 

< f {a) • g { b, c} , ., ~ .. , h ( d) >.,.... 01i-pr11 

<f(~l,<g{b,c},h{d)>, ... ,k(e)~• ~~~-nJ 

etc. &re ~lso pr<nfided. 

go to lahel1 

!!er.ation hel\dersi .......... . ..... -
(While condJ block; 

(whil6 cond doJ.ng bl.oclta} blocJu . 
· s >IC(x1,••·••ntl ~, 

(Yx1ca1,x2ea2<x1), ..• ,xntan<x1,•·•' n-1 

-99-



max~ x~ n:;iz; , - -

~.,ee_!: 

The 9cope of an it.erati(.'ln or of an £.~ e. or tltut block 

it~Y he ind:icated eith~ . .r with .a s~..micolo~, with p~rQntheges, 

or in <.me of the following ft1rrns ~ 

or i ('lxea) ti 1 clcl'!a; block dona ; , " • --
et.o. 

To oall subrout.J.r,4!: - ...... ..;.;;.;;._.;.;.;;;:;:;.;:..:..;;;..;..;:, __ 

sub(pn.ram1, .... paruin)1 
(~ca) arub (x), 1 

su.h(a)1 is equivale~t to 
· -.J,00--

I 
I 



~ene.ra}.ized forms 

subroutine: 

- used fo:a:· s;ub~outinA ~ rot.urn 

.function: 

define f f Ul'l {a ( b IC) ; t()Xt ; end. f u.r. t 

return val 1 ·--u~ed tor function x-eturn 

intix anJ prefi~ fozmG& 

define. £_$~fs_uE_ a; text1 encl 5:t>sts~b; 

definef ~refun a; ·text1 e·nd £!..lli!tl 

Name 11-Coces: ---~--
No~:rcally internal to ·inai.n ·routine or subroutine, wiles• 

declared ~xt~~x~t. 

!~tiern¼l declarati.-.,ne: 
• • I Ill",.....-..--......-

...,.,..,. .... """r l b "" , - thfe.r• to ~in routine u .... i.v na a , If'- t • • • ,.., 

suba extern.al. a,btc,. ... 1 - refer• to subroutine au~ 

external (a,a~),{b,bh), ••• , - chan~• ~.g,me 

tnlba external ·ca,aa}, (b,bb), • • • 1 - chuige• name a in 
•uba to a, eto.· 



• block n..ac ( e. ,b} ;, t.t::>ti .. ; E,n~. in~c 1 

T◊ tme: ..... . . 

:rr.i tiali za tion r. 
• rev\. :t I •-.., • ,:•-

1ui ti ally blo~k 1-

C: : . .. . 

<~l?~~ eX!?ect.e~ ~ly fixst time process 
entered} . . ~ . . ' . ., 

In bloc;.:. 
..,_._-......, .... -

. 
~cm~i_!~..1~21:..~~' £~p_:i}!. tlefr. h.JJ.St it..~ value subroutin-~ or tu.notion 

defined bf character string de.,n e.g. t. afte:e executitt<;r . . . 

:F~~~~ 'c'tefine:f frQ~>:1 :-r:-,a, ~11 ~ its riat.urn x1 

. ~nd f.!9.m!; ') J 

we ma.y w.r.i te arb " t aet; . 

~nput;.2~2}~: 

Onform::,.tted ~.11nra~t~r •~i~g:; 

~ is end record charac·ter; i~'l,F~, ~tpt,,~ are standard 
I/0 ;znedia1 reer.lrd (g}, _.:.. r~ad.R ti 11· !I. character from . 

character string -il, at i,c·s ition n, whsre ~ is pa!.r~et,n> • 

!J:.a?~!EE....~~l:.IL~: 
e rel.Id n"'""'e "' . ..-.. ....... ~,r.s sets frt:1!Ji4. ••<at,n> at 

:au,~ l' .. • ,nw ...... n J ...... ~ 

position n as above.~ or if s i~ oed:tted, frcm ~,eut, 

L~ ~tandar.d format 

.• ~tint expn1, ... ,expnn; 

P<>~ltion n as &bove, or 

in standard fortua t 

fl
at .. A~ •ac<dt,l'l> at. ~•ition print:~ ... 1Y ~ w- ~ r--

it e j_6, cmittst\ on '?~tet, 

o~A._.,,A ( 1 15 i/o representation 
~wQ~~~ setst a1 , ...• ~ 

cf {<1,a 1>,; .. ,cn,ttn>1: • 

·, 

I 

I 



SETL,· Bild begin 
o! funationa to b~ 

define ~ ~ b1 c-i&t ( V ~e:b) it:· ~ c: return c; end u1 -
•;i.,he in ter$ect~on of. ~(J • acts mt.iv be "'a, ,tit' .... ,.,.,,. i L- f "' \.t • .,_J,....{.I n A r.Wl\.J.H:>r.' O 

ways. Perb.ap$ the a~ples-1:: dr2fini tlon ia 

definef a· ~l:t b1 ret·urn • {xcal KE:b}, and ~-, 

A mcrm ef .fi~-=ient procedurii. 1-tllly be spsclfied u fol-lOW8: 

de.finef a. ~ b; .ret,n:n ! f f.t.: g, fb then {x~af x£b} eu.a 

• {xcb I X€a} 1 ~nd .int; .__ 

ln c:ortain of t.he ~g,,-id.:thrns to be tHtt • .fort11 _b-elov, it wil! 
be ttseful to have a f~m-ction which clu:;;os(:;(fi an a;rb!.tra%Y 

Gl.etr~nt fron1 a set, .~ving the elame:nt frosn the sat. at the 

same time" s-uc..?ii a s\'!br~:utfne may bs definotl as follow.tu 

define :K ·fxom e1 ~,;}S: 81lf$'•l~a• K1 ~tum, end tran, 
_,_ .... - • ..,....,....... 

2 ' ~5~.enc7!!~~~!- e . ..:~~~ !=X-!!!, 

A seque.nce in SR~, i~ a fHlt • { <n ,xn>} of crdored pair•, 
th.a first elem~nt of eltch pai~ t.aing &n integer. Not• that 

se~uences a.nd n-t.unlea are qulte 61.tferent •ntitios • ... 
a.. To make cU't n-tupl.e of a •equMce 
4efinef makett~o seq; ~:u?ler:J1tti~1 ~fseq), Cf•eq~ Yn~l) tuple - -~ ~~ . 

1:1<£eq(n) ,tupl11>11 .re~·urn tuple, end~-- tut!, 

.• 

l 

I 



b ~1.'o 1Ti:"4!te a a~eit· :--·"" ''.IC<. f 
• ... :, ""'ci~~',...:"" o ,s\n n-tuplet 

definef nakr~sl'kt tuple; li!:OO.:..•" •·. 
..... ~-~- ., ta .. '5 , ... ' 

• <seq { iseq+l) , tuole> ,.r;·~·r.,p" ;~~-, 
.\- '-- . .._ .. -j I 

retur:n seq; ~r¥,t m-~ke~a~, 
~ .. ~¥\" 

(whfl~ P~. tuple} 
~eq ( ia•g+ J.) :.11tupl<? 1 

Take the top el,.:r.n~:m,t f:ro1n th~ 3t&~~ by extwuU.ng 

top=s~q(~s~q)1 ~~q(isoq)e~z 

A u.ni la tar a 1 l.:t1a t li.lay be rf;lJg~r~d aa a. eet of it.ems and 
a flmction n..:~xt(ite*}; i;mcb thut n'-i:V.t{it.am) u n f.o.r the lut • 

item. 'the basic. o~.,.~.1,t_.ions. ~r-~ int\:&rtion &fter 1.t 9iven 
position and delr~ticm of :,n,)· 11.t.tKt. item after a given posi~ion. 

Note th.&.t. the set of it-~.& .tn t.~e list ia the domain of· nt.it, 

. . 

m.r) that the list is oompl~tely ~t.axrd.ne<t ®C9 ,u~~t is specified. 

Th~sa pr.,cc~~hn:e$ may be Wl'::L t-ten ~!iii f ollooti. 

define it.em i.!'s!Htf!::\,~r ~-.::~Vi ~,tt.ern.al next, 
" t •• 'l'lllli't,.__.. ....... ., ..... 

<n~xt(i·~~:m} .,.11ext(prev) }•<ne~st:fprev} ,ite,n>t ret.u:r.n1 

end •ins·at'ter 1 
'-11 ..... t:caWI - ... 

a.e.fine. ·aelafter. .i tel'!l; e:rtsr.0.4'.:.. na.'tt; wr~~xt(itesn); 

if nx ·!:S. o th·~l!-.. ret..urn; 1 n£<t{itmn)•noxt.{nx) i r&ext(nx}•01 

return, e.na de:l3ft.oz, ............................. -
A bilat.era.1, ~J."C"..tl.u-1~• 1.1.rthf!6. lJ.~.t mny bs reqa.r.4od ao ·• 

net of it.ems wi t.h funetior,~ next(i~) ,~r-~~~(item) defi rting 
the - ·i n -r~-•J th.e laet item suee~$~Or. and pred.~cessor of~ g. v~ -~ 
ia coneidered t.c be the ;;r•4'c&Cii'WSO£ of the fir 9t itnt, and 

'the first t.he succee~or of the :..aet. "l.~ie first ite:G on tbe 
liat belongs to a set ,1.r1rt.(~ • • ~·tc that tb• t.hree objects 

1lt.Jt.t, p.11.e.~" and oi.Jr.t.--U togetJ\et epeeify t.ha 13.at,, The baaio 
Oi)era~5.ons ar<.\ insertion ~.f an i «- after. a given position. 
Ind deletion of a given item. 'l'bir.sc procec1.ui·ee •ay be written 

as fol.lows .. 



1: 

define it:e.m in~btlat pi.rec, t-~ti?,..n""l ....... '\l,t 

• • --· . ' .. Q ..t"-'..,.. , prev1 .. • 
<n~~tc::t.em; ,n~xt(p:r.~o) ,.prr~vfj te~) ,pr.av{r.ext{p:reo).) >a: 

<n·ext(prec) ,item~p:-:-ec,it·?.ll\>• • r.et:un-.e'l ""t·~ • ... \..il t 
•• ... •• .. • ''-''ill J :n~... a. : 

d~fin~ ~~! J. tei·n; extern~l ne)e.t, pre.~; 
~ne..~t. {prev Ci tem)) t prir.•'lt{n~1it ! 5. t.~1}} >=<n"!txt (it~~) ,prev { it~)>! 
if item e £:irBt.tJ ·!:_1~~:1. n~~~t(iter.1}- !n ~iratt1;i 

firsts$:£ ir.s ta less 1 t~m 1 
~ .... ......,, 

na1~t ( i tam) 1-"JQ, P ~v ( .i t.ei?l.} s,O; ~twi, t ~nd die lb il 2). t, . 
~~-· ---.c~ . .. . . 

1t ~inacy t!'ee ii1 a set of. noo.t1:".S and beo decc-.sr..d~t 

.. ~unctions -r and 1 {riS"h.t .imd ).e;ft -d~~-:'.Y.-:nd~nt.s)·) " gi•i,~n. ~p 

•:-;•~odi.>:- -,\t!.'lp-tr.U$~ •&-l-.so ~~ f;?,FflCi ;Cirad. _?h..:1 ~~a i-&1· then er~tirely . . . 

. _def~~ea by th,z.~o b;c fun~tione I.'~ " .. h~ ~~ci:fie~ tr;p node • 

. . . We take 45 4ln ex~.>pl~ the J.t!.ft--t-0p-r-iih.t. trav-a.r1.1al order·, .. / 

'.·4Uld 9"®c:rtt to th~ ·fn:.-que.n~e ol: vic5(:~ in th'-' or~~r. tre.ve:-zo.d. 

seq~nk.; ti·;;1vet~e.e ntop i ......., ....,._,.. ·----- • . 
define t . .rnv-e;r.~se t.opJ er.tern11l s:ecy,l:,t; if top !3. n then return,, ...,._ ....... ~ .. 

• ~,?-;a~r-e .. rs~~ 1 (tor.,} 1 s~ ( t~eq.;-1) -top, ::1:itwr&e r(top} 1 

r~t~rni end ~raverse; -~- ;. . 
An o:rdtlr<~d t.re,? . is a ~c·e. of nooes with ·a d~cenoant 

• functi0r. desc• !.nooe, j) d-afina"l fc.)r j in sofue finite (poaeibly 
i . null}_ :ra~ge. The or~l'.'ed and th~ bl~~ r:t t-~s ~ tai)-() ~n 811 

. 

. int.atesting l-l relati.onahip. ~l;en. rm or~red. tNe, • it ·may 

be crmve.i-"':.ed to & biua:ry -tree by d0,si911;:!tin9 its fi:-S t 

·descendant as ita left ,~~$Cendant.: and deaignating de•e(n,j+l) 

as th.to right dttrscendan-. of d~sc{.:1,j).. 1n SftLs 

· t ~- { ~n deso {ri l) > • n ~ trea· 1 ~aio(n, lY ~ n} 1 
' ~ • :, < aae·a~{!l}-1) 1 

• t • {<dese(n,j) ~desc(n,j+l)>, n ~ tt:oe, 1 !:.. -

'o i . d-t1eignato& t (n) and 
n~t:!rt th~ ~bove trar,Gfo,a{~t.l,on, one . 

th~ · .ct " ( ) in a binary t.re• • 
successlve ri9bt desce.ndants o... ., n 

tt\(! Silc:eessive d~e.cendant~ of n., t:, S~l'L 
(while d ~ n ~oin9 k•k+l_1 

deae~~' ( v net1·ee) k;;¥1J d•l (l') f 

a~i.-·(d) .> deac (n.,k) ca,, end yr.; 

I 

l 

' 



.. ~"''-'",.!,;,.-f '1t.r,:> -~~ ·-iln•" ,.. .z t. A ~ .. ,., .. ~.:., .. ~!-'I'.•·"' ~·'-···1;, .... ::i ,:.t!....,..,,.!!;'.ae-1·h.a\l ~Y a ~et t.te.e. on ~.ich two 
"• _...,,et , .. r-, , .. ,.,,-,,.~ • ""Ir·• ,3 .., , ,.. •• , s ,d: 

fWlOt;..J;:..·~~i,> ~- ;.h:~.._,,.,-;:-, ... HU "''~ ..... otUi;& t:l;;'~ u~J:.:t,!:'at,.V.l, e~ch for i:lll ~ut 

one nd.ie. 1:he v&l.t1.c2 ,of a~ch. of th(Bae ftt~ctiona ar~ O:t"dered 

pairn.. We ha°""e 3: {nc·d-t:. l ~ <u<.~~-e • , flag.>, wn~re node.' is ei the.a; 

the ritiht d<:$<:en~,ant of ~od~ ·~~ tts su.cces~or in lttft-top-right 
t.'Cl¾\i"e-::sal order, Q.t;:p'-"nding ,:;.r,. wh~~tJ1aic f'la:~ t>.;-Q t or fl&t"r ea f. 

-...i.1\-.....,. ~ ;:.JI,..,.. 

Simi.l.ar:t~{, l (nodej .r.. (r,;o(t~ ~, :~l~rt>, t,12£m:·~ it.lidt • iz ~.tth~r t..'1.e 

l(!ft desce.nda.n I:. or t.l"le t.~J1vi:lr1,a.l-c'ld$l: p-redSC$Z.SO~ of !'t~de.,. 
To tr~varse ~ tht·eaQ~d t.rei;-1 .in left-top-right order 

t.~Jq~n.t; nooer~t.opt elleift: h:rhiteO .. f .t(no6'!)} ~ G 

tbe,1 .t {node) f:lua f) nt;de ':41 hd t {nodr.i) ; ; 
_.., -c ... , ... 

r5.ght: SfJq{!t,'l~q-t.'.:.} • node; j_f r(i1ode) ~ r, ti"r.en <JO to donei, 

<node ,x=>=-r. (~ode); go to if n U.t.';1~ dlr;tft els·~ i:ightz ~one; ... • 

To :i.nsei·t an clm,.~nt in a- ·tht~ade.d t::r~ca, lirat • as the right 

descend.ant of ~ noge 19.od : 

aefine elt ~~!£;i2.1.!..t noQJ ext&n~l t,r1 <r{alt},i{~lt},r(nod)>• 

<r (nod) , <nod, f> , <t, l t., t> >; 1.·e1";urn, end g.utr.i2~1! 1 

·- -
• a d oo..an· of a node nod, To ineert ein el~t -ac the. lE:h~t. e_1:t.'"el • . "' 

• c· 1--) t (elt) .t. (nod)>• 
define alt r,utltJft r,cd 1 ~t.ei:--n.:&l J.. ,r J <r e 1:- ' ' 

<<nod,f, t{~~d}~~-;!t,t~>, r~~'.lXn1 ~n6 putl@ftt 
- - 1t11•~-..·tree which this node 

·_ '1'o delet'l a nod~ and the IJ:ti.t..lre p;V-1/' 

d~~nates ~ wa praci,ed ae fol.l~~ • 



d(ltine .~~~-~- nodet c,xt.ern~l t, :i:·: 

/* first find t.:he ~r~mt~. nc-cl~ c,f the lllven l'AodB 

using c i t.h ~.)r ' .£ tal;'9 • or • r ta117 • • I ' 

n"'twde1 (while .t (nl !:!!. (I ~ • ~ t (n)) n.,~ 1 (n) II ttarg"~ t(n>, . 

n%noder (while r(n) !!!. n !':£ E! .r{n)} n~~ x·(n) i; rtarg•hd :(a)
1 /* then ch.1.1n90 the right or l~ft pointer of the ~arent, · - · 

aa approp:eiate •; 

if {if ttar'iJ ~ G th-en EE, r(1t~·) elae Q). · B nocSe 
then r p. t.arg; :-a<rtkrg-, f.>; ~!tx·~ nooc, 

else if (if rt:..arg ~ A tlian M t {?-birg) elee Q) ~ node 
then .t ( rt..ai~~~:I l ~-<.ttar·g, f> 1 ('l,.;,l trav node~ 

~ '"""""' ..... .... , 
/* if s,o parent,. remt.)'le tht~ ~hole tr-ee ·¼/ 

elae <l, r!:>•<nt, nf.>, 1 r•etu.rn; end del~ode1 ---
def im, eel. tra,, node; de lnod'3 o~ternal l,. r, r t~rg 

1 c....,..~._._ ----. ............. ~~ 

• dleft1 (while (!{node} ne ~i and tt !(node)) nod~he .t(node),, · ... ....._ -------~ ..... 
•right! n-f?xt~r(no&!) 1 Jt{r.ode}•• r,, r,node)-.-n: . . 
if ~ noxt .5. rta~g then retu!.'nJ, <noue,x>-ne.xt; qo to if x 

th()n dleft. else right; and del.t:•rav; 
...... p •• • 

To thread a.'fl unth.:r.eaded t.ree, we firgt let , tq be the 

. left-ner.k.t-.. iig!'l t trav~rsal order, .cl& cl~fined by a previous 

algorithm, i'h~n • uae the fol lowing •tril.ightforwud eode,. in 
Vhi~t1 t4e.e denotes th& set of all ~od~u, in the trees 

suc»{<aeg(n) ,seq{n+l)>,l~n<fseq}, prod-{<~ ,t1M_ x>, x «: auc}, 

(Ynttree} .t.(n)tt J.f .t{n) .ne n then <i{a) ,~ . 

else if pred{l'l) n~ 0 ;;-M .. ~pred(i1} ,!> _elae Sli 
-- 11 ' r (n) a if t· {n} n~- (l t.1leti <r(n, ,!> 

els& if suc(n)· n.s o t-;;n -<suc(n)·"f> els.e o, •nd \'nr 

--w &id treel to a,.n \mthrea'2ed It is simrler to ¢<.m~rt a ti.u~a .. 
tin~' iaa f ollowti • 

1¥u t tree) .t(n) • if(if t{n) !in then'! elee !! t(n)) 

then· M. i {n) el1-e n 7 t els.a t.l r (n) ) 
• r(ri) • if(if r(nJ og_ n th en ... -

then hd r <n) else a, end 'In, -

J 

ll 
tu 
i 
' 



SK'!'L can be used te-) ·axp~f,e~ 4l,~,:~:'.:itl~ ~odyi~ various 
opt~i~at.lons. Here, for cxamp1~, is a parelmoni.o\18 met..1lod, 
sue to Schorr and Wait.Ct for u·~,v--cr~in'[J • bin,:u-:y t...rea 1 as 

dj.etil')ct. !.rom t:'le ~jtho.J.s giv~n earlier•· it avoid~ the. use of 

,. r,:c~rsioo atack.. T°:"le idea 18 U'd•i &s on~ &ts~nds d~ 

a c::ht.in ,1f branab.e.e to t.rave.:r.·,e ~ trttt!, O:\G rave?·se.1 the 

pointers, to qet. ~ chad.n of {Xlit.~.r~ al.lowi.ng subr:e,quent 

aacet,t. During a£jcent, th.e t.JOL1ta:;::a are rep-4i.red. We mark 
those ncxlet'l n ~ueh that r {n.} is t-1;,~ prarcnt of n, i.n a uw.chioo-

1(1V.Cl impleiswr.tt.:.ation,. at m(:)$~ oi~ti-\.it is n$0ded. fo~ th.ta mark. 

&;ttq~~_; ~:dtz:i~; nod1?<r:to·p-1 ~-a~n_., 
dJeft·i (·whi.le t. (not?e) r~e 0) <node, t(node} tpar:.• -

~ <1(noGe)1p&r,noo,>71 

eeq ( laaq+ l-) • ~'lode: 
up: if par !St n tl'ian (J(.) tc> doll$; 

if mark(p~r) the~ <node,P"r,z(~r)~ 
• ~par1r{par) ~node>; urk{node)~, 

go to up, . 
else <node,pu,1(par)> • ,pu,t-{pu·) ,node>, end if1 

if r(par) ~ n then 90 t.a up:; 
_..,,,.. • • node> 1 ma~k (par) •t, <node,r(noda) ,pu> • 4r{n~>,pa.t:r -

go to dleft1 {done:] .~~ 

I . 

• 



occasionally, given a set• ~ 
.· • . illlt'.1 a llU&e~ical ftmcti.on f 
defined on s,. one w1.ah.e11 to eir:.·rt th~ &l.... . .,,_,. . • • 'll!>men~ of s &ec.orc'b.ng 
to 1.ncraasing values of f. ~r.A foll~lill'! • •. ~ • 

.., • " \.41: ""eni.en·t ass i9ns 
an element Clf ~ ;ta J,X>Sition tt{r;) iu aort:.et.i. o~&lr.. 

(VJt~£} ple~tx) _, t{ytsf f(y} ~ f{x.) ~ 
{i {J) ~ f {:.:.) • ~ 'plt1:ce {y) ne Q)} 11 

. • -
Mpre. plausible ·sorting alg-ori·thr~ may -also b• rtJpr~sented 

in ~:STL.. He.re is th~ elightl.y·bet:ter .i~e.\.tlc;t .&QJt.t which 

~~t.s. _an -~~;~ts, in ~l~~~~. ~n -~ -~\Uftb-~~ .'?.f _•te~ propor-
t.s.onnl to n • 
i .... . ... ' • 

(l<~j !, t&e.q) k'f/;j-1; (whilfl k ii C. ~ soq(ls..+l) tt 2~ (k) _._, .• 

doing k•k-1; ) . . 
<&cq (k) , ae-q {k+ l),. 111 <seq Or.+ l.} , s,oq (k) > J : 

l!ere bs t.ha bubbtt. .saJt..t, a m.etr,,:,d abou.t au good aa the prace4in9. 

. . 

. . 

nia:1 ~ (whil& n !! f~<?q> .i.f ~~, {n+l, 9$;. •sq, (n_) then naat)+lr •1•• 
<n,neq(n) ,aeq(n+'.i.)~"'<if n. i~ 1 then n•l el•• 2 1 •«i<n+l) ,s.;(ru>,, .. 

end while 1 

• • ~h~ si~le • in~~:rtio~ !lo;t al.go ti thin d~l'~ihe4 @ove will operate· 
~ot. eff.l~i~ntly if ?:tesanted with ·aata actu.all.y in order:.· 11'h,e • 

4-t.iil.Kg ,i.nielLJ.:.ltHt 40, . .t or 4ftt!.Z.t. At-'t.t e,cplores this f~ot, 
incorporating a device ~hiah c2n2i~e17, an •rr.ay to b~ corted to 
oonv~rge rapidly to llppt'oxlm~te or.dei:r. Thta al1ori th11 is u 
~<>llow& ~ A deac..~nc.1:..ng sequence ~ ,r.a!\_1 ,,, • • tMl o! in-tegei-a •

1
• • 

~~aen., wl th Ml: c 1, suocesu i ve ly , foi: each :1 fJ:OMI n t.o 1 • the 

~rt:ay {-'k} to ba • sortod is di vi4_•d into Mj subsequences 

•1 13M +l'"2M -+l' . j :l 

-109-.. t 



the whole 

~tained .. 

to be sorted , 

be mitten as 

ran 1, (while m !,~. t .c1eg) ~~ ~ml 1 ~m-l ~ 

(whtle rn g:s O do:l?h-J No.2!n/2 ~) Cl.. ~. V'j ~ f seq) t~--j--m, 

(\rhile k ~'S O ~):~, aeq (k+m} ~ r&e=t~{k) doing:. kntt-m,) 

<seq {k} e a~q O,~.+m} >:t<seg {k"'l·tr.} J s¢q (kl> rs end \ij, end while rt; 

Next w~ d«?s,.;rlba th%'· ~-o-call~ .t.Jt.e,1 .lf•Uc..tti~n ~oil.:t, In this 

~thod a bi11~• tre{°!,, to wh~ie~ ~,:,deu the elemen•tjj to b~ mortad 

.are attached, ie hui~~ up by .f!t.'C&Oh!n.-;1 ~1.1uc0sslvt:: h:tMches. 

-fha tr,:e i6 built in ~uch ~ way os w eneur~ that if an element 

)t is atta(·med to & pa;rti~1.uac r,O<Ja N, i;,hen x exC'le$dS all tho 

elements att.ach<;d .to tha lett--h.a~d sub-tree of N, end is 

exceeded hy all .tho Eileir.ient./l of t._b,(;11 right--llb'l~d 1n.lb-·beE1e of N .. 
Th~ rule for attachment of a new el-rnr.ent ~ is u follows. 

Exan--d.ne s t1¢ce s& i Vt? noQeS; y, beg imit!.ng at ths trea root. 

1£ x exceed$ y, mo,re down the t.r&,? to ti~~- right; or if Y hM 

no right. des01!ndant, make x the ri~J~l.t dea01Ut&mt: of Y • If Y 

~xcr:eds x, move down the -tree- to th~ left, or if y hu no let~ 
' . 

descendant ir.a.ke x th.a left d$ttt::en'3.rui:-~ of 'Jl,. When all tb.a 

elements of tb.e ar~.ay to be ~orted l\iVfJ l:~en ··attllohed to the 

nodes, 'linearize• the tr.e. to .n arr,9:1 by th~ follatfin.g 

tGCUrsltte rcl.ia: f:b:et· li~eari1!Q til~ ,.tJtt ~d aut>-treet . 

the take thi!t clement a.tt.ache8 to th•, t~G st f."O.Ot.: th 'en linei-uin 
,).1,, ,-.,►. •- ,1ut of th* •orted arr01. 
-w,e right. hand ~'1b-tref~ to get .,.,..ie -~ ~ • 

.. ~ ~ atT&Y of n e1~ta 
This procedure will t1n the a.veu:·~e so ... "' • . 
in a tree proportion~l to 11 1~ f!,. In Ssr.fL, it. appear• •c 

foll~tG .. 



. . 

.. 
'• 

The a.imp.l.e. l\-,i.t~ui.-,~. ~ort is M ~or" • • ~ ~J.CtlV~ ~ ~m:.,vey thJll n 
e.le1tLent$ of a set to be so~t~l t.o fL"'1d th" ~iuU.u~ el~nta 

x-emove it £rem th.e array; .tnd it.ars.t~ 4 In SE'tI.~ • . 

$O:r.tea~~, ("W"hil-e s~·t ~~ ~) EOl'ted{iF-.ortied•l>'~[mins::u:~etlxJ -ne tJtset !~~~ bort:ed ( ~so~ted) ; ~ml IIW.l~ 1 

~ va:d.ani:-. of t.'1:ls h;i~ic idc.e. ,d .. !lld9 t.~e mad'a f~ter .. 
t.u.e ~e.e.e.c. . .tl..o,,. ~ott.t, wb.ich may t~~ d~~oribed ~.a follo1;1s. ,irst, 
attach the el~i~n ts of t.he -1.rray to be sorted aft t.st~ twigs of 

a bin~ri tre(:! of appropria~ sJ.ze. Nl&<xt, propagate ,..~l\165 up 

to the tree root., a t:tnc.hing- to ea:eh a&la the mini.Jeusa_ of the 

value.s ettached to it.a ~e6.late de~,~tldQJlte_, ti.na causing eacb 
nodf; t.o point ·to t.hat il-a.~f!liz.::e &l~ce.naa.,t node to which this 

JRin!m~ valt.1e is attached. v.-i~~n th.h, IN't&"UCtura is built, it 

becomes ti-ivial to lc-..cat~ the c,rigin.e.l ,array miniJlum, detaoh 

it from the trf;,'3, and move it t.t> ~ ~oJ:kspQee iu wieh sorted 

array elements ar.e c1ccumu.l.at.iti!i. Aft~ t.his res,ovu operation, 

lhe tree is repaired by red&J.::l'l~~in!ng n Jaini.n\Wt-of-d~oeisdanta 
velue for all nooes At>ov.e the •:<.:tde ;~~ re1n0vedt after wbioh 
the seli!'ction, ·removal, Bftd re.pair p:r.~•• iterates unt.il • 

~19tior,. 
Adopting the conve1')t1on tb~t the 11f.nii1ium--of-~aoandanta 

i& always found doWn ·th;;. lef.t~na.r,<1 b.!."9.nct:, the f.~llowing sl\ow9 
• ~- -~~tten 1n ss,L. 

"~Y that the ~ove al9ori thm Pl' u,a;, .... ~ • 

•· ·,• 



- no6<L!~par. (node} ; 

if l{node) £51 n ~ . .rtn-ooE:) ~n th~n t(par(node)}-0; 

else i:f x-(r.ode} !s.Q t.n~;1 v(r.odn}av(P..{node))J 

: ~ la e if t (!!ode) ~ Q tbliY.i ~v ( node.j , ~ (no~! > 
·· • • c:v(;:,tnode·'} ,r{no~>~, r(n~) 111~i 

~lGe if v{t.{node}) [!;. 'f1(;1dnod8}) thsn 

<.t(node) ,r(nnde) >~<r(:r>.ode} ,l{nooe) >1 v(no64)-vt1(no&t)), 

else v(node)~v(i(node)}: end if1 a"Wl whiles end while, 

The a.till mo:re r:emark;;blt! hr.:i.p~-ol'1rt i-~ed.i.es certain of the 

deftcien~ies of the. ·tree $~lectic.n ffl:li~t, tan6 provides a ~o4 
for ~or.ting an array in plaoo aPd in a number of steps bounee4_ 
by n log n . It i 8 i.n 8 ss'1nce a bimuy troo aelectiOf'.l aort 1o 

'9hioh the t:t'8e point.-;l are ispliai t·, the ae,eendants of the 
~lement at array l~ati-f.lll j being tho elem:at~t.9 ~t locaUoc• 

.2j d'fld lj-t·l ,t i1le alqori t.bat is ~ ~01+~ 0 
• 



{ 1 < 'Ir>• < fr seq) m:cx;, (whL"o rJ ,. .. ~.. ~ .,. .... 11, , • 1 
- . ~ ... ~!~\,~- _lllGCJ ~~" ~) ~ {geq(m)) 

<m, st:q {r-.\) ,seq (m/2) >"<ri•/2 ,.~eg {m/2~ ,s~ (m) > 11 • ;.ii1d Yn, 
(tseq ;:_~

4
top >1) <s~q(l) ,!h?1q{top):•:a<sc:3q(·l:.op} ,r.eq(l}>• m•l, · 

(while 2*m ~ top tk-lr1g mi tar 9 ;) ' 

t;r.,r-9111rif seq(2*r.1) !-1: ~eq{2*m+l} !2!! l*nttl ~ top then 2•at+l · 
else (2~~,) 1 • . 

if seq{m) !!: soq(ta;e~} then. cs&q{ln) ,s~ttarg}> 

ic <i.~eq (ta.t·g) ,~sq (m} > 1 else q-~i t; ! 

end while; ~nd Vtop; 

: ( 

ic.L.i.cil~ oJt.J: i_s a hi9h-9p~ed des~nt,ant of the simple bubble sort·. 
It operates as fol10-9;s., take th• .ftrst el~t x of ,m array a 
and, as in the bubble gort, compar.~ J.-t to it.c successor y, 

-interchanging x and y whenever -~ ~!:ICCt eda y,. RO\fowe\i'Gr, if y exceeds 

x, interchange y with tl1e sleQnt: :t having the 14):'."(JC!~t po1!1ibl• 

index consistent with the assur.~p.-ti.on that x a.-,;ceed:t ,z. Aa this 
pt~ce~-a pr.·oeeeds, r"n increasing ~gion R_ of eleman~tt known 

to b~ less than x will build 11p he1ow >!,. and M inc~auing 

region of elP~nt$ R+ ltl'lffift\ to Qt.teed x will. bldld ~ above x. 
Eventua.lly x will con,.e into 1.te pr·~r ;:>lace. Tb~, if ejther . . 
R_ or R+ oon·tains ju~t: two eletAentaf' they rnay bo plAc:ed in order 
by- a single interch.a1:ge 1 in tht; cont ;i;ttry case, the p~&dure 

juut described. may be \lS&d re~ta:si v~l:r to sort R_ and R+, • 

In SETI.·, quicksort appea:r!l a.a fo1J.cwia i 

define ~uickaortl~,i,j' t &f j ~ 1 ·then return;, i! j !i i+l then 
if a(j) t,t. ~(i) t.htd> <»{i) ,~(j)>•<&{j} ,a(:l.)>11 return, end if ji 

bot-it t;oji (whil,~ bot !!. tcp} !f a(bot) !!, a(b-ot-+1) tba 

<bot,a (bot:) ,e. (bot+l) ,-~<t)(.tt+l, ~ tuot.+l) ,a(:oot) > 8 •1•• • 
<top,a(top) a{bot+1)>.-<.t·~-l,aO:,o-t~l) ,e{top)_>,; ~na whil•J 

quic:k~o:rtca:t.,bot) f q,.d.ckr,ort~•,ho·t+l,:i> J ,:eturnr end qutobon, 
a,,_ • .... r- ,. plMN a :central r:ole. !a 
~'m~ing procedu't'eti of var.1ous ~.i.~ ... • - 4 • 

•any C>f the 1t\Ost itmort~nt; •ethod. 9 for sortin1 l•r99 ~rraya by 

·1111.ng ~~s. Past i~teniat soru can al•o be built uain9 •• 

tecbn!,;uea. W-a shall describe one such aort, th • eo-calle4 

ii 



· t ,.,, ,, hP o -1,4,' a. 11 m e.lV.r e. t t WO r},·. N. -~,., f .. 1 1u1 U•1-,{,. ;1 " " "' ,,..... 0..1. ows t . given an ,nay 
of elements to b~ sorted, use n works~ce of equal ai 2e, and 
111.erg~ elements from the top and b(ltt.cm cf th.$ an~ int.a the 

bottom of the workspa,c~ ~s long "t; t.h~s~ elamonts 1114\Y he used 

to form an in._c!'~asing sequa11CG or ~-"" ~ Naturally, .if both 
tha ~op and th~ bottom ele.me11 t o~n be used to cor,tinue a run, 
we fi rE t u6e whichever.- . is sttiall<'::c. Whsin e r..m cannot be 

oout;nucd, w0 start n new X:-\U\, pll!C.tng it in 1!'everse sequence 

of f03i.tions at the top of· tl'1e 1e1,)d~pace, until once nore · 
the ru.'1 can no lo.ng~r be continued. At, this pointr star·t .a 
new run~ storing it at the bt~tw1~t -~f the rf'~nia.in.i.n~ irorkepace 

area., etc. Whe;n the tt.lo~e •:~f t1'-~ c-..rl+Jlnal ar~ey has in this 
way been transfotmed t~ the·~ork~p~ce, int&rchMg~ the ai:xay 
,md workspace , and r-r1p·~&t. .ouri~s th.:i:t. process, t~e number 

of. separate run$ into -t,•;hie.i"l tl"ia tot.u.l ~u:ray i$ divided will 

·be cut in half each t.imf:r the whole an-a.y is eot\bed ttu.-ough, 

end eventually con~plete. order wil.1 ren:ult. 

In SETL, this procedttre ·a.p~ars tts follows.• 

~P8: 

botsz 

. ! 

I 

I 
In 
I 



a19or:l t..h~ 1$ Ml fc~llc~~:;;" A g:t~J1~ ,~,~;).J..r-\.:!t:lc-n of k~~ iz. to ~ 
,orted. OJle reg.a rd11 i'!lese key.r: as iJ'lte9C:lrs t.o ·soine base p, 

ie~., as sequenceB d 1 ••. dk of l:>~!$e p ei.g.it 3 ,. 11\e itema. to 
be so~ted are then dis{\:t-.tbuted int~ p pil4'e or pockets, 

·~ceording to tha least signlf:tcar.:t digit. l\• ~~n the piles 
are 9athe:red up into a sd.n~le ~t?a(lll-.:..~c~" being t.&kGn in the 

order O ,1,. •>,. ,p-1, end the· dist1.:-tbutlon proeeus repeated, 
tiret for 1::tl.e • digit ~-i:-l' then., aftor re.gathe:rih"-l, foi: the 

~git dk_2.- etc~ ~e r~l.at.il'11a positions a.asignecl in thia 
~~c,d to ~:wo it~ms du1:ing the j-th distribution pass will 

not subsequently eh..~nge ~xctipt as l'GqUired upon exac'.ination 
of mox-e significant key dig.t ts during a later po&5$J an~. ti'lua 
fully sorted o:.:.--d&:r must emergu when r..ll the digits of the keys 

have ~en proe<?:saed .. 

w·a may represent tl11'6l algorithm in SETL a.tt foll~. 

multis:.l; q•lt {while aulti ,~ling qi.-q1t.p1) 

~at-;-gat.h@r {p ,cliat.{~aq ,P ,q ,m-~l ti)) , 1 

defir,ef. dist (seq ,P ,q ,multi) 1 poelctt~ , . 

{l < 'tk < ~seq) ke-J=(~~q(k)/q)//p# - -
pooket{Jt.ey, ipoaket{keyl+l)uts"iq(k) it 

znuiti= l < 3 k<pipoc}cet.{k}~ ~~ -reroi-n pocket; ond dist1 . 
definef gath-r.ir(p,pocket), aeq:,,~1 . -
(0 ~- Vk< p, l !- j !. tpoc."'1.9tf.Jd} •eq ( #soq:f-l)-pocltot(lt, :U 'J 

.0tnrn seq, end gathe:ea 
u or.a. It verb . 

'r.he Jt«.dlx. exchaJ1.9 e 4 ~u i$ another- fa• t: .Y a • ... ~ 
av to bs sorted .. a aa follows. Regard aaoh item of thf9 aff-.i 

"-- • • th.r:ol1gh the array, artd 2'f .u\JOlean string. on a first pasN ·• 
• 1 ~ all el,sment.e who•• 

i>erfot'laing e.ppropx-iate exdlangee, P at . and all eleMAta 
hsad bi.t io zero a~ th• bott~ r>f the ar~aI' 
vb >- o-P th@ uray. Then, 

oaa l.ea.d. bit is one to u~• ~op ,. ;.. d bott<im 
du.r'9 to tbo • ~ an . • 

l°eOU~Si\"ely; apply the sain ~X'llCu • b 1ut bit of ••ch it-ea •. 
ot the array anct to tbe second t.t&.roUi' 



radaort(s~qRl,tu~q,b}i 
define rad$Ct't(seq,hot .. t.op t,1. {a\...-t• j . 

. • , I i' .,._ ~ I i:t't,.op , . 

{whil.~- i !d:. j) bliob ~ seq(.i; 1 b211eb ~}-,! ~eq(;Ht 

if bl 5 l t h2 ~ 0 then <eseq{i!,~~tjj>-.a,<s~{j), 0 6q{i)>, 

.(bl,.b2:---~<b2 ,bl> i; if hl !9._ 0 th.&n iaii+li 1 
if b2 ~ 1 t.hen j::;j-1; 1 e.nd ffililes 

if i-1 ii bot then :taci:Jo.rt{~eq,bot,i-1,b~l) 11 

if j+l !! top th.er1 ·r.aclfs1'jt:·t{e@q.ej+l,top.-b-).) 11 :tet.urn 1 
definef h bit word1 en-.1~\'$1.a1i woxd ....:tl-tl, ~_..__... ..__,.,~ ~ 

return l f~rt\~ (end !-f-.:T~ t1-ord) r 
end .radso:r.t, 

The FcJr.d-.Jah~J!j tHt Tau.iou~m.tn.t 1>c~t. i'cduotu~, to a lavel very 

.close to the tb.-eoretica1. ru.inimwn, ti"?.e numb~r of compariso,~ 
req\\irsd to sort n elements.. Bowev~r~ th4 nlmh~i: of movea 

required will on the aver«ge be proportional to n2• 'lhia 
~thod i« therefox.·e of interest ooly in tbe .unlikely but 

ccnceivai'.;l~ specl~l c~se in ~id1 tb.r.1 ctmt of COffiPUing 1.taU 

is so hig·h rel-f;.tiva to the coet of rwv-ing t::hQTS. that attention 
really dee~ focus exclusively <.in t-"'Ol:\tp~rirsoM. flie al9oritba 
is as follows. Oivid·e ttt1 it~t~ to bd! ~o:rt.oo into ~/2 pains, 
&1-"r<lnging each p~ir :;o · ti-.i~t i u fir:st el~t.ent exoa~da its 
aocond., Tb.en sor.t the p&i~~- ac®~ding. -to their ·fi%~st elNtante, 
using the tournament Bo.rt ··r;r01)ec!t.u.e {recu.rsi~ly) • 'f.'hiA . . 

.. 

P A "' d ?,,, b whe•"G 01 • ft/,_ 
r.o ... uoea a pair of ar·rAyB ftl, ... ft, a~ an .ul ~ • • ·" •' ... ' 

Wbere the a i rt ¥Are in incre~8in9 ord,-sx, and w.hete aj ~ bj fo,: 
lll j. Findir.g the proper: r;;.,si.tJ.on of one 11iaw element amnt 

p alre~cty ordered oth.~rs 1.nVOl\-es q ~~!son•, w!tere q ia 

b'le 8tntilleet integer such th~t 2q-1 !. P' and auah.. a locatioa 
Procesti ia at its n,ost effic1~nt. ~hen: P ia preciNlY of th • 

fo?:ln 2q-l. So then 



b , a.1, a.2 fo~ an 01·11.e?re.d ~~u_tlerh,:~ r,.,·,f. ~ 
l ~ ~ ~ e l~m-e-r~ t:.:;, 

into which bl may ~e inserted using two O®lfarisons, 
Th.e set of ele.mP.:nto b1 ,a 1 , an4 b

3 
i"' 

u proptlr position are 
then 3 in 11wrh-ar-. and h, ~Y be inserted ~:ng thq 
uaing two comparisons J. 

Th1i set of b1,A1,a2,a.3,L\1, ~ether with .b Md b in 

prop,,sr position, ara thEin sevon in m~r, 
110 

3 tha·t 
,1:• t ) ... 
... ira 0

;51 any t.hsn bit ~'!l~y be inserted into p¢sition 
using three cor~parisons. 

b1,•••1b5, i::i,sether with n1 .•. a1•0 , are t11an 15 elefflantia, 

smd tlii..1.-; bll, and then b 10 , .•• ,b
6 

m..y be inserted 
into position using fo--.u: co;npuisons, 

and ao f ort..'l . 

This rather complex sorting ~lgo~itbrn may be written in SE'l'L 

_as follows; we a~sume a set' J.i:tt:~i !$ given for aortinge o.n 
which a value-asaigning function val6 having r.um"rical values 
ie define$d. 

<lofint::f f2E~.:J.. .f. tems; external V!tlf 1 

if fit:ems !5. l then .tt!turn· i<l,3it~>}; 

else if Ji tSJ.t1s !~ 2 then i teml. ~ items 1 i U>Jn.1 ~ i WZIS I 

if valf{item2) !t valf(iteml) then <iteml,1tea2>~<itezn2,1teal>11 
return{<l,it;;l>.,<2,item2>}1 end if ti xtrn•iWatr 

llap~, j.tems2•!~~' (whil_e. itesu ~ !!_) itat2 • from iteu; 

i teml from i t.."..ms, --if iteml !S.. Sl t.he.n itemlcaxtr~J if 
(j_f item1 S .1ttra th.oo ! 6 1se valt{item2) . .!! valf(ital)) 

. then<i teml ,i tem2>.M'I<i tem2, i t.~1>; 1 

i~n,.2 in items2 1 map(item2),=,it~1 end t1hile1; • 
- • ( (n))> l<n<f•eq}, 18q=a!,,_ordj i tems2, oaecp{ <.n ,,aap seq ' ..... 

• if oa.eq(foseq) 2,q xtra then oseq(fiOCJeq}•0 11 . 

oaeq(l) insert 11 jbot,.:::21 jtop:-3r #elt•• 31 

~ " ' tu>•<jtop+l 2*n•lta+l>t (While oseq{:Jbot) !:!. g doing <jbot,ne • ' 

jtopanelta-jtop+l;) 



/* at start of ne,tt cycle of compa,t-{~on, ~11 elelt'el'lta 

b {l) through b { jtc.:if>} wilJ. ha•.:-e tf:;~n inserted 1 the first. 
foll<.Yv~~ng insertio~ is of h (k~1}, where b(l) ... b(jtop) 

and a(.l).,. ,a(k} toge th.er fi . .te ~~- ~l~ment.s t:/ 
c-:jtop :.. 3 [ j] ~ jbot I oaeq £ j) £l,!: fl.; 

(while j ~ jbot doing j•j•-.11> oseq(j) !E-!~ft(ofleq(j~ eiaee, nelts),, 
end while ostt-qr return a~q~ 

definef elt -e.,~~ nelts: ext~x-n~l iaq, valf1 bot=l 1 topaanelu: 
{while { top-bot) 2! 1) m:tdmto~+.bct/l: 

if valf (seq, {miil.1) ~- valf(@lt) then hot..tai. else top•id1, 

end. v?'dle 1 

v-:ve.lf (e lt) ; return if v· ~ V:?llf (~~{bot)} then b?t else 

if v it vel.f{seq(top)) th.en top el$e(t.op+l) 7end ple~, -
define el t !.nsE:rt pl"ce: ·external $e{jJ --- • 
saq:::s{<if. n ~ place t.hen n else{n+l) ,s$q(n}>} !'.!!_~ <plaoe,$lt>1 

return1 

ond ~1~s_!r~; end !!?rqj_, 

I• 
I 



!n the pages l'iHlhr;ecru~r,tl·,~ • f,...,.., l.rv.... · ,. 
11 •• .. t,o ..... '-'fl we w:i. use SETL 

to describe a num~er oi: algo~i tb.9.t-::. pr~saet. bt,_sic to the 

compilation of progreJ.mmin.g· l;:~ ,'lrJU~~~.s 4 we new be<3in b.y 

descr:ibJ.n~ a class of lr.!.A.icat J ceu~ 1t11 0 • !f'nea~ ~ris programs, 
normally belonging to the very fir~t a~~ges of a aompil~tion 
prooe:,s, t,rtlieh accept an in~ut stri~l and break it u.p into· 
1eparate .tok~M l i .e -i, mt~ings of on.s or more charf.ctars 
r~presP.n ti r,g w-.o.rds of a la..'<lguage • . E~ch to~E4"l, a~ it ia 

caloullRted,, is {::lassified accor.d.in9. to typ~ (e.g., n~, int$qea:, 

c:haracter const~nt, boolean oon.stant, -ttc .. ) 1 buio inpt,t. 
oonve:r.s:l ons, as for example ~«.ie conve~·9.Jion of a character ~trir-4 
iepreee:1ting .n:n. :in.teger to the int.'9rnm! form of the inteC;rer, 
may alst:> ba per.forn6d. 

Because of its sig.nificatft .influenc® on th.e overall 
efficiency of the first ~tages of proee.oaing, one nomally 
desires A lex1cal llcanner to be qt:d. t~ faatc For thia reason, 
loxical. scanning !$ cust.oms.rily ~;rformed by a pr<Jqr~d 

l.it\.lte.---t.tlt.t~ n.u..tcma.i;on wh.1.cht d.ri'-•~n by an incoming sf:!~U&r:.Ct) 

of characters, undergoes a r.;(!>quence o1: 11tat.s transition6 
until a f·token ·end•· mtatr9 i:a .£e«tmddi t.h~l any neces~axy 
CO?tve:rslcms· are perfonAed ar:A a to~-&r. i~ emitted.. We ehall 

ci~acribe a lexical· analyzer t\f. thitl ktnd. . Tbs following 

background facts should be born6 in ~ind~ 

i ,n'I,,. f the .... ,t ... ~aton oorreapond to ,sute• 
• .i.ua st.at.es O """'" 

of uncertainty conce.rni~g. the nat,eire of the token being 
~n st ructed~ T"n.e initLai sta.te 'ir1hen a new token ie atarted, 

~~lied n xt in the formtil algori thr.~ belbW • ia one of complete 
un , d the •tate ot certainty. Aa characters are r1:\Ce ... ve ' • 
t.... • .t-i •• bing, when a token-en4 
... ,ce:rt1linty will change, always -d.un.n:1.• 
•~ta la r~aclted the t~~pe c,f tlle t.oJ:tan i• entirely known, and 
i ' · ... th utauaton. 8 deterin:tned by the fj.nal condit.1.on Ctf • a 

. ters belonging to a 
ii. Tha whole al"haDe t of charac 

l fl xiQal ecanning, of• 
• itnguage cons is ts for the purpose• 0 • . i 
re1 , ( alphabet.1ca, numer ca, 

•t.iv\-:.ly sm'1ll number of class•• ~~'1• ) • 
~• i 1 significance, etc. • 

· ~&l."atora, elphabe~~c• having spec a . 



.-. 

A func·t.ion ..type { d,4:.t~ e.-tt?.A l iii H-.,~.,.. ... , .... 
____ .,_, • .., ~-..•T-9 -sar~r..•i O~t,;,,i ~,, .,..-..,.,. 

• ~- ~-~ u~ w~ 1cxical -~c~.nner r which. ust:~a tha value 
0

4 +-~. f. . 
A. :.nl.S unct1.on Md 

its or:m Jta.te to find an c.c..t..C:<11, +Q.ble ,.M.,. h' 
"!,.. "-V~A,,}f.y W':. l r...:h 6e~c:tibes 

the aotlon to b$ taken next. I~ th,.,. f·o')l-•~n .,,, i"''--
• • ~ • o.sw .... , ·g a.1,gor ~"" 

the al.lowed actions are ~s foll®iH • ' 

a.. f.nd - end the_ Pt"f:t~;u1t 'tot~t:n without edding any 

additional characters to it(' arid ,~turn a t.riplis tefining the 

le:id.cal type of the token, the tok~ itself., Md, if applicable, 
any t.oken !.iescciated value to the px-oqrmn calling the lexical 
scanner. 

b, cwttt (co.nt.i1-iue) 

tb~ token un de t" con:s ·truction, 
char&eter; 

... .add the O't..lrre.nt charnc.t.er to 
i~r.d adv.~-m cs to the next input 

c. ~ k..lp - ad'v,~~-ce to nG;ct input cilaracter, 

d.. go (change rid:.a.:t.e, ... cllarsq.n t.o a s;,eciti~ sta~ 
and then continue as i.~ t:-): 

e. do (per~ol.~! auxiliar;,i· process) - . p6x·!orm a 
1pecified block of statements, supplied by t&'le progranaer. 

This code ma,y examine and modify t.he. token under construction, 
the state of t.he finite e t~t1a autoel't&1.:.>n, the tte.ti.on • parameter 

(see below) which tl'1e le;ccial ecu.ner Ul'lB&, any of ita pointers, 

~to.; if it is some so:rt of convcrsia.., rout:i.ne, it may aupply 

token-~s_sociated data to tl10 lexic .. il 11tcanner.. Wh~n return 

from an initial auxiliary cod~ paGsa9e ia made, a spe~ified 
r.equence of additional act.ions may be performed• fh~se may 
inclUde additional ~uxillary prc.:,.oeflnJ ·invocations, es well u· 
~tions of any of the gte.ndard typa!l a) , b) , and e) lll>ove • 

In the ~lgorithm which fo.llows., the a•Jxili.ary routines .•re 
all part of a oommo» progr~r-s~ppl.if!d 4uuU.a.ty p,tocu, 

Pctcftcig ~ cal.l.ed 11.pa.k • 

~ i• called ntxto•~M1 iii .. The tunotion vhi<:!h fr.,l.~~~ • 
,then • · 1 ~ itttt token fonaect out. • called, it supplies-the n6xt !~ ~ow -
Of a gi~en oharacter string. The ro~tine.,&etup, called 
in.tt.1 1 ce••IIXY tlJbles,. an4 ally in nt.xtolzt.n buil.ds al ne •· the 
initializes the ohara~tar string. The foria •••UMd. for 

~tion table entr.iee is u follow•• 
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aa.. one of thie l~~y~ore.s tt'i-d, -oh.lp,and to¥tti or 
bb • an ordered pat1: <g O i, j ta.te.tlC.Urie.>, \#hare ,6 .ta..tt.MJtlftt. 

is the nar11e of a lexical analy2u1· st.ate; o.r ~, 

co.. an n-tuple <d~_,~btttn~i~, .•• >( whe::ei ~ai.bl0tc..ia 
the name ·o.e· an l!UXiliary routine, and. whe:re oubaequent 

~ents are e~t.her tttd11 e_or..tt 90 follc:Med by '1t4tt.Mr.at, 

or de follO\fSd by Jtautno.mc.. 

'i'he detailed for.n of our luica.l ·an~lyr.er ia ae followa, 
. , 

definef ·next.oke.n1 . . ' .......,.._ .. ... .. 
ini ti?tlly ~etitp ( typ, tab lg, r-pak, est.ting), n-:tl; 

'(Mt,endrgt:,,skip,oont,d.o>• ; ; 

s tntei-::n.Y.t i tm.:n--l 1 dat.ai;aQ; token~i~.tl c, .. . ........,._,.,._.....,_ 

loop~ nn~n➔·l~ a.ction,:r.i:ah J.e-.{ii·t~t.e, type {o~tr.ing (nn))) i 
l?Wi ~ch: go to·.- {<.end, en.de>, <go ~•Joi::>~ <gJkip, loop>, <cont, cx-..ri.tc>, 

qoc: 

cone: 

. . <do, {toe>} {M ~ctlon) J 

sta~~tt action• --
token=token+~t-ltring {nn); iO to l¢C'>t'1 
n~~""a, ret~1rn if <lata !!! n then-<sta.t$,to):~,dat•'·olae 

<~tate,token>, 

r ... . . . .. 

;. 21-· 



in exte:rr,.,,.1 :form (i .. e. ,. ii1 Et fol.in ~ui. t~le f i . or .ng~stion ~Y • 
u.ad statement) r defining the full , .. oll~ction f .-.lo. • - o .... ,aracter typos 
vith which the lexict:-.l sc®ne:r will .t•a ¢0t1li:rarne~. 

suppose, for. ~xam,ple r th.at. wa oorud.der a hypothetioal 

1ang~9e. lFJ=,,tJ.cally soog,,m,,~t lik~ VO!tirP~, ln .which th~ nllCfAd 
led cal typ-O~ are as follows t 

a. :trrteg~r: any &~uence of digits, ~dded blank• 

·b. Ro.al numbmri an intGger" follow$d by a &tcima.l 
point., and optionally foll~d by ~ E~d integer. 

c. Na.me: any s trin.7 of nont,tiecial character& ~ginning 

.with. M alphahotic1 no -ew.)edd®d b.lar .. 'l!tJ allowed, 
d., Special clu1racte·~f a.ny cha:r~.ct.er other than blank 

or_ period. 
o ~ Period delimit.ed ~~r.atori any string of no.."'special 

characte~s, begin..~.i™t vi.th an ~l.phl!batic, containing no blo.nks,. 

and deliml ted fora-a..'<'Hl-aft wi t.k a pe~io.d. Ea~~lt;& wo~l4 bes 

,ge. / .ab.ifto O 

f. Hollarit..h o~nstant.: any 11~r of digite, followed 

by the letter H, follond by an arbitrilll}' character· st.x-1119' of 

the length sp~cified by 't.hos~ twt:.1 cligJ.tm ~ An exmll)l• would bes 
Shh0<>ka. wa suppose for &impl~-eJty U11tt eA fwustione u aft 

end-of-statement signal, no ~ontinuation-citr4 fdJ~ture bein; 

i,z-ovido,!. . 
For snob a language,. -the relev"1lt d'lar-aeter types 

could_ b~ declared to ie.tup in thot. follotring for= • 

(l) (a,h,, l' ,+,. ,bl ,.earl • _ 
uphabetio. 

llere • & • im u.,:H':\d to designate tha t)'p4 of the typical 
(which ie to say alphabetics not e--."}\:.~~--to h, _einoe h play~ • 
•,.,. 1 ...... l t.o degignate the type 

rvC el t"ole in hollerith oonstnnt-,J 1 
of f sr,ecial •ywnbol othe:c 

• a :num-eric1 +· to d~-,ignate tl1e 'type O a n4 
t:hon '•', etc. we uae •er• to d~fi~i_te th •· t.y~; all e 
re~rd aytllbol, irbt' to c1esi~ate t.h.~·type of ab • 



iii.. Nt:1xt. th.ere foll\)ws a S'Jit. of 

1'hich together define ·the lexical. t~ of 

character. Th(:.ee n-t)l_ples have the form 

oLdered n~tuplee, 
every poaaihl~ 

<type#c~tringl,csb:ino > .,2, ... 

whets t,;pt. ie a prcv.it)Uely decl~:red 1.,,.. ... 1.•,,. 1 t ,,: · .,.,...,.. ...a . ypt;s, ~.,_d c~tri119 
is a 8 tring O:.-; characters, tll of w ,! -.!u a "" d 1 • j 

• -\\in rv ec ared .t:o hava 
this t~. To.e special character string -~r' iB howevar 

rsserv·ed to represent t.~~ SET"'.<, end record character c.~, 

!:n the ctiao of OUJ: hy1-,othetical PORTRAN--li~e language, 
~ would h,:sva 

(I) {<a~ a~def.gijklmnopq.til ~t-~'\fWx~~~> ,< t l' t '0123456789 i>, 

~+ ,•o ( 1 {} *+-iu<>.s~Jl$t ~-3i I •, f >, .,. 

iv. Ne~t there must. follm1 ~ ~et of ordered pairs 
serving to define the aotiQn table ot the lexical prcicesaor. 

Each of these pairs has th~ t.oj..-m 

<Bt.ate,r~~~t1ra$n'½,·••fnentki>. 

Here, 41.c.:tt.. is a state of th6- lexical gaanner, whila each £ttA-t 

in an action table Qnt.ry, httv! r»g one of th.a &lloved fonw 

.. 

deac:ribad above. The number ~t: 4 ~,it te~ gh0t4l'n in the eequenoe 
diaplayed above must ~•,iual t~~· n~ of cba_zaeter typee deelare4, 

tllfl j-t.h a.tnt term wil) be cons•Jlted wh(,n a ch.a::acter of ~ j-th 

type is en~unt~red and the iex.icll acannar is in tbe specified. 
4.tdte,. 

In the cnme of our hypothetical roiTRAM-like la,--.guap, 
~ might ~irtpl-oy the following lexleal ~tates (1t-hioh, ass bave 
tlre~uy been noted, corrflsporsde.:!. to the various atat..es of 
llnterta.inty which could arise .ei}i '°'"fr ps-o9ressi\t'8lY ,:canned a 

tck~rt from left to right; 

. , 

-123-

I 
I 



~ -
irll -

~ n&t; tckcn i~ j~i·t ~t&rtiru,: 
a ru.m1.&·: ~ h~i~ at~trif:!<li 

a.,'1 int~0r 11 11 .reu n.,-..... .......... 
... -~-, 

~&t~t . ia _ bein1 m~~¥4n~d, 
not sure \?hliha 

er a bolle1;i th 

but we an •till 

1:- - having ~~tereed a blank in a auing of M9iu, 
w~ a?:e C\.'l~~ ~hat tll'1 integ'!r or a real ie being 
ocaruioo, 

din -"' 

r -

lua"'.Tirig ~counter~ & -period 1 " are ecannifl9 

either a real o~ M lntttger foll~ by a 
p,e~icd &limit~d- oper~t-0r 1 . 

detinJ.taly sc:~.A°'ming a ~l nuebor, 
. . 

pd - definit~ly »~vtu'~ing ~ period-dolir:J.ted opttr«tor. 

In the case under ecnsidGrat!~ t our actJ.on tabl~ wuld ha 

c!escribed as . follows, t"ecnlllr:4 th&t oornepon&ing chuacter 
iyp&a a~e ta,h, 'l' ,+,. ,bl.,~rl) 1 

(3) • {<nxt~-.[<go,nm> .,<q<;i~nn'\> ,<~ 1 .lrh> t.<do,sptm.4,~~>, 

<gr.>,pd>, skip, <do,cr~~d,end>J 

<nm, [cont., cont., cont, ttnd" e:r,d, and, ~nd J >, • . . 
<irh, [et,d,,_<dofholcon,encl> ,oont, end, <90,41p>~<90,ir>,endJ>, 

<ir,(endtend,cont,~d,<go,dip>, 0kip,endl>, 
• <dip, ( <do,baok ,and>, <d¢ib&ok ,enc!>; <go, r> ,and,end,<~o,r" ,end)>, 

<r,. [end,end, cont,~rtd,snd,ahip,and"l >, . • 
<pd, [cont, cont, cont,. end , crb4.e ,,nd-,eradJ >} 

v • Maxt must folloif te~t J6fining every amdliary p~oce•• 
• lied AS a e•t 

m&ntioned in ths 'lltate table. i'h!i11 teltt i&l BUPP . . 
of ordmn4 pairs, each having ~ fodl 

<%11eiae, ~t> .. 
~-'-- • d text ts i ta t>ody • 
~nvre )U14.Mt is the pnh.-----csa naltsit' Ml 1:0. a CC)lllpl.ete bOdy of c~ 
'lhia collection of pair• ia cor.vorto4-

hav~t1g tho fom 



tottth81" wit.b calculated go-to stat~t • ttt,ich, 
9 

_ lied 
Jt.l. ,, 1,h~.. ,f ,p,v~"'i:r-\,..io, ::;,,,.. .,,. _ .• .; UW 1fith . 

.... 1..1enl,.4,~ 19.,.., .J,u ..,,.,.•~<!IA _,,,, ~,t'H'\t .. f):bl!:.J.J,\~b ~'i?,'4'6 l' - . .,. ~ r tr." • ..,_....._, =---.l. -~~"".J> Ot'0C8WB 
~li t· ~ ~ • ~e au.-,:_ !1t'Y r.ou .inee -..y nlfer to the lnicu 

ana;r-r'!II 'MgiM;ng crf ~P~~ent. t6ken1 l~L"lter ~t.\ tohbe.glll• 
it$ ourrm1t eymhol p@.ith,.fl~ aa eu.\pG.lrttt-t, t:hQIJ tok<m tei?t!J 

fotJDGd as token an~ th~ scan at.ata u -4:ta.tt x~t. that ae.i.toftu 
~tutr.a ~tt!ti., tok:e.n., ana ku to the~!!\ p~ram upon 
oncotattering M tnd ccmr..and,. • 

: . 

'lb$ valut'!) 0f iu.te WQ tlle lexical ~ction e.~d is 
~t.ed th0r.~1!0N dsfimi(lt..s t.hs lmtioal -type of .tokt.K to th~ main 

progri'Uft. In oort.ain caeea w~n, .£Cl t,id ia ~ bf! uae11t®d 

fotthwi th r· Oll_r. auxiliary t'O\ltlneu 'if!.ay t'Mt:efore set i.ta.te. to 
values not appearing in the act:ton t@le. '11i:b: is Mrely to 
signal the main pr~am. Wh~ n-tx.tc,ktM 1m .,».ll.eA _again, . .6.t4.te 

will alvaya be ~et to nxt. ·N0te u an l'lXMpl@ cf t..ld_t, that in 
\:he p_aok~ge of auYJ.llo.ey 1:>rc.-(~Jl'iwc.as ~-dlitm follow"", the etate •er• 

. indicat~a end of our,;eat Ncog-d t."e&.ehe4, and 1ef• indj.-a.ates 
I • 

end-of-f il«.,. 



It is interosti.~g to usa fne ma0&~1anir.nr. juat described 

to deacril>G the le,.tical $tt"uot"tir<:;. ,}f SE!-L. ln the version of 
s~tL actually to be· key?'~cbed, ~n,erlin~d characters will not 
i,o availttble, we· will til~r.:jcfore r,.;:p~s.-.mt ov11,i:y Mderlined nalQe . 

bY pe.tlotf .... .tt.,taa.lna.te.d n:!$.1!£.ir identical with tho word un6erlino4 

a,coept fo:r the absenoa of undGrli.ng O:i'~ tha prs .. anee of a 

terM1.nat.ing per.1.od.. Thus r for ex~le, we will. keypunch 

t, nt,· nule, with 
.... ......... ~.-0~ 

t. g nl. .. ,, nulc .. , with. 

,:'$.Cpeoti\.~ly. This being t.'tlt.~ case, keypunched SBTL h&A th~ 

following lexical elet~ntsi 

n~s , ~. 9 . setu.i1~~ 1 a\ 
per.iod a&limi.n6ted n~s,. ~.g. with., opl. 

apecial char.act$r~ 
integers 
character •t.:_ring C"",,()f1et.11ntt: tin quo·t~) 

bit-st.xing eonstm'l'tf.11, d~ignat~H'l eithe~ with • b or wit.h • 

A le·!t.l.eal de~:,criptlon oi a plswsiblG Jcol'-p~ehed version 

of SETL is then 3.3 follc-,,v-ti • 

{a,o,b,1,7,t,+,.,qt,bt,~~l 

'{<a,~cdefghijk~.n~"lCJ:rat.u~Js>,~~fo>,<b,b~, 

<l,•01•>, <7,'l345G1s>, ~S,'19'> 

l 1. <r1t • a t • t ) , 
<+, • {) I] {} •+-/•<>£,0$tf3: , >, ~ 1 

con.t,(ck>,cer>l>, 



<numbitr [end, <do,omua tend.>, <9-0 fbitx;at>, ,.,,...,. .. ,. 
~'1,t'uL, <ic,nUIICOt)I, 

<90,r,mn>v end., ,ma, end,- ~r-..ip, itnd]~i; 

4li toct, ( s:n.d, end, illrto, CJ~ t., cont, end~ end, ©nd, end., a kip ,end}>, 
<numoot, [enc~ <do, or{takc~ q~i-1td}o ,~nd,cont,.:;((>nt,<go,nwa~., 

eoo,end 1end,sklp ,r€rt(ll >, 

<num, !ends en.(1 ,end, eont, er.·,n t, cont, end, end ,~ltd, skip ,end] >} 

'{(gpena, 1 tok~n•~tring(cu~p~inter)1 curpoint&~curpointer+l, 
atatf>.-= 111apeci8l •; 1 >, . 

<pd, t tokanctoken~= •. to; CUJ:?,ointe:i."""CUJ:pQintel!'-i-lK atateai.pae. I.>, 

<gtest, 'cmrpoirit<12r=cu.i..""p,'.)inter+l1 &ction-1 . .f estrin9 (ourpointA¥) 

~s .. ,zn tlt('.n :i,co11t1t ~1.~t:~ Aandtia~ f:>, 

<ce.r., 1aot.ionittif C$iit.l;'.'in9 (e-~,u·pciintt'r+l) eq ~r then 'ferY.J• ... ~ ....... 

I ! 
i 
( 
1 
• I 

! 
J 



After all these pr.elitinaries, we shall nOtt gi~e tha SE'l'L 
code for the lexical 4e,t.up routJm!,. Thia code hae

1 
in a 

IILtniatur~ W«Yt many of th.~ feat\11.'f:~ .u~ooiated with larger 
cOil\pil"°ss. It is in fact a compii'-n~ of sorts, tr&nsfonning 

tablea liks tht:,;se nhO'~'fr, ~l)ova ir,tc, t~blae directly i11terpret­

ablti by the rt\ther simple ne.it.olt't'!.a ~9orithm. Typically enotlgh 

for pr09r~ of ·this kind, much (;f .6ttup ia concern~d wit.Ii 

varif~.cation of the corn-.ctnes~ 1t'iif t.he data prosented to it, 

and wi tb the printing of diaqno~dd.cG were re<;:lirad. Aside 

from this and fr.om a~ r~ther st:·&ightfo::wa=4 _ tr~formation •. 
of tohle fonn, the i'!'in.<.:ip&5 r-~©p-·:-n~ibil.i ty o! "t.tu.p ia t.o b~ld 

up· text for the routi.ne Ap~l, t!md tt? ~sc ttae SBirL tl~ic 

00tnpilation fet.\ture t·;,1 produC(• thi~ tout.ine.. Th• us\884 fom _ 

for the !lpak t9xt ie ~ follow~ .. 

define rpak.(numrout) , 

nextoken external ~.et.ring, tokbe9inj cur.pointer, state, 

to~en, data, 
go to·{~l,rout 1>, ~1,routi~, •- 4 } {nu:IU"Out) 

rout 1, ·taxt 1 ret\lr!-it$ 

rout 2 : te~t 2 return: 

.... 

I 
I 

i_ _____ _.., ___ -...:. ______ ~ '2A: _________ , ___________ __ 

I 



~fin,, .aetup{-typ, ttJble, rpak,catri..ng). . 
t"tokem e%terna.l {n, tokhegin) .fr-~. ~---1.'l.~~ .\- ) •• •• 

1', ~ ' •. r '-- --•it---~n .. er i•Bt..s.te tokea d•tai 
:tni tial.ly ,illo--: 5 ab<::da f~1hijklmnopqtr.-r-.b.tvtf.iltyz0l2 34S67119 :. . ' • 

• () _t j {}, .ri,i•-/111<>~._::_(1~(131 .1 $ ..... 

!~~ ftll~f.j_ !!.! ~12-c, l ~ j ~ .le.! all0}1 
ru<tii=; end. initially: . 

erto~f; read seqt,t~s,; ao .readehrae~ (ts_Gtqtypes), 

bloci. t<eadcheclt (x) J J.f x !S_ Q.-then p~"in t 
•run tem!.nated by illfo~d set ~ilproaentatiort. • 1 
exit;; end read.checks 

re~c. ctypes, rlo rear.1check{o~tl?~$) 1 (Y.tup e otypea) <type,cliot>l'lltu;,, 
(while cliet ~.£ 0) <est.rin9 i c4st> ~ olut, 

if cstrin9• •e:r~ th~~ tit) :;-~tvri-~(er)- el&e ~, ... ".,.._ 

(1 ~ \'j ~ ~!!. ostrii\g·) Qn\j !1.!~ ctttx:ingj do ·set.ype{c) 1, C)nd il; 
end while cliv.t, end 1-tup; 

.olock setype(c) r ty~.f{c)J!I typef{,~} with t!!~i end eetype1 ·-
/tcheck t.\at ran<J& of typaf aro elf..~~nts of gaqu_ence of typea*/ 

if(_ers ~-- {:ty £ !!_ _1£eqqpt)~] l~·ty c ~[typofJ}) !!!!. !!!. then·. 

pri.~t 'typea specified. but not u3ed are: '' ,~ra, do ••; 

block Ei ,- erro.r•t; -uind e 1 

if(rn:-s is {ty -c~t..t{tyr.,ef) in ty e tt,[°~eqtypes]}) ~~~en • 
........ IC"...... A: --- ...... 

print 'U.'ispeci.t!ied typt&s a.re. 'ltscdt these are$ ',era, do e11 

/*check b."lat all e'haractars .h~~1e unique typo •~ified*/ 

if(ere ~-~ {c c ~llc i ty~:€{c} 5 n~)) • !!! !!! tber.. 
print 'typa unsJ.Wcifi~d f~r f~llowing cbaracterJJ: •,ers, 40 o,, 

if(f)r.~ is· {c c allcl (ttty·pef{c}) t"! 1}) ~!?!then • • 
p1:int• type mul,tiply spec.ifiet. for foll<»_Fin9 oharacter•i • ,$rs,ao ' 

t-.tp:=typef7 read ::caw-t~l~, <10 readr.h.ack (rawt~le) 1 

at.atesused• hd[raw~--:hle] I 
/ •-'- - • .,. .......... ..:.."'used, ,ui4 the. t tlier• are .... ueck t:bat •nxtt belon9s to .-w..,1>+-..,,.. 

no repetS.tion$ */ 
if 2. 'n.xt • £ ~tatean.used th4rSn 

. • _ d frctA table', do •11 
print ':t'aqui.red state •n:s:t~ ~tt,j . ne nt then 

if (e~ :l.s{c;:t ~ state&\.laed l {trawi:.able{» t }) g! _.1}) - -
• - • &, .,, 

Print •multipl}" defir~d state•a 
1 

,ttr•i 
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t for:ce ·to single ~""a1~·ed f\Ulcti~ .,/ 
/ ................. ,,l"'1t:\(:~\ ., •• ., ... ~~,,-i•,1~ c ; . ·. 

(Vl< c fi! ~ u-,-;.,..,.;;, ..... !.l/ ~- II<-w ~...._ .... _.., \~i • ~ t'-Y..t·c..n.bla{:tl 1 1 

rch"-,:Jr. ·t.·1u1t ,:ight nu.m.bor.. of t~rrr1s in .all. S<$(flolen~a*/ 

'"(er,; isf st. t. statesus~dl Clrawtabl.~·c:.-:.), n~ is~t }) •. 
~l, _ __ -"ll . 7P~ ne nh then 

' t ._ &rt f. .l nea 1 t1 • - -p:rint s .a.""tes .. ,i.. w ....• \ vron1.,1 it~er of type entriea:, ,eaido ••' 
i•convert to tt:10 dim~:i.onal t.tlblia~ / . 

~le ,:z {<2t~ta, 1Jeqtypt-:·(j), :ta:wt&bl!ilh~tabl) (j)>, 

6-tlttt: ~ staU'l.9lMH'!d 6 1 !. j !. ~soqtype} 

I' check that all nonpur i:lntr.ias ~.a either end, skipv or cont*/ 
if(en ![{<xqy,t&ble(a::,y)!ii, x ,; 21t~~ru.\laed, y r. lll•eqt,JPM) J 

~ ~i~ tab!~ (z:." Y) ~ ~ t~ le (xi y-') e • { • e&nd' , 'skip• , , OO..'llt,} 

~ f..i\!~ tabl!Sl (xiy) !!:..~ ! {~ (';Si.:·,~ {St,y)} t{ '~o~, 'call'}}) ~ !:.!_ 
then print 'illegal enuies in following pooitions of ta.blo1.•ra;do -e:, 
/*check that all go-to enti:-it:...~ ru.--e titall--fo~*/ 

if(ere !! { <x,y I:' table (x ,y} >, lt t et.?t.u~.r)usi'-d, y £ ~(a.ec,Atypeal 

. (ill! table{~ ;-Y)) !!l 'go• !!!! 1!..~. ta::1le (~,y) !!1.! 
!':. ~ tru,la(x,y) _& at.ate3usen.1}) !!! ~ then 

print 1 illformed go-to ant:ries in follc;fing positicns of tables 

' f Gt's; do e 1 1 

I' now prepare to check wellforme~ee, of ~11 Cflll-typ:a entries•/ 
. read ro'.2t.a.et; do readcbeck (i:outssat.) 'J routs~[routsetlJ 

xoutscalleo.=nt, 
/~ ill routi:nes -;niquely defined r./ 
if (er1- is· {rt rz zouts I (fr.outset{!•tl) ~ 1}) e.!. ~ tben 

- • ooe Pl'int 'illdefined or multiply &0fined ~ootinetsa ,er• 1 11 

if(ers is{<x u• "'""'-1.m(v ~,,> ~ (: sta~!!?.&USedl ][y) t ~~fseqt~l f 
- 1 :: ' ~itlt.µ ._. ""' '.A ' 11-~ 

i • • . . · •ca11 •· and n· ca ~..._ 2!!! tabl.'=' Cx.,y) ~.nd U1d tab;..fl (x,yu ~ -- - .;..;..;; ........ -....... ~~ ..,_. 
table(x,y) }) ne r-.!. J. t do , 

th - - : o llowina pos i tioM s ,en f •• em Pril'lt 'illegal call-ty~ u.-11 tr.ier;. ~.Ii "-0 .,.. 
clefi ti,ea:tled statesaaed, 

nef £_allok entr,1 1 at:•'t\lp e:<t-<,u~n~\l rcu ' 
tup:ent:cy, ok=·t, 

(11h11 -
e tup ne n.t) <key t·ip>ugt\lp~. 

if "'e -{ - ' . , t, •. ...1.en ~ti.nu& 11 
~ Y c 'end• , • okl.i_.' , OClii\ •• ""' 

if I. '~ ......... ,t ~ey S • ~o • then < l..al~el, t.up;:.--.. ~ .. -6 

if lfthel !9.. n then return !• . f oontin~e, an4 if key1 
tilae if n labelcstates~ed then oJc• - 11 -
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f 111 "h • if key ~ cu -c:j,en <:rout, tl..p>·~tupi 

if rout ~ n the1, :t·eturn !) 

el.sc rout !E.. ro·u.tsoalledi, C•::;..'ltL'l~~ d i~ · en ~ key: nnd while1 
return ok1 e.".ld ca!~o~1 

/t~ec.k that all routines cal.led r.1r~ d~f ined * / 
if (ers !!. { rt e :ro1.1t.~called l ~ rt £ routs}) ne nt titan 

p:d.nt 'routin~s us~d but not defined, ' 1 e~ ~ en 

;tgive warning diag.no~,~t.ic on st-..~rfluous definition!! •t 
if (ers ~s. { rt e rout:fi> 1-e_ rt E: rc,ut.&c;t\l.led}) ne n.t. then 

.. _..__. ....... 
print 'warning ~-~-*- rout.ine9 Mfined but n.ot used:• ,ers 1 

/* number t.outines • / 

rnums tlll £11 { Yr ~ 1.·ou ts) .t'n un\.<t ( r) n fr.-~ Unta + l 1 J 

do a,, 

/*set up rpak for compilation, conipile it, and check eucceaa * / 
-pa.ktext~•deXine rpak(n,:r.u~out} ~ s@tnp eSi:ternal cstrin.g, tokbegin, 

curpoin·ter st.ate, token, d~ta: ~+ 
1 go to { ' + t + :t roiJt. t ro1J.ts) {' < '+ dee mums (rout)+ •, • +rout --'·if rnums {rout) no irnu:ins then •, • •ls~•} (nuarout), •) 

+(+: rot1t-. £ rout;j (r::Jut+': '+ rotJtt,;~t(rout)+'retum,') 
+i: e-A -n·'2i,_:: • f 

l~ --~ ...... ~, 

rpak.:i=i?O,-r~ei ~! ~aktext 1 if rp1.i.k ~l o th~n do e11 . • 

if error !S. ! then print I run tenninated by lex1cal error , exit; 

/* now replace rout. names ir• action table ·by correapor1 4in9 

index i.u rpak t / 
• t 1 • ( )) ea 'do' ) 

else Pix & stateaused y c tt t&eqtypeel 1 <~ tab e "• 1 ~ 
' - - ) 1 n do-tn9 j=j+li) 

j11:1, {'~hile op !!. <* .!. j;, ta.nle <x,y • ~ -· 

if O}.t !S_. 9 do' then 
t~le{x v)~<rnums{~~z{j+l)>tacle{x,y)) £ {j+l)>ta.ble<x,Y)J 

t¥ -

end if7 end while, en& 'Ix: d table ooutncte4*. 
/•rt.ow rpak he.a been C011\P~l4d;i tyPflf *upplisd, :" 
/ttdo i-oad-i1'l operation until double eild reco.rd I 
t&cord(inputl1 thisaO, cstri~q~nulct. 
(\thi!e .n (pre~ e~ nulc and tlti• ~!cl ) p.rsv-tbi•' 
th! - --. -- - thi•+er, end while, 

sar.i-ecord (input) 7 cstring~o,;i tt'ing+ -

'-turn, end setup; 
4efi -t~rn exp, en4 i•1 

nef nmne ia exp; naJDe=e~cp; .,., .... -

l ~ 
I 

I I 

l 

: ' 



tt is 

'. .. " . 

the render JM.Y supply the proof t 

• Next we pre9.ant so• ua~ful "closure" ~lg·oritlm\8. 
If as and ba are subeet2 ·of· a set a,, ·Met f im a (possibly 11tUlti­

valued) map on s; the f,oJ.lo--1'1ing s·Gts are often of intGremt. 

· close(f ,es), all points obtained by repaate4 awlications of f to aa, 
and clos1.u·~ (:f ~ as tbs} , ell points obtain~d by repeated application.a 
~f f to as, taking on~y imag<h in bs. Tho ~rresponding SETL 

algorithms are as follows. 

j 
I 

l 

1 • 

' I 
'I 



Set on which a txansil:..:t.,,e t-ela'c.h-msh.ip xRv 1.·a A-t· 
~ . ~ ~ uu irl.Gd then 
~.. mif.J.I!i.UI\1 r1urn.ber n ·of comp).etE!lt" 0 -. .. ~ere:. ••"- ' "''e • . ~ . ~ -< i.. :· • Q ~ vuS(! ts by which • 
.. .-. be covered i.s equal b . ., the ma3-,.fai;;ur. nunit~~~ _ .. 

1 c~• · :i-1~,. u1 o. e ezr..an ta 
ti'h.ich can be found .i :'\ s, no two of '"Jhieh era related by the 

relati.on R. Herc we call a. a!'Ubset t. of n ~letely ordered. 

if given any Y. and Y in t, we have either XR)-' or yax. Th.is 

rc1thet 2:-bstract:-sound.ing result. ha.?. intere!"lting 11pplications 

tc parsing t Its proof, whlt..~" li1t'! thie p:roof of most of the 

other canabinaturia1 th.eoremn w~ s:hall coneider, 1¥ inductive 

and goes l.i.B follows... Clearly n > a, ~o only m > n mist 00 - ·-
proved. ~all an elemsnt x rttU . .i.tt(~l i:,f ~\"'R"t .ha false for clll y ~ ~1 

a,1d mbi.i.ma.l if xRl" is !alse for e.J l 'J ,t x. If there exiate an 
element x0 unrelated to a..~y otb~a, 1e+7"')nt, re!rtOve it to obtain a 

smaller set s' , in which clearly th.ere can exist no mere t:h4n 

1r. .... 1 mutually Wlrelated ~lements; ~pply t>ilworth's theorem to ••, 
end make x0 a ch.a.i.n by its~lf. l:a the eoot.r~~J cas~, find, if 

possible, a set c of lil unrelated el~nts, such ~'lat c does not 

either consist en~.ix-ely of t~1:imal o;1." emtir.ely of minimal 

el-gm~nts. Then jf xRy fo:r one y ~ t·, b. situatio~ we will 

indicate by writing :icRc, we ("'an nevet· have yRx for a Y ' c 
(which we would indicste by writing cRx}: for thit would imply 

Y~J. .?:n tl'ds case, usie c to d.:.vid~ s into two parts; one • 
with c an.cl cRx, the ot.'1.er \1ith' c f.l.nd ::tP.c:. Inductively apply 
nil d :J --~ the resulting chi\in• "' worth' s theor·em to 11-.oth par-tr,* an · o .... n 
i . . • common element of c. 
nto longer chains 1,ilenever they ¢Ol1ta1.n a • 

If • • . .: "" 1 x and a maximal X . there exiAts no guch e, find a mirw.-a , 
. obt&ining a set•• such that XRx 1 then ramo".fe X and x fr~'"D s, 

If s' eontainE.d a set t of m int1tually unrelated elem~nts' 11 
th. , h to b& r,dnima.L or a 

e?1 t:leal."1 v they \rould ei th-e!' ttl ,j. S\~ t in 
. ... l a would either con a 

lila:tl.11\!il elements of s.. But. then plnin y d 1ementa 
l . ~ ""... m+l unrelate , e • 

lll'+ tnaxunal or m+l minimal, and ne ... , ••• ~ st at mo•t 
Si 1 ~4@ t,.~at tner.o P 

nee th is is impossible, '"e cone 't·~ •• il rt.~, 8 theore• to • • , 
---1 TI aopt"' D WO 

unrelated ele::-u:.nts of s 
1

.. • •
1'"'..n .. ~ 

4
" a~d th• asubaet {x,,C} 

covering it bv m-l ord(.lre,d ,.ub 4~blit· an 
to these • 

' 



This proof rnay be writ te~ as • ~TL alt,o.ri ~1..-.ft 
~ u,.i ~ flt.: fol lows ~ • 

aefJ.nef. dil-worthtr,et~; extE-~rn~.a. r.@Li, 

/
i,this f\mation proi:]l;_ .. ,eee a.set: o.i! J)E!lf',uen.""~· • • ~ .... ~ .. ~ oxrlered .L, th~ 
--ense of the relati,·1nship x·e: :.1, v"t:. :tch ,...0 oe ... .a.... . t· 
go • • • -----·" ... .,. ..... ae .. ,. We auppoae 

• reln {x ,y) to ha.VP-va.lu0s !:_, !. • 1 --
!! set 5- ~~ then x-et;.,~n ~; ~ • 

aon,ssi{<x,y>, xcset, y-t~-nt I rt:blf~,y)} r 

aomby az { <~ :ltf ~ x> 1 x e: d~$} '-

if 3{x] r. set t dmns{~t·!<l ~ ~~ r.lcaby {,;c} ~ ~ then 

I~ r,~irt0ve unr.~la ted elt"::rttf1n t -o / 

•. return dilworth(sat ~2! ff) ~-~ {<l,~>} 11 
max~lts m tx ~ set 1 doohy{~). eo ~~}; 

~-\,.·,n:a. 

·runt!l:ts = { x • t set l doms {x} ~.J n &J 1 . ........,., .... .-
cu.t .. :;i l\k.'1:)r.Un (~et} r 

· if cut 4!_i maxelts, !!!.. ,mt ~Si I'l.i.neltg tJ~~n go to ~eek,; 

[cutcase:} top ~ dooiby[{¥'.Jt:} u ~utz b,·}t ~ ~[wt-.lu ou·t; - -
dilt=dilw()rth {top}~ d.ilb~dilworth{bot) 1 dil:•~., 

: (Ye cdilb) if 3[dl~diltf d(li !,i a(tc) then 

• /*coo.anon elemant • join~/ 
(o ~ {<tc+j-1, d{j) > ~ 2 ~ j ;. f}d}) !!!..dil; diltmdilt !!!!, 41• 

_..elss /t n-o cQm.tv:)n ela~nt * / c in dil1 -. .. . -



define:f 11axun { s~t) ·1 dilwortli ext:~:r:nal ~ln, 
if set !S_ .. ~ then retl:ir.n ~J, 

,return [~·~?'?: Y.:t ~e tJ {ma}mn ( { ye rJ~1~t n_, ( reln c~,, v\ 
., 1 2£ reln (y ,x)) }) 

-~ith x): end maxan 1 . · -
Mfin~f a ~'2. b; retu_rn if ~a ~.!:. £b then a els:! b, end maxno, 

.-•··Next wa • cor~uider the so c&lled c-oobinatorial -matching" or 

11;narriage• proble~, and M &1~}"ori th~.i,~ vnrsion of its aolution. · 
~e p.toble-n is th5 s: 1lven b :ATmltiv~lued ~P on a. 119t a, wen -~ 

can we find a one-to-one ruap g da~ined on s BUcli ~~at g(x)cf{x}? 

The nece~sa~:y and sufficient condition is that If [tJ ge ft 
. .u..-

for each. subset t of s. Thie 0tmdition ia plainly n<l!C$&aary. 

the pr.·r,of tha-t: .it is also suffi~ient. is inductive. Call a eubset .,. 
t·of E1 !!}-iE_ i°f if(tl !_~:~t1 =oth&nria.~ ~ic1:£_. 1.f t

1 
and t

2 
are 

'.~Cflt1J~ I(i 2J) ·• it 1~it 2~t(fit 1l !..~. f[t 2]) 

.::. ~tl -+· ttJ - f { t 1 !;p..,! t 4) • i (t 1 !!, t 2), 

10 th~t cloarly t
1 
~ t

2 
ia thin ~leo. Se?iCG, if there 

~xist any thh'l sats, there tutistm a :nin!Dal thin set to .. 

Wf.\ may pro·ve in much. the JJame way aa above that if x £ to, 

. 'I < f{i} ,. and. t :f.s thin, t11en • if .t { tl • oont.aina Y, t •ust contain 
x. ·This i.s me key to tl'u=i prooltlml, since it $l'Hlbl~• us to 
proceed • ~a·. follows; ~ if ~ contaJ.nil no tl)in suba~t, raz1ove •ame 
l :·: · · . • • • . • i I .ir s contains a miniJlal 

e ement frOUl f (s} and· at~Pll' induct on• .L . 

• ' . d element Y of f{x} • 
thin ~ubse.t, t&ice a.n elo~,ent ,:. ot it, an ~ 

h ge of fr apd detiM 'rhen define g (x} • y: remove y f.1eom t e ran .· A.t.. 

.. . l a.es a solut1on of 1,,,1,A• 
9 O'n tho OO?llplement s i cf. x lnmJct::1va Y . 

•at.chi~g probl~m on Cl 1 • 

.. In SET.L w~ havii,: 

, . 



fin
ef !llinthin{f) ; s.sr!!!!,{f} t if l < 3 {kl < .a.., [~, ( J &e . - • - wa, i...,£npow k s> 

(if [ t }j !:":~l ~ t -then ~-e tu:r~, t 1 ' 

'
. el&O pri.nt 'necessar:f eon~:i(:ion fDr isa.tchi~-:r bl ·~ pro ean violat..4'J 

; .• e,,tit 1 r en.6 minthin_; 

,· · This cotlstruction ha.rj a ~ide vbri~t:y of intf#ri.'st.ing 

"'$,<tons!:olla. Suppo~e; to <Ji_ve just· or.e exAmple, that nm(x) 11 

. a· numerical:ty valued funct~on a~fln~ on the ac.."'nain 8 of f, 

and th at '{;i,"e are requi,: e d to e,_jn s true·t e. in~l ti-val t.1eo. f un~ti on 9 
:
8
uch that g{~d is always ia st:L.~~-~9: of _f{x}, such tl',at • g{x} always 

<contains.nm(xi"eiemeiltB'., ind such that.&il the-;Gts-g{~} are 
1lisjoint. •• (~'or mu -{x) ~. l ~ - ihls seduces. to. tit~. C-~se' that baa 

. ~l)Cen conici.dered ~) ~ Tha. fHlj(~ss;iir Q,~m.di tion. is ciea~iy 
~H(tl > I nn\(K} fo.r: t.11 suhafr't~ t of ,- • l1e mo.y easily sse 
. - xtt 
• t1111t. this condition is al:;o. suff t<'!iit?r..t..aa follows t 
J • ' •• 

_':replicate each. point XC8 9 nm(:x) tJ;<1'\0:8J put _f{x} • f{x} fer 

eaCi'l replica i of x.. Solv$ the ~atohing problem with nm : 1 

)or f on this laru~r da':'..ain. 'l'hi.13 clearly gins a solution 

to our general i ~ed t,~t!::hing p,;oblew. !n SBTL, thie construc-

tion may b,~ vr i. t ten tis 

~- .define£ genmatch (f ,nTC) i. nfm!£_~ • • • • • • • 
,;eplicas • { <x,x,!r>, x G:. !!!!,fl, l ~ t ~ Mt(f) }s 

f :· (Yx.c hd[f] f y .£ replicas{:;t}} r,.1:{y},r; f{x}n 

1·-· retur11~tches (nf) c replicas J e~,d gemaatch, ~- • 
ftmction~l cO!ftPOSi tion 

H~re ~e mav dc.afine i;h_lj genei·ttlly u.~r.t~l . ~-
·mapping as follows. 

' 



. 
. set of neighbors of ~noh node, and which h 
thS • { ) ; . . • as the property . 1· 

t x € nay·bs y _ropll.ee y £ nayb;,{ x} Qi 
tll& . . • • Ven t-wo seta ,a enc! b 
-i.n ri. graph, VfU:J say that b.'ley can he -i~On.rt.f-cted if there. axiata 

aeauence cf nodes, the fl.rat in at the las· i i.. a "' .. _ . ' - ... n v, every . 
,uccessive pair of nodes bei,1g nedgh.bors' such a sequence ia 
called a pa.th connecting a anb h. l'Ltrf} 11.a.y. that a and b ue 

r.-c.onne.eted in the 1raph if, dleneva:.- n .. ~l nod11ts ".re reao,,ed 
from the graph r the parts of a arid b which. remain Are still 
conn,;?cted. Manger's thoore.m a.~serts that if a a.nd b lire two 

disjoir1t sets :tn a graph11 fl.nd if • an4 b are n-coru'lected i.n 

the graph" t..here exist ~-t l,~ast. n di&jolnt paths connfleting 
a !:nd b, The proof ls i~•.duc-t:iv.-e.,. • 1,md uses the matching theorem· 

stated abOV\" .,~ a lemins . .., Fi.r.3t consider t..'le case in which -~ 

a and b togeth~.r include all the n,~!.leo of the 9raph a If 

there do not •~xist n nodes who~& removal di'5connects a and b, 

then d.rop one node from a and proceed inductively. If t.heru 
does exist such a collection ot. n n<,das, a cer.tain sw,aet of 

them, call it a (resp. h) will beloug to a (resp. b). If i 
contains a gubset a of k elements which has fewer than k neighbor• 
in the set b-h then let b be this set of neighbors. Given that 

I , 

- in the oase we 2'1·e cons iderin9 a ! b i~ the full aet of node• of 
the graph, it is ~~Jear that t.he removal cf a 8et s of nodes from 

• !! b will diacormf:';.,t th~m J.f a~d only if each edge of tbe 9raph 

Which conn"?.ct.1» ~ rui.d b hds at l~~st on~ end iri s... From th16 it 
• - ,,. ... - d • onn<tctll a b e&sy to see that the union o:( e-a, b, and b l.SC 

f . 1 !)()ints and we hava a rem b.. eut this union bas at mc,s:t n-_ ,. ~ _ 
tontradietion. we. conclude that. ~.,rery subse t a of 8 con:~iDg 

k el~inents haa at least k :n\!iighbot's in b-bJ t."ius tbe ma~ ~• 
theor:~ffl ear, be U5ed to d.efino dir-sjaint patha bebf8en b- ~ __ .,. 
l t ths betwe48n a-a. auu 

a l th e Points of a. Gim:l.larly, tlisjoin pa , 
lll the points of b car, be found; ilrtd altogether we have n 

diajoint pathfl bet.ween a and b. 

Ne1tt con$lder the c~fle in vh.:\.c..'1 
Uhi 
1 

on cf a and b. Take such an s. 

eaves a and b n-connect-f)d, remo,,e 

. ....... ,iat nodes x .not in the 
there -
If the ·re.oval of x atill 

it anc! proceed inductively. 
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th• e· ... 0ntrary case,· the1·e exifli-8 a eet • 
in ..,. • c o·i n points con t:ainittf 

... ~ t11at b"">.e r~mqval of n fxcl<'l\"' ~.!,,.,.~ n... 'I;.. .n. ,., ,u~.. ~0
--- .i,:..8.pt, u.l..2connecta • a from b. 

we call c a c.d betw·~en a Md b" Cliaarly, every path in the 
'ginal grapl1 conne(·ting a an~, b :A\l~t contain ..,,.. 1 a or~ ... .... &ll.!I t ().ne po:£.nt 

of e. . 
t>hride c into thr.eti pa.rts: i, th,il nwee of O belor, 9ing to a, 

b, the nodei:; of c beltirtging_ to ~i ~m! Ei the nodit~ of c belongint, 

ndther to a. nor to b" If J.t point y ~n be connet;ted to aa point: 
of I by a path not P,!E.Raing through ~~Y poi.nt c.,f c, say that 

y Hen on t11e a Ai..de Qf cg arid defi.n" the b side ('if a aimllulyJ 

designate the ft s i.de o.£ o by fl.rt~ ttnd the b side o! o by ba ~ 
Clearly ~~ ttnd b.s arf.'l 4isjoln~. !:lin~ both a and b ~ust contaa 

n points, nei th~r as n(\r bs !s .null. 'I~t,~ a.a • u u b u c - -• - -and bb i= b~ ~ a !::, c ~rs both proi,er B.ubset.,~ of our original 

eet of nodes s clearly, these ttet~ tave only c in ccmt40fl. If e-i 
can be disconnected within ~ f.r{2'c. b ,,1 C by the ~emoval of a -&et e containing fewer nooa1' tha;.."l ti + tE, th~n, since every path 

.. ... .. ., f .. 
conn~cting a-a to b mw~t p~~s thro~ b ~ c, the remova. o a ! • 
from O\l.r set of nodes would ~isconnect a from b. Hence this is 

illlpossible; nnd. theref<>re M3nger•s r..,1.)rve theol"em mo.y be appli~ 

inductively to construct ib + ie diEjoint paths in aa connecting 
A-a· to b u C. Similarly, V@ 'a,..ay construct fi + fa disjoint • 
pathu in bb connecting b-b to i u O. 'f};e-ae paths clearly eons ti tuu, - -i • fb paths connecting a .. i to & · 

ii, ti patlts oonnracting b-6 to i ... .. 
iii z bl., connectJ.n.9 a-a to c't • le p.atho in aa and fc patJ1s ..i,!l 

B , { t both of a path of 
vt!ry Po.lnt x in c is cleax-ly t.hc endpo~~ 

typo iii l.f ing in all and a ~th ol ty·p$ iii lying in bbJ and 
th. • Joining them into 

~ae P&tha clearly ha1.1e only x .t~ ~..mon, th: 
1 l , ~Je get from the pa G 

onger path at their coffltllon • endJ;..oint o, 4 b . 
t ii . t tbs conneeting a an • • , ana iii a total of n disjo 1n pa utine 

'lb itten a• 8 sn~ ro ' 
ia inductive procedu~ rcay be Wt' • 

18 follows. 



l
·ne"' mtmi'!ar(s,a,b,n); e.xt~:tn<::.'.l Vuivbs i" de l i- ':. -i • 1 n; ~ t°: t~;' 'J ~T 

s eo ni frie:rt r~t.urn nt 1 8 ...,>i .. 

...,JI.. -- .......... 

• l n s ~ a 6nd n !$ 4;: b tJ if J[xl £ s • -· - -· . w..:, go to cutca.so,; /"aub not a, 
if 3rnnodesJ (!'.; ·upot\ (n,a ~ b) f O'y£a, z.f:b!y£11111~ee or -
• ZE: ru1~de?JJ £)£!:.Y ~ naybs{~}) then go tom~<1..aser, 

d nn:: ~a; return menge:r (s !._as! di·op, ~ 1e9e dror:: h n) 
f.vr -- ·- ... , , 1 
(mncased abar "' ~ !1!t n.."lodes! bba:c "" b !!!! _nn0<la$1/*uae matching*/ 
llllPA = [<:s,y", lt£abaz·, yenayba{x) i.Y£b !. n, ycbba.,:} 1 mapa=1tt,.tch(ma.pa) 

1 
;apb • { <x,y>, xehbar i ),-"f:naybs { ~J'{)·E:a !. !l y€&.bar} 1 mapb~mat.ch(mapb) ,. 

ret\1rn {{~l, MP>,<2, ~ p>}, pt~pa} ~ {{<2,~p;,<l,.~p>},~aapb}, 

t~~tcased i.f. 3[xn.odes] ~-: npowfr1~<!.11:~ lees :-:) I {Vxt(;i side(,modes with x)) -- --In xr:b) then go to m.incl.!t1 elsia -
return menger(s ~~~-~ x •. .a.,b,n) /ti a,b ati:ll connected, reMve x•/, 

[ntlncut: l cut=,mo-1es with x; ab&r:na int euti bbar•b int cut, •• 
cbar={ytcutl~ yett and n y-l:b); -- -..... ..,.,___ -~ 

acnr·llas~enger.(a !~c!._e cut '.!. bi:iar ~ cba.r,{y~al~ yE:abar}, • - --bbar. u char, tbb~r.+feba:d / 11 conrtect 1.-a to b2c •1, -bcur.ves~enger (b aide ~"\it. u aba.r· u cbar, ltbu t cbar, . 

• {ycbln y~~;;-j, faba%+fcb;;:); /*connect b-b to i20 */ 
CRet~{ce:acur"";n·lri c{tc:) ebbE:r) u {f."t c~bcur'!i{?2d! c(l) eabarl 

~Cc jo_in_ d, o~;:!tl~ves, dr.bcu;ves }c(tc) tcba.r ~ d{l)wc(fc) l ·J 

defin.~r sl joi~ ~2, r~t:.,.un sl ~- { <~sl❖j-l, s2 (j) >, 1.!j!_fa2l f 

end jo.i!}, 1 
ret • 

urn cset; end menger 1 
def' b 1.nef a side c,. menger external ~, n~Y e; 

return ;;;;ure (naybs .. a~ {xes 1 !:!_ -nt~c} )-1 end s,i.de1. 

Ill').. tton the •tching 
~ue e.lgori thms for the 1:tilworth cotteti: 1tc • ' 

Ptobleni llolution and the Menger .eanntruction which have been. 
Sh , J, f th&1Y were to be 

en are certainly inefficient, .~a, ;t • .11. 

•e:1 .• l 1mproV91ltent • • ously used, would require s-ubet~rrtJ.& 
• '1'hl1! made in tlle 88 
• - Dign of thig is the frequent ref~rer.-:s ..,. functiona 
'190:rithrn , ft("Jllfa,',,:..,.. eet geneo1oator 
• s to the very ~xpen~ive r-~,.,- L."'• abstract 
Poio . .,, ... e to -w•v 

• Su~h imporveme.nt belonge, of cow,J, ' 

l 
•. 



.ftge of matte1·s expreiSs.tble ir, SE1:"Li merelu . . 
rl!'· .. .. . , .. . - .1 .l.mprov~d coding 
.,1'11 rio:tnt&.1.ly f.i~.J. J. i.o have a m.d':'! 1cJ¢ntJ.~.,. Rt .. ·V"oi·= ... ,.f .,.. 
I< s • '"- d<j .,,r, ec ... on 
19()r ' thms of this conil:-i~latorial k.:i.n~ r ... n~ ... i ht a ·• -~\.\. v, "' ~u 9 · e:Kpect, for 

eJ'aJI\Fl41', tha~ s hanf.!..,coded 1 oareful 11 tttaahine-opt:tmi 2ed voraian 
of .the SETL e!.tJorithm f.or tb.e Ii1.lwor.u~ constr\totion eo,lld 

b!l\dle aet..s of .n+l or n+2 nodes as fa.at as the SETL pr(;.CJratn 

itself could handls n nodes. ~ithout an .im-;rQl'ement i.n the 

6trategy oi Bppro~ch, tl1es.e al.g1::>ri t.hms·. however ~ed, are 
p.rdiibitiv·ely ·costly.. T.he pqLii.t wa wish to maJu, hoo@ver is 
that' ti'le· tunes ,r.hi(.:h can l~i played on a mathematicnl flute can 

a1'so be play~-1 in SE''rL; i.t, about the ma.me way .. ,· provided of coulse 

that· ·the tnathe-.fflatical con.at.ruction dO\:?S not involvf, essential 
referanc.~s to. 1n.fini t'l ·~etn., 

Next we give a set of ~O'ltbinatori&l 9enerators of a rather 
xlH'ferent' character. These ~t:e. all combinatorial 9~11e)(.a..to1,.a, 

i.~., illgo:.::i.th1r,r; which genex·ata all the ma_"'W)~r~ of a certain . 

~teresting cl?(':>.s of co,nhinat;::>r.ial objects. 'lna first of thetJ\9 . . 
sis a progr.ruu to 9'f!n~ri1t.e ttll ~r.mutati.orui of n object_s, which we 
g!ve h~r~· bec.ause· of it.s int.1:inaic • interest., e~n though moat 

.of our diecussio11 of algori ~ related to permutations ia renrvad 

l:f{r ~ lnt~r p&rJlgr~ph.~ . .. . .. _ .,. , :· ;.. . ;..,.-• • •. · · · · 
~ ..... 'I'?;i~ prog:r:am g~·ne~ates. all F.:·~~~~~i~~- ~f-·~- _i,n . . ~~x~~~l ~r c1er • 
~ike most· ~-f•· ~u~- ~the~ g~ner;t.~rs-, it works by iter.~t.i~e applica-

t~on of a .rule which de-fines tho k+l-st object •~ t:e gene.rat.ea· in 
.... tior. 0 e cbjecta is to 
I.C~S of the k-th ohjec'i.';1 whei·e the •n~r.a • ~ 
be ·1 • · • • 1 1 i '""r~-~'hic order. Per n ·some well••defined qen.e1·al Y t>X ~ ..... .., -~ • 

• · ~ ~ ~ d 168 ~cographic or4er. 
permutationG, we do in tact use t:be stanuar .... 
'1'h • i i$ defined by thG 

en the next permut.tition after a g v,m mn th Mlle•t 
following rule: increase the last po~s_ible e~ome::1t by .. e • 

:•. • . . . . - ... - . • -i· ·4 the laet element s"' 
Pol\Sible amount '.l.'hAt ie givem s_, f n ,J 

\th. • ' d • "tail•, interchange 
l.ch is not part of • l''"notone (1ecreasi.ng 1 all 

it With th • , .,, ..a a.td tJ >aj, and then P •ce 
e smallest sk with K· i • . 1( "-"n the prog-rut 

the 1 . •A~ ng order o JI. 
~ ~.ments a s into ~£.~04 1 :;i# • __,. ..... 

Wh j+ l , ••• , n . . d through .._,re •n-
ich no,,,.r fcllO\rts, a si.gnal is t,:~euti tte 

th• P::ocess rcst~rts . 

. , 



/* t.~en find the last: S(;ig {k} which. $Xt-~eds 

find• n ! 3Ht] > ·j I aeq{j) !,!: seq(k) 1 

<seg{j) ,seq{k)> ~ <aeq(k},s~q{j)> 1 

/ltthen reo.-crnntJe al:t t.'1e ®-ltt-nentg &ft~x seq{j+l) into 
increasing order it/ 

(j < Y~ ~ (n+j+l). /2) kk:ron-k+j+l,. 

<seq {kl 1 seq (}dt) > !I': <se~ (i~k) , seq{k) ►; end V1q 

return Heq, end perm; 

• A rou'tine for gen~x·at.ing th+!l ~1~9.;nt.s of thQ tant npaw(a,o) 

Ill~' be bas~il on the &mThe principle. we ar·ran9(} the oleunta of 

& in a sequence, end al.w~ys a.rr&nge each a:uba0t bf s ir, tile 

increRsing oxder o·f thia s~~;r.oo 11 • The rultt for obtaining the 
next subset after a ·gi"tt~n .9ne is ag.ttitu in~r~a.se ths laait pooaible 

ele~nt by t.h.e smallest pofOJible amount; lit!d· reduce all the 

alementa whi('.h fallow it by t.."ie 9reata.at posa,ible amount. In 

SBrt 'l'la ~av.e i. 

definef nexnpow{n,s,more): 
if !1 more then more3:Jt1 •e~~rd'#f {Yxcsl seq{fseq+l)•xs 1 

aelect,:.( <i i> l<i <n}; rii.?tllt';-!U,'-'i rt~.t {•elect.}]: end if1 , , __ ... - . l 
if •~lect(.n) ne tsea then rH~1.ect{n)•selec~{n)+ 1 

return-seg(~Y.[selei'!t.J.l1 en<l if1 
if·~ (n > ](jJ>l I ;;1ectc1~1> ~!! aelect{j)+l) then 

• morer=!._; return a, tn.d ifr ! • • ·rn 
88 

lti(selactll, 
(n ~ Yk ~ ,j) select(k)oael~t(j)~~-j+lJJ retu q -
ena naxn.pow, 

t 
~"3nertttor ia easily 4efinecl 

Of course a complete pcY¥"5ir se ~-u,1.n , 
9 this routine .. 

l , 



definef nexpaw (s ~more} , 

• f n fflOre then ~ore~i: n12.(}j mo~f t 1:ot.,., 
,. - -- '4m 

if ... ,..,r then returi1 ne~~po;lll.(n 8 °in""t·) .. 
P~ i I ~~- r) 

if n !S, fs then mo:re::is!_, :t:~tu~n n 1 . elae 

ni::n+l.;mo:.r=f; return nezn~<N'{n ,a ,mo,:} 11 

end nexpowr 

Again using the GtlJ'1k~ J.dea,, ~ may i1efin& a routine which 
ienr.tatea all the m~.pe of on~ eet into ano~'lsrc. 

definef nemnap(froml" t.o,more) J 

if !!. meire tha✓.'1 more~ ~.t fs~'o/-~J (f:t fr~) fzeq (Of seq+ l) •~; 1 

tofol=~; prav:rfl; (\~xl$to) if.p:r~7 ~ 0 th.e?n <pr,gv,x> ~ tofolJ 
flrst~,q; pre,,wx; snd Yxv 

~P = {<x.,first>, xcfrom}; r:-i:3-tu~-~ m&p; t1nd if !!,J 

if ~ Ufrorn !. J [j] ~l l to fol !~~p {f-~,q ::n)} . ~ ~, then 
. more~f r ra turn O 1 en·d if, -

.iap(fseq(j)) 3; tofol{map{fseg{j))i· 

• (j < Vk < f !1;om)' map ( f~eq (k} ) ~ flt at; 1 -
Here. is a generator of a11 • ~ partition., or n, {i • • • 4iatinct. 

combinationa of pos.i.tive integel'·s with sum n), oonet ructed 

along similar l.inet?". 

definef nexpart(~,~r.>r.~>, 
if'n ~re than more-t1 ps~-v.•{<j,l.>, 1~~}, - -

~•turn tl (pseqJ 1 -if fps$q ea l thea more•f; .retui·~ n11 • 

pseq(tpse;l~ m pseq(tp~;q-1)+11 k~psaq(ip~eg)-11 
pseq(ipsea)ceQ, (l < \3j <. ld p~et:1!fpsGq+l)•ln return .. ... .., 
•nd .n~xpart: 



these trees by the following recu.r.sive px-inci.1)lei au'!"\pose 
1 ~~ r th.at. 

4, l trees of . ess i..41.~ .. 11, n ~odes ha!f;., ~ ~1.""e"" .. Y L- d 
• - • •• .... • 4. -

1..1 ~~n or ered .. 'l'h•ft .. • t· '·"' od ....... , 
n'" J...-ees ,r(J • .n f.!X&ct.:.2.y ti r: es ~~ t ll 

DffiO . ..-. ..... • J ·pu a · those with a antaller 
nurcber of nodes d-":wn th,a l•F.-f~:-hanc bl'ancll fr()ffl th.e root 

~encl of tht,se with & larqe:r number of nodes dr.iwn the left 

hand branch fi:'om thtt! roct,,. i~ong th\'.ise with A give:n number 

of node.s down the left hand !,ranch f:t·om t..'le rcot, \N! order tro~ia 

first according to th&ir left h@d ~ubtree, thM &coording to 
their right hand subt~e .. The -fir5tt tre~ i~ thllt in which no node 
has a left hand succe~u~c,r .. T<} adwnee from a tro& to the next 

tree, we 
i. Advance the right.-hand.. subtr.ae to ltG su.cceai..or, if poatiible, 

ii. If t..l\is is impctssib.1.a, &dvin1ce the left-hand subtreo, and 

set. the right-hand. subtree to the f1r5t tree with the saM number 

of nodes. 

iii. If t.his is impoJ?J..s..ih le, t..:r~na ff}r one node fro."tt right. to . 
left, and set bot..h tho ~i~ht and l,aft-.-hand su.~trees equal to the 

first tree with -th~ dllpproprlate n\mlb!!r of nod'l0. 

In SE'I·L, thiei .?:outine is &G follrni."1 ~ 

definer ne~tx·a~. (n ,m~,r~) ; 
if n more then more~t 1 t•nt, r~{<j; j+l> ,1$i<l}} J top-li - ..... -

raturn <t,r,top>;_~n:d if.1 
~~en <tr top> else n, 

advance (top,mora) 1 .return if. more v., ' ' 
define advance (top,more) J nei,,tt"a"! external t,r, 
if {4(t i more)· return,1 r(top} !S Q th.en advance ,. 9p, 1· ~ 

advance tr· ( toi>) ,more) 1 if mor~ then ,;et:urn:' 

nodset111:,if t(top) !2.. n then r{top) 

. else node3of(t{top) ~-~ r(top)i 
nodese.tr u nodesof(r(top)) l~~..!. r(top) J ) retunr 

. ~ wtr•eCnodeaetr J 1(tof) ~ nawtree(nodesetll, r(top) n • 
end advane.ie 1 
d$finef n()iJ~sof{top)1 n•~tr~e external t,~, 

r~turn if top en n then ti'• Etlse . with top, en4 no4eao! 
.;;..:I,. -- f ( :r. (top) ) --noo ~~of ( t (top})~ noues O • 

I 

~ 
tj, 
ll 
Ji ' 



.1efinef newtree (aet); n@Jttrae: .taxter~ 
~ L~r:1 

lf e~t ~~!l ~ th,:an x-et:l,L";"•i,. n 3 ~ 
prer-fl 1 { Yx g sot} t (:d ~a a 

if prev ~-9th~~ r{pre~)•~, 1 pre~-..x; 
end Y~; r{prev}~n, • 

end newtr~e; end n~wtt~'.:i, 

AB a final exa.'T4)1e in thiB e~tion, we conside-r t.he probliam 

0.f generating all unoJtd.t.JL,td .f .. ht.t.4 with n nodes. Such a t.r'•e· 
is define~ by a sat o~ r" ncdo~ v ,,ne of W1.)ich is degignated 48 

the h.ead of the tree, and a multi~,valu.ed mapping c.e6o.u of 

this:! set into itself~ whieh d~firt~r.!- the set of successors of 
each node~ We require that t'ns it~rated application of thi~ 
map to the head l'$hC:iuld e\~lit~lly I;trodu.ce @ve.gy othier node, 
Md that, for each node x, tha iterated applicat.\on of this 
•.ap to x ~n 11ever p:cottu~ x. Thi~ lant condition ~ounts to 

requiring th(!t a tree .be cyu..~ Ah-2.e,, We asrdgn .1 ,st,an.dard 

Hqu.uic.e n~i.lV!. to unordere(.1 tree~ .re~w:-sively, as f,ollfflVs. 

Suppose that sequen~e numbe:!s ha:va 6.Ueftdy b&et1 def i nod tor 

ftll unordered. tr(l.iit.e of l.~ss tban n r.oc1.~si. Gi "/iiJn & treo of n 
~odes, take its r.c.\Ot x and tak~ a'J.l the subtrees w,.ose roots are 

i:he .immediate succeeGore of s.. Ar~ange these suo~sscrs fir• t by • 

decreasing order of the n\m'be.r ~f nodes they ccntilin, anc!, if two 
oantnin the s.vite nwn!)er of nod~u, the.i"'i in decreasing order of • 
their s~quenc~:~ n~flrs; we ctl\11 th.is order the titandard or4e:rinf 
of th ~ • 6 ~ience s of seqwmoe 

e u..~ordered t,.ree~ Thia as~oc1ates a ~~~-

niunbera id. th each unord~l'"ed tr$\~ T ot o nooos • sy uranginf all 
uu.•"- ,. and a.seaigning the 

vu Beqt1!l11ceg s in l.exiC01,JZaphic oraer' 
posit.ion of s in this 1~xloograt:.hic order to '?' its aequence 
n ch unordared tree 
\Unber, we ~fine a a~'1ence n~r tor •a 

"1th n nod '!e • i th n node•, th• fi~ 
In this standard seq:-,iencing of t.nte• " To. advanoe 

ia th l aJuccessors. 
e.t in which «very roo~ hee n-

h~ . ~ a tree T to t.h~i next tree, "-

., 



_ i. Take T in its su.ndard ordering, 
Ji. tunon.g the f.tubtre~t.:; whose roota are .,_ 1r.1 -
J,. .1.!U!Mh .. .1.ate. deacendar.te 

Of 
'"h'~ root: R of 't'., find ·L\t:1· laet TJ •t.i __ ,.,..1.. • 
~... ... "" 14 it night be po&aibl.e 

to advance" Thi.a i~ tha l.c1tzt. trGe vt1ieh either h•a fewer nodes 
than, or th0 same nu.w-ar of r.~.as an~ a lcner sequence n~l'>flr 
than, i t.s i'l!'ffl~di«te prede~si$o:r.. 

iii. If possible, EUi"'fttnce !.~ 311"!.d Mk.a t1ll the :iodea bel~ging 

to later subtrees i~diate guc~tJsors of R. 

:t v. If L <"..an.not t~ ar.1vancec,, collect ali the nOf~es bel.~inv to 

l.ater aubtrelt!s into e ~1t S~ T.~:m'liafer. one node QUt of s, into L. 

Re<lefine Las the fir~'t tre"~' w:ith ita new zn.l"'Jber of nodes, aake, 

all the nooes re-maining ln s int--o :i.mmadiate succa!l(~or• of R .. 

Vo If the root ,of l, i.Si tl1.e lit~t d~EJcen.d~t of R, find the 

ll!st :ltitmediat.e subtre-;:--i <.,f R px-ior t,o L whi(".h it ltlght be possible 

to advancet. and. pr.oceoo with L' au in OMfl lv~ 
We may wr.i.t.e th:!.~ al~o,;·:i.t.i."l i~- S:©Ttt u follows;. 

lt :"!/;\turn <t(lp,c,soi:a", the~ g-o to r•t.1· ~18• return a,, 
• ryz l l!dva1,c."!1? ( t~ ,morel , if u;.or~ 

rnal o0eaor,n\Jlll\OC!e•,..«JAOJ 
4tfine advanc~ . (U>f',11.tOX".J$l} I n,;xot.r~e e:,lU . 

t.•I oees_or( ~p} , 

' 
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11ook:l i.f !!. -1 < 3 (j'~ !."' k ·! UUDnOdee{oceaox-(top,j)) !t 
nmrno4~s (oceao .• : (t..op,:, .. -..1 ~, or sea { -

_ ~ •. , ~·r1' .:._. qnc oc~tor(top,:S)) 
·f.t saqno(C?oo~or(t.t.."",1 .... 1,) ~-...-.... j 1 •- .J'.' ,.. ~ ~u = 11 

( ac!v d adva,·ie,e ( ooesor { tc.;p , j) R r~r"') 1 
Not• [u z j < k "?: Oooo\l'.·o:,..{""-}l 

. - .... ... ~ .. --1"' not'as ( ot!eaor (top, :U ) , 
if ~ ~" than go t~ ti10~, els 41 h~g(-top,j+l,sat) 1 return,, 

[l'°venodet l if get !.i !'.!, th~, i~ t~ .bau.\uin 1 
z,\Jltl-nodae (ooet,or. ( top·, j)) ; _ 

n!'tft~p i:r 3 set.$ <nt;,1mnod©e (nevt,\~p} 11seq,ao{nGt1tap) >t111<fsetl+l,l>; 

0eesor(top,j) ra nee.rtopi h-angt.nawt~~,1,11etl).p • 

hang(top~ j❖l,~at ~~..! n~~t.cp), 

return: 
·ibackup: J if j !S_ l then r'8tr.u:·n: else k•j-l1 go· to look; en4 J.f r 
end advancei 

d~fir.ia h.ang {top, j, aet} 1 nexot.rthit e!iternal ocesor ,TAU11nodae ,MqD,01 

ktaj1 (whilG ocaaor (top ,kl· no n do~ k•k•tlr) o-oer:or(top,Jt)aQu -k1tjJ (Vnod £ set) oceeor (top, k) •r.oci, • 
<nWllnodea (nod} , seqno (nc.ft1,f :~,..·< l ~ l> J 

. ocenor (nod) aiO, ei·.e Vnod 1 en~ h~"'g g 

def inef •nodes ( top) 1 n~.otre$ ,;:xter.rLal o~sor, • -

return (~: 1 ~ j !. to e!!$or{ top}] nvJee(o<..-.eor (top, j)) 

~1th too, ~nd nodeG1 
end n~xo tre;·~ "' ., 

• ' 

II. 

.. , 
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I 

various 1ra£!!:,-theoretical algorithms r'""" t d 6. --· l;!.1.a e to the 
·;,tiznization _9f~ ..£~ ..... ~-E.:-·gcnera 1:(7:-:: 00 ae -·· 
;J:--- ~-------·--·-- ---~-. 

"'any intc.~:resting algo-::i thms for the ont~·..,,,z t. . f 
• l'l ~ --m.1- D. l.O.). O 

. piler-generated code are based on ~ne ,..,,..al . f com - - <-US ys :i.s o an abstract 
grap!l representing the flow structu.re of the program. This 

graph, the so-called plt.og,'L,(m glt.ctph of the program, is defined 

89 follow:;. Call a sequence of instructions in a program 

which has the property th~.t control always ente:rs the seq1Jence 

at i.ts firi,t instructfon and always leaves t}:le sequence at .:i.ts 

-l~t instruction a ba4Lc block. If the last instruction in one 
basic block b 1 might trai1~ fer contrGl to the first inst::uction 

in another block b 2 , call b 2 a 6U('.c.e.&~oJt btoc.k. of b
1

• The nodes 

of. a prog~. am graph are then the basic blocks of a program, and 

the successors of a node its successor blocks. The nod~ containing 

• the first (entry) instruction of a program we call the e.nt.1r.y node e; 

any no3.e tenninating in an 11exit 11 instruction is considered to 

have no successors, and is ca.lled an ex...i.t. l'?.ode.. We suppose 

that evt-:.ry node of a program graph is reachable from its ent:1' 

node through a chain of successors; any node not reachable in 

this way repr·esents code tha1: can never be exe(:tited and may 

as well be deleted fror,-:. the program. In what follows, itr:.y 

sequence of p1;·ogra .. n-~iraph n()des in wh~;_ch the n-th is always a 

GUccessor of the n--1-st will be c.alled a pa.th• 

Variou~ graph-theox-etica:i not:i..ons related to tbs program 
c:ra h • •. . • , • the f lOTn' of control " p, of a program are useful in ana .... yzing 
and d . t • on The f:irst of ata relatidn:3hips during progra.11 execu 1 • 

thee ·a ·s that of ..,e relat:!.onships which we shall consi er 1. 
~ •. ~e 

. a.c.fidon:.lna.t.[on:' A node b is said to bacJ<dominate a ~o 
if e . t pass thr<JUgh b. 

very path from thr.~ entry node to c mus . . . . 
The J - . • us ways in optimi zot:.ion, 

>t1Ckdominators nf c art:' useful in vario d f. c 
fox: _ . . . . do can be move xom 
•. ~Xample, under certain conditions, ~0 -
to cert . . .. ·., 

ain of its backdcminators. 
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' Here is_ an algor:i.thm, due to r·. Alle· n, 
f-:xc i it1ding ~-11 

!the J:,ackdominato~s of all the nodes in a \ progr~~ graph. 
11

fi'rst obsc~r~,e that if, ~la.1:-ting from the • ent:r.y node, we can 
\reach (find a path to) a node c without passing through a 

inod1'-_ v,. then we can reach an,.1' succ""'ssor 0 ,L:. • tl • 
<- ./> "' ... c wi 10-...it passin~ 

;through x, except, of couri-,e,. if xi~ c. Designate the.set. 

,of such· nodes x as not.n.e.ede..dto1t.e..a.c.ft (c). Thus, the set of 

.'backdomi.na"Lo:·:r, of c consists of all the. nodes not contained 

i in- no,tnee.d c.d:toJt.e.a. c.h ( c} .. Here :ts the SF.TL al-gnri Hm,. • 

def:inef doms (i1odes .,ent:cy); optimizer external cesor; 

: /*'.nodes' is set of program r:.odes, 'entry' is entry node, 

•cesor(x)' is set of all successors of node x. 

Retur.ns set 'dom' such that dom{x) is set of all 
backdominators of x * / 

/* initially, no node~--: nE~Gded to reach entry.*/ 

notneeded to reach={ <entry ,nodes less entry>}; todo={entry}; 

(while todo nc nt} node from todo; ( V £ €. cesor(node) I 
(new is{ r;:;otneedeclto;;;ach {node) In (r ::S, c ~ 
r e: n~tncedcdtoreach (c))} rie n.q) -notneededtoreach{c) 

-· --
=notneededtoreach {c) u new; c in todo 

/*must pro-:·~ss successor; of' c* / -;nd V-c; el'ld •.-.·hiie todo; 

return{ <no<1e ~ {bEnodes In be:notnel~dec'J.toreach (noc1~)} >' 

n d - } w1.· th <entry,n9.,>: end doms; o e c nodes less entry 
_, nes .,_ Dalke, and 

Next we give a.n a J gor i 1'.h.m6 a.ue to .t,ar • .... , 
An ~ in an advantageous 
. derson, for lirn~ari zincr a prtxJ.!"am grap.. . 

~ t y be made 0rder • This is, among otJ1.er re.marks -tha ma 
conr•---r . . . 1 , .'I-. al •. l the backdominato.rs 

. .,; .n1.ng 1 t, an ord1::?r .l.n w 1J.c,.... i 
ThA algorithm s of ,, n d .. th,.,._ node. .... " o e def i:ni tely precec..~ .::: 

as follows: 

i. starting at the. entry 

any nodes, generate a path. 

al.ways without .epeating 
node, and 

ii. when thi.s pati,"_ can no longer 
a10, • new node 

be extended, back u: 
of the graph is 

•
1CJ it to a nod~ x from which a 

se this new node, 
t!n as a successor. Start:i rt·J at 

generate 



/ 

~ . 
1· • ~ and insert ::i ~ 

a path; 
in , i l"',.. ::\ - • 

1. .L.-'"·-.-:,). 0rcer into th 
e old path, 

,..,incidiat.ely after x. 
l1lu"°" 

Continue until ~ho ~ l 
- .... WHO n gra.ph is 

1ineariied •. 

I SE,mr• we have: n .. J.'-', 

definef graphcrd (nodes ,en tr.y}; optimizer exte:rnal cesor; 

order={<l,entry>} /~en.try node is first.*/; 

maik :: ~ /* mark nodes as processed * / 
jla-;ti = 1 /*jlast is highest numbe:i:-ed node from which 

rew pa"tl1 may begin*/; 

(whib jlar:it ~ 3 [ j] :_ 1, 3 [last] tcesor (order ( j)) lrnark (last)~ t) 

j*stlrt new patJ1 */ path:c...{<1,l~st'>}; mark(last) = t; 

/*anc extend as far as possible */ 
(whi1e 3 {next) £ cesor (last) I mark {next) nc t) 

path (tpath+l) =next i mark {nG!:;.::t.) =!) last=next; end while H 

/*ma~ room for path * / 

'(forrer·:. V':i. > j) ordcr(i+#pat:r,) = order(i);; 

/* anl .i.nsart path after j th node in order * / 

(l ~ H ~ fpat.h} order { j+i) =-~path (i} ; ; 

jlast=j+#path-1 /*note path apnth) has no unrnarkf:!d succe 5 sor;*/; 

end while jlast i returrt ord~r; encl graphord; 

A prngram graph straightened by the preceding algorit hm 

is. said to be in .6 ;t11,_a,lg 1-t.t olf..d e.ll. But in this •• order it may 
st ill contain configuratio1u;, such as the followi.ng, 

~,h. 
l.clt j_ t 1· s #ar1nr.> as advantageous to rearl. •;, -
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This may be accomplished by applying a toop--~le.a.n~ing procedure, 

also due to Earnest, Balke, and Anderson, whio~ may be shewn to 

preserve the principal proper--t.ier~: of the ordering established by 

the preceding procedure. The loop-cleansing procedure is as 

fol lO\:.'S • • 

i, Process the nodes n from last to first, in straight order. 
ii. Find all nodes following n from which n may be reached 

by a backward branch, Take these nodes m, and process them in 

their straightened. ord.~r., as follows. For each m, mark it, 

its predecessors, their predecessors, etc.; call the last 

no'3e marked in this way i. Then push all the marked nodes up 

toward n and all the unmarked n<.<les down. toward 1, keeping ti."le 

marked nodes how~ver in their E!stc:1blishcd order' and the unmarked 

nodes in theirs. Continue in th:i.s way for each n th rough all m, 

and through a.11 n in the reverse of the.i.r original st raight 

order. 

/'le generate predecessor map*/ 
pred == nk..; (Vx e:: node.s, Y e: cesor(x}) x ~ pred(Y);; 

I* -generate no.~e • number -st/ 
. number ={<t,rder{i~ i> l<i<;'tnodes}: . 
( ' ' -·· - 1 :...{ • de red(head) 
!nodes > Vn > 1) hE.-1d=ordt~r (n) ; 1:1.tc,1es- no r 

lnumbe;(nocl) ~ IJ}; k=n+li •unmarked'*/ 
/*nod · k considered to be 

es with indices at least are */ 
. ( . t of minimum index 

While latches ne nt) /*find ~l~..men 
llln:=:-tn,, - - ) - rder (nm) ; 

~: nodtlat'chesl numbe~(nod ; m-o 
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/ . 

marked= clos~~e(psed,{m},{ 0 rder{J'), k < J~ 
< fnodes}); 

latches = {x e: ·latches I !!. x E: marked}. 
I 

/ *since nodes once· processed need nev-er b e processed again*/ 
/* shift unmarked E1lements down, others up * I 
{while k ~ 3 r j] < #nodes I!': order ( j) z • marked 

and.order{j+l) e: marked) -<order(:).~, orde:r:{j+l), number(crder(j)), nurnber(orc1er(j+l) )> 

=. <order(j+l), order(j), j+l, j>; end while k; 

k = k + #marked; end while latchesi end V-n; 

Next we turn to study certain notions, useful in the analysis 
of program graphs, due to J. Cocke and J?. Allen. An ..i.r..tcuc.val 

in a program graph is a set s of nodes, containing a distinguished 

node x called the he.ad of s, such that the~e is no entry into s 

except throur;h x, and such that when x is removed, s is free of 

loops (a loop is a closed path in a program graph). The 

following f i.gur~ shows a typical interval: 

.... .. - . 
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exit 
branch 

forwa.rd 
branch 

l e~dt 
branch 

Single entry regions of this kind serve to make specific the 

heuristic notion of '' inner loop". They are very useful for 

program flow analysis, ar:d a systematic theory can be built 

upon them. 

It is a characteri s t:.c prop~rty of intervals that their nodes 

can be enumera tcd i.n su.ch a way that, T..~·5.th the exception of 

branches tc:rminat ing at the interval hcaC:, all branches between 

nodes of th~· 5.nterval are "forwa.rd II branches, i. e - , go fro1 1
•• 

a node x to a node y having a larger. ser.ial number in the 

• ei:iumera.tion cf the int<':!:r.V'"'-1. 

The .i_.;1te.1tval O .~ a no de x is the largest interval with x as 

head; j_t may consist of x only. 
He:r.e :i·s an algorithm which detern,.:_nes the interval of a node 

x and .. thi' ~ set in an order having the , €'.numerates the noderr 01: .., 

property noted above. It also finds the set of all successors 

f 1 t the interval; 
0 nodes of the interv~l which do not be ong 0 

th ~s Will be needed belo','1. 

/ *b . . . utine count the num.ber 
efore entry to interval findin~ ro • ' , 

~, retls={<x,o>, xEnodesJ; 
of predecessor!i of every node·, np • 

(1/-xcnodes, _y e:cesor (x)) npr.eds (y) ==npr(-ies (y) ...-l;; 
c1 f • . . . :> 1 cesor, npreds, fol lowers; 

e 1.nn:( interval (x); oj;>tJ.t!ll.?.r..r e:>.t<: ,:na. 
int- n { < o> ytnodes}; 

-~1 followers::.:{:x}; count = Y' ' • f 
/
*, , ~ f prr~ncces~ors o - a 

co·J.n t • • ~ 1 b unt of. the nu.rnbel o . Wl - e a co • . t . .,.llC.&,.Cd* / . • 1 being cons•· ~ 
noaa which belon<J to the intf,rV,t 



(i,Thile (newin is{yc:followers I npre 0s r,_,) or, c ... , , 1 ) 
" - ' s,; ~,. ou.n. ;_. .y ! J ne nt ) 

(V'ZEnewin} int ( #int+l) =z; follnw0rs=followers less z·.--- -

{v-~,e:cesor{z) IY ne x) count(y) s:count('\}' 1 +1 · y • -f 1, ' 
J.. - .1 -, in o .... ewers;; end Y.z1 

end while; return int~ er,.d int:erval, -

11 ... interval i.s called ma.x-i..rna.l if i·t 1·...,c not .a • d · 
1 

r,,., - coJ...:.ai.ne in any 
,1 lar·ger in-!:.ej:-val. It c~n be shown that ev(~ry program graph can 

be decomposed uniquely into a union of maximal intervals, and 

that distinct maximal intervals are G.is joint. This c1ecomposi tion
1 

theso-caU.ed Ccc.ke.-A.t.e.e.n decompo!l.l:ti.on. of a progrtiln graph, 

is qui t.e uf;•t~ful in fl.ow ana.lysis. 

To find these m.aximal inte.rv,d.s, we proceed as follows. 

Take the ,interval generated try the entY:-y node of the program 

graph. this is a first PWX:i.mal interval. Then, iteratively 

having forrned otlle:r maximal inte:nrals, take any successor x 

of a point i.n these intervals not lying in ar.y of the.'"11, and 

form the interval of x 1 this is a new maximal interval• 

The follo::id.ng SE'I'L algorithm real:i. z-es this process• It 

also ussoci;.1.tes, wiUt_ each mu:-~imal interval, the set ooll.ow(.ln..:t) 

of all nod~s which are successors of a node of tht-: interval 

without belnnging to thB interval; and with each n~de b of . 

th . 1 . te ... ·val jntov(b) wh1t;:h contains e prcgram graph the n-.ax1.ma in · -·· _. ___ _ 

it. 

• • er external cesor, 
defin13f intt"~rvals {nodes 1 entry); optimiz • ~ ····}. 

f 3 t ·-nl• seen={enti~ , 
ollowers, follm·;-, intov; .r! >,- .:.....• ~,. . . ..,.~ 

1
, de) in ints; 

( 
• ~ 0 ,_,r.- n · .l 15 1.nte ... va ,no _. 

while seen ne fl x.) uoc:2! ~~ ~-..:-t:: ' • - .c 
- - t [.] is the set O.l. all 

follow(i}= followers; (Vbe: ~[i] /*~::. • followers; 
. . - ( ) 1•. . seen=seen u_ 

nodes in interval * /) 1nto✓ b == '' 

end While; r·eturn ints; end interval£,; 
graph g is defi.ncd 

Th.e de>t.i v~.d g1t.aph gt of a progr~m 
1 0

~ g• t.~e successors 
h -r.ntsrva s 1. , • • as fol) f a•. art: t ~ .., 

.ows: the nor1~· i.:; o .,. • distinct fron\ ,in.t. contnining 
of an interval i..nt. , .. r,.:i the i;1t\~1·:v.:tl~~ node of g' is the 
su . . •. t. the entry 

cces~o:r.s of the nodes wi th :i.n ,en ' derived 9:raph 
int , no·ic of <J • The 

crval co~ta.tning th<: entry "' d" representation 
or. i 1 r "coarsene 

.. c:1 progi-mil graph g'i.ves a s n\p e ' • 
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of its pr,1grarn :Clow, in :i\:J-d.ch :.cep:-::e.s.ent,1tior~ ninner loops"' 
• e intervals, appear a.s single poin"-s an·d 

1 1, ., • \.., on y "outer" 
loops are shown• If g con tai.ns al~.y interval of more than 

one point, g' will have fewer nodes than g. A program graph 

in which rio interval of more than one point Cc.n be found 

is· called an .U·u1.edt~{:..J..b le.. 91t.a.pft; fortunately, such graphs arise 

only ra:r:ely in. connection with actual programs. In SETL, we 

may write the criterion of i.1· reducibility ver1 simply as follows: 

{ftnodes) ~ t-int:isr,,als (nodes ,entry) 

The definition of the de~ci v-2c: graph in SETL is also qui tc trivial; 
here it is: 

defin~f dg(node~,entry}; optimizer external cesor, 
fol low, int.av, denti 

int.s ::: in t.ervals (nodes 1 en try) ; dent c intov (entry); 

)] • t end a~g,• (Vi€. ints) cesoJ~(i)=--5.!1tov[f:ol.low{i ·:; return ins; 

By form:i.ng successivc:~ c.er:i.ved graphs g 2
, (g\)', etc. of 

an origina_l gr,"lph g, we loc,k at ~n original program in a more 

and more global w,=.ty. In cases in which this de.It lva..t..loJt L> equ.e.nc.e. 

converges to. a graph co·)cistin.g c;ily of a single-? node, we may. 
'd decisive analysis cla.:im tba.t '.:.he mc!thod qf intervals provi eG a 

t ar.e called Of P..,. , • ... J·· •• s proper ·v · J.ograrn fJow·.. Graph!.: ii.avin9 - 1.L. J. 

e.ve.1"i.tu,,,e.,e_y ltedu.:. .E.b.te. program graphs. of a graph. 
th ~ aeri ved ciequence Here is the SR'l'L clef in:.. t.ion of i: -' • . ~ 

def' • · n external dent; inef d~eq(nodes,entry); opt.:i.nu.z~r •• 

scq~{<:~,nodes,entry>}; <n,e>=<nodes,entry>; t>·) 
{ . <n e>=<der,den , 
While i der is $ dg (n ,e) 1t n doi.ng , 

seq{f:seq+l)= <der,dent>;; encl dSeq; . 
l s of • . . . o t:i.rnization-ana ysi 

Inte:rva_ls have many use~, in t he P . . '" n:-e of a program 
Pro . dcrivatioh .,eque. . .. 

. 9ralll,:;. Generally spE~aking' the . .; hich variou::: cpt1r1:1.z1ng 
• 9l.Ves a t th.... ord~r •• n w d. s 

'V'7ry '.lS('::ful guide o .. " . e shall now iscus 
Proce, ... . l be- ~.:)plied.. W l . 

sses can rr.ost effective Y '· ~d "Uve-deacl" ana ys:ts 
o11e s " . thf -:c,-callE- • U~h application, fitudy1ng • 
or Va . • 1:.1.ahles. 
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?t var.iable x is said to be lJ..v'!. e • • 
n x a g-:i.ve:1 poil,t q in a 

•• f from this po5.nt .:..~ program l. • \ .. nere exists a path P in the 

rograri:, not passing through any j nst-ruction h • h . p • •• w l.c assigns 

Value to -:i~, and s1·:ch that P tan--ti"'a1·-=-s 1• r • a ' L. ... .... :.. an l.ns true ti en 
which usc-:8 the value of x. In the contrary case, x is sa:i.d 

to be deq.d at q. It is cle~r tha.t if x :i.s live at given 
• t • a pl:.·oq•·~,.n, i t-_s valtl""' t " porn in - .... = · .;; ;·.~us )Je saved in some known 

register or core location fox- lnter use. Convercely, 

when x becomes dead, tl:..e r•jgis~~~:c containing it becomes 

available for other use. 

Next we intend to describe an algorithm, due to K. I<ennedyr 

for efficiently deriving liv:..::--deac1 inf:omation for cm.y eventually 

reducible program graph. Of course, to carxy out su.ch an 

analysis, we requ:i.r~ that bet.sic information concerning the use 

of varia.bles within a program be available. We shall suppose 

that this info:r.rnat:i on is made available according to the 

following conventj c.)ns. 
• AJ J J.,.,. • ab, ,..v1.· th wh1' '-=h the pron ram is concerned l, . . , .. ue vnr).{ J.eS V ,. -., 

are collect-=d into a set of vaft& r 

ii. With each basic block b is ast~ociated a set uses(b), 
. 1 • the set va.l1..6 such that, cons1sting of all the vari?..b es x in 

t Cf v wili be reached s arting at the entrance to b, a use A 

before any assignment is mat.:.1.e to x; 
iii. With each basic block b is associe.tccl a set th ru (b) ' 

. tl set vcuz...o such that, 
consisting of all the variables x in ic 

f b will be reached st arting at the en trance to b, the exit O 
• 

before hlly ass:ignment is 1nade t.o x. 
l .• ·h does not encounter any 

A path through the pror;rrun w uc 
i .. • able. x is called an 
nstruct:.,.-wL .assigning a v~) ue to a va1:1. • 

• associnte certain sets 
x--c..ie.a.,1 path. We shall now wish to 
"1it} as follows: 

1 each interval ,lnt,v These are th 
• th:a:t•~ is an x-clear pa 

l. The set of all x such th at . ""v (i e , immediately 
in ,l + ce t.o ,<..tt-t. • • • 

1 

n..,_\,, starting at the entran t d) and terminat.1.ng 
h~rc:r"" . • .tv :is execu e 

• >;; any ins tructicn J.n ,e.tt • 

at a use of x within bitv. 
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..... , .... 

. . 2. For each block e of 6 o.ttor,J ( i.,:1.tv) , the set of all x such 

that t here is a.n x-cl~~-r. path t..hrou,.•b : i,,tv t t, 

entrance, and term:i.ria ting at e. 
:1 .. ,,..,, , s ar ~1.ng at its 

• we shall call thG first of. these sets u.,~ u Clntv) a..i.d the 

second .th1tu.(.Ln.tv,e..). The following obs0rvation allows 

these sets t:o be calculated easi J.y. If b is the heild of in..tv, 

and if the blocks of in.t.v are enur:,erated in the order defined 

by the basic interval construction function ,i.n.te1tva.e { x) 

described above, then, as has been remarked, all backward 

·branches in .[11-tv go through b. Thus all irr.edundant. paths 

from the entrance to b i.e.,· paths through .l11tv not 

containing pointless repetitions, wiil consist of forward 

branches only. Therefore t.he information we require can be 

developed by a simple scheme of propagziting uses backwards, 

consid0.ring ::on•1a.rd branches only. In SETL, the algorithm 

we require 5.s as follows: 

naux=~; taux.~nt; head,=intv{l); 

(ffintv > 'tn > 1) bts:intv (n); forwa.rd~{ye;cesor{b) I 
intov(b) eg intv and y ne head}; 

naux(b)=uses(;) u thxu(b) int$[::_: Y t forwa rd l n~ux(y}; 

(Vintx f. cesor(intv)} if i~tx(l) E:.cesor(b) 

then taux(b,intx} -= ti'1ru(b}; 
d] tame {y ,intx}; 

else taux (b ,int;..:.) = th;nl(b) ~•J~: yr.forwar 

end else; end "I in t::iq end 'vn; 
uses{intv)=naux(hcad); {VintxEccsor{intv}) 

thru(intv,intx)~taux(hea~,int~)1: 
• . and thru ( in t.v, in ta) 

We may n(-iw observe that uses (1.ntv) that 
. . st the sroue way 

are related to the interval intv in JU b Thus 
u a basic block • , 
ses (b) and thr1.1 (b) are related to • d 

t ~ <-or the derive 
the b~ repea e.... •• construction shown above can ~ • f the 
gi-,aph . . £01· all the graphs o • 
- , and therefore, i t~tra ting' . to that builds 

de,..i v , • t the process 
~ at1.cm scquer,ce. We wri e d ·vation 

th;. . h of the eri 
... s lhformat:ion for: all the gr:~P s 

1.5 -
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Uence as a subroutine; except -r:0 r th ... 
seq - '·-· a S.t.l.<;;ht differences 

d b tll a -1=::. ""•··c '-'l-1~ t ~ · t ~ 
qccasione ·. y ~ -· i. .~\,., w c;, ... n _e3. vals may have several exH:s 
,,;hi' le a basl.C block can hc:i.ve on 1.y one we 
" • • 1 may use almos~ 
precisely the code which appears aboves Wi tJ.1. the neces;ary 

corr~ctions, we have: 

define builda (nod<?s ,entry) ; optimizer external cesor, 

intv, uses, thru, seqd; 

seqd== dseq(nodetJ,ent.ry); (1 < 'lfk :_ -ff:scqd, int•, e: hd seq(k)) 

1aux=~~; t~i.uc=!1.t; head=int:v ( l) ; ( #intv :, '7n ~ 1} b~intv (n) ; 

orward ={yccesor (b) ! intov (b} ~g_ intv ~.nd y ~ head}; 

;: k ~<{ 2 then naux(b)=uses(b) ~ (thru(b) int[~!yt:forward]nati.x(y));; 

{ intx£cesor ( i ntv) ) :i. f int:~ ( :;_) £ cesor {b} 

. then ta·:ndb,int x) = thru(b); 

ele tanx {h,int) = thru(b) 5.nt [~_: ysforwarc1] taux{b,int.x)~ 

en1 else; end Vintx ; else ;·~~{. gt 2 * / 

nat<(b) = uses (b) u [u : v s fon._rardJ {thru(b,y} int naux(b,y)): -- - -- • 

(Vi,tr.: i:: cesor{:intv)) taux(b 1 intx)=(if intx(l)e:cesor{b) 

·.hen thru(b,i.nt:x(l)) else nl) 

[~_: Y E: forward) (thru(b,y} int taux{y)}; end Vintx; end else;end Vn; 

use~(int--..1 )= n-:1.ux(h.ead); (Vintxr:.:cesor(i.ntv)) thru(intv,intx):-:: 

bux{head,intx) ;; 
end 1k; return; end builda;: 

N ,- , • .•As Since when the ext we !ftay make tha following obser\:a1.;1.G,.~ • 
bl • • d • 1 tl-1e order we 

ocka b of an intE":rval ,iJt.tv ar~ en:imcra-ce J.l • 

hav- h pc-s':WS throt,gh e. b~en considering every backward branc 4,. • 

th ' . d d nt path fr.om b 
e hf'~c\ of .f. n.-tv it follows that an J.rre un a . . • 

th . ' . to an e:x:1 t from 
ru -<..n.t\;., to ei the.r the use of a variable or 

1 •ln.tv • branches exclusive y or. 
. ' Will consist eithE:r of fo~-wa.r.d Next suppose 

Wl.ll . , .. ,. d branch. ' 
conta.1 n one and ,:nly one J:>ac. v.dr • t ••lly 

that.: . ~. ,h that is even Uc.. 
we are. dealing w U:h a p;~ogr,1.m gr~.l xt-to-last 

l°C!d\• . • . ~. nc at the ne 
,CJ.l:,J.e • 'l'hen the graph g 1 app.::;ai:i ::1 • ...... 1 

st:. . n- . ngle in ... ,~rva .. ,oe. in th . t (' r. a si 
10...... e derival:ion consis .s ... . ·h t we have just 

,<.,._fiou,t vat1011 t. a . 
• a.1ty e.x.it .. ~; henc,-:.: the obsor • for each block b 

n1a.ar.-. , • 't,'lSCS {.b} 
~ 91.ves an eaf;y Wc.l.Y of c<.1m:, ... ut-.,1.ng 
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of gn-1 • 
blocks of 

But the blocks of gn-l correspond axactly to those __ 

gn-2 which a:r.n i.nter:-1D.l h.::ads; h~rice, wo~king 
• .J, • .. 

backwards 1t.E,.r.ac.:1.ve~y, we can compute uses {b} for each 

block of gn-2 ,gn-3' •• •, until g i~ reached. we will then 

know, for each basic block b in 01,~c o:ciginal prog1.·aJT1., whether 

or not there exists ctn. x-clear path from the entrance to b 

reaching a nne of x; a.nd this 12vid1:?ntJ:y tells us whether 

or not x is live at the en trance to x. 

we may write the routine wh .ich completes the cons trnction 

of ucM in SE'l'L c:.s follow,'3: 

define buildus<::• {no,·JG.s ,e1~try) ; opti.mize:r ox tern al cesor, 

intov, uses, thru, seqd; 

builda(nodes,entry); (its0qc1 > V-k > J.., intve:hd seq(k)) .~ -
{iintv :_ Y.n > 1) b:a:.intv (n); backorexit={ce:cesor(b) I 

n ce:intv or c cc! :i.ntv ( 1)}, 

. uses (b} = uses (b) u .. _ 
{if k ~- 2 then 

thru(b) int. [ti.: cc backorezit) uses(intov(c}}; -else 

[u: ce:backorexit] {thru(b,c) int uses(intov{c))) i 

end ¥n; end Vk; ret.'l..,rn; end builduse; 

• .L •• d only for Note that as it stands this aJ.gorithm is va :i_ 

rec1ucible, It is also Program grar:hs which are eventually ~ 

Worth obsE:n~•.ring that: the set 

us~".'S (entry) 

i . . .. live inunediatel,r on 
.c ·, the se-t: of var5.ables which ::1rc . . rly initial-

ent t' e !=:Ct of l.Ttiprope 
ry to the progx.-ain, is in fact n • "' · 

• . '" we would, in a l.Zed p . n~n-• <..•h.icu • rogram variables, concer -~ --;; . a diagnostic 
to1·--1 dsh to issu~ ·~• optj_mi zing-compiler system, ~ 

lllessagc. 



I f no irreducible graphs (consisting of rno ~ .\.h . 
, • 1 n. w.an one po1.nt) 

, encountered, the: deriv,7 .. ti.on sequence of _ .. 
,are • . . c..n or:i.ginally given 
i ,,.am graph g w1.ll hav<:~ the kind of use, '·rh1.· ch th 1 prOCJ··· • . - .,, • • e . a.st few 
hgori thn:s have illustrated. Irreducible graphs are obstacles· 

io the application of such algorithlns, fortunately, there 
\ !I 1 • 
Jee methods for u.ea :1.ng even with them,. To se,~ \vhat these might 

. bg, note that the simplest e::r.arnpJ.e cf an irreducible graph is 

a~ follows: 
~ 

If for the moment ·we think of the code represented by the node 

b ilS being <1.uplicat1ad into two copies, one of which, b 1, is 

er:-:.ered from a, while the other 1 b2 , is entered from c, then we 

se.? that & pe1.·fectly equivalent pr-0-.1-r-am which has the following. 

fi.)w can be found: 

~ ·cc derived Il this graoh { a b } and { c,b2} ar~ intervals; so l."o 

.. , 1 d c and the derived graph cf g:.aph consists c,nly of two no ,t:.:>, · 
ii • . . 1 shows that an abstract 11s cons is t.f~ only of one. Th 1 s exan.p 0 . 

~h eduction even of 
ttocess of ''node splitting 11 can allow 1.- e r • 

• . ., . • l 1 Mor~over r the 
p:aphs whicJ~ origin,. lly ar::i 1.-crc:a1..:::a :i e • 1 

• •••• is perfectly genera • 

'
rhenomenon to be observed in this example Let g 
~ s follows. 

see that thi'' s 1.· s the case, we argue a t of 
Lets be a se ~ a p • t • of n no.-bs • • rogrnm graph co~1s1.B ing f g consisting of 

lll)des • h eri t:rv node o ' withing, inclu~i~g t.c · ~ ~ ~~a •-•hen s is re,,,o y • , 
cts f I th ·1 t , .. e~ nodes as possible, and sucl ' this is to say 
the d • t"' no loops i remrd.ning set s of nodes a mi ., to 

5
• Note that 

that· 1 01, belo1vJs .. ~:t least • nt or. evc't·y O • • ~ one poi .i. • 
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every loop contains at least 2 od 
since n es' s will never have 

. than n-1. points, For each. J~ e 1 more - s, -2t f (x) he the set of 

. all Points in s reachable along a path. t 
~ s ·art~g at x all of 

h Se nodes but x lie in s, We then co , 
w o J. • ns cruet a 4 pl.lt glta.ph, 
as fo~lows • The points of this new graph are the pairs 

<i,~!:_> for xE:s { tog et.her with. th.e points <y ,x> where y e: f (x) , 

~ese points represent multipl~ nsplit copic 3 n of y. In 

this collection, we d~fine the successor relationship as follows~ 

i. cesor{<x,n9:>) is ti'1e set of points <y,x> for which 

ye; cesor(x) and Y £ s, together with the set of points 
<y, n?~> for w~ii ch y £. s; 

ii. cesor ( <y 1 y-;) is the set of points <z,x> for which 

z E cesor (y) c.nd z f s, t.0gf.?t'1ei-..· with th-'.! set of 

points <z,n~ for whi.ch z E: ce.sor(y) and z e: s. 

It is cle~r from this definition that, in t..rie split graph, 

each of the points <y,x>, y ::; f{x), can be reached from <x,nt>; 

moreove::, the set. {<y,x>, y E: f{x)} contains no cycles, since 

if it <li<l so would s, which by construction we have ruled O\lt. 

Therefore each of ti.11f' sets { <y, x>, ::_· c f (x)} ~ x is an 

interval. Hence our t:pli t g:r.c1p~ can be covered by at most 

n-1 intervals, and it.!-=: deri v~··d gx·~\ph will ther.-efore co~-itain at 

most u-1 poi~ ts• IJ.'hus; by apply ;_ng the node splitting process 
,.i. • • d we con construct wueneve:: an irreducible graph is encountere 1 

a generaU zed d~rivation sequence which will always converge 

to a graph consisting of on.J.y one single node· 
T ~ ~ o~ nodes of the kind 

0 find, within a graph g, a se~ ~ ~ 
req,-~ . . 1 , Arrange the nodes of g 

i ... re::d, ·we may p::cocee:.d as fo.L. 0 ~s • . . the 
i • thm d0scr1bed :t.n . 
n sequence, using the order.i.ng c:.,lgorl. -: • follows· 

fi • 'l'hen define s as • 
r st part of the pres~n t sr;;!ct.iou • • • 

11 
backward 

fir~._ . ,. Then take a 
"'~-put all backdominators 1.n1,0 5 • • .. uppose 

bra t belong to s, s 
nches whos~ o:cig·5.n node u does n~ If every backdominator 

that the target node of the branch is v • ETL the al~ori thm 
of . • in s . In S " ' 

u ls a backdominator of v, put v . of the split graph 
and the rema.ining parts of the oonst.ructon 
appc~1:r 

as foll. ows • 
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f
·nef graphsplit(nodesyen.try}. rr"···T,·· 

de l ' .J ., '--l ,:.t zer .:!X t~rnal riewat ce~cr 
-graphord (nodes, entry}" domsof=doms 'n d • , ~ • 

5eq- \. o es ,entry) • s-tn [d F~ 
{ ( ·) J" > 1 < J' < .r.. r- } • , -_::__ omso:.. J ; 

seqno::: <seq J ' ' - -- troeq , • 

(ff seq ~ 'tj > __ 2 I~ seq (j) £s} a:-:saq (y} ; 

(1+b£cesorn(a)lseqno(b} 9.,t j) ifn domsof.'{a}·. d '{} v -·· • - • incs omsof b 
then b ~ s,; -

~d ~; end Vj; shar~{bcnodesj~ bss}; 

ne,.,g :::{ <x, n_t>, :,ms} u_· { <y, x>, X-E:sbar, 1 · ~ yEc osure{cesor,{x},sbar)}; 
(vxe:s) cesox-(x) ={ <y, if Y E.: s!;ar then x else n.t>, yecesor{x)}; 

(Vy t closure(cesor~{x}, sbar)} cesor(<y,x>) 

~·{<z, if zEsbar then x else nt>r zecesor(y)}; 

end Vy; end Vx; 

newat = <entry, nt>; return nev:-;; end graphsplit; 

With regard to the use of a spl:i. t graph for the type of: 

analyses_ in which we will be int.exe:sted, as for example in· the 

derlvation of l:ive-dead informc1tion, we may make the following 

remarks. In the ge11erali zed version of the routine baitda, 

each of_ the nodes <y ,x> derived from y by splitting will 

inherit the set u..6e.-~ of variables used with.in it f!'om Y, 

i.e., we will h~ve uses { <y ,x>) ~ uses (y) . Similarly-,: we will 
. -

have thru(<y,.x>,<y,x>)" = thru(~l,Y) if y has the successor Y 

ins, thru(<y,::>,<y,ni>) = thru(y,y) if y has the successor 

Yins, etc. Tr.en, i;;-builduse
1 

we will derive 1.,se{y) f~r a 
no:lo th . . . . - . y as the. union at fuust ba split into ~o~~s Y11•••r n . 
of use (y ) -( ) we • .leuve it t:o the reader to wr1 te 

1 , ... , use y .. 
ou.t t.hene algori tllms ~n their generalized form• . . 

P . _ . . : . ers to assign quantities 
a.c.k-tng a.tg o :LLtfi1,:b are used in op-cl.ffil.Z 

to r. . 1 shal 1 conclude this section 
• .eglsters in an e:f.ff:!cti vc way• we • . sume 
by · • . . d In each case, we as 

g1.v.1.ng two ·alqori thm,; of this kin • • h map 
th·~- . a sot s on w1t1c a 
• ct,, th:-: quantities to be ns signed f.otm ·e .. interfering" 
-<.n-te.Jt. • ) then ,c and y ctl 

ii:: defined; if. x £ inter(y , . ter The 
<ruant·t· . d •t •i:he sam~ r<?gis • 1 l.es o.nd cannot be ass1g11e •0 1te.p on s· each 
algori thins to be ,1esc1~ihed wi 11 estab~.ish a map • ' 



, ., 1 then he a.ssigned the c-1a,ne rt.:,, . 
s s wJ •• - • • • • - "'-<Jl.ster as ,u?.rJ fy\ 

.tc: that only thQ:;e. A • ..,.,..i.t.h.: r:~_pJx). eq n • n,r.ie,,,:; hp. .' •• I 

., o . .. . t • ····-~ •• ... ..... .,., - ass :i..;rn ed. 
. ·te~·s to pegi.n w1 :.h.:- _,::1.r,.d the -:.)t.1·-::i,~ a- . 

·:recp.s , .... ► • . ·~- • ·=-S?,,•:fn,.'fien.ts Wlll 
•• 11 ,; automatJ.cally ~ The .n.umber. of registn . 
fo .o~ • . , · , • . -rs required :ls· 
,,., n eaua.J. to ~1{z;.::s t r~~p U<) • t:g Q}; we •-~~ '-'l1 ~-,.. ..!.I. • 

t.,11.8 "' • • ,,_.,_ T►.-o. ,.,., r~f.l\lCe t.11:i.s 
tj ty to a minimum,. Nat:r:.rally { f rep (x' ... . 'J quttn • -. . . r .... - J c::2.n.0. rep {l•) 

~ <·v·--he the ,3a.me r x .s.nd '/ must be non-1"' 1·1t '"'"':tftac · a:!:... ... • •• • ~,;.., :tng. 
• 'ihc first a.lgorithm, d.ue to J ~ Cocke~ bE>gins fo~ 

1:1
•
1
.r,.°'ri.gin.g ·tJ1e oua11 t.i t.i.,.:s )!, in decr-,-=-as'i ng r;•,rr.,e..,.. 0 .c .::.. • t { } 

,L ;,,.. • • - • • \, ·- ,.. ... • L Tr :t.n ,er X • 

The first quantity x in squer:.ce is th~n removed, and the 
• • q··,..., • ., -~·.:;t1.· e~ ~,...ann ... ,.::.i i' n s::. · t ~ · d r:ema1.n1ng ..... ,~.,_ 1.,.,_ • ~ • ., ~. .... ~-,..i.. ~ eqtlence o :z:1.n. quantities y 

fo.r which rep {y) may be as:.:1 i,;;rned as x with.out vic•latJ.ng th.e 

int 8rfe.rence conditic,n~ Whenever rep(y} is dei.ined, --~·-·:i~~ 

rt>.moved from tha sequence. '!•his procer.;s repeats a.'s ci:t<:m 

as necessary t as shown in th,e follow.i.ng SETL el<;cril.:hm~ wherei.n . . 
. W!. presume that tht~ scq 11ence -6 e.q \Jf qu.r.mti ti~~~ :x: ar:r:an~r:')d in 

• cr0 asin" order of linter(i} has been tJre-calculatefi. ae, . ., . , ~, 

rep=~, marked:-::?-9,y low=O; (while low< ?-J(j) < !t~eq! 

: ~. j f. marked} j· ·in marked; x :: s~q ( .i} ; 

interf:err~=inter b~) ,; k:-..:j; J.ow=j; 

(while~ k < ::i [kk] ;_ # .Sf~q ! ~ y is_$ Bt~q (kk) e:interfere 

a.'1d n kk 8 marked doing k::·,}·,:k r} ··---
kk in ma:r.:ked; i.nterfere.=int~r £·~-re u inte:r {y) ; -

:C~p {y) = :x:; E:~.nd ·while k; 
8nd whil~ low, 

#inte:r;(seq_(j)) ;: r.J. ,, St!ppose in th~ a.bove algo.ri.tbm that 
l before the k-t.h :lter.~tion 
t i~ ci.e<:n: that, if j is not ma:::-ked . (.) 

cf • luorit:hm, then seq J 
~ the miter while-loon in tJ-i..e above a " . ·.· sequen"e• • ,_ ding :i t in " r 

_l.nh:rferes w-:i:th a,t least k qu,1ntitJ~s p~ece • • . f k ~hich 
b.ence k . . poc•s1.ble value O I 
. • S., min (j-1, n . } ~ '£he max1._mum .,. . . " needed. for 
ls Pl·· • . J . _....., o-'= "reqisters 

~lr1ly also the. maxim.um m.mu.:er .... · • . • is 
th of 11 quantities, 

e tJack.in.g by the above. a lgo•ri trJ!l a ~ 
1:he,-ef 

·~ ore at most. 
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(1) . max m .. in (j :a.+l} 
.• i l . • 
J . -

• t- • J1'.}iTib. r.:...r ,i -- \' , • -rf tl1e: 'CO ,:,..... - - .... - . l :{, (",.,,. :: · ' t:.· 
J. ·; -·'- ,f .... : .... ~;:·1:er.·c.ncf!~ i::. r::rescribed, 

• the quantity {1) will clearly not decrease:-_ .i•f'!_-

). -;.;hen ever n , + 1 < 
W
··e increment nj+l e..nd dec7-·err.ei1t n., D ....... , ~ ~ J J • 

,_· .
1 

.. . ) , .... _-•v'.t.C-.ed. that initially 
n < n. . • S1.m1. ar .t.y, if n . + 1 > ..; 

·+" ] J J ·ne ffiltV d..:., ...... o..,.,pr,+- fl 't J J.. " •. • ' ·• - .,. ._ ~-.m -~• ., • 0 
•··ncrement n, , .. ·J:ru.s •~.;ox·st oa·-:;e r-0 .... ~ ·ct· . J 

. l,1. • • • J··•.1. . • ..; -'·l 6 l. ·erati6n makes 1.· •. 1:-··.., 
i { __ 1 ', .• 'I • . .. 't p ..... 1. ... ,. 

that for g· v(=;n. :n w .l.l..!. ,:1.ttn..1.n it~ m.a;:iT,1.u-a app:roxiately 
when for some 1 we hav·e n 1 :.: ·.:::: Jl .. .! , • 

... , • - . • ,. t ., ~ .. ·:. - J - ..L ano 

nHl "" nj+2 ~ •• ., " .::-: . 0, anc1 then clearly. j :i.s the !'H .. '!li\ber o.f 

ll., • .i. fi 1--eed0 d ;:o-r· ~1- 'l •• reg.1.a vers 1 ~ • •'- - •- .., ,.e pac,-:1)1,g of all qu,mti ties. Since 

then n :.::: J. ( ·..,i-1} ~ • this sl~ows tha_ t i~ !el ·t.,..ra· 1 - i. • 
.... "' •J... c:;: n nt~r-auantit~ 

" .r 
:i.nterferences ;2,x:i.stt approx.im.ately ln 11r.egist.ers;' :shou.ld auffice 

. tc contain. all q1.!antit.ies ~ 

This line of t.hough.t SU!Jg~sts an :lmprc,ved packing algorit:.lun, 

• proposed 0.r.igin.1.lly hy A. P. E.rshov.. :tf we ~xamine our p.r.ecedin~ 

• packing aJ.gori t.:.i.'un,, we .see t.hat when rep {y} :i.s assigned as ~t 
- II . ;, 

the total. e .f:f ect5. ve set of int~rfe~enc;es heco1-11es 

:i.nte:r:(I~) \.1. :inter(v} 
........ ,4 • If we t.he11 choose v so tt.'1at ... 

i{inter(x) int inter(v)) is as large as possible, the largest . ""--· ... 
po:::sible nt.unber of t.h.r: interferences origi.nally pres~nt will 

b~com • " ·t ,.. cETr 1 'tJ: m evoressJ·Pg this n,rocedure 1::: e 1.r :r.e .1.evan _ • .n. ,-7 • , r,1 .. 1J0:r 1. 11, _,,.,,_" - -· .. 

is as follows: 

/*qt:tant~~ 'is t .... 11.e -tota.l collection of quant.it:les be.ing consi'dered; 

C 
tJ 

. • 1- t· hav,;:, ye~ been assigned; urq • 1ose to wlu.c;h .n.o represen· ... a. ion~ .- .. 
• t , • a t.be curin.t the current stati.:1 o:E int.!:1rfe:rences, a;c3:n.;. i 

~ . . .. ,,,. . unt· we w:r.i te ass ... gnment ·of represfan tatl. ves into a.-.,<-0 ' 
y t rapdby (x) if' as far .3.S Ql;i.r c,,.lcula~ion yet shows' 

Y. is .to be :cepresented by x ·!t/ . 
{ } > ,<E;quant.s} , 

CUrN - t . . ~ rooctbv;;{ <x, X i 
'l. - quan s; (!Ur1.nt=-1n".er; ... ,. .. 

/* .determin0 pair to identify, if any */ 
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"'esc: y .. cur•i==-curq .L , ·- ,. 

go to loop, 

[done:} ·rep={<y,;{>, XE:curq, yErepdby{~~) t? ne x} 
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. i:n the present. £H·.;;ction Wt"\ ·wi.11 ::1.es-.:::::ibe 

r ith.ms wh.ich serv-0. to define effici""'nt 
~o -
for. a- wide class <..1£ programming langtiages_. 

a ?]~i;. i:,f general 

tabl e.-i.fr-i ven. parce.rs 
Th.is t.::lasa of 

•. • 11 a 1 c:,o gen'-'\-at:::. di,. · ;.. · parsers w1 -'- .... _., -~ ~-~ ~ _.:(.gnQs -J.(: messag·es in a usef·l--ll. 
l!.tandard form when de.fec1ave programs atP 
,, • ·- encountered., we 
• .-.17 th.en DS~ t.he scheme· ·which. is to be r"le, .... ,1 A 

::;i1v._-" • • . , , • ~ -,,;;; opea. to opecify, 
·n full detail! the parser for a simnle aloebr~i· c 1 n , l- . ~ _, ... a g,,.age 
somewhat more 9e.n.e::al than the Dart.i:nouth BASIC languagw->~ 

Genero.lly speaking r parslng constitutes {after a lexical scan} 

the fil:st stage of a total compilation process. A lexicaJ. set".nlH~,: 

br~aks art· :i.npu,t stream of characters into a string of :toke.nh. 

'l'he parser then associates a ·t1~ce, called the pa.It.~ e. tlte,e., • wi·t-..h • 

. this str:i.ng of tol<:ens., II'his t. . .i:·E;~e is '1'aluable for t_~e fr.,llowtng 

. reason: .it establishes a fixed system of t.11.ee. a.ad.11..c,~.ll ¥.I.> for th~ 

• tokens of the $,-;nten,::;e parsed, aud docs this in such a way thaJ.: 

tolle.nb plag,[n.g g,lve.n 11..ale..6 wL~~hJ.:-t c: . .6 ente.:ie.tz. r;;i..Z£. alwayh be. 

f,vtrnd r...i.; 6J.xe.d e.01t.-JLe.-6pandlng tti.ee a.ddlie..1:,.1Je.t., For e::{a.mple, in 

statements, statcm~r:.t-type determining keywords will always .be 

found .at 1.=ertain partJ.r..:ular t.:r~s nor.i(~s 1 in expressions, the 

c.en;tft..a.t ope1t.a.to11.: .&,lgn,
11 

i.e. 
4 

t1-1at sign denoting the operatior,. 

to be pe.rfonned last; will always be fc 1.md at certain particP.).ar 

tr.ee nodes, etc~ This is of co-u:rs.e not the case for the string 

of tokens originally rspr,~senting a sentence. 
• tages which Our parsing process wiJ_l be divided into two 8 • ' 

•·e 11 t· • ,elV" During prepa:cse, 
w r.a pltr.p<Vi.t e. and po.o tptVU, e. respec 1-"'· · Jo • • , _ -• 

. we • - . • ~ • hod to assign a t.,.t.e 1)-Pl?ly a ·si.mple high--speed precedencf~ met . _ · 
to ea"'h • . r~qu; re of this tree only · ·~ lnput: string of tokens; we -~ .,._, . 
t.h.a t i' t • be • many cases as can be - as correct as possible:: l-n as 
l!lanaged 7 d ces Dud ng postparse, 

• • .oy appropriate choice of p:t:€~ce. en • •• • d 
,. ·- - t. ng p""'eparse-oss1gne •1e chec1 , , ,.orrec 1 . -

• .'<, \.no St••ucture ,.,_ •f "•'°ii6 trC6 I ,._. 
• ,;;; i. , • ., µ, d . su1·ng diagnostics· Pt1:>Vis • an is iona1 structures as necer,sary, 

'11hen t"' . d 
... ue er.:r.oro are (::ncolm.t.ere • 
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··-e will have thP ~-=oti . str.e pr~'J_par.;,·. -~ i •. -OWJ.ng structu"'e 
. n., •"at, _,, l·1 .. , ·"'1.1.t• 1· -,,.:-. .... . .... 0 A routine .. ,..~ the n~,"·"' •'-'<.,.• ..._,...,. - r,,., c.t~scriherl .; . 

Jl.r,."' •• ~.n sect1cn 4 will be used 
. 1exical analysi3. A Bet of w~s·n- ·d _ ,tor ,.L,;,,; ... , ... ve v-,o ... as -111, 
.i. . .lo..-(. vJ- .,_ .o~ 
,. ecif ied 1 roo~ceover .• Gvery token whict, r•-. , . c 
,.,p • • 'lJ b ., . .. . . - • • ... ~n :oe rece:i.,1ed • fr.om 

o".'·oflUl ,,·.1. . e c.1.ass1:r.1ed. a.:a bE:}r,~n-i11a + -
n~,.,1.. · CJ,lJ .... ~ ·--0 one ot the five 
following gross types-: 

., , ~-~a .. n:.e tY.Jt~ 1 this will a., l .. ~ . - iso - nc1ude constants of various 
}dnds ~ Des igna-tion: "n ~ c-r u va:c 1 

-.; L Operator tyt?e.; this. will a1 ,..,-. i 1 d _______ -.:.u,-__ --~ ., nc u e most r'=served 

keywords. Desi.gnation:: 'o' .. 

:t V • Th~se typ~~ may 
jJ1clude parentheses of va·rious kinds, including keywords 

which serve. as parentheses, su.ch as the beg -i.n and e.11.d of .ALGOL Q 

Designa t:i.ons ~ . . 
v . Sent0nce delimiter- ·rhis Ct>nsists of whatever m1ique 

. symbol (possibly an end-record mark} is used to term.irHib~ 

P.Emtences c,f the la.ng-uage to b<~ parsed. We use the same :mark 

. as a normal beg-inning-of·-sentence sign in our preparse de.script:i.on1 

Designation: ,i\ or. er .. 
1'he p.reparseJ: is not to b•?. :cesponsible for an.y erro~ detection1 

it. wi.11 pars,:::, co:(rect:1.y fox1n~~d sentences in e useful way, but 

wiJ.1 ussign '-) ome. parse trF.~e to any arbitrary st.ring of tokens· 

Hs act.ion may however depend o:i numerical precedence;;) separately 
"1::~1· ct t · 1 t n,:; "·c n,..n-rec,"'rved ·tokens ,,..., 0 gne ·o pa.rt.Leu ar opera or.s rc a ,... ... .. "'' ,.:n:., 

by t.heir le.>:ical types; we also allow separate left ana :iight 
• 1 ~tyle of precedence procedi..lres. Note that in this very genera • 0 • 

Pa· •. . . h edmice(:! tn every symbol# . Is1n~J, we. assiqn left and rig~ t prec • ,. ,;;J • 

~ _.. . • _ .., The precedences assignerl 
i.ncluc11.ng v~riabl1,:; names and constant.,· ~ , 
t ,. · r dence~ belonging- t:o 0 .,nch names may be thought of as p.~ece . 
el ,~ • thi' s strategy, we will 

J •.i.ed u cat t • " to .... s G j_,, ... en • • • ena ~ 1.on opera. L • :, 1 • ~ve-r-v 
w • ·- .·..,, able of han0. 1.ng - · - .• 

arit. to be sure that the preparscr .L;:, cap • . 
. . ~ ~e In particular, Sl.tuat. . l • h ,..an ar ... s.. • 

:ton, however bi2arre, w 11 c~ '-· . . h ·two succe,sslve 
"7e w • 1.. case~ in wh1.c 

·l .t need rules wh1.ch can cover . thout anv operator 
name • d, te sequence wi • 

s or numbers occur .tn imro.e ia • • . f r certain 
s • h.... a"'".:tse o ., 
eparating them, a situation which mig ~ ~ 
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.atatements in certa.in languages 
O 

We -wi .. 1 ,., _ 
p ~ al 0 0.need ru .. ~~eR 

hJ.' ·~a.,,..V'e "•f~s.:-·-=-~ 1:!1',.,..., -

to t•o,· ,\;r ,J "' .Jo • .,_ --·- ~--·~ •=> ·-~'-' .... (i,::>· .i \ r t .., • ' ,, , e- ·c. 1v· 
i ic:.r:~(:,v,~r :r-u.ies 

l l·ch cover all the special s.itua .. 1·c ·, h' , ' 
~11 . "' ins w i.cn ca·.". a1·1.· S"· d d .r:: " ... , at.: the 
i,eg:tnning an ~=m OJ: statements Will be recnHred ·-

. c•n .. • i ... rg"iling 
t.hen by induct1.on -✓ the lengtJ 1 c"Jf thr-> t:ot• • 

. - --ring to b~ ~-~a+ed 
t hara ·t·•- ge~ tl...;;:i • -r' -~ ., · -.1..- -•~~ I 1t is no ... • v - - -~'---c. ~Ile ... oi.lowinu s · f . ·-·~ -~ ec o. rules wiii 

aJ..lovl a. precedence pa.rse:r to coridensc.:. an • -~ .. - Y r.eque.nce of symbols 
whatsoever. 

context Up to 
Last s1·1nbol 
• scanned 

Compare precedence p of O t-.; on - •• precedence pt of next 

• n n 

( r:.} 

J\ n (\ 

( ) 

o) 

o/\ 
f,.) 

(/\ 

iollrn1d.ng symbol. 

if conte.l{t i3 oon, {on, er l, .:m< but three 
if context is ll 0 n 0 

Compa~cz p:recedence p. of f i:r~~.: n to .that Qf next 

:foll.owing symbol.r <.;o.nd~nse two symbols if p i:.; greate,:-. 
0 d 1 ' ., 1 • -t th • • ct· d .... on en.se ~ symoo;.s un e.s.s J.et pa:r:en· 1;s1.s :i.S p:.:ece e 

by an n, i.n which ca.se concl.enst.: 4 symbols. 

Supply spcGi.ally flagged 11missin9 parenthesisr' and 

proceed as in p:cecedi.ng ca.se. 

Condensation complE:t.e: return from r,reparser. 

Condense, a.nd treat a.s speci,3.J null quantity• 

•r:ceac as monadic ?"pe:.rator requiring nc argument •• 

an ..:i i l·.t ,.,5 a mon.adic opera.tor. f'lag pa.renthesis, u trea.,~ "" 
t • t ,. a monadic operator 

'.f'lag parenthesis, a.nd trea 1 a~ 

requiring no o.rgumen t ., 
1 .c..,ndf:lle condition~ Blank statement or illega ·"' 
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n•ne oP. eration spoken of a<": , condo • . ·i~ • 
,L • • ~ ..... ~nsa.t:i.on. 1 in _ . 

dl .. f •) ·• ~L,e anove t.n.bl0. i-.e han ea as o .... .J..owr:, ~ r..::-l• a:,~·, ·-. to }.I .. • • ' •• , • • ,:1. cr,n ,~ :. ··,"" ·!--.! 
J.13 d • +- .J - '· ·····'·••~a •. 1.cn if:; ·•::i(;:!_"formed 

t:reo no e 1.S crea .. 12.v., whose:., d,.,.s,....end l': I. • " - , 

a new • ..... . • - • ·-~ ·- ant subnodes becomr-:i 
~ '~~ 0 nts -rn~e d d-,..e of tue <? ,u:::h.s:'. ., • c.; _.,_ .c...t nse w:h.1.oh are - .:.. 

th0 ., • . .. o:r ~ype n; E:1em€:nts 
. ·t.her kinds bE-long 1.ng- t-.:) a con~len sed g..,.. . d • 

or O ' • • ••• . ,,_oup ete:r.ro.ine a:r! 

tt .,,.ibute of t'h.e new node caJJ.e,3. its ~node tvne~ ~~r 
'1- .1- • ~ r. o ~.nen a rl.f':l'W 

d" is formed,~ we aL,o regard :it aB a tr.Jc-·,n .c ·>- , no c: • . • CJ ·\:.- OJ. •• ype 'va:n.ab le' , 
d treat this token as the next input to the P an . • • - r.eparser; 

jJl this w,ay: succes sl.'J'f.J conde:n.satir.ms wi1.1 g·ene:rate a tr~)e 

Structure. An exception is made to the a!:.ove rul"' ,,,11_,.,,.n 1 , ,;; ,, .__ concensa-
tions ax:e to be progressively applied either to sti:ings nrmnn .... 

or to strings nononoXiO •• ft ir;. which a :~ing-1·2 ope.r.ator- token .:i.s 

repeated. T .:,..1-- • ""' C'" ........ --.L..Il u.tl..:.i .a..:..c 8 w·e r,:r:<2,fer to generate, fo:r the whclE: 

string, a sing.le node to the l;-ranchss of which all th~ n rs in 

tJ1e stri:r.g are attached; the node type of suco a multi,-t\.ra.nch 

. node will el ther be defined by the cp0r.a.tor o 6 or will be 

•1<:at8nation' . 11':l:.:.is ·vario.tion o:t tree stn~ctu~cc is a.dvantageous 

. for various subsequent: nurnoses. l:' ,. 

Nc1te conce:rnlng the al:,;ovE> th.at even those nf the ;move cases 

wnich initially appt-~ar bizarre may turn out to be useful. 

•
0 or r-lX;1rpl"' • ;:,_.notl',.P_r .. or.oorarnrning lam,.1uage one might ,: . ~ a .1 "', in one or ~ _ :i 

wish to pe:cm.i t a reserved keyword 1to..ndom, wh0se value was to 
1.. !3:"d which could be used )Je supplied by a random number gener!.itor, --·• 

in such combinations f;1,S 

/\ d. = .a + -;: and om A • 

d are to be treated Given our convention that reservl:!d keywor' s 
• as operators, this .involve3 an instance of the initially 

strange-looking ca3e O/\ note.d in the preceding tal,le. 1 
.. . •• thm for t.'li.e genex-a-

Bi:fo:ce procaeding to give a SBTL c..J.gori • . 
.. simple generaliza-

pr.ziceae • l t • ncY~e cert.aJ.n ~ 
. . nee parse, we w1.s 1 ·o 4 

,. ·- - f ··•hich we will actually 
t1ons -b • o one o • .., 

• of the strategy outlined a ov.._, • . , • ich has been 
irtc . The technique ,vn • 

orporate in the SETL algor.:?..·th..-n. . nts of a 
<.iut 1 • ,. 11 t.he s -ta t.eme . 

-J.nea will- work nicely whene1Je:i: a ce ri:lles. 
la~g • h s3me preceden 

. uagEi employ approximately t _e ,._ l"" within 
~h. .. for examp - ' 
• t.,' however, is not always the case 0 

a E'OR'I'RA..~ expressi~n like 
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)f (A/DI C/D) 
'! 

tn
, .~ slash takes preceden~c over the r.om.1na. M 
.... ·-0st suc.h situat_1ons 

:i b ~'t- -'= 11 ' ~ n be covcr.ei.i y w>.e .::o_ ,JwJ..ng f:li:i!i:t:,J.e O"ener,"']iz,,.•1-i··o.,... ,~a• -"J -· • •;;<... h of the 
. ,1,·,11.·que descrfbed abov·e. Let ·ri-1,,_,, ,..,.,...--=-p-. ., 
r,e.c ~J • • - '"' .~J.1..c o.:cse.!' c.etect: certain 

· 1 er-ru :,.n ··•,:,,.,, o-r- " • .::0 w t k • l)pe.c1a s -~.1. {J.,..,._..., .......... '-- ..... o ~ens r such as 

When st1ch a configTtJ:ati.on is detected r the precedence VQllies of 

a. few sp,~cial ope:r.a.toi:":J can be 1,1odified, and parsing qan proceed 

as before. •;,Th.en afte.r retu::-~.n to a. main program the parser :ts 

re-en'te:red, these p:r·ecf::'.!den.ces must be r-epai:ced. Jl.notber useful 

·generalization c'.:oulo. be as follows. 'The prepa.rser can test for 

special situations w~tenever it treats an {n) case and to modify 

its precede.nee tables ·when c,artain situations· are detected in 

faese parenthesis--halancec1 situations. This would allow sp8cia.l 

precedences to be employed with.in pai:en.theses and then <"..bandoncd .. 

a procedure· that, e.g., might be useful in dealing w:tth -the FORTRAN 

FOP.MA.T ( , , • 

"'h t' to be described ... e generalized precedence parse rou ine 
h . 1- the second, of these s ortly will incorporate thi-~ first·, .ov.t no·i.. . . 

generc1liza.ticns.. We will aim to w:ri te a SETL :routine perm::. ttH1.g 
• • t • To detect 

an extremely efficient machine--1-avel r:ealiza· J.on • 
th the table given above, in 

• e Various conf igu:cations, shown i.n 
h' J 1 d for we will ut:ie 

w lch ac:tions of condensation roay be ca • e • r 
a "" ''in automaton of just the 

·P-ograrnmed finite statE! automaton.. ~ . , 
ty .,_ . :i manner orJ.ginally 

pe C.:).lled for can be construc~ed l.n a. • which 
aug y elegant way 1.n 

gested by Domolki; because of t.he ve.r . rmally 
Domolk. • . . . b·' -t.--parallelism no 

1 s const:r.uction exploit:;, th e 1. 
11 

• n presenting 
avaj labl , n - we sha , J. 
, • e in machine-level operatio •5

' hine-related 
l.t all · 1 ed in a mac • . 
q•' ow ourselves to become invo .v 11 prefer to avo1.d,. 
lscnssion to a degree that we should • norma y 
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'
_poinolki 's device is as follows. I 

. ·- . . . . ~numer,1te all the 
i:-:r 1urations that the f::t.n.1.·te-.8 t;,i4-~-, -···t co~----· . ., • --· ... _ C4L\ :c-n'a.t0 n ·1 t"."\ 1- ..:, 

.i...::. - 0 '-lete.ct _ ; 1 t.he case we particui. a:rly wish to 
consider, +.i..ese _ 

Wl. (.\):'(~ 

L 
iv. 

V' .. 

vi. 

0 n .ii .. n n :l.i:i. (n) 
anb , whe:ce a. .is either t(t 

or A ,, and whe:re b 
is either or A 

~ 

cd! where c i:::. el.th.ex· 

e:l.ther ')' nr A ,. 

. 
I / 1 

\ ' 0 , or /\, and where d is 

..,.,r'7 ~,.-,.,,res en ·c··.; ~19· '°' 
"·l .... r •·"-!."" - ~ .... .1 • ,.,orn.e special seat.,..e---ce 

0
« • th . • 

,. ' .u .1.. • .?;fre 

symbols which we wish to detect in ord - er t0 perfo.rrn 
some user•~def ined special a.r"t1.· 011 '·•hJ' ch 1• t . • ~ • • - .., . . . rnay Lmo • y 

we now set up a bi t•~s trin9, di vid0d i.nto zm~es e;.ich ~:if w~:{c;t 

corresponds to one o:t the -c-·cmfigurations we wish to detect, 

the length (in bi tsJ of t""iach zono wil1 be ·equal to the numJ:::>e.r 

of symbols 1.n the configu:;-~at.ion to which it corresponds. In .\the 

specific ca.se we consider .. we w-i..J l hr1ve zon.as of .., 2 3 ~ 2 ':': h1.· .,.,.., 
itl • ~ • - ~ ~ I I I ·J If 1 ~• ...,,, '-~ r-· . . 

and thus a hit-string 15 bits in total length, The state~ of 

our finite-state ,f1J.tomato.n. correspond to a.11 the possible 

values of such a bi t-~~tr.ing; note that we therefo:i:e dea:i. wi t.h 

an automaton wh.o::;e approximately 32,000 states we m~ght prefer. ~ 
not to have to en urn era te in any much more explicit fashion n I 

The significanc(:'\ of these bi ts is to be as follows: 

the i-th bit _(_counting from left. to right} of the j-t.h zone 
• th f • !:l. i ..,yn•bols 01 13 to be l .if the last i syrrbols scnnned are • e ir. 1: » 

1 
• 

the • t1.. , • , • d ,. t• otl·e.rwise 1;.he l.•*th J- -1t conf 1g1J.rc1t1.r>n wh.1ch we wish to e~ec ., 1 
... 

~it of the j-th zone; is zero. Each time a new token t is. 
sc · . . . 11 h ge in rather simple 

anned,_ the values of t-..hese bite wi c an . 
f h · 1 of the i-t.h b:1.t a,s ion.. Writing b ( i, j) for the I ol<l I v~ ue . , , 
of -1:... .• • . . • - thP norres pondJ.ng new -ue J-th zone 1. and wr1. ting b for ~ • 
Values 1 . • , we p ainly have f the 

the first symbol o . 
. i. for i == 1, b{l~·j} = l if tis 

J""th configuration; l 
t io the i--th aymbo 

ii. for i > l, tb(l,j) = t,(i-1,j} if 
of th . - , . ) _ c if not. 

e J-th configuration, b{1.,J - _. are available. 
Su . · . bit-strings 

PPose then that the follow1.ng , . which correspond 
• a • thor.e Dl. ts 

t • A bit-string ¢ta~u marking • ~. 
0 the f' f. uration. lrst syn\bols of any con J9 
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.. . "' . 
b, 

~ ~;_]:~ .~:..: ,:,. 
bits 

~-:-.7 <:.:-~_f..: ;: ~';_-3._{:_~:-,;1' 

.. 
. . -~,vr eac~ C8X.~~ 

.;... ..... 
\ l ..::.. -· . 

v• 

.. 
l. -t.J1. s \--~1± o l of 

( ~ .riqt1 t 
--=--

. \ 
:3} 01.."l 

~ioreo,.Te r .. s-rime • 

h~ve been d~te~ted 
.:J , ..._. if ;;.nv. 0~ .,_ .i 

hand finish r c; 

LY! such a case, 

prcceden~e preparsing ~.;hich has just he-2.n d,~seribed. Th?. 

fo1lm-rir1g comments ·wil 1 ilJ. U.1.'11j_:nate salient ':ietnils of ·t.his 

nlgori thm. • A.s is sta!"',dard ·for precede.nee parsers, the alqorithm .• 

uses a stack, cal'.;..e(l. 1.Jt.:J.JJ.f.A.k in w:tat follows, wi'lich hc,lds • 

still 1mconde.nsed ·!:cJ:..en.s
1 

and .in our c,3.S~ also information on 
the :kinds: of these tokens, and en tl:e state of the au;dliary 

finite-state a,ltcmaton immedlat.ely £lfter o. token was read. 
1. t1 ,1-:wo it.ems) 
nn auxiliary stack (\•.:ihi.ch v,i1.l never contain more 1an •• 

c::all.ed ba.k.-0.tah. contains tokens :read as part of 8~Y_ necessa~· 
1
0 k • · • • , t • 1-i zation block 

'· 0 -ahe_acl but still t() be processed. An :i.ni ·.1.a. - . 
called • bl" 8 analy:z.1:-ig 

• 1.>e.tu.p establishes all n.Hcessary ta ..-.. :. •' .. ~ 
User- . _.. . - . ~ _. &ox· the defJ.ni t""on 

. suppi.t~d 1.ntor:rnat.1on where neces:::.atY 1- ... 
of th . ·, . 3 fining spec.ia.1. 

ese tables , In particular, information ' e ~ • • -
r.eaerved . 1 c, - 5 ces may be tokens and significant lex1c~ ;La•~ • 

siippli.ec1. nc·• sr.ecial significance are 
, tokens having ., i:-- ·able• 

Classified ~;s c·atch-all category rvari ~ 
- belonging to the 
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'1"1.,_he • nn. 1 . aJ)d •none con dens at'; .--.-r1•:: ,·.,·h~<~k i • c --_...,.,_, ~ - - .::o see l.l. a sequenoe,,.i:n on 
~c1ne-,-r.:, o·~ •"'=-·t·r.i'1"'-f--i.,r,·~ ·l'n •. ,,, t! case. n. Si; ..... ,Jc.... )... ..... .;.i ~-t \;\.-.1..u ,::,1 •. -:;h~o·_.1et- a. s0guen.ce of .i.aent.~.cal 

this is 

the list of descf~n.dan.ts of an old t:r.:ee node rather than c!.·eating 

With_ re~-;ard to some of the details of the 

5.1:it.ializat.ion proce.du.~ce, the fo11ow1.ng should be r.em~mbe:red: 

~he sequence of b.it-~-groups c;nd their significance, wh:i.ch of 

course de t:e1--mines tJ1e mo sk s ri:::_qui red! is taken ( c:f o ~- e -vi - al"JOV(=!) a;: 

•• ~n ion I ! n) ·1 { ( r e·r} .n {) fer} I { (IO.re :r} • {} i er} l xy ~; 

where the three last p~..:;::.d t.ions xy z dre reserved :fox: user.-,lef:tned 

special si tui:'l.tions. Note in parti:.::ula.r that completion <)f 

t\-1 f · . • - ~ · • ~1 - 1+- 11 .• • ;:,n -,ompletion of .e oLn:t.h pattern will. a.LWdys be ,;..,etec. _e._. -.~n~ .; · 
'-1.,, ,. , • • .• t • ,,,J ,; ., --ti' on allows for 
"'

1
"' pa ... ,:e3~n i_n} is detected. Ou~ U1J. :i.e._.,...,.-.. • • 

t½i8 , and also for the fa.ct that · t:r:-eatment cf inn fl and 'on 
1 

cases 
b1::qin~ 't , . · l • • '"' . ogetner, with .separat1.o::1 fol. owing· 

B·e , 
1 

. 
1
, {-;,a+.; 0 ,,s 'n'hich must be ca\lse of the number of ··D~c, a s ~-.... _ ... ·•· 

tep:cA,.. t~ . -=>~-- ~ • ~nit-ialization 
~.:.en ·ed.:- and .Ot"'.::cause it incorporates c:-n j.. -- ., . 

Procedure .Lh • f 1 lows is reasonab,.1.y long. , ,_; e algorithm which now _.o- • . 
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.... ~1.- .,..outini~S nsed. belo,,v<ii'/ /*S i..i3.CS\. '-' 

defin!)f _!;O£ stJq return stk {~stk.), end torr 

defi.nef tog_of~ stk; x=stk{#stk}; stk(#s~)-::::\1,· 

define e onto stki stkU+stk+l)~e; :return,· end 
return x; end ~opof~~ 
onto: 
-· 

definef n ;:..lm stk; re.turn stx (ifstk-n+l}; end ~; 

;•~begin of ~ain process*/ 

getoken.: <state ,kind I tokda t> 2::~o !:ltab1tak i 

jumpin: :lf bakstak :~ n.~ then <k:lr,d. 1 toka.at>=· !:'S?_vf.~ 0akstak; 

else tokda.t:-::x __ 1extoken t '<tvnA token· ->~:t- 0 1• ,:;a .... 
' • 4. .L ,_ f ~ • f - J\.y ._,. r 

kin,d=getkind.{tokdat:} ~ end e1se1 

define£ getkind (tok.dat); ;1c a.'i.:ixiliary routine to c•lasslfy tokeni·; 

preparse external symbkind, typkir~d; <type, token ,·->=.tokdat:: 

return if {x is symbkin<l { token) ) :ne n then x else - ·- ' 

if (z is typkind(type}} ne _g then x else 'var'; 

end getkind; /*rio~~-calculate new state:defin.ing bi.tvectc,r*/ 

newstate: state=lb+·(].en s tatew•l fi:r.:st state) SE. st arts · • 

• and mask (k-;;.d.} i go to l;bel (state ~. finish); 

/* returns ~-"!"'~etoken ln case no condensation need be t.i:-:i.ed* I 

nnon: /*name p:r.eceded by name or· op€::rato:r:* / 
• f h ~ · ki· ,..,,3 (x is nextoken) ,x:> 
l. baks tak eq n9., t:. en ,get: ,. -1 :..-

. onto bak.stak;r -<kind2 1 ->=.top bak 9t aJq ·-
<-,kindl -> -=top st:atste.k; 

' • ----- the form /*note that the elements on statstak have 
-< , • • • f ny) token.4 st ate, token kinds token lexical typ_e · { 1 a ; 

.token-associated data (if any)>*/ 
/*pa t • t -finders for ·statstak11.·/ 
defi . lt · end: knd; 

nef knd stelt· return <-*-:>s_te ' -
d - ' end· toJc-of: 
efinef tokof stelt• return <·*z4>s_telt~ 

d • - .. ' - ·enq· td·at1_ 
f:lfinef td·at-stel t; return. <·*!!:,3> st el t; -
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t 1.;tate=-.:hd top statstak• r8star ·: ·- _ , go to newstate· 
l 

/* here ·fol.low three cond.arisation procedurE:si"/ 

block condenseonj desc {new 1 1) =-tokd::tt; 

nodtype{new). = !~~~f topc,ff_ statstak; end condcnse~n. 7 

block (Xmden:senn; /* decide :i..f additional catE:na.t.i.011 nE'lcess.a:-y* i 
olde.l=5:9at t.<?J?..?!i. stats ta1q if t1od t.ype (oldel} 

~-~ 1 catenation: t.hen :nev-r=-=!:~~~a~; d.esc(new,l}:-:olde'L 1 

desc {new, 2) =tokdat; nodtyp,~ (new')::' ca tena~:i.on • r 

e] se /* add new ~:=!lemen t to pr:i.or eaten.a ted J istw / 

desc(oldel, l!·d~BC (old·~l) +1) =tokclati 

new~oldel~ end else; end condensen~; 

block ~ondensenon? . /*de.cide ·if c;!ontinw.ation of. same operator·*/ 

optok=tokof 'c.ooof.f t:.tatst.ak; oldel-::::td.at topoff st:atstalq 
- ... _,_ --=---- ---- ··4-.: ■ 

. if nodtype {oldel) ne optok then. n.ew;,:n-e.wat:; 

desc{new i '> =-ola~""l·• ~".:,~· r. ("'r.-,,1 2) ::.::·tnkda; •n~:,dt"pe (new} ==optok; else - f -• ,~ ·t \.,:..\.-.;.._1 ... , & 1.,:;;;v-; ( \.. ~ ""l ..1 

/*adcl new element to· prior li~:3t */ 
d.esc(oldel·e • ~desc (olde.1.) +l) =to.kdat; 

new=oldel; ~nd else i end cond.e.ns.enon; 
• separate n (n) from o{n) case 

pa~ca.s:/~ enter herE~ on cases ·•(n)'f fi:r 5t 

n(>T, • . - } ) 1 .. ,a ... ' 
.f::enewat if rrrosr.; 'knd 3 (elm statstaK: ~ ' ..,_ ._____~ ~ \ ) 

• -·- --- se3 (token n th.en do condense4 ( token) ; e.1.sE:~ do cond en • 

go t() new cycle; 
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0 a daitio:nc:d. conde.nsatior, {J:Cr,c•e,J. . lt~" · . J .... • •.4ure13 * I 

1
. ck condense3 ( U , de.sc (new~ l) ==· ...... ..:i.at:· ·t 

1) o, ' • _'-u _ ~ ··opo·ff +-,. ~- ~ s,.atstak; 
. dt•rpe (new) ~tokcf --Lop·off sta.ts,.:.s;..·.L.;-. ·--·-·-no ~.! -~------ ------ ...... r,., /·?rso tha.t tl1e itypei-

. of th_e node wi 11 be some concatena.ted • 
c::! 1f } .-1t.J 

pair of parentheses, 
5uch a.., ' • 

end condense.1; 

block condense4 (t) l desc{ne-N·, 2) __ ·-l-,~- •• t ~ 
'---o.t Opo:r:e Sta· .._,St<>lr • -- --- ~ .. "-'-'"• 

noAtvpe (new) :!;toki.")f· ·topt)ff sta.tstak+t• ...,c.sc 'n·-: 1, • 
"'.i - ~-- --- 91...1,. ,. ew, J 

r:: tdat topoff statstaJq €nd condense4. 
- -----•- I, 

• • • 1' f~ c .,, s e• o ,.: t"' i' C' c .: y, ., ·"' ·t ~ ' h m1-spar. J ,r., ..(.. ·" ...,_.:i-l. ••• g ..i.er: · o.,_ r191 t pa.xenther.r;!s; 

separr.te the two ca.se.s • ~-r / 

ne•.~~:~~li Lf ki;1d ~:e ~r then desc {new, lj =-~~ ·topof.f. statstalq 
nodtype (nevt) ::.~ 1 rnissing (, ~ + token, 

else /A-separate 11 { n • f rc-m c {n cases-!..·/ 

_if gross(~_() e~~ sti.,tstnk) )e:1 •va:r 1 then do ,~cndense4(~m5.s~ing·~ ') 

else do conde.nse3 (' ,missing-) e) ~; __ end e;::lse; 

go to n.ewcycle; 

/*hert~ begins coc1e to deal with various two-token special casest: / 

specialcases: kiudl=knd top statstak: ·---~-
·go to. {<er, , ) ; r erp >-,. _< ~ ( ~ , er, per> r :< ' ( ' , •} e ~pp>, 

<c.er oer> <o ~ ·• ( 0 ,..~·r> <er er erer>} '\·c.:r.oss (k.indl} rgross (kind}) ; 
' I • I. . I I . ii "'- ••• f,. 6 1 • •. .;, 

erp.: /*t.reat left parenthesis as special ope.rater* I 
ki.nd = ~ o •; qo to r<-:1s tart.; . 

per; <k.ind,tokdat> ·onto bakstak.; tc-ko.at:::::~ ·topo-ff_ st atstak; 

<typ<:?,token_, ..... >=tokdat.:; kind:-::'o'·i goto re 5t art; 

Pp: /*treat ;is s·pP-cial null quantity*/. 
k "> 1:rn to newcyc; 

tokclat:;_< •var•·, ,tokof· ·top·o·ff statstak+to. en-; - ~ * 
oer- 1·1t ~ • • • t.... l J..r, te··-minal opera.tor: / • supp1.y m1ss1nc.:r var1aJ) e ,.._,., "" 

<k' ·· • ~ k"' t-<•·var' 'omitted'>, 
i.nd,tokd.~t> _onto bakstak; toro.a - ' 

go to newc-1 c ~ 
P.:ter• ;·1rt ' . . t -r ~ndfile*/ • est for blank sta1:cr::en v ... t*/ · l.f . * . al blank statemen 

~ tokdat E: endfilesigns then / sign 
t- t•>• return~ else 
>.f:etop=<: 'var~ , • blanks tat,amen ' • ~ f file'; exi~,; 

Pr. • • llegal er1d o 
l..nt 1 parse terminated by l- 1 w-i th 

llset- • d blodt to dea -
s: do usercode; /*user-supplie 

Ueer-establ:i.shed special cases* I 
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,.. 

, , ., .;;.{,,, '\('' 1,--., ...... 1 :n bao·p:!l;.i ... > ,rt~ 1~h 0 ·1 • ''l ..... ;,..r • } ' .tm.~e .. ~. ... '4• ~~ '- ;, - - ~ 1' .n ; .r,. • ~- i:> J _.,,.,;. , on :J rn.1. spar, J ; 

.label (on. lo~~~ beg•3n<i) =nnon; label·( {m:ispax, pa::caH} 

locBin te9end) ::. m:l.9pa:r; -·---· 
lubel(OOOOOo) ;:: gcto.k.en; nn!n..1sk -~-'= on ~~tE. beg~n6.; 

.i*·tJ1e use.r: musi:. a.eel are certain irtformation 5 to be used next, 

ti1e fi:rst pi.GC(!S analyzed define a ~kind I fc,:r: each reservee 

symbol and 1.,;ignificant lexical t.:.ypef by givi~19· a f;et of 

2 and 3-tup.les f each of which is either of the form 

~{token set}, ~ind, gross kind(if kind is not 

"v'rJ.r, o, '(' e. 3 ); ,. or er)> 

or; ·fo:r. a· single· token <tok.en~kind,etc·,> _-;c/ 
k • '.. · ,. · · · , , } i ,,,, 1• 'J-• do g .L ve; 

lnCita::.::~!) g:COSS=t<x,x> r.XE:{yar,0, 1 
\ t, ,vrJ ~ • 

/ -A· • {t J • - • - ~ • f' • i: -'-r~1• ·"'le endfiles:ignsJ . ~o ~:tnf.: typJ.nt, )i,pr:u\ ·, rpr.1.n1:,.. ~ , 

· .. - .. user--suo-ol.ied* / . 
Sumbk' .. '-'" • .. .)· • . , d- ""alv .. e{tvp:i.nf); 

J. 1no.:.:analyze ( tokint i ·typ1<:i.n -a.~., ., u •1 . 

k d map=_ni•, d f • • • . J g··o--s in s, e J.nef analyze ( :i.nf) ; preparse exte1.ne • L .:, r 

i tt.,,.- • f) • 1 • n ki' r•d<"J • ,Ync.U)· <set,kind,gro):csk>=x; J,an<. ~ ~., .• 
if . . ( ~ £set) map (y) =kind; i end if i 
~ set then ma.p{set) =kind; else Y , _ 

:lf g· • . . . -· os"k •• end \'x; • rcssk ne ~ tJ1en gross ( k1ndJ :;:'::1r • "' '' ,~ 

return map; end analyze; i dofi', 1ina -the 
I* · • nformat on • • • - .., 

next we analyzt=) the user-supplied :t • kind, using a similar 
left and . f e ~ ch symbol • r:i.ght precedence or o. • pr.ocedences 
form • - . one <>f t.r.eso - -
\.. at to that not.eel a.hove. wher.:e . 11 be used :tor 
:)\lt n • . h same value WJ. 

ot the other is stated, t O • , f the 'Jross kinds 
both edence!'i 0 

When none is stated, the prec 
"'' l l. l be ttsecl * / kinds=ki nd z, · 
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{VY.f!~[symbkind] !~ lfJ tyfJkind] ·wi·th rva:r. s·} --. k 'x'J - a"' .. "'-.,... ,.,Q)'\ • • i ..., • mb. . t~~-s. \ _ ·- :.-"--S,;., ,.,., .:::.~~"'!. sy t.uple + ~< !~~:: t:::.iple~: 
/*auxilia~y y·outlne to ge.n::?.:rat~ bit-vectors*/ • 
•"cl.-"'r.>f ·,,.,r--,g_a. t ~-ncs1· n t--•• 1 ' • t- • 1 (lt;,.L ~·\; :.:. - (, • .1. - , . -~v,p er .Ol. ~-v-::=-.::i:11.1. ; : ,_,_______ .... _ 
{wh~le :-uple ~ n} <ent, tupl,=>=_tuple; 

bitv ::: bi tv + if- atom seta.t then 

• if ~!~· ent then setat r,q ent else setat g G!'lt 

else Jf· atom en.t then entf.seta.t else 3zsent lxr:setat; 

rntur-n bitv; end 1ocsi_E; 

/*he:re must follow user-suppli.e~ blocks.,. as follows: -

block restart: gives any tc'.ble-repa.ir operations which muSt 

• be executed on entrance to pa.1.·ser (might be null} 
b1 ·· • f. ed -ock usercode: all code=? necessar.y h, handle user-spec1. 1

, 

except1.onal situations (might be null); 

block _~Jive(tokinf ,typinf, lp~c:J.nf ,rprinf ,tripl 13, 

• endf ilesigns) ~ 
tok.inf:_ assigns a k.i.nd to each reserved token and 

.. ·,_ .• d -· f necessary i a gros sk.1.nd to the 1',.1n , .L- • 1 ty • . Plnf-
. ~ 1 Av{ng some specia 

d.oes sa.i--ne fo:r: lex:1.cal 'l. .. ypes la. ... 

significance; 
• lpr • • lnf,rprinf- ass~gn 

• 1 -t and right 
possibly separate e:t . • 

~. 1>le sy1nbcl kind; 
preced.<::nces for each possi • nbols defining 

t:r • .,__ f thr3e S}'l 
l.ple:- may be Oo; describes se ... s O t'ono· 

tior..nl ac i. . ' 

enc1 . s.i tua.tions 
• fil.esi'gns . - set of ~O•ic·• • 

calling fo:r: excep . . . , legal end-file 
. def1n1ng i • 

all le~ical tokens 
tir e preoarser*/ 

t.."1e en ~ 
'·• i? , •• 

"'-'On*/ end ... /*here ends 
P:teparse-
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• ,,,ish· to .illu.st.r~t:~t the us~ of . .i.·i....e 
we·no":-1 \...,J. ger,.eral.ized 

• • • ~once parser that has been d.e:3cribect an~ ·~ .... th.: ,·.•eced-... - , ... -o.... ,4s 
pr • • ,, , ~ ..:i ,-~ .,_,. ·i-h ,~ rt· • ·1 ,.,.. ,,.. . 

,.ti 1, CODS ,~f.h.;;;~ ·"··- s/ 0.0 .. e,;, c·, ~~ Y<:> ·, r1~• • ~ •. 1 
li:rpose ,.,_ - _.· - ~ "~= ..... ,·:; a 0 lrr.p. e 1-angua~:rc 

P_ :· h t reaemt:ling Dart.mouth BA.SIC b11 t rattie.t· m A .. 8,,mew a • . o:r - genF.:r i':IJ. ~ 
Iqil take. t.i'1is 1ang·1,.1ag~ to have 'i.".hc lex.teal st1·ur_-:tul-e specified 

f~r. the ~ hypot.heticaJ. languag-e lexically sorr.ewhu.t like FOR'l'RMJ: 

• ssed ;:is an example in section 4, cf. pp ] ~? f-f: The main dis cu - • 0 . - - • • 

fe.atures of: t..i-ie lexiccil £tructur~ of this language ~'lill bt, 

,.,~ lled bi the £ollow-.Lng table r which 1ists .:ill the lt:x.icctl re, ..... :,. 

S ~f -1-°h,=! la.nguagH. a .. nd for 8ach a5.ves an example of the ·type :.; . ..... ... ,. . . . .. 

nort of pair which nex:tar..r..n. .might .t·etu.rn on encounterin.g ;i 

token of. this lexical type. 

1.1;xi ca.l -t:yp~ 

integer.· 

:ceal 

:nume 

special cha:::acter 

oer5.od d.elimi tad operatol"' .. . 

holleri th con~tan ":: 
end record 
·end file· 

I ~ ""XI > ~pc.o, ,,;;;; .;. 

<hc,etaionshrdlu> 

<,~r ,.nulo> 

<:ef er+er> , __ 
Of Our creneralized BASIC W0 shalt. ·take it· as a pl:operty -

.. • 11 therefore find .it ·~1at all kevwords are reserved, ana w i • In addition 
• -~ " .~ ooerators. 

convenient to treat all keywo:ro.s a.:> ... • d i'n special ways: 
•• 11 be use to k.evwords t:hc following tokens wi · . . ; 

_{ ) 0 .. :t 
* / .exp. 

~e last-of these 
than 1 • the •greater . . • rm.entiation! . . 

designates e.xp.. ·son operat.ora, 
ariu 'less than• signs f..tre used ·c.o .,_~ statement may • fo•:m compari 

. labels: any • 
and-the colon is used to punctuate •• label: a label 
b 

• be used as a e lab 1 may -e ed; any valid naJ~e 
tnu

st 
be followed by a colon· 
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• l"'d f o:cmal d"·· f • • t • 'A detai. "" ~- ini ·ion of the 
1 t 

-, lan.guage we_ have • • 
. 
11 

foll0~4 a ~er o 11.ere we shall . 1 1.r1 .mincl 
\f P· . • • on y -. .b . . ~ugges t thG ma:i.n 
. f tl

1
e 1ang:.1age • Y g:.t v1.ng t~~e ·fr- 11,,,. • outlines 

0 
' • - ...,_ <.v,'J.',;).(t 

:i .t1 Di\Sr->n<:< ir-'3."' 

h
·,,n 1.u3cr, every for:m of stati::irn~n·t ... ,n.· .. ••• ,., ,· J. program, w l I ' I • • ,.... ~•-1 ,., ..1.. ~'l ... ,. \' 

t nc
- -· •• n<~ ~.a:.n~Jua(1e pro·N1.· ,.1··"".e.: 

t 
1 ~ t.:1! 0 · .t;;: • -:, " • '<,;; _ 

if , ... t-"'4..., 

P£AD A.,B 

L.ET C{A}~.A.+A+F{A) 

IF A > B THEN LOOP 

FOR .J - 1 TO 100 S1'EP 10 

FOR 1C - 1 TO 8 

GOSUB PROCESS 

NEX'l1 s 
GO ·ro LOOP 

pr..O,..E' l,'.' ~ • RE''-,-.. ,.. r-. · l\. \.., ,:11.:J ,. u l";,.1 . .-' -.,.. I 1.1 

RETURN 

DIM \- r ~ 0 ') ' 'r' ( ., Q l ') \ · . ;, .: \. J. t } 1 .v ., ~- I J.. V J 

D.7->.'.r A l O O , 2 0 0 ~ 2 • 0 , - 2 . 0 

END 

~ .1 Vl _ 1,:tngua.ge fall into three groups: 'l'he t-'eu-.,,-ord.s a,t· t'ne 

i. those which occur in ~first pos.itioni· cnly~ 

LET, P£AD, PRINT., DATA; GOTO~ CO, 1F, FOR, NEXT, DIM: 

. , ~OSUB, R.BTURN i DEE'~ END 
l l. t'1 

. • 1 ose which occur in i second position a 

TO, THEN 
iii . S'.._TIT.,•o • t. -. . .c.x r which occurs in third posi 10 :-· 

A . +-. t ay will involve 
s we have already r.otad, our parsing s ~ia e., 

the · , , which, 
l aos-• . ery •operar:or I 

--~ .Lgnmen t of a I precedenc<-~ to ev ' . • . ak 
of ciou· ,.. : . , we WJ..Sn to m e 

r~e, means to reserved k~y-wo rd5 a-so. ;11 develop 
these _,.. . th preparser ,.,,_ • 
. · o.~s1gnments in such a way that e • h .• s to 

a tree . _ · _ o 3:.•ocess whic 
1 

f st.._ uc(:ure useful to the P0st pars ... I? (which will 
-Ollow· rri • l,., t J·eywo:1:ds 

· • ... his means, for example, i: .. ua - .. • 
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Here3 we ··hav~ placed the 11nod.:t!f Ptr.. of e~ch .non .... •tcrmin-1.l lH)cl.e 

next to the nodev an1; usin9 square bracketR.v have indici;!_t.ed 

· tern1ina1 nodes .at w'hioh the n.od:ty·pe. fi.::.ncticn w:i.11 hot h~ 

• defined. In order to assnre that the trees rrodl1ced by 

·r,iepa.it-6 e have such a s tr.uct.tn·r~ •' we have only to assign 

• stii table low precedences to keywordo, with higher r:teccde.nces 

.~oing to express.ion ,S(':;po.rato.rs like the fJorama, and highest 

precedences gci. 1--,9 to oper.J.tcrs •i,·hich can app~1ar in a:cithmetic· 
'expressions·; • 1rhe fblle5",,iing· i;'el: ·or· pr<:!cedences· (.~hid 1·; • somewhat 

.-.~uperfluously r allows for conca.tenai:icnsi will oo nicely 0 

. - ... 

sign 
~ 

( 

1var~ .. 
l • 

_letrread', print,data ~ 
goto,,go if f·or nev•J .. 

: • '· f I • t "''·•-I 
d' un_,gosub, return, 
def rend 

~tep 
to,•··then· .. 
~ 

cornma , > < I . , . 
+, .... 
* I t 

l 

2 

~ ... 

4 
.. - -·. s 

6 
,-, 
I 

8 

9 

10 
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.... 

- ta•--+·• e ... , .. ~ re'.::-i-"-'-rr.• bto•,!..- d block r,~s .,,., ~. ,_.... · ,_ --""·-'-f • c,• ... useJ.:~o e ,end·. usercode; 

/*both ·empty-I: I hlo~~k giver /J: D.t1.xiliarj routine fo:-ming 

sequence :from blan.k-delirnit.ed token string * / 

· ·· .c1•nef t•:lb f y\ • • v=-...::x • ~;eq~n £. ~ (ieJ... ,.J. • ~ ..... _ r ,J,. • ~ ~ • u;__r 

Ii 

{while 1 ~ 3 [kJ • ;. 'l"e~17: y i '(k ~~ y) ~q ~ ~ or k 

<seq({1seq+~) ,y>-:=<if: k f_!:~ ·!..:::~ y ~·-ht-;:!1 k-1 else 

• {len y)-k last y~~ i --- ----
end while: return seq; C-!nd tilbt 

eq len y) -- --- ~ 
k fi:i:-st v --·'", 

'' 

tokinf:::{ <t~f.t.ilb {x)] 
1 

tilb (x} (1} t',.0 1 > r xi{ v step! 11 'to then 
I

t 

l 1let read print data goto qo if for ne~{t dim gc,su..b 
/ l t •• t} 

return fle f end 1 , Q :::e , > < • e , +_ - t ~ t * , 1 ~ ' • exp ._ , 

~{< '{i ,, t> <~', i', t> <nulc ev-> <Ar+e·c,er>}; 
- I I I ' f t ____ t -· •f .~ ~ 
.... i f o • , t ot· token sequences*/ 
1.yp· n =~:/ tr:i..ple=P.; /*nc speci.3;1 leX'.ica.:. :ypes • 
lprfof~{ <tR. X.r hd x> v x£t.ilb {' { : let step to = + * .exp• j,}} ~ 
lprinf('va,;7}=2;- rprin.f~{<.' (' ,10> ,<{'}',er} ,.1>}-; 

endfilesigns~{ <ef,., ~~f-~} .i end give.; 

I Thi' s· d 1 . a ·to]ren-c·l.a."'~ .:.ind nrecedence s tructu::-e 
er.:: ar?..t1.on gives . • ·""- ..... /;' t . ~ •iiuatratively consider. 

0 the generalized BASIC language which we 2. -~ ~· d 
1 pronarse process an 

This is ample di$cuss ion of the genera • ~,=-

t'lf. he-. . . . . . . a, tuaticn. we now go on to 
· " application in a particular ... 1. , 

disc11 "' '-" . . .. • oat.parse process• :en 
s., me rat.her more inter.es t1.ng !? .:; •11 be subject 

Post-a . tl ):re-oarser WJ.. • • 
i arsing r the trees output by 10 1 • .. ~ to . • d where necessar_., 

syst ematic top-down ve·rif .ica tion, an ' d • agnostics 
l:eor . • .. ti~ schem~, -'· 

9an~ zation using a standard di.agnos d ced 
aiding i' n t:he. of ·••ill also be pro u • location errors•· 
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If we th.ink of the pos tpar.s~ i:):r:ocess in ;-
• -?P-down tenn.s, • 

enough, We start at the root 
its. general outline~ are. simple 

. r•c tree '{)'i"C( 1'''• ,.,,.,,_c• '"r;, ··l . 
O

{ a pa:c.:-;;: • .t"- ··" ,•.t·v• ... l --} \ ..... ,_:! r-:r.-1:::t:;;.(l"'5e1'' By - .-, -re' . . 
• . • _ . i- ... ~ - 4 

, • ::;;i;::(.;. :,1ing :i..n 

the j_rome~_iate nei_ gh.bo:r~1000 of t!\e root, lookJ".ng 
for key-wox·ue 

.""d key s~zmbols in character is __ t.ic P_':)Si. tiol"..,c,., . ""'. • . we deterrrdne th;! 

.,.yne of statement with whi.ch t,;e ::3,·w:: \;i,:j,,,J 1, n-!'f 
O 

. , 
.. " • • ,..... .i- ...... • ':,1 ., nee tnis has 
·j~een done, we know what kinds of ~•ibt•~ees ~-r t b 
i.J • ,_.,. ... ~ e.. .o e expected 
at each possible po.si tic,n relat..lve to .the ·root. We then go 

in turn to the root of each of th0s~ sub-trees, and, pr:oceediug 

iecu1·sively downward, vc..-=rrify tha.t each subtree is correctlv ... 
t.-., .... 1rme<f, •.rhe g·enernl rule to be appl_ .iec1 is al•-Y .(: 11 ;,.ays as ... o. ows: 

i. • 1.-rhe oonf:tguration in t.he immediate neighborhood 0£ 

a snb-tree root is legal; 

ii. •. Each sub-subt.:r€e has {.recu:rsi ~,ely) a legal con.figo.rat~ion. 

Various subsidi~~ry processes associate themselves in a 

natural way with t.his recursive top-dow:n structural Vl9rification 

.scheme." In the first. pla.ce, as we travel ahout the various 

portions of a· tr.ee· verifyL1.g its st.ructm:e, we may wj_sh to 

reorganize the tree slightly.. F0r ex;..l.ffiple, if the precedences 

previously· descended are e:mploy~d, the parse tree fo1· the BASIC 

TOR-statement with STEP-option' will initially always. have th e 

following uppearance ~ '\ FOR 
. \ . 
/'-,STEP 

J'.l ~ 
.,, 1rn .. "·o expression 

/'\, ........ ~,,. L. '~ .. to expression 
I·,. " 

to name ;;/ ~ .. to -expression 
/ .. . s~ages to simplify this 

It rnay be helpful -to latex· comnilation 
.~ one which .appears as st ruoture, when it is recognized, into 

follows: 



to 

since -we eRpect the pos-tparae.r to d t e_ect ~rr_ors ~.1 t • .-.;;,.. .... cer ain 
cas~s, we may 1:ead:ily enough :::-eq1.1.i.:r.e i -i-. , • ..,. ·co :t.sSu.e diagno::Jtic 

D
\essages in these cases. It is "'n - d -• •'-• d goo~ p· OS1.·,·1.'on -'-r• ct" .,. ... u_, C) St). 

"~ 1· t will a.lw·ays kn w ·, • • • • .,._ - .. o oo-cn Wflat it is looking for' and why 

. - :i..s .,A1..)o ,1 ng for. Fo~c exarnp).e • i :F. an 
l
·t failed to ·find t/ha.t it: • , 1 • 

.., :). .J. -• c-1:.· .ai.n context, nodes l:Lk~ nr.p11.eM.;i..on. is rer 1u:l.r~~d ~n ?. c~ t • 

9 

i 
J, . 

I to expr:ession 

I 
I \ 

I ,to 
to e_:-fpression ~},."Pres-

. sion 
'J1.,, . 1•,7J ,_ w1 .... JJf'i va .. 1.v., t\thers not~ Ce:-cta:i.n <".ha.1r.a.c.te1r..U, ,U,e, iar.!.tYlfl will be 

associated with each node typr~ valid i.n a given coritext; these 

will general.ly be :l:ii{cd tokens associated as node-types with 

th8 top few nodes of a subtree valid in the gi.ven conte:Kt. 

In the ei.ampies shown r.l.bove these would be the signs +, -, *, etc., 

If th e. number of descendants appropriate to er, admissible 

node~-typ~':I! are found a.t u t:i::ee-posi tion under exami.nation, Md 

all obligatory parts ar.e present, ·the. node can be accepted as 

being o~ a part:icul::D~ type, v.nd the postparser will move down 
to · de 1 • . • • • . d on the other hand" 
· a with the snb-trces nf thio no e • .. • 

When none ..r.: :l "',.L" lowAd in ;:; given context.match 
· o.c t te node types ... - c;. the . _ · • d t a node being processed, 

· patte;;::-n of s~':lpart.s ,;1ct11allY toun_ a 

an error has been detected. •-~i' ll epare a helpful diagnostic 
In this case, the postparser n pr ln od .;nur.ediately beJ.ow tha·t 

es sage, as follows • First, the n en •• • 



. 11 the ~rror has been detectt.~d w • 11 b 
~t \'lh1C . - . . J. - e su:nreyed and 

1.1ection made o:c a.ll. key-words a.14d k _...,., • ' 
a co ... - ~ ,. . . . • ey .. ,1gns encountered 

. data. can be 1.;.;-.:;,1;;Q 1;.C g,.i:.:::.~~.s wha~·: t--i.::'I d .~ ~ .. 
Th:t.~ • ' • - .. e,cf:::ctive stru, ... t1i-e 

l
·nt-ended to be; the legal struct-ure "'rl-..t _ { " • ... 

~as · • . . " • .. ,u.ctt a,'!co:t·ding to 
~·"asona.'.>le scoring oystem} best ma+-ches t"I. .. a.nY --~ · • • · - • · , ..;us collection 

; ket~f10:rds and. signs can deternin.e the ouess m· d . 
o'". J. ~ • - a e. Once: t..tus 
iS done" part of: -a standard diagnostic message will be built up; 
a· reasonable :f.orrn. fa,r _ this is as fc-J.1.ows: 

{l) ir.is probably an ill-formed ts·ome·thirig) but (s·ome· •symbol} 

is found where {~~he·~_!;ymboJ) is requlrecl, '("s-ome· symbol) 

. .ir. found whe:re (othe·r symbol) is ~ceq11ire,1 ·-;;---______ ..,____ . , .,, .. 
Xf no legal structure g.lv-in9 n. plausible match is found.:- c.t 

more standard message fo:r.:ma.t ha·ving the form 

(2) 11involves an ill-formed ·or ~issing ·{~~-~-?..[} ;, 

can be ur;ed. 

By prefixing these me.e.6a,9e. ;~1.t66l;t.e,1~ ·with appr.:opriate 

rnu~a.ge ptte.6.lx.e.-6 r useful complete diagnostic mes~ages can i)e 

produced. The Bcheme used to (':!oropcse a message· p:r,~fix is as 

follows: As the P'.Jstpa.rser proce~:ds to lower levels of a tree f 

it will build u.p a stack clescribi.ng -1~11e cha.in of riodes through 

.which it has passc:!d, listing these no<les by type, a1.1::!., when 

necessary f b1 serial nU1nbe~ among all nodes of a given type 
sh= .. • • ., • • f rmation will then ...... _ing a common ancestor--noda o 

1b11s in- 0 ,. " 
generate a message px:efix :ha•;rJng the -following ge:nerral fo-rm: 

(3) the ·(~~) ·{"something) of. the ·(~~) ·(sometbi~} 
--· of this· ·snmet~ ~· 

, " . 
A tynic l : • , t then t,r.. 

- .t:- .a d1agnostic,-messa9e mi.gn- ... 
I ·on of t.hiS 
the third factoi:· of the second cxpressi rntor 
,. • . l 1·or missing ope' , 

.i.:o:r---statement involves an 1.l ega t a quantity' o 
. d to represen 

oi: perhaps some. illegal token use_ - . be improved 
~he , . . . . ·a diagnostics c,ui 

b 
uti11 ty of these rather. d.eta1.le ch The lexical 

':/ add. i ·k to our approa • 
. ing the following si~ple tr- c 
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associate a starting and an . ner can enri1.· ng ..... 0 • t. . . 
scaJl . .• p, . ..- "' ~ 5 l ion dn 1 ts 

n .otut.e.me.rt:t.: J.~e,. w.:.e c...ha.ra.cter str•--,r. • • 
60,tlLC."' • , • •· .. .f.t.,:, presented to it.) 
, Aa.ch toke11 J. t genera·r..es.. Th.is data .l'. J l , .,,.. . 

tJ.i.th ., .. ., y. 1 • ca,1,..;.y through 
• renarser, ana can .oe used to associa+e t . • 

{:he P -~ . . • - a s ·arting and. 

d·nq r.osi t:i.on {a.gain 1.n the source stato;:ro,<:inti. .... _1 1 en .J. . t' . • .._ ., ~1 u1 eac 1 

~,.'.i,t,·ee of the parze-t:rec c1ev·elo\:;t=.!d 'by the P""P . 
1,Ul,I ... •► ... -parser~ T'nen. 

j d .,_ .,_ d 1.· +- wi 1 1 alw · b ~ t,,ile!\ an err·or .s e 1..ec ... e - ...__ ays. e localized to ,::t 

certain subsection. of the source s·::atement~ If we i~umbe:r 

diagnostic mes:~ages as they ar-e generated, we may then pr5.nt 

. a copy ?f the source statement in our output listing, : 

,mderprinting each defective subsactiori ·with ·-

tha serial xn:mibe:r. 0£ a releva.nt :mes.sage~ • (These serial 

,rnmhers may be interspert~ed with asterisks, fr,r vividness} , 

This will in many cases pinpoint the cause of a pr.;.rtim1lar erro1:. 

We will shortl~l give a .SETL program for the postparser whosP­

general character has been out1ine::1. .A.11 the i.nfo:i:-mat.ion concern­

ing the ti·ee st:ructu::.e~:; ndmissible in a particular J.anguag~ will 

he made available to -the postparser by providing _u descr.·ipt.ive •· 

data-str\lcture t whlch may be called an e..xpande.d t,r.e.Q.-g.1:.amma.11.,, 

to it. This expanded grammar will also specify the in:f.o:r.-ritation 

which is necessary to determini:=..1 the actiono of the postpar~er in 

dealing with parse t;:-ees wh:lch contain errors• As th ape 
• ~ree~rammars will provide facilities for the description ()f 

a large· variety of contingencies' they may, at their ~ost complex, 
be h' hl l ·thm -~hic.!h follows • ig ··Y structured; the postpa.cser a: gori w 
therefo • . . . .r1 -nrelimina.ry e:q_,lana.tion, 

re requires a certain measor8 °~ ~ 
Which . 
. • we now p.r.oceed to give. 

!fot~ first of all that:. our tree-gra.rnmars like the more, 
fa.'llj J. • . . re constructed in a 

• .iar class of context-free <;ranun,3.rs, a . .,,a."t.lc iype 
llle.n.ner r.. • the notion of 1J yn,... ~ 

te:clecting two basic not1(jns; ,._ tir. tyoe. aria th .. . . . ~ of a !,ynl.ac .... -
! e notion of a.t..t.e.n..na,t.lv~ Jr.ea_.Uza:f..<..OJ'l.l t of alte::native 

synta ·t· d f. ed by -the se . 
r O l.c type is essent:i.ally e 3•11 

l. ,. 8 a.e.te1r.na..:lc.ve..6. 
e<\lizat~ • cr:a.1J.· these " • 

·-0 ns associated. with it; w~ 
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.. ~ alternative is in effect eac-11 a small t 
•.J h·l·ch i,,1pe.& are associa.ted by ,,, , ·ree, to the i• '!} ,,._ no ,.fr; .iy nodes of 

'b - t·he ,.,,. . .,.1.,,.,-tu·-.... ~ ., .. , .. . -- • pe f•·,nct· ~,,..,cr1 e~, . . ,-:,,.,. .... , ........... ,.~-: ,;_.nl.c!.n .. q... • ,,__ ion~ thi.'s t 
u--"' 1,...if.! v- cin • ,1., ree 

ro
duced tre_e ···nuc · · • .),. '-1 l.y r,1f 1.1 ... ,'\ j'" • .. eoan,e-p · · - • .. , 't: n{)_vo. ,: f i . • .. _t .e .1.n a 

p .. •· ~- • t lS t 
P.alizing a qi ven al terna.ti ve of 

O 
be accP.pted r;.., · • a. r1l.ve a.a ., _. .,.,,., . ~ .•• n syn.'--._ t. 

r1o" eJtarnp.1.e ., .tn ,._.,_t.0-complete ....... e . ~ 1.-a.c ic type ~ ,. ~--... e w,,:r V, ::, m,n . • • 

1 
. .. .. . ~-· ,.,rn,1 ar fo:c . 

u"r.IC t.o be c es cr:t.beo. la.te:r. .1•.,.., tl genera.lizeu'3 
1,JIW • • •~ 'e ';)"I"' . . ~ 1 --esent sec' • 
~1ternat::.ve of ·t.i~e sy~1 tactic tv ·"" cl.on, one · . . ... pe -6-<-a:teme.n.t • (ri 
il1tornat.1.ve wh.1.ch corresponds to 1,-c,0 • • a.rnely, that 

\ 

. t R-s tc1.tement with 
has essentially the fo·rm . l?t~R - STEP option,)· 

\ 
}\STEP 

./ '\ 
(ff~,l\ ,. f.expression] 

r ,. 

;(' ~;: ·~ ($Xpression] 
.. r ,, \ 

1.nan1.e} ./. \. i·-.>:X"'r'•'.:-~-:o ] - .... i:' , ... ,::;; ... \ n 

One al te.rnat1.· \'•e ... .r.: t1 - • .. -1: .1e syn tac·:•.:i· c j . .. c.ypo expl£e./26-lon~ name1 
corresponding to the rn.anadic US""" r.. ,., -~·Y ~ o.c w.1.e ~minus' sign, has 

that 

essenH.ally the .c .1.orm 

[expression.] 

· s cw some of the characteristic features of These diagrams h 
alte""nat. • ~- ives in our t -ree.-g:r.arr,.mars o 

i, • Nod.c.s f or ··· 0 an al tcrnati.ve will either be te11.111btctl (tw~gsi 

non-tell. • e , . nu.n.,L. (.intermediate nodes). 
ii. Rach lll)de h"'s 

nd 
w a node-t_~~eo 

o.e Will • ,., 
· • be some set of li tera:is 
lr. the preparser as · 
lllay b . 

The type of a non-terminal 

(ke~rword or. keysigns! treated 

The type of a terminal node_ 

e e1t:h.er 

ahoire b a) a syntactic type (indicated in the diagrams ju
9t 

y square brackets) 
abo,,., d. bl a set of adS1issibl.e lexical types {i

nd
icated in tile 

lagram by curly brackets) 
~ltJi c) a set of ·literals which may be ·required, possi~ly 

a spec'f. • •1 ied lexical typ0. • • 



.. ;rnat...ive c} would cover the ease ~ 
. ·l\.l ... e o ... non-:res,:,•~v d 
• d by th.e prepa.rser 9.S ,ruont.i;t--= -.1.. e keywords 
t.-eate . . ... - -.1..es rather th ·,n ... 
·I, r.1 -nostparser u:tl.L travel a.h<:n~t a '-C\ ci.s operators" 

:i:ne. ~ p_repar~~e.:r-.,...hu1· 1t tr • d ., , f !'.. • t ... . ee • : ~..,ing an moo1 .y-i.ng i s structure At • -, 
vet .... '-,, • • . _ • ' each, rnon1ent. • t · l 1 

:ware. ot a. g1.ven context and will be att , • , i wi ..... ,_ 
pe a .I! _, c ~ .. . arapti~g to match a 
. n node n o"" th.e:::. pt:t.r .... e cree to a syntacti . . . 

gi.ve "· -:a (;!• • • • c type admissible 
. ~-\.i..: context. ...ht:: mo,:.it basic stc·p·in ... h. 
~n ..i 4 

-- ~ • "'-' '-· ls process will be 

tn• e discovery o:t some a.ltern.ati ve of the syn tact. t 
. • ic ype whose 

.,.,,r..e st:cucture matcher: the parse-tree st.,,,nctur,,.. i'n ~-1.. • • 
i;:..... .. • ._ '--Ile .::..mmediut€: 

vi~inity of the node n. The first aYio. most fundamental step of 

matching is accompllshGd simply by verJ.fying tile structural 

identity of an ~1tEirnativc with the parse-tree vicinity of n, 

down to the: twigs of the alternative. If no match .is posEibJ~H,, 

an e.rro.t' has been det.ecte.dt -'.ii.id a d.iagnostic :routin9 is en'i.:.e:r.ed .. 

·Even· if a match is ma.de, various exceFtional user-supplied tests 

·may ha.ve to be performed to vr~lidate the !ta tch. If nll of these 

tests (and in most cases non-e will be required) a.re succesi~.f\.llly 

passed, th.en th.e postparser will r.lescend to lowe.r tree levels 

• and there repeat its actions of vr;.rificution a.'0d moaificat5.orio 

When_.:i.t :returns sucGessfully from thGse lm.Ter levels it may 

app1y various addition.al user-supplied •:post--tests" for final 

verification of the match• If all of these tests (and again 

in most cases no:ne will be required) are successfully passed, 
.. • , 11 h ve been validated. 
_o. give~ part. of a parse-tree structure wi -1 a 
r.1 • • ner that may be 
r 118 portion can then be restructured 1n any man , 
ne · _ ~ eturn successful.).y 

cessary, following which the postpa~sc:r: ~ay r' • 
t . . 
0 the pa::ent node of n. 

Ils ti • . t m-ke plain, our tree • ie precHdi:n.g pa1_·aqraph begins O ci. - • 

9ra.'llrn , • • • ., • . . £ :Iaroenta.l tree-like 
ar will associate not oni:Y ·.: .. ne um •. . . 

1 Sb·u • • • us add:i tiona ... 
.. Ctures <:1es,..ribed ·ibove but also ,,ario . 

inf - - • , f these l. tern.CJ 
orma+-• ,J.. • ve Somo o -lon i terns W'" th 3.11 al ter.; 1a ... i • • 1ia:ry 

inay. be . , .,.. . d tests.. such auxl. 
Progra.mmed auxiliarv· ac:tions an · d in the 

actlons ... wi 11 be f ormc , 
111 • as may be soecified by the user ,u.1.o.1r.y 
artner desc ..... •b .. - . 4 in ... o a package cf a.u.x_ 

.\:ou..t· .. 1 ea. l.n section , .., • er cede givc.m there 
--tne.o called ' r.:e-c. the lexical scann li.pa,q -
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v . . Pos t:.•-bests ~ These ar1:~ 1,):r.og:r.ammed f 1 .. mct.ion .. ~ t retui:r,ing 

~ value .!~ ()r f~ i ~ any ::-:-:stur.ns the v,~lne E,r tl1e altf:rnative will .. 

fnthe manner eesr.;rib~-:!d e.bove, be rejected a. ;o:::-1.,tvuot.i., as a match 

for whe'.tever pa:r.s~~-tree pert ion. is i11 que~ tion ~ 

·vi. Post-actions: These are prog.ta'T!.med ac'.:.:tons to be 

performed ai'ter all pm-::t--te.sts have been passed., }nr!: before 

the _postparser returne to the pa:rent node of a node. wi-1.:..h whir.;h 

it he,s been co'ncex:·ned.. 
• " ' t • • 

As we have noted,• optional .information of the cateqo:r:tes i:i..i-vi 

will gern~rally be absent .. 
• W h f>.. e"".;fuJ·rg t11e a&nissibility e ~a·,~~ a.lready remarked tJlat., a ,.er v J.• -l -

1 

of a. sub-tree structure~ we m~y Wi$h to moctify it in cne or.. . 
an th ·t f a total cC1mp1lation 0 • er manner f at.::i li ta.ting tha lat.er pai s 'J ~ • 

Pro • 1 d ,, os'"'ible w-i thin t.J-ie cess. In order that this shou .... ue P .:. - . 
gi:,n . o, .. t,..,arser, we allow 
• - eral logical frame\..rork defined. by o\.n: P •·' :,:r •• . 

t\e associution with an ~lternative of · 
~·. . If none is given, the 

'1.1. A -..,,,.,._1C, .. 7al·u·:-;:i t·t on· "'p·~·c·J· ·-r-·i ·cat 1 on: ,, - • .. 
~-"-'-v O.L ,>.v•••--- -- Q,.e re ___ ..;.. ______ _,_. ---- . h a pa-se-tree n 1.4-

. structured subtree to .be associated w1 t . J. ~ • e 
ls cbt . . • . th cubnarts of t.he tre 

• ai:ned 1 b • '"r.uctur 1 n<r e ... r.· • 
d • - me:r.e y y re:J ,> • • -- ~ re-evaluation 
epend · , .. 'her hand, if. a • 
_. ent from thi.s ncJde.. On the ou1. . p to be associated 
Specif. tu ... ed subtr-e 
w· ication i.s given, the r.est:.ruc .,_ • t in of these 
J.th a. node will be obtained by corr.bin.ing cer a 

81.lhpa•-... . to be 
-L •.s With other tree-structures . ·c:! 

oaicu1 d funct1-on'.,. 
at:~d by user.-~upplied programme • 
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we noted in our des<.:riptitin of the 
pr.eparse 1 • 

, a serios of zyntact.i.c enti+-:le, 1 ?l go:r.ithm that 
\'lb.el- ~ o· .,., ·t .,. ,- .,· . -~.. ... occt1:::-s repea.tedly 

.c-i;ced op,-ru. o ... ..;;i.;:.9n, th.e ~-,~..,,,. __ separated bJ a .• ~... • • • ,. -~-.:·.t.Jsc,:r..::;;er: Will · 
re,..""'·r1t. th attac:h a se,,.1.es 

f 
subtrees rep- -0 '-'· _:i.ng ese enti t • .,_.., 

o • . • • -l es to a single .node 
eprcsen ting th(~ op,::;;r a tor s i~Jn. Nh.el:'e .i.~ • , 

t ,. c.ni.s ccms-+--"1~"'t-:on 1• s . , . "' .. '--'· ... ._ ... ~ 

. us~d wi.'~hJ.n a J.a.n.g U,)ge ~- 01.lr tree--grarrima.r for tl~"' 
~"" lar1g11age w!.:u . 

.. eflect it. For example r the R.£1~0 st-t,... t . . . 
'" • _;..: "'.• • ,.;I, ~,;:.men in Bl\SIC rnay 
{nvolve a 11..st. 0.1. {pOS.:,J..bly indexed} va-' abl ..,. . . 
•• . . _ • .1..J..c: ~--- E>eparated· by 
connnas; the corr~spon.d1..ng alt:ernative of the zyntact.:i.c type. 

• t.ta..te.me.nt in ovr -t~ce: gra.1mnar has th~ form 

. r re~:., 
I , \~, . 
~-!lndnY.:ed var:to.bleJ 

The numbe:r n. appe~n::ing :i.n. p,-:n.:entheses is a m'.i-Z.t..Lpli..c.i.ty, and 

its appearance desi.gna.tes t..he branch below it as a multiple. 

. du cendcwf..; the value of n d0fin8s the :minimum nu..r!lber of r.:,opies 

of 'this branch acceptable i·f the alternative is to be :matched 
to the neighborhood of a parsc~--tree node 1.mder C<)nsideration. 

To match ,311 a1t(~rnati v~~ to. a portion of a parse tree, we 

wiH always ve:r.ify ·that: the typc-:s of all intermeci&te o.nd 

.all ~literal t twig-s of the alternative are matched in the parse 

t:r:~e; and_ if a 1 lexical• tt,;.ig occurs will always ver:ify that a 

token o:t: the a.ppj:opriate sort occur~ at the correct position 
of~~ t t' tt1p~~ de~ianating w.e pa:rse tree.. Howe.ver, wher.·e syn ac .1.c ·.i ,;: •• , .... ~ • • 

Possibly compo·tind s\1hstructu:res occur· at the twigs of a parse 
+re"' . - . ..i.. t nc·'"u.,.·es before 
~ .,-., we will not ncnnally exa.r.une ·c,..i.ese s r,., .... -
a~c.o t • • uc ... ure~ will in - ~P i.ng the match,. (Of courr,e, these ::;,:.r. .... _;:;, . 
any • . _ .• cepte.d• A failure 

· case be e:c:amined a.ft.er the ma:::cll is ac •• • . ., . 
afb..,. . • ~ the p::-oduc~1on of 

. e.... tiu.s acceotance will how,~var J.ead to • 
0 a.· - f. d c::.-.-.e other lagn t, t---em•,"' to ·1n _.., ••• os .;.c rather than to an a ... • ~.,. nut 1 c:.rcumstances, a chJ' n . , ei7ceptiona , • g alternative ) In cer-cain ~-· • .; no .. nc. ... <, exam ..... ne 

v1ever • . • pror•edure, a '-
, we may wish to vary this .. ....~ res for 

SUbst . . t •h substru ...... u 
• ruct 1lre~ before accepting a ma c " 



• to he done are '11 
~llicll t~is . is ca.._ ed o bllg a.to lt.{l, 

re
,,pO"'·c".J.. ng twi.gr~ w:U-.hin an ,3 H:,,.,...,...., ~-. .., an.d the 
., •·" • ---1.J:a, .. 1ve 

,•.-)'t, a:r.e ~rnec·i alJ ·1 

.,. , .,.. c,..,mpletes our account of .;..11 _ t 1 r -F '· .... -; marked~ 
Tl'Un ...,, • '-'• ,;,. ~ ----l-Ot'Ina tio;, w·h·, 1 

• .,._ 'h , • .. • • • 1 c ) may 
. ,.50 ciated Wl. w; an. a .... t.ex:na-f:ive e.na. whi,..'I.. .. 

1 oe a::,, . .. ~ . '-'U W:t '.'.. be used 
l, f no error 10 de tectea ov t."1.e no<:! tp- . 

even: -- ,:;-,., Cl,rser ancl no 

dJ.. aq_ nos tic need be ·produced• However., for L1se i·,. th,,., 
•• "' production 

Of diagnostics 6 additional alternative-assoc 5a·ted 
.,,, be provid6do This will include 

·" inf ormati9n 
1,:J.J,.L ~ 

Vl• i' i lm external· n·,1."'l'le to be used t-'"' di.ag'l"l""'st • • h 
1 • - -----~ • • ..,, ....... 1.cs w, en • t 

is necessary to :r.efer to· tlze alternative; 

i~. A comprehensive collectJ.on_ of all the fixed tokens whir'..h 

appear . at the intermediate nrJdes and twigs of an alterna.tive, 

each being given with an indication of its tree4•pos.i.tion .in 

ti"ie alternative at wh.i.ch it .:lpp,2ars ~- With each of th.est~ tok<:ns 

we also asso,;iatE.~ ~- I.) c_-o.tln.g • t (lC.:l:.c:Jt, which. might also be cal lccJ. 

the e.vi,de.n.U.a..f. :,1Je.t9 h,t of the token., When we a!.'·e imable to match 

any acceptable alt_r-;rnat.ive to a se,~t.i.on of a pci.:se tree, we 

will use these weight~;; to guess what structure the un,"no.tchable 

structure actua.lly fo1md ·was intendsr:1 to repr~sent. This guess 

will be made according to a· highest-total-score scheme, tokens 

found in correct tree-positions. being counted with double ~core. 

If the highest score found by this matching process exceeds a 
~tana d • • 1 f_ d a.: - gU""'~· wi.' 11 .be made, " ar mJ.n1.mum .trllte.6 no.f. • # a corxespon ""ng t::,j,;) 

(Ind the .~ • . • • 1 .. • "Ued T,,l.' 11 be structured . ul.agnostic message to..-h.:i.c l :i..s l.S;;, n 

accordingly. If t..1-te highest score attained is too lcw, a 
t tic '-yoe 

s~anda:rd diagnostic fragment, dete1'1llined by ~'l.e syn ac ~ ~ 
s~ught ,.,: .•"'. '11 be used instead. 

n.i.C-.1.1.ll'l a oiven context Wl. • 
•· ' t of t.11.c 

'I'hi.s finally • a sufficiently complete accoun . 
inf •• gives . 'th an alternat1ve .. 
• ormation ·which a tree-grammar may associate wi 

A • • information items 
\/' tree-grammar will also associate various • 
lth a _ ,. 11ows -

, syntactic type .. · These a:r.e as to • . . iaht as. 
J., A . · . -"1atives wh1.ch m :, ' 

81 set of all the· lexical ali::~..!:.c: - th yntactic type; 
l'lgle t k . +-• veC"! for e s 
i
. 0 ens, be acceptc.hle al.-terna ... J. ~ _ t'cs when it :i::; 
l. An d • di agnos 1. 

ne • extern·al name to be \.1se in 
cessa, -·------ . 

l)t to refer ·to the eyntact1c type: 
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type; 

succe·s-so"l·:· ·tvp0. Y if 
..,,,.__-~-· ... -•_ .. _~ ... -

. ct," c t~---ne i.::; matched a.:n svnta. , . .a.-

-uJd be equally a.,:,ci:~ptahle ~ 
WO • 
,!Jtatements' ar(! acceptr.tbie 

be found.) 

mhi' s. information is f_ un.da.r11ental.. Ho•""'ve·,. ... .:id· ._ • 
,. - .,. c 1 .... r ,;:v .i. 1. ·1-1 on.al 

• • ~ d • 
information i.s pro· • .ri -~e~ :.i.n ordai: _to improve the efficiency 

of our top-dc~-m pr.-ocess. • ~rhis addi ti.anal information .i.s as 

follows. 

v. lf ,1 syntactic t.ype and the type of a parse-tree node 

to he matched to :1. t together.· dete:i.'1:!line a small s~t of possibl.y 

matching alte.rnat:.tves, we :r..eco-r:d t.'t-iis set. Notef for example, 

that if •we S8ek the sy.nta.ctic type ~expression v and see a .. node 

of type u, then on,ly the •product; alternative of 'express~r.mv 
b ' -1--' can e in ques .... icn ~ 

vi. If a syntactic type and the type cf ~ parse-~tr:ee nod-e 

n to be matched to :i.t togctl'1ex- determ:i.ne only a rather large 

set of poas ibly matching al'~ernatives, hut the presence of a 

particular key--token ()S the :j-th deccendant of n will reduce 
l:h'· • • , 1 'l's case we i:11S0 ls set cons:1.d(?.rably, we :reccrd Jo n tu ' ••. , 
l'.'Aco .. 1.h • h • h are -~ssociated w:i..th the ~ rci ·,. e s~)ts of al terna t1.ves w ic • '-< 

O(! - ...-\.. • s characteristic currence vf pa!:ticular- key tokens in wi.l ., • 
• .• . • 

0 1 . with the syn tactic 
l?Osit.1on. Note, for e~{ampl.a,. tJ.1.at in d-a ing • 
t • ed key-words we 
Ype ;statementt :i.n langua9es with non-re.serv.- ......... . 

Ill · • • • • th resence of '-e.r.. t(.Lin ay Wl"1'1 -L 11 • ·.l'''eat-~•,r"-·• ,~ o-r-.... i..en e p • 
• -:i •.;.o USt.~ .: l l.S -" __, .. - , , . 
k~m., . - t ten1ent w1.,.l tell us 
-""ords 1.n the first pos.i tiori of a s .a •• 

Wh~t- l • -~ d 
• a te.rnative ought to be con~auere • • ch a trea-
Th • • foi'T.l.ation wh1 

is concludes our. s·urvey of tJ1e in • d their alternat.ives .. 
9':ta.mrna t.: c types an 

r may associate with syn tac ... • · .• fications more 
ln ord 1 • ,- of spec:i. 

er to make this rather lon9 is·· 
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dd ' t ' · 1 • I!' -t ' we a i 1ona in.1-orm.a .:1.on associated with -""'1 t:i.:.s alternative 
is as follows~ 

i:i.:L 

'11., 

vi. 
vii, 

Pretests: ncme 

P.r.:eactions: none. 
Pcstests: none 
Post.actions: :none 
Re-evaluation !3pGcific3.tion: cor:..v,~rt to 

~RS~EP . 

,,/ \ ~----
,,.,. \ ....... , -----·---

,,/ \ ........ -----

i • I V l:i.., 

' {• "} ,,,..,,,. \ '-....... ----name ~ 
[~1xpreszion] fe.xpression] lexpi:ession] 

Multiplicities; none. Obligato:ry compound s\lbpa.:rts; none. 

Externa.l nane: $ for. s t,yt,,3ment' 
:tx. • fixed tokGns, 

}'OR-scores 6; 
• For ti 

,. 1e syntactic type 
rollowi' . • 

with tiu::ir scores: 
.STEP-scores 6,. 'I'O-scores 4 ~ 

'expi;essi::m' we wot1ld :r:ecord the 

' _ng information. 
i, .Admissible l01!ica1 alternatives: .name, integer, 

ii. 'External nr.me; (expression I 
i.. t. 
l.l. • r<'eysymbol nam~ fox: complaint in diagnos ·ic: 

coper.ator or perhaps son,.e 

to xepresent a quantity' 

1 t k o.n used ill~ga- o ... 

real nurobe.r 

Successor type; none. to be matched: of node 
Alternatives as determined by type . 

ositiv~ quant1ty . 
+; dyadic sum, monadic P . 'tive quantity 
-: dyadic difference, monadic nega 
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)'\ ~ . produ.ct 

I~ quot:i €mt 

"exp.~ €Xpo.nential 
( ) ~ indexed variable or function 

comma: argument list 

callk 

._. ,,hould .help indicate the mar,.n~r ~n wl · 1. ., 

1 • Tnis .:,.... . J.. • 1.1cl1 ell . that inf:or.ma-• 
·•hi' ch a tree-gr,3.m.mar mav contain is to be used ~

0 
""'r"'pa""'"" ti.on \'v • -- • • • .. .t'·~·- r ~---

still more adequately for the detailed postparne algod.thm which 

.,. ·to follow, we now give a table which surnmarizes what has ],r.> , 

been said in the last few po.ges, and which also notes the 

function narnes under which· va:d.ou:; information items w.i.11 appear 

in our SETL algorithm.., ~.nd th:" ,J:r:guments. which must: he· supplied 
to these functions. 

'• 
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., 

- a tuple cf ident{fi"e¥~ ..... . .... .) for 
preaction_s to hf: p<.::>i:·founed. 

t- sts t~lt"' ~ .... l'")·•e f~ ·a · 3, pGS~•e. , .... • •1 _, <-1 1
#-4!. .,_ o .. l."ent.1.fiers fr.,.,,.· t•- .,, .,..._ or J,;.. 

returning prog!."mnmed functions. Each CO!tl'pone~t of 

th.ls tuple is actua.lly 51. pair, whose .first part identifies • 

~ function 3 ana who.se second is a message-fragment tc) 

be printed if t.he -test falls,, 

4. postacts {alt.:} - a tup1,;~ of: :i.t1enti-f.iers_ for post-actions 
to be pe.rfo.nned. 

5, :ceval{alt) - a tuple ·,ihlch, :tf pre.sent, specifies th.e 

manner. in which r1 tree-section .is to be x:est.l.-uctured. 

The first component of tJLis tu.ple determines the node-type 

cf th.E! new s t.ruct,.t.ce; it. may either be a f.i::rnd literal 

. or. the .i.tlentifier of a uze:r·-supplied ftmction which will 

produce a literal. .Ail x·emain .. ing components are pairs, 
having the following possible forms and significa~c8s: 

<O, identifier> .: :i.dent.if.ies a programmed function 

prodt1.cing a su."::itrce portion; 
-<'l<icator,o> .: identifies a pa.rt of· an origirial pars-~ 

tree which is to be used wi tldn a. reorganized tree 

( :h . 1 h b en reorganized) ; t .1s subpart ma.y a so ave ,e • • • 
"l 'bl m1iltiple part ' Ctcator ,star.t> :: identifies a. possi • Y - . 

which is to be used wi th.:tn 
of • an original parse t:ree 

a reorganized tree.. ·-ed 
6 1,.. • l ic'i "·y :r.aqui"" 
• minJ.ast(alt} : define~ n minimum mu .. .3.p • .. .. • 

f ~.-.1.·ven alternative; if 
or the last deacen<.lant of a :, 

llndefined, alternative is not multiple.. t' e 
7 bl • . rrs of an alterna ,iv 

• 0 ig: a set defining all those twi';J 
'·1h • ,..1• te t-rpes • 
y 1.ch represent obUga.toJr,y compo.:o • -
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Ll te.!:-als ~ a set defining all those t , 
w:i.gs of an 1 which :r:epr.&.sent specific li i·e•· ') a ternativ~ 

. - ra~s or sets of,· 
1exics; d. set defining· ,. ·t ·: .. .. , .... lterfl.la. 

a.._,_ Cii.OS(; tw·.::.gB of • ~ .. 
which reDresent spet.~if:ic le:1-:i~ ... 1 t • a.ri ~1-cernat.tve 

• ,.. • • •• 1,,..0. • '1J>es or. s~ts ,)f 
1exioa.l types,. • 

The node-type of an intermedi;.lte. nods in fill alte:cnative 
"' t ' n t·1,. .;.. w3.l3. 

... P. a Get 01.: o.Ke .. s ~ .J..!.Ooe ac~ept~mle for 
jJ.- • • • • • a match~ ··I'he uode"fttype 
Oe .,,,1 al ternati ve-tw1.9· w.i.11 qene:i:.·a.Ilv b"" a synt t. • .. =· . ~ .:t ._ ac :i.e. type . 
1_r,.,._,ever, if the tw.ig b 1310nc;1s to !e.x,lC:4 t·J-.,:,, ""'al"e f . 
nv•' • • 8 ·: .... " ... ; 0 l. ts 
node-tv-oe will be a set of lexicr.t.l t:rpe:s in!:>n1n:y "-ln,-,. t-'1.. 

I. J. ... • .l - \ ....... , ._._ l I..! vSe accep . (UJ ... 

as a match to the ·cv,dg} r if the bri~~ belongs to .t.l.ttlr.al. 4 , the 

,,alue of .its node-type will be a set of tokens (those acceptablr 

as a mat.ch to the twi9) . Mo.r;eover, if th~ function 

lo tex-typ~ 1 a] t} is di::: f in.ed :for .3. literaJ. +-T,,{g -: -i.. """'e,. • f • • , ~· .. • \ -· • ... v .~ ~ ... .,. ,--, !:' 1..-:S.. ie .. 

. tl,e lexiea.1 type which these tokens must have to be acceptable 

as a mat.ch to t.he t~\"ig. 

12. 
altname (alt): 

gathalt{alt}: 

the external name of an alternative. 

r:1 set. defining the f:ixed token.s character-

:l.r::tic of an alternative,, thei::. tree--positions, a.nd their 
evi1.:ier• t-J' al ... ,e ~1.· 9·1·, -.· ~ t..L "' .... • Vt • .. .... ,_,., " 

13. threshold: 

specif.i,c guess .. 

tl '. ;-,, i • m ,,,., score needed to jt1stify a _,_ m· n1 · u~ ... 

of l4 • • fixed (twig} ~ an if1tegor def i.ning the serial number . 

a given twig among all 1:wigs of an alternative which correspond 
t • tact.: c ... ~•pe 0 composite substructu:r.:,3s of a 9·1ven syn . J,. '--;t. • 

Th• • •• d • no"ti c messages-. ls info:rmation is w,3ed when producing - iag ~ -

13• ~~tions associated with a. s_yntn.ct:i.c type . 
l ---.:::...,_. -- -~ 1 .• cal al-te:rnati ves s. 1.exalts (synt) : tht~ set ot all e..'CJ. . . type 

Whi h . . .• - .. f. the syn ta,:t.ic ~ 
c migh.t be acc•eptable .tnstanc:.os O . t· ctic type. 

16 ., • - of the Gyn a 
· • namesynt{r.:yr,,...) ·.· the exte.::-nal name . t•c,.. 

~ '""' d . • n di.aaoos i .:s 17 , . be use 1 "' 
• keysymbol (oynt):: a str.l.ng to d lternative is 

v1hen . intende a . no specific gueso concerning an 
Justified. 

la. se ( . . so:: sy;1t) : 
acceptable in place of 

a succesecr tyr-e' 
a 9ii,e11 ~ • 

syntactic type. 
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81tset(synt,nodtyce),. u· J9. ... • -~ ,. ·1e set of ull 
·ven syntactic t.yp<~ which mia·l· t P. . alternatives of 

a gJ. •• -I • . ossibly b • 
d ":) )f :-r •• ► • e roatch"'d t 

to..,-tree no i.;.. < S, ".l ven • .... ,,·v) ... .., "' -0 a r;yn . v-" .... , . ·- /:' ·- • 

1ockey(synt,nocetype}: th 
20. ·•· e loca.ti 0 ,.... • 

, · ... 1 n whi, .. 1·~ 
r.,11 in the se_ect1.o-n o:f -:t s~t ''-r !.'1-J."'e.,...,.,. t· '"'• a literal nseJ.~ • . •.. ~·" ... '-- ... ,.,a 

• •>L · sei::~al tset (synt,. li tera.l) ; .... 1. • • • • .:i..ves c;,m b-~ tound 0 

~ ~le Beto~ al1 1 . t +-. • ... • - a ternatj .,.~ ~ 
of a given syn· ac .... :1.c type Which mi,-,·ht nn .. .l..v~.s 

... . . . " ~ t'.,~sJ.oly be matched to 
!i syntax node having a ~pec:if::.ec.1 J.:i.. teral 

in a c..'1-iaracteristic 

c Functions of general use 
.• ....,,,,_----··-----------

r.2. • nod type (alt) ~ the riode type of an "·, .,.."' t ... • u.-~rna 1ve. 
see tl~e rema:i:-ks following i to.r11 9 a.hove. 

23. desc(alt,j) ~ tJ1e t;::,:~E:-structure-defining .:J ~ ... ,esceno.ant 
function . 

. 24. x-pak (act} ~ :lnv 1)cation. of a u;3er--.supplierJ. routi:1.e by 

• its identifier. 

D. A~di ti.onal data·· obje-cts r not -suppli·Erd by -0 o~.:tu:p routine ------- .. --..\-• ----·- • ·- .... 
') t· .,:., . mstak; • a stack of pairs, the first. component of each 

pair being a num.ber r t.he second a syn tactic type name; usetl 

tc produce prefixes of diagnosti~ messages. 
26. nodnum~ set to -1 to signal that no diagnostic :messages 

or tree-revising actions are required; otherwise gives th e 
serial nmnber of the syntactic type c_urrently being sought, ainor,:~· 

all twigs which are pa.rt of a single pc.rent alternative· 
27 1 . . . .,. rtUXt." to an old node • va ue: attaches a .revised trrz:e s, .. ru.... • 

during ·'-~ree. r.eo~aani zation. 
28 J • th . • rnpo-ite syntactic 

.._ • ·Partseq: ~- tuple enumerat.1ng e ·co·. ;:, 
"Yl>es t t, ·e and the· parse 
.. a tached to the twigs of an al ts:cna .-:.v ' . 

t1:ee nod ., anent of this tuple 
. • es -to which th.•3se refer. Each <.-omp . 't • 
la eith . . . with multiplici Y, 

ct a pair or in the case of twigs 
a tr· ' • ' 

lple W-hose last. compoilent is an integer· 

-196-



..• This comp.let_es our account of the .info·xro· t.. . . 
, ~ h . - \a l.on .:i... i:ems \lsed in 

.:the po~tparse a ... gori: .m. which fo11.w,,ts Wo sl 1·1 • . "· 

.. ·. additional • remarks be:f.,.:.,re -·" . • ,_ lr.L niake only a 
·feW '• \1.L VJ.ng tho SJ.'mr ~ 
. . . t' Fi· r·Nt '" .. -:ie,'-~,1.· 1 • • '- .... .L ..... co ... e £or t'hice 
a1gorl ~nm .. ·., . -~-): I .. <,,t.,. 1,.1,_,.,..,_. -'·:. ~e ~l1:pJ.es us.:~d i:11 t,~e alg::r;th:m 

!''jl °b·e~o'f r..>l1S 0£. two type8, as i:n:ip-~opr.!-·t •· ... ,.,.. - ... 
Wl- • . . • . ..._ • .1.. :1-0 ~e0 Some wlll simply 

···l)P. tuples. of F.ct.ams • Uthe:i.~ ·will have: oi:·de :~od . .• ·• 
., . 

1 
---- pairs or tuples 

: s components. ;tn st1011 cas(::s: to avoid ·conf. . • . . 
a . . . ~ us.1on, We include 
·the null-set as a 'l:t-~rm1.11ating f:inal componer:t t ·~ 

• _ • • • •· • . • - , 
1 

, a .UpJ.e termina-t:~1-~. 
:tn this way might 1.ie 1-:,allt.::d rw..tl--.te.ti.r::1-.ria..te.d. (This is ~J.so 
··•the device used to st:ruct.u:re J.ists in LISP.) 

• Next, ~ more sign.:U:.ican:t point. Genex:ally, the alternatives 

: 0{ a syntactic. type of a tn:.e.-gr~r.:mar will be unordered and 

:·mat?hes -c·an be attempted in· -ar,y oid-or·?- • 'In $Orne spacial cas~s, 

:however, we may wish to att.~nipt to match c~rta1n alternatives 
:~n a. fixed o~der, so that bef:oi.'e· w·e· txy· one ,alternativ·e we can 

be sure t.11at some ea:r-:ti0r al ternat:i.ves have f?.i1.ec... .Al tcrnat:lv~s 

:rele.ted in thi.s way are eaid to .fo:cr.: a J.i e.qu~n.ce. o 6 c:d'...te.,tr1a..t:1-v~4. 

Tree-gramrna:rs will allow such sequanc,~s, at,d the. algor~ thm which 

is to follow will reflect this fa,:;t. 
• 'th ,., .. l 1' t•·· pa-rt~ Finc1.lly f an ohserva.tion. ~ tree gr_amm.ar, w.1. .,..t ~., •• ··"' 

and option.st. w·ill be a rather compl<:!X data object and it might 

be tedious to set one ·up if thi.a had to b~ done dir.(~c:tly • such 

is of 001.frse not our intent~ We shall in fa:i.ct provide a 
• • ~ • ¼-ion of tree-arammars; speciali:-~ed in.put fo~crnat for the c..escr1.p-- , ' •• ... 

th . . 8 k ~ naJtmct.e (ioxm regular: • 16 format somewhat resembling the a.c. L . 
. . . b ··t w!.th extensions to 

u.sed for the description cf languages! u . -'-. - Cl 
• L. • tems diagnos '-ic a.O. ' 

ac~orrunc~a te al 1 the addi ti.ona 1 in for.ma ,_ion 
1 

• • ' . . this format 
oth • - :i d Data sets ha.vin_g 

. • • ~rwJ.se, which are to be supp.1 .e • ·· , . .t.t a.lC.l>e 
~ . . Ppecialized po P 
i1ay be reg"'roed ·•~ pro{1r·ar.1s w·\.·it:i.:c~n in a .:, , ut 

• • • ""·· • • ... _ ;:i • •• • aving this 1np 
rne..tctla.n:,ua • of mate:i.ial h. f 
fc iJ g e. The digest1.on . ,._his rnaterial into a set o 

:t'Inat, and the transformz.t.ion of " 1 ·d scribed above, 
rnap"' •. d ignif icances e ~lngs having the· forms.an 3 ·t.h the postparser. 
is t· sociated w1 ne work of the /J e.:f:LLp block as • 



... f -·-t.ructur.i of such a setup b 1,"'ck sh ld 
;, ~1e ;:, -v - o·u be r.!U-Ff1 • •t ~.. • - ""X:.:,"lPl"" g··van. ... .... C.lent ... y •• from tne .:; , .... ,... .... 1. .., in sect.ior,. 4 , ,.. ~ • 

caear • . .. . .. " , t-,•"'-Sha J.l lecwe it tt? 
•• ,.do'l'" to CUPPJ_y t.hiz:~ i::ode cortc-:-{ ... ,J·t1.'• tr· ~~ p rev. --~· • ., • . . ..., ...... I,..•,. •!Ci 1 'I .... l·,10 . 
t,1~ • • i.. • • . ., -◊ ~ • 1~.K., and 

•• _ having q1.ven t.he pos·cpa:r.se-r algo.d. thm) "'h · 
(after "' . . . • · .:,~ all, con t~n t 

• J•'!eS. w.i th· aescr.1.b.ing • the data f·)rtn"d•s t b U,.,,o • ~ . ""·- o c, U,..eA N t o ,...,,.,, ., - ,., - - • o e 
•!/r.>r. t.ha.t the necr::!ssary setup -1orof'!eA,,:r.,,,.~• c b t 

howe .... ' • • ., 1..<.-. ·""•"' an e. created 
... ens.ily as follows: using data havint,. the ~.,_- d d mo~ 1

• • • • ':J _., .:ai-1 ar SETL 
, ... ~ad• format build up a tree grmnmar for tJ1e pontna·rse ~~ 4 

·reetaian.guage,. Th~ l').eceE~sary setup routine will then consh!t 

of a copy of tbe postparser to which thi.s grammar is attai::hed. 

1' .. ~ will be seen below r the P')Stparser, addressed in this wav 
• ~ 

by use of a postpatsc?. meta.lang11.age, is a ~.,ery powerful tool 

for the succinct and conven:i.ent def ini ti.on of new p:r.ogra.i1ir!tl11g 

languages. Ueing it we cc:tn. w.1::itG·compile1' 'front-e11.:..~~1 "t·r.i.t!l 

a mi~imu .. "11 of d:ifficul ty; B ince it. a.l.!.ows arbi trart :r.eorganizati 1~•, 

to.be a:;:>pJ.ied to ·a parse -tree, we can with some e.tfort ev::rt use 

tt to gennrate machine codee 

But, afte:-c all these preliminarie:.. r it is now time to give 

th1= detuileo. SETL code for the postpax-s~r. 
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,,..,}" ·,•se {. r.•,,,,.,+-vlje ··1ode .. • ef -.,:,oS ... j;--a,l. ;.:),.:A•-- ... ;: ,1 rnr.>ct~nun)· aef 1.11 . ,. • • t t . I ; 

,.s,..;,, routine :,_s wr;'i. • .en. zi.s a fun<'•t • . 
/ ,;; .tu..... . .. l.on WhJ.t,h t 

, c. - re urns t · f valid pa.rs1:.~ .1..s :i:(:Zundr :E oth8.r ~; 
8

~ . . .- :.. • 
a .. 1. •, .. ,,, ..... -y .;..,..,<:•·' :·· • ' - • ,'le have also nodnum~-1 
, f a p:ce 1.m1no,J, '·"·,;, c on.1.y l.s b~:ing :m d .. 
•• • . . • • a e' ilnct no d5.agnostlc essag~s a.re to be emitted c,r subtre.o. 

1 
. · 

m • _ _ • .... va u~s u:re to bia 
• ca, culated, other.wise nod.en um:::() if ·the . . . · 

, .~ • g1. v€•.n nod~ :is t-..he 
0,11v eJ.ement o.f its typo in the r, 0 ,.

1
.1.,~-·~t b ..t 

i .. • ., • (..,_. .. _ e.1.ng considered• 
nnd nodrrom=j. > 9 if t.1:1e q.iw~n r1-.1de is the j--th ~lement , 

of its type in th.e contel{t b8ing considert~d •i / 

I* decls.raticn of the various tables used, and of h 
, ct ~.t' ex.te:.11;;-.;_ data objects -;.•; 

parser _external lockey ,altset,seoaltset, se.sor,t.i.'1r.e.shold, 
namsk.eyelt_.. nc{,mesynt, pretests.,. preacts, postests, 

postuc:t.s, :rpak, ::r:eval, g.3. Lhalt, m:i.:nlast, fixed, obli<;j (l 
literals, lex.ic::.:; 

parser ~xternal mstak, valuer desc., nodtype; 

initially do zetup; ms tnk~nR..;, /·~initialization block to supply 
"' -·-

.all sets LL .e. tables) and au.~ilia.r.y :coutin.e package xpak_ 

needed below.. det,:ills of th.is block wi.11 not be giv·en */ 
synt=sy:n type; 
[oyutry;] /*fast b=~yv•search process to determine sub~et of 

alternatives to b€.: exa'!l.ined in detail*/ 
if nodtype {nod<=) eq· Q /*so that .ncge .LJ terminal*/ 

t~o:r, if.{.setalts-:---:is lexalts (~ynt}} t-2q n ,. dt e• 
. then go to maynext; else 1,10 to ·fi.ncal t; ,~no .if no YP ., 
lf{keyloc ~ lockey { syn t, nod!:ype (node))) -~ ~ 
/* , tc determine i.n this case, the node-typi:J :i. tBBlf will se:rve 

the set of a.l ternatives to t.ry * I 
'h } l } ne. Q then ten if (setalts is alts0t{svnt, nodtype(noda ' --
. 'Jo h) f.indalt; else go to maynext;; 

else /*Jr • f . -=-cified descendant, • -..ey l.$ e.i th.er node-type o spe 
n,: • is li tera.1 toke~ * / 

.. 
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desc is deac (n(Jde, kc!yloo)) ea n, /k_.,..,e.qu.,• d 
f (l(ey •""'"' . " .J. .... r,=, k 

l •• k .-. • ... _ - e"\_r not ~-• to maynext • " , ev=ii.' ·F '~-- .z prec:1en t·*/ 
... hti.,n ao ~ Y ..,_ - .,,._ ls '!'!Ol':14-,..,,,:,_ {' ._. ~ 
1.u • .., -~- .. ·-~ .r:-"· Keydesc)} :n~ ~ 

n ··-.z eise t!i, keycJ.es(.~; 
the ... - --

t .. lt~ is secali:set{synt,.k.ey' i-· 'Ar.,_ n t1...· 
·£(Se <• ,., - • I } r ~ •0 .uen g·o to ~· d , 
l ] • f Iv ... C, SCQC; .... (o, t). I"\ _J:l.n a ... t~ ;end eh:e:. 

e-.... t· .1. \"'- .,_., ·...,.,..., •~Jn J. ne ~-! i-hP.,.,. .. · , 
. !,11ayn ,. ~ • - . - •• - -·-- syn t<-:::~q go ~ "'o syn try • A 

• t.herwise try g·uessing pr:ocess i:f. a,:)r•ron .. -f· •• • i r 

/; o · _ •· i:- ,.~rl.a-e, and :r.·eturr· 
,,nothc:,r ~'---.'P'.!> Of j::,..,,.,,.0"""' ~-- • • ;. one c;,r ....... .... .... x ,;;. ~·-'-.• .. .message 'k I 

if ~odnunt ",:! 0 then re turn· E.r ; 
guess(node"synt.ype,sco:re); if score .z.! tkceshnl.d +.hen 

print prefix (synt., nodn:0.mi + ~ involves an ill-formed or m:f.ssir.t~~, 

. + namek(;~yelt (synt); 1 Z'l~t.urn f 1 
lfindal t:] par seq ::: !:-R,; -

if :1(alt] i:: setalts l(~_.!_o~ alt and xnatche_,;1 {·,,.,1-1-- d ') __ .. _ . ., ,;:, ., no erpa.rt~eqp 
then ~:o to :matc!1ed;; 

if£ 3{o.ltseg] r-; fJ(~talts, 1· ::_ [j] ~if·~~ altseq . 

thfm O els1:-1 ti:a.ltseq I 
:aiatches(a.ltseq(j) ,node,partseq} then go to may11extn 

alt = altseq{j)-; 

!matched:) /*here -~·-re h~ve found a mfJ.t:;hing alternative, end are 

prepared to descend in the tree O tl1e matching process will 

ali:10 produce · a lie t , part.s(1q I of nodes to be explored 

1 recursively, a :r1ode itself being given if no repctitior 1 

ia involved, but it~ parent noc'le a.nd the n•.imber of th.e . 
statting descendan.t • being given .i·f repetition is involved*/ 

/t do all pre-aqtions asscci .. ated with the alte:.i.."llative ·k I 
t~p==preacts (alt}; (while. ~:up ~ H) <act, tlip>=:tup; rpak (ao~}; i 

• I nt;w v • f , • eri Y subparts * / 
lf nodnum ge O tl~•~n .ln"'~~aJ,. (J~.,.,,~-H•k+l) =<nod:m1..rn,name.synt{synt},. 7; 
01.~ • -- • ._ ,;;) ~- -s. "lrdh.>- _,;,, •• 

ll.~t, .&.. 

( 
• ... , 1.l'Pecoun t=nR.. ~,h·, __ r. 

<s :i. ... e Partseq ne nR.) <part, pa:i.-tseq:>= partse.q, 
Ubsynt nl- • - - n tben /*. tS t,W node,start>=part; if start ~s 
0ase .r: 

sUbn 0.1. non•-mul t.tple node*/ 
\Jn\=:•f • 1 1 nodnum .tt O then nodnum e se 

if ( . - .. e 
i :ic ~ fixed(subnod~::)} ne n thm1 x e.1s ~1se l; 
f (tc • -- . a the11 tc+l .... 

~ tyP.ecount(subsynt)) ~ 

-200-



_ dnUtil qt <) and x ea n thi=- t • 
i:t·no . . r1- - -n .YPecountfsuh 

_ J· and postparse {subsvn·t sub . • syr,.t) :::sU;">numt; 
o~-o~ ~- .... -,, noa.e,su.bnum)• 

l ,·e /*ccJ.se of ~ultiple noc.r~ */' s e~ . . 

{ t ""rt < Vj ·< #desc{node}) s .... -· -
....... n11m~if ·nednum • fl.t O then nodnum ,,_, 1-gw,., • -- . ,.. se 
. .-. if :(tc is typecount (subsynt)) ne ~ th 

:· • -· -· ' i en tc+ 1 else l 
l'f no<'inU>"Il gt O the,1 typecou.nt(m.lbsvnt) ::is ,t... • . • i 
. -.... . . .r.- 1.:-:.u~um;-; 

01c-ok and oosi':parse{subsynt,desc{(•-.:itrod~ ') 
- ,..,,.:...,_ ,. •• -> i~ ··~, J , stfunum} ; 
d ~ • r.::.n,~ ,.,. -c "'e .. en vJ; '<.•~ .... vJ.a , 

/ * if failure, need nGt try sny ·oost-te!~t"' 
s: - ,., or actions, 

_simply t·eturn ·r< I 
if. -~ ok t.b.en return 

1,t0t..ri.erwise do all. poBt-test.:~3" and, lf apnror.._,.,., a•,._,t;, po~e• ac'--~ .. 
(~ • " C _~ •.•• \. --, ~, ... ~ 1,...,1..().-.•. 

tnn~pos tests { alt} ; (whilt~ ·!:u.::-i, ne i':x.'~ <<ac◄t mc,g·> """p>-t:,,.c- ~ • • • t:., •.· • • • - . ,._ __.. ,. I -~ r, '--"A- - ""1.,~ ; 

rpak(act}; if _ok eg f then if nodnttm g~ '..) than 

. print prefix{synt.,nodnum) +msq;; :return f; end if okf el~d. ~<1h~.>.•·· 

H nodnum .P,t O then J':etu.:rn t;, ;·irctherwise do post-actions • - . ·-
and value calculationG 

tup=postacts (alt) ~ {while: tup ~~ rn <act,tup>~-ctip; rpc1.Jt(a.ct):; 

if (revtup is re val {ul tj) eq n /*so that no 1·e-ev1.lun.tion is 

•• necessary*/ then value (node} =node: if n.odnum ~ o· 
• then mstak{:ftmstc:.k)~n, return !; end i.f; 

/*olri.end.se re-evaluate 3.s indicd.ted by t...'1-i.e components of t.h.e 

. re--evaluat ion tuole ,, this is n9.r-terrnin::tted, 
~- -

<new type,<loct"i.t.or, ac'i::icn or ste.rt>,<locator, 

~e detailed conventions ~sed for each type of 
be */ seen in the codE! ,,ihi.ch follows 

and has the fol"'l:1, 

action or start> 

component w.111 

.... 

new::::newat • <type r<"•v·'·up>~~revtup; • 
i. --;--' . • , _._A t... ,, • • ai ven* I nod type (new} ::,;·r:':> .,~ r 
• f ~ 2.nteger t~")e I* so that a .1.i teral is ., 

~- ., t. ' 1 • d function*/ 
else /*type is ccrnpt1ted by_ .a m:;er-supp ~e 

r.·pak (typo) ; ncd tvpe ( net·d =val; t · 
/*n - • , t new node•/ • cw attach specified de.scandan-co O . . • 
{wh. • • t> revtup~:=revtup, 

• l.le revtup ne nP;) <<locator ,act s tar ' be performed*/ 
if - -- 1 t.·oo is to 

locator eo O /*so t..1-ia t a calcu. a· J. if acts tart ecr 0 
~ -~ e~o ~ 

en rpak (acts tart.) 1 val attach new; ..., .i-"-en 
/*so th · • olved */ WJ. 

•• a.t a non-multiple part is inv 
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f ' 01° ~ocat ,, .. iu.e-{pa:r.to \n. 'J • ••• , ..1.• . or, , attach new• 
~ - , 

/~ a mul ti.ple part i~ at- h,'lr.,::i ~~-; els:3 , .. • d"" ' 

.,. J. 6 ~ 5rt < v-k ·< idesc{narent ts n~ .... • ~r( 
{ac..-_-.. ,. - - -· .. .....::,.t--a ... c,.J.: nod~.locatT•:r\}) 

iue{desc(parentyKJ} attach new- .. end l s -v •••••• va.), . M----- , , e se; 
-iu-h {node) =.news v,, -

. .if :n:odnum ~-~ 0 then ms tak ( =U:ms ·ta.k) ~ ~ ; 

return ~; 
/*this is end of main body o:E postpa:r.se ::~O'Jtin~. 

now follow· various stmr.cutines called .i i 
Jlc.fine piece atta·ch node.; postp~rse ext<£'-··n;:il ,:.i.,,. 
u- -·~--- -.1. • - :..,;;SC; 

/*auxiliary tree-lm:U .. a. rm.rt:ine * / 

desdnode,=Hclesc{noael+1) :::-:pi~H::e, retu:t.-nr and a:!::tach; 

defi.nef matGhes {alt s~1ode ,. p~1.'.tt~~g) ; 

t'ke:,t routine to t.est v.i.Gi:rd Ly of treA e._g'ainst pattern a_,.d 

pretests specified by a t'ree"'.'gra;'i.unar alr.ernative •1-/ 

postparse external pret.es ts., rpak; 
~f .... n1at<•he:r::-(al.!- nocP'J .;..h'-"'l). p~v•·t\ .. ec::::ni-· Y"(!ltu•nQ -F •• .;.. ~! •. ..,, ~ \.• t ., ,... ,.. ~- .. ":, i _, ..... .. .....,. ;,;;.., , 

/11 ~=lse apply p:r-etF='S. ts ~·, / 

:tu.p:.:pretests (alt;; (while tup ~~ ~) <a.ct,tup>=tupr rpak{alt); 

if n ck t.:hen rt~turn f 1 ; end wh1 le, return: t; 
~ _.,_ -

define£ ma tche.r {alt, node) ; /*inner rec·urs:i.ve routine ·" / 

matches external pa~ctseqj _postpar.s\; external dcsc,nodtype, 

minlast,.literals, lexics 1 obliq, lex.type 

~f-desc-(alt, 1) eg n then go -to twig:, _______ _ 

/keise not twi~; type···.;)J1d. s·ubp.arts to he examined */ 
if {nt ~ nodtypf~ {node)) ti n then re:urn f 1 ; 

:lf ~-nt 2 nodtype (alt) then r0turn '!,) 1 . 
de~.... ( • } . ,.. •.., • : s minlast{alt) > s .... eq= ndesca is #desc{ alt ) +1:r tJ,u.n ::..-

,...._ •II 

~;:. fi then min-1 else O, • · 
/*ch k • & d""sca•1dants * / 
. ec on appropriate nti.i1tber o ... • ·--· • . n 

•• and ndeac 
l.f {t1tlesc is t~desc{node}) R-t desreq 9E (min ~ -- ·-
~ desr.eq) then -return £_; 1 

/* 0th erwise che~k parts individually -1:;· 

if • 1 else 0 1 .: 3j < ndesca -if min ~ n t.ben 
~ mo.tch;r(desc(alt j) a.esc{node,j)) . 
th r , eturn tn 

en return !; 1 if min ~ 0 then r -
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nod=nc-de; (wh.i1r:: locator ne- n~) <a<lrrlocator>=locatcr; 
nod=desc (nod, adr} ; ; re turn nod; end pcirtof; 

definef pref.J.x { syn type, noc!.nu.:-rl) : 

• /*makes np message pref ix from stacked narne information* I 
postpar.se· external mstak ,namesynt; 

return 't.be 1 + if nodnu..m eq O then· !i_~1c . . · 

else (deo llodnu.m+ affix{~odnum}) + riamesynt(syntype} + lof I ·-

+ [+: #mstak > i > 1] ('the' + 
'f( ~-·-· (d h + afrix(h)) 
l. h !! ~ rnstak(j)} eq O thc::m· ~~ else ~ -

+ ~ mstak{j) + 'cP) + •this' + ~ ms-t:ak{l); 
12
lld Prefix• 

, if n ·_te 3 then q_efinA.e • • . ty */ return 
• -.1.. aff:t.x {n) ; /* an out.put n.1.ce . . 

{<1,i "st'> <2 ' i'nd'> <3,'nrd'>}.(n) . 
e1 '· ' ,. se '"th•. , end a.fffx, 



( ,~ r)• 1e ~" ,, -~-, . define guess .. ~,-· ... f'..:.{'"''-•iPe-1scc•rr~:; J 

..,.0ut-.. ine to guess likeliest con'"'t _ .. 
!* ~ ~~ruction d 
, .ru1 print wii.erl no p:r.'::cisa n!atch is found */ message 

~g-t'!'">ar.se external sesor, ·:.:h:::-es•io 1 d 
p--.1-!.' • ..,_ , noa.mmi

1 
aJ -f-n_ 

r.Llt.set!,secaltset; ' ...... am(::, desc, 
' ~ \ . t-t,e ... r ,:., ... .{.!"t~,.~-t:j r -:.,,.f..,. 

/* :firs-r. ga -··' --•- •'-h.J....., .... H,~ .J..OH •:w<>ut top part 0f tree */ 
• , _ • . (..-..~ ,-.°ir,\"' (·nor1e~} • ga-i::.ner •• -.i::-'~"""'·'"·.l..., ,, ,J. ,. ., 

• 1,1 • ✓ #· "es;..,_; "'Cd,:,}) ,...od -= " , (1 ~- fJ ~ 0
-- \,,L.u • ~- , ~-: .e.l. =aesclnode,_j} r 

gaf-"'er=qather wit.rs. <p:i.c.:~l.m friod~l} J'>. 
:,.J.L _ ----- • I.; • f q 

. (1 ~ Yfk .:_ jfdesc{nodel}) gather.;::gather 

with <pickup { des c (3iode l 1 k) } , j ~k> ;_ ,_,. __ _ 

end ¥·k; end 'fj; 

score=O; synt==syntypcr 

{while synt ~ n doing synb=.sesor f.synt) 1) 
all its 

/i\-form .set of posB.ible a.1 te.r.nati ves fo:r this syntac-i:ic type*/ 

·allaltz=[u! x1::t9..falts-~-r:{synt}Jj u [u: xe::tR-(!-3ecaltset{svnt}]J; 
-- _..,._ - -- -- - " .. 

{';al tc:al1al ts) .i.f {.nt;wscr;n:~· is fit {aJt~gathe:d) · gt score - -
then synkeep=synt; keep=alt; Bcore::::newsco.r.·e; end if; 

e:nd Va.ltf end while; 
• -f: 

...._ 1 .. score ·R.t threshold ·then return;; 

/*else have guessed aJ.t~~i:-r:ative .. p.repare message, first part */ 
message=prcfix {sy.nkeep,nodnum} + '.i.s probably a 1 

+ al"t:,name(alt)° + 1bu-t'; 

... "/ /*call. routine to nrenare messo9e, seco nd pa:c1.. 
I:' -~ 

failinatch(alt,no-de) j print mesr;a.ge; return; . 
def· • • . -1 ao,..c nod type: inef p.1cku ... o (nod,~} ; pos tparse ex1:erno. -~.:> ' 

t of tree node*/ /* ail • 1 • • - riate fraamen· XJ. iar:t• routine to obtain ~pp.top ;., 
:r 1 o <*z 2> .n.ode; e~urn if (x is nod type (ricde)) ne '4 then x e s ... 
end • • -- ., P:i.ck12p; 
end 

9Uess• 
I 
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. ef fit{alt:egat:-.().er) i def:ln . : • 
.- co,..ing rot,t.ine wh:Lch ma.tch.es e1 • !* s_ • - .. •.,.err.ent~ of " 

, • .. . • .1.. .._ ·1: / • • a..i cu .. ternati ve 
·to an ev:10.c-..:n-c1.a se\,, , 

. ,_;;~:...:
9
:athei; tOtscore:::::O; • 

ga~••-. . . . . 
.. * vga•·halt' is assoc1.f;ixed Trdth '"'•~-t-'· ,_ .. I. · · " .• • · • ....... - ,u:f a t.iart of the .setun 

· • k ~-,,.i· <·· ':)ar+· .:; ,~ ~~m.! 1 · • • · ,. hl._ oc , wi. ;;) 1-< • .... .....v .::, • .i.. ., .... d.r .1.n a(.~t ;on -,:~0 -F~ 
.,.., ... - w~B subro-ut.ine 

. '
o.gathe_ r_' appearing above~ its -;;a.Jue is t h a se w ose elements 
nave ·the structure 

, •. token,position :celat.ive to the top of 'aitr .... escor~ */ 
(If}{ i ga.thal t (alt)) if 3 lg] c.gath I ·{!i9~ x) • eq g then 

. • totscore=totsco:i:e+ {2--l··t.Q, x) ; gath=qatb" I;ss g. ,:.n,'l : -i=. 
, • -1 ~ - , I ..,,~ \.,0 J..~.r end VX; 
: {:irxz_gathal t ( alt) ) :i.f 3 f g] z g at1,. I (~9. ~ x) • ::q· hd g then 

·t.otscore.=-=totscore +· ·.t._,_fl._ :;-(_: g.::tt'h=aath ·;,,.,·,:,.-c,..• ~n:l l'r"o e·-~ ,~ ........ 
' .,, ~ ::I , - -ll . ~ ~X,.I.~ V ,.-,. t 

tetilrn tots<..:ci:-c r €.nd £it.; 
•. -:··/ -,1 .-- • • • • - • • - • .. • 

defi_ne adm{string); guess e1i:.ternal message! 

• /*auxli :lacy rou t:Gis • t.o add a t0 rmi na 1 sect.ion to a mes sv.ge ·it/ 

1~harad=if(J ~st rnt3ssaqe)· eq 'bu!:?: then ,. • else ' $ ,-

:message=-~message+cha:r:ad+st.ring; return; end ad.1n;: 

define fr:i.ilma:i::ch (a.1 t ,node) ; 

/* ·diagnostic p:r:od.ucer ,i;hich follm·,rs the action of •matcher'",· 
.:i • • • d ,. "'1' .,na 'l N *I prouuc.1.ng messages J.n~tea or arrm::-.:, 9 .1.~, 

postparse e,,tern.al desc: nodtyp~ ,oblig ,:minlast,li terals r 

. • 1e~ctype 1 _ lexi cs; 
. 

if·desc(alt 1·1) eq O then go to b·1ig;1 

if(ndesc is #d;;c{node}) ::.S..o then ridesca=ifdesc{alth 

go to numwrong; end ifi 
if~(ntn ~ nodtype(nod~)) e (nta is nodtype(alt)) then 

adm(ntn + ntn +-:-;.i.s ei':pectedt); - + i found wher.e r 

:r.eturn; end if .. . , 
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5.f mult ~ n ar·,d nd<:::sc ~LS ndesca then 

ad.'Tl{Q_,::E, (ndesc-ndesca) + ~ s~perflu,)us parts•)_; :return~ end if; 

/:,. multiple node::· e:a:::-e:;: check on presence of T:.'=quirea minimum*/ 

H ndesc ;:t (ndP-sca+m.ult-1) then 

adm('onJ.y 1 +~~~(ridesc-ndesca+li + rcparts found whe1:-ea 

+ ?C?..£ 1nult. + i a-;:e :r.equir:ed ~) , ; return; 

itwig:J if altt::l:lte:rals or altclexi;-:;s a.'11d desc{n,')deol) ne n 

t.h1:::n go to falset:,,,iiJ;-; 

if alttliteraJs ·0ndn(litfou.n.d is <~~2" node) ~ · 
{litneed is nr.Jd·!::_y;e-( alt)) tl~,3;--ad.mr( li tfound+ t found where 

1 

+ ,. • d'~ ~eturn;; :~.1..1, t..nef~d + , or equivalent is require , i ·" 
{ lt}} ne· 0 and if alt£11. terals and t lext Js lextype_ a - -

n (typef is r~d :n.ode)~1. lext then 
• -M - -- • , : a + type£ 

adrn ( v literal~+ li tfo'l_lnd+ v of l(;Y.ical typl:- • • . . . d · f . uired, ) • re turr.., en i • 
+ i found where le;-d. cal type'+ lext+ i 1.s reg • ' . . 

:·. • ' 'lext is nod type {alt,) 
!.f altclexi , .. ~ ,.,,n,'il .... ,· 1-yn0f is hd node, e; • -

- -··· ~..:: :-..!. ~ .... ~ ... -•• -- -f. 'found where' +le:Kt-
t.hen adm( • lexical type •+type ..- . 
1 v . •• • • • '} return; end if; 

', • or equivalent is requu:ed i * 
l.f altcoblig /*obligatory -- mt1S t check. ( ....... ····•· • ... -· .... 

atld .• · · · • . • • 
-.:::. ~ Pos tparse (alt, node 1 -1) t11e.n (alt.)}+ 1 as is requi:i:'ed' • 
adm(, a.s•rnt {nodtype 

Part found not to be• +nam----' • 
end • 

l.f: return• 
I 
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'-Ile nave already noted! the ta tr 

AS · · • t1·1ou•1-an·.r me.cl-.. · • • s., ... of set.ting 
~..,,1na:r w·i , -.. '· -1. • - L.~an.1.c~1 a 1- d,.. . _ Up a tree-. gro .. uu • ,.. • • .::> mJ. gh t t 
"'efo·re spec1.x_•.r tr.·ee-a·ra'°"\m,"'"l''··· .,... ·)~ onerous. We .i-ry_e~-. ~ - ,. -· .,,. __ ._._" ... n Q i:. ri'-'- ... , sh.all 

.,.., ...,i:Js-.:;.,ial f.orn1a-t. 
_,
9 

to lighten thi.s bu:rden,, The cnn~· chcse.n so .. ., ,rentions d 
J ,..,ut-for.mat mtlY be th.ought of "'C< .:i f. ., escriptive of tbJ.s n,, ~ ' • (,<.-::, a.)_e l."'"I,.. 
;. •• 

0 •1-oC: ,) po ..... 
lanauage ,; we shc.11 now <'leE!C:cibe ·t:t: • .,.. ;J •. s ... parse meta-

;, .1..i.o ffiF>.t·· .1..-- • . . • .- tt. ci.ng u.ac.-:\. '•,'"" 
._t re-cter to ,.:i,.\r:••1rT..-. - ' • _e, <• I;;; Je.a"'(L> :~ 

tr\ wle, ct - ' v.,..>J...._~1'·' ,;. .lli:cu.~ ro••'--' -~'-· . .t..C 
J r·· ~r.ine capr.bl~ of 

.., hlock of. statements i.n thf' m"" .. al ~ - transf0aniriq 
.. .,. - ""'i.; • angi;.age :t • • ., . n·co the vaxious 
mappings ana sets req;.l:t.red by _pu4 :t.pa.!tl:) e. 

The skeleton of oux:· format is th.is: 

syn.tactic type a - "<'" 1 ·t.C:,r .. •·"'~" • -c,\ .. - ''-' ~"•"•,_\.,J .. iJe .1 
l.::': ,u.1ternativ~~ r, 

~ 

:::: a:!.t6r.n,~ t.5.-ve 3 
., • .. 

syntactic t-;1p12: , .. :::: alti;;.rna.t.i. v,e 4 , ..A . .. _,.,. 

l'::.:: 
" alternative 5 
·-] -- a 1 tern.a ti·zye 6 

• ·• • 

~1ith synta~t • , - . "' J.1..J t:ype namas appe;.a:ing on the left and all th:.:1 

alternatives of a giv·en synta.cti~ tzpe appearing on the .:r~ight. 
Wharr.. seve ., 1 . '- , - • h .... r,3._ a. ternatl.ves -arB to form a 1ie.qu.enr.e WJ.t1un wn:i.c . 

• earlier alternatives are n.lwa:1s to he att,~mpted before 
lute-,.. ,, t . • . 

- a.1. ernat1.ves al:'(; e.xam:i.n~d, the group o.f equal-signs 
Dr.er•' 
• • :i::i.½; r1g tJ·l • • • • •• • 1 ..:i .:.i • are b .... Lese altern.ati ves w1ll be :i.nc u~e~ in :3gu • 
:rackets, • :i..n the manner indicated . 
. An alter.native is .alwavs rGp.cesr~nted by a sequence of pa.ir..t/4' 

ct Whi 1~ ~ ~ • • • h' le the 
0th 

c 1 the f:.trst three are generally obl 1.gatory, \., •1 

-~r 11 • inl" s are optiona.l. If a.11 optional pa.rte were a_ct1.1a. J 
-1uaed' the of· an alternative would be as 

follo~,s. 1enera1 appe,~rance 
• 



•.. ·indicated in th.e above,. opt:i.nnal parts "'re - f' -
.i\S - • • , , , , _ . • ...,_ • • .t-'re 1.xed n-y a 
l • r~l"teristic ·co.-<en 1.ncluc.ect oet,-;-ePrt ,:,las?--"' 1-.'1... 

C: Hl ,,.. • . . •• '" .. - 1-1.S; ·wiey may 
consequently appear .1.n a.ny i.'.)rt..ler .. 

• For the mmu£m t; we. postposo outlining the dot , - d ,. 
• • • a.11e s u·ucture 

()f a tree-describer o A nru.i~-:-speci.fic:,,,ticn -t ,., a s·tri· ~ 
. • .... • ..... - ng o:c :::-ymhols 

(no·t including ,;1ny unquoted .'active? strmbols ·as C\ ~ s~ _ ·.1. 
~ .. , t • '-- •;, • , .1..0.Sues 

or pe:dods j ~ . ,...mi ch def .ines the external nrune of. \;m lil tern a ti v,=. 
Thus it might for 

t •.•• 

/product/ 

However, the na.me specification of th,~ 6-l.lr..¢:l alternative of a 

glven syntactic type has th.e somewhat expanded fol"m 

/syntactict:y-pHname ~keysymbol:11ame. al tcrnativename/ ft 

i.e., g·.~ves t.hree t.c•ken strings separated by periods, of which 
the first is tli.e ·externe.l name of th.e syntactic type itself, 
the S<-3cond is the key..:..symbol nrui"ie of th~ syntactic type1 and 

the third .; r.: th~ .,_ .t" m~- 0 -F t·11i~ alternative. If the -4.- _ ex .... ernc:1 nc:: , ... ,,... -
external na."tle of a syntactic type is . the same as. its internal 

iiame, it may be om:i.tted.. If the external name of th e fir st 

altern "", • the external a 1...:t ve of a syn tactic type is tlle same as 
.name of the -syntac:tic type, it ma.y be omitted. However, even 
~hen • • ds and :;rlashe.s) • nam~s are omitted, al 1 pun.ct\!,'?. tion (per 10 

must rem • a1n. 
Ev-· . 

f :i.d~nt1a1 weigh.ts 
01:' ~,, . 

the •• ery literal {er 

tree ... ·describer part of ar1 algo:r-it.!lm. +- ee 
ij8:itt iber A .,r 

d We consider the form of a tree descr • ted by blanks, 
esc:ri >.,. l.6 separa 

BJi.:i· Ption consists of a sequ.ence of ,t.11,€.n ' An item 
\I gt . . . tree structure. 

\ ouped by pa;ren.theses to :t.td:tcnte 

hich must be given a:r.e integerr.:, one of w • 
• ~ ·v-hich appears 1n 

literal-set, see belo~) ' . 
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c1tara1.~ter string, quotet, may 

c~nt.ain.s no cha!:ac t;ers which 
' • I a tree--descr:;.JJer par-c. .. 

a quoted or 'l!.nquoted 
be o-rr.i· +tc.d • k ··'· • - "" t·'lu.~n.evcr a quoted ,~.,_"',• . ~ •~-.1.ng 
have special significance within 

iv. A i e;t. o 6 .f..,l:t.outlll, en.closed within curly brackets, 
and ·separated by· COl'\'li,H:\S. 

"' • fJ r, • ., ; C. - b ./'· Ii Vl e ,·) ,~ ,; ? t 1 /;, ' f) .,-
• V O 1\ ,.__..,,~,.,. ~ -~- ,(,!? r- . ~ ' "'- <-: _v • _ 0 1.\ ~ e.x~~r.a. .... ~!.!P e..J I represented 

by le.}tical type_ names enc.i.osed_ w_i tl:d;:1 sq.J.m:e bracket$ and 

s_epa.rated by_. co1nmas wh;=.r.·e nH·ces~.ary . 

. Our 1.ist .is st ill. som,~·whnt irwompl€,te r but b_efore we plJ.e. ·up 

additional case~; a helpf\.11 i.llust:cation may be in order.. 

Conside:c tlH-? somewhat hvnotl\Gtical tree describer ...... 

(2) • [C!UJL,INVOKE,PERFOPJ'-1} {SUB,.PROCESS(! ( ) '[nameJ { t expn.2))} 

Since pa:renthetical grouping·. (by norrnal round parent~eses) 

indicates t.r<::e structure, th5.s· -~ree 1J.escription correspour1s 

-to the following binar}_r tre0: 

{3) 

• e of items 
~cte . . . t tha +- in. a sequenc 

tn this exrunple the general fac • ~ • level, 
a.t-id . e parenthesis 
- . Parenthetic groups all at the sam '. . deterr«lne 

Ofl!lo • • • • :. • - f-irs-1:} \·till 
... J.tem (generally but not always th ~ ... 
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O~· ,., noo.e- .• ~.;,h.ile -t-'ho .,.-.,~-h 
t ~r()e .... ..... ' ~· .. -- vC.tJl:>V>~ •- • 1·. . d;he J s: . . •• ., ... ,_.. vl~ ...... l. re~resent -1-lh 

• • of th.is. n<>d~ 11 .. ·F . • ,t '-i. .e ~:'descendants •• i:;;.' N.s t.ti.e f~gura. (.3 \ . .- . . 
. e. des,-:;ripto.i-: (2.) would corr,e.spond t . • makes pla.1,n, the 

(,.ere_- . . • o a source-statement 
. trn beginning with one of tl..ree, possible k . 
fo , ri . •. - . eywo:rd ~equences 
C,:\r,L SUBPROCESc t lNVvl\,E SUBPROCESS PERFCnH . 
;nw 1 

• • I Al.'1 SUBPRCCESC! 
;_ llo-vied by the oxdina:ry· kind c,-F function .• • "'11 

. :co • • - • i.mrocat.lon 
·c~nsisting of a name clee.,. an .ltmn of lexical type 'name~) 
followed by a parenthesized, comma-delimited list of • 

expressions (:i. ae ~ r compound items of syntactic type 'expn., i 

•t.,;o such itexr.s a.t lr~ast bein9 required) . 

, ' 
Hav1ng qi ve.n th is ilJ,uatrat.i.on 1 we go on w.i th our list: of 

• i,tem-types r. next mentiord.ng 
• r, f. iJ ,.. 1 c. a. tt ;t-i,•p ., 0 11 ;, < , ~ •• , • 'I • • , -~ ~ • , • h • • . . 

vi. f'>- • • ~- "'"" "~ • _, • ._, .... •• ,,., " ~~-t: 0 u -t e.x.,l ~a . .t "--Y p €.A w.;,,,t ~ 1.i i.cute.d mJ.11.b: 
. . ..... ---· 

•• mu.t:Up!-,ic.,i..t.y, represent.e:d by a name or sequence of I!ames enclose.t 

\,it .. 11.in square h:n.\ckets 6 to ;:?h.i~1 a. period and an .intege:c are 
• ·&ppended. 

vii. A JU .. te.1t,a,,f.. o 6 1., ,tc.,te.d £.~~<..l-cat type.,· consisting of ,9. 

quoted or unquotod string representing a literal:, to which one 

. or Se\•eral lexiGal type names"' enclosed in a pair of s<I1:tare 

brackets, • ~r.e append.ed without any ~epara ting blank• 
viiio A .0 2,;t o6 L(.:t.e_.1t.a.f.1, o6 ,~t.a.ted .eex,lc.a.l .type., _consisting 

Of a • . _ d .1 ter ,.. tr-: ngs enclosed . group of quotect or unquote c larac •7 ... 

• 'with· · .,\I •. com.mas to which one 
lh cu:cly brackets and se,pat~ateu ny , 

-~r SP.veral lexical. type na"'nes, e.nclose,d in a pa~r of square 

orack.ets, are appended without any separating blank. 

This . f -l•he it.ems which may appear in 
' completes ou:x: list o w • ·b stated 

a t"' . r. • • g remains to e * .,.ee ... aescr~ pt1.· on :a0 -...Tpner the i:ol.lowin . . . 
.... • . .. • . n _, lf ,_ 4 earing J.n a 

ln a . • od g·•roups app 
sec.r:.ience of i temC! or l')i:lrt;nt.i.l.esiz.. . . 

1 
·T 1 and ,. • -=> ,.. thesis e~e , 

,,tee descriptior., all being at the same par~n .· at least 
the l _ ter than one, . 

ength o·f the ~equence being grea- such· a 
on~ l. l ays appear. 
8 

• iter.a1 o:r set of literals must ~ •• w • s i.mJttediate 
equen . • . •" 1 node and 1 t , • ;t 1t.a,l.J, 

d ce represents a non-te:r.mina . , i, or /J e.t o 6 u c. 
esce d f • ..L. utcfta. 
~ n ants• By convention, the irt. c.. e of the node, 
.t>Pear:i, .• nes the typ 

\ • ng in this fiequence detex,ni • 
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----~◄••-••=••~·~•=~·tt••-tt-•·.,-w••-~••~=----~---------------~rc·· _"' lts; «-.,,,, .. 

-
and .t..he. remaini:;-ig parts of the seg-uenc:e dete1inine 

of .t.he. node, in order 9 Th.is· conve.nt::tor.1. is useful 
~xample I i.t allow~:l us to describe 

the defJ cend~.n ts • 

in that" for 
a tree of th~ form 

either by the seque:nc1S: 

or by 

the second ls more apt to resr~mbl-a the so·r.1x-ce form of a 

r:vnt,1ctic construction \·ihich we rrd.q-h t be using the postp.arse 
metalc.ngl1r1.c.re t-0 s·.,p~~, .. : ,:Y 

- - ........ \..l.._ 4 

1.t will be conyeni.ent, .in ·f-.lH? re1nainil1g parts of an alternativ<:• 

to refer to i terns .in a tree description, and :t.o .tke 1t.e..ea:l.:.lve paM e. 
.ttee add1t.P...ti.& ,to wh,lc.h the.-6 e. .item.& ~Olt!r.U pond, by serial position • 

in tbe tree description, counting from left to r:l.ght and ignoring 

Pu.renth.eses, Of co1J.rse a group cf bracketed items all correspo nd 

to th.e same tree ~ddress; tl1e who.le group 5.s therefore counted 

on17. once. We append. par.iods to integers used i.n this way as 
tr.e.e-.ioc-•t • • • 1 the des.; gnat.ion .1,. , 

a ion :r.efe1:~ences; 1'hus, for examp e, -. 
llsect in . ~ . . .' (2) giv~..n a.bove, refers connection with the tree deecr.1pt1.on . 
to the t (J. \ 0 the designation 2. 
!"ef opmost .node of the associated t;~·ee . 11 • • 

- e:rs • t on 5. refers 
'to th t_o 1 -.'s irwaediate eescendant; the des1.gna 1 

t ~A address ate .e _lntermedi,:1.te node of type ',' and to its. r-•"' 
• 

aa~l.·ng, go on to describe est-,:1...1 • J., • n we no~, th c:.w. 1.shed t.hi s conv1.m .... io , nli terals' 
e terna. • . - An 'obligatory no 

Part- :i.ning parts of an alt.ernati.vo. . f •tem 
(cf ( f a series o 1 

~eter • l) above) consists simply O ntac-tic 
ence... . h ld all be sy ~at1.. ~ 1 the i terns dasignated s ou . tion 

,,el:' th th ir des1gna , 
noted an literals or lex.'l,cals - By e 

as Obligatory• 

types 
they are 



• ~est is n block of SEmL ~ A pre... -- .J. <~o~e" s ~and ,lrd in 
th • i·t a no1~c. -~e-r-c.~-c,_ form, except 

1:
-nat .,~J·. in. -''-" .t. _.,._ ••• :,,.cnce r, ...,_ b . 
.J• " • ~" ,..,ay e u.sect 
• A--t. • I ..._ as a mac;,ro for . ,,.. -wou . .ld o ._.1erwi se. 1ave \.O be w.x.· it ten ,,. . 
~,;ha-~ . . . • - JJv..lL-i.O 6 t no de .fa",.,-'·, .. \ 

0 _,.0" ., <• ~'i,,f!'l. •••re,,:-.. -,:;i ~ I _,,,'1,1]1~1 f 

1, re ,~oca.11, ,~ .,~.:; w.\... .... .... ..:..-qHO.ress corr,.. s ". 
w .e.. . • ,;: pona.J.ng to the .2'. tern 
. fe·tence {cf,, u.1so the text of the r-"" .. .,.0 1.' .~. . • 

,:,~. - • JIA.JVI., u J..Unct.:i.on g· . ; 1.ven 
.. 1-1"ve in the .t,Oi>J::pttlt.6~ code, P .. 2fi3) ""''h"' " 
,..,, • ., • . . ~ . • • .... ,.:.. sarne • remark 
applies to pre-act.1.0~.s, post .. •t.ests' and. postactio?,s (cf .. (1) 

~"-ove). Pretests and postests will generaJ ly .... 0 + .. 
(l).I • • • • 0 ·~-- ,'i c.orainun-:..cation 
variable ofl. either to -t or !_; p.::-~actions and postactions may :s~t 

the· value o'f. ~ communica-ti.on variw:ile va.l. The ~hole block 

of code const.itnt.5.ng a pre.test, p-reaction~ post-te~d:, or • 

p·ost-,action may be la.bel,~d with. o, name. followed by a pai:r 

of colons; .if this i.s the ear::e: the pr.e-«ction may be :tr.•;roked 

again simply by repeating this nruui?., follow~d imme<liate1y by 

two pe~iods. 
·1 ... 'f·· .... • -~ ';t. • t ., A re-eva_ua. .aon spec 1. :JJ:::3:1 .. .10:n. 1.s a. s.equ€nc~ ot un.,. ,i, separa er. 

hy commas. Each uni.t :may <:d ~-J.or !:}e a g_uot..ed ox· unquoted literal 

~tr.i..ng, an item-ref ercnce of the form 

l1. (> 

h • 0 -,- mL ,...,odA block asc:il'Tninr, a value ! ere n J._s an integer f' ..:: a SE!. ,_ - - -;, ;;, 

-0 thEi communication variable ,;al~ The first unit in t.he 
• 1··eral or a code ·e-evaluation spE,cif.i.cation m1.1:1t be either a 1 't. 

l k • • ·t to V'1.u. this ; oc, calculatin<J a li te.:ral a:nd ass.lgning 1 . ,,,., 
• . t'h ode-t-ype of the .. ltez-ol wi 11 then be used to de te!.1nine e n -

:r~"t",d ,. h. h . r<)O.,., olf -the re-eva1_ uat.ed parsP-
. ,.,.. i.:.: noa.e w :i.c. is to be the ~ -
;u.l)tree desired. The rema:i.ning uni ts specify' in sequence' . 
ri..e . . . . h d to this root, according 
..ii· lIIUned1.ate descendants to be at tac~ e , 

'to the follo'\•ting ~cule.s: 
. -1 descendant 

L A literal str.ing sr 0 c; fi<J:!3 a 11 tex,, ~ 
(a le~. _.,~. ·-. d e-r-t1 literal usea 

..-.:teal type must pe specifie for ev J-•.1 • 

in -1-l • 
\..Llls way) • 
ii .. a tree address or 

l • An i tern reference deterr.u.nes ·ode .e.oca.toll.)) 
OCQto~ ,Ao,Ln(pa~tc&(n , 

'L, and serves to designate 'u..\., ',;, ted subtree. 
a.a th • .i-l .ce-evalua 

~- . e quantity to ·be attached t.:.o __,,le 
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,:,...- rf:1 .:i.:b:-.:rn. t·'~.h~renca to a .... ,1 ·, t. 
1 • .r.ox~e,V,;:;J,, ! cull., ... J.l')le •• 

• £ ltem locate~ 
d and th.en d:u::-ects th.e atta.ch..'YIP. t: - .9. parent 

oo e, . • -n • of a whole_ S0N_ l.lence 
(} ,,e , de,:;c:. {pa.x., to f, ()1.0 c.L! ~ ..f. o t .1 .. to ,tj ... , -:,, 

l}!U,v- .\, , J .. tr) t< ,.., , l 
d rl ·1 ··i -~~-.r.e--evct.ti.atedsubt..,.,,_.,,, __ iii. f,. co e. D cc c W.J. 1..l constcu.ct ..,_'""'·· 

some treGlet of :... . 
n\. and set th.1:: COHITTn.mi.l"!ation v::,rl· ~'hl t> a.ccerpi..able £or t ... • ~ f'?. V iJ,.1.., cr1·•1 1 t · · • h • ·h • "'":l.'-·a .o the ron·t of this treelet, w l.C.ti. will then be attached 

tr> b'1e xe--ev~l'uat:ed 
subtree which :l~J being con::;; trttcted. 

sinr,e the tennin.ating period~ ... • of. 
suocessiv~ item references 

can sel;v.e as s,~parators, commas may be alid~d when suc:h a 

sequence occurs within a re~-evaluation specif:i.cation. 

The above remarks apply to eonipo&Lte alternatives, i.e. 

t.o those wh.0se tree•··description pa.rt co:rrtain.s more thtm -one 

item. Eleme.n..ta.Jz._y alternati 0n:?s, whose tree description pa.rt 

,Jonsists of one single :U:e~n, obey ccnvcnticns slightly 
rlifferent, which are as :follows. 

l... Only o.ne such a.l l:ernative may conta:i'.n a syntactic t~·pe 

name. This alternative t~en dc1s.ignn.ten the L,u.r.c..e.MJ oJt. .type. ()f 

a syntactic typi2:, and should not. include any other infcmat.ion. 

ii. All other elementary alternatives will consist. either 

of single literals_. a sing·le group of literals, single lexical 

type na1tes,. or <) . .r. ~ .-.:• .; ralo c:-:roup of lexical type :names• Such • .l. - ;;,., .• L':J· I:' ;.,• • 

ulternatives should omit ·t.he name-specification part as th0 

evidential-weight part ordinarily present. . 

l1h9 n1a pping a.E.t.6 e . .:t (i) y n.:typ e. 
1 
no d,ty pe) u.s';!d {cf• P • 19 6 , . 

• t f.·f.· • • .one,..,, in 1ocat1.ng 
l em 19, ~.lso i terns :20 and 21) to ensure e ..• J.CJ.... •.1 . 

th . h • ·h it is appropriate 
ose i:4lternati ves of a syntact:i.c type w ... i.e. • • 

t' • . • . • 1 • 1 • up a.s • f oll 1.>ws 4 0 consider in a given context w:tll be >Jl.ll -c . es 
The ~ t as the node typ • 

•.\e · of all the characters which occur . 
of th . 1· na+-ive of the syntact.1.c 
. e top .node of any comrosi t..:c a ,:.er ~ set of all 
t1r,e . • i· _ . ~ ....,1-. ,,f these, tr-e 

t' wi l bn .... ollec-r-ea anc ·r.or ea-..... l ..., t w~ 11 
l ~ ... #.., , '" • • d Tl1is se • • 

a tern •ti . . ... • 11 be forme • a ves in which ;J.t occt:irf.- t-,:1.. l cle th~ 
be • . } If we exc u 

t.he value of o,R..t/4 e.t (.6 yn.type, nodtypc • . define the 
one ax. . . " - be used to 

cepti.onal alt<:::rnative which mc •• y . iternat5.ves 
S\lcce • ~ • ngle 1 tem a • 
Ill ssor type of a syn tactic type, si~ ll such will 
\lst e • .f.i.. 1 • terals • a • \ b l '-Lter be lexical t_ype s or 1 ' 

~,_collected into the set £.e,x.a.£.t.6 (1>yn.:t.ype) • 
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O'ccasio:Pu_:l.ly however sets of ,:::ompos3' tP a, t • 
• - ... e·-nat • • ..... is wa.1.'r w:i.11 be inappro·p:ri.::'\tA-~ 1 •. 1 1 •J.. ives :Eo:i:mad 

'tJ '1;~1. • • • - .... ·J . a:rae Wt 
l.. o"'·e can P1~0CBG.d. as f~1J ..-,., . .,.,;.:. ... e ' .ien ti'd.s l.s the 
·crise, ,. -· .... v • .,. take. all 
.,.. J the ill tei:nati ves : • . ..., h"'lon..-: to· sue .1. a la:r.·qe grr:n,r, -
,j.11c ... ..,.,,. :., . - - ··.t" an.a. which have -

• 1 •· • a node of 
~ en type t as t 1eJ.r. _i:o(,t~ Considerin +n . 

g . ..V • • • . · .. . .g _., .em all together. 
.. a sOWle pu·.rt2-culi1r 1.m.rnec.1.1.at~•M.root-c=1escQ " • • r x:;.n •· • · · .J .... n(.an t ~--.0 , • • _ 
• • • , , -. ., ., £" $J;Cl.Qn 1 ;3ali 

... 
1
.~~ j--dt" p:resenc: :u1. i:-U.l ot th~~m, and such that 1.·n '-
.JA this pos i t:lon 
.1-~,,r·t\ will occur <.:haractexist.i.c J i.t~r~ 1 ., .. a", _ . . 
wiv • • • - • J.c, J. .... c·,nng the iarge 

.r: -1·- 0 , .. na~·J' "~(~"' •,rh·' ...,n.• c ro·-rp o..: Cl,. t.,_...... 1.. • v -.:; .-. .1. ,., oncsrn.s us to be • k . 
g ' • ~ oro en 1nto smallex: 
g_roupu. 11:he indic?. 1.te tha.t all a.l t.e:rnatives whose root node 
i-s of type t are to b~ x·esol ved. by reference to the j-th posH:.ivnr 

adding t.J:i.e resolution specification . by 

to ·one ·s·uch alte1:no.tive .. This will define j as a valu':: of 

't11e ·function locksy(sy:ntype, nodtype) (c:f. p. • 126, item 20}. 

The litr.n:als p:r.esen.t :in the j-•th position in any alternative 

having ro(>t type t will then .be col.lec-ted, and th.is information. 

U3E::d to dGfine an appropriate S\U1collectio.n .6ec.a.l:toe..t{.6~n.:t,tl...tv,. • 

{c.f, P~ 126, item 21) which hopefully will consist of jus';: a 

few alte:rnetives .. 
The whole bcdv 4= • e gr,·cnmar s:hould be prefixed by a .,, o.... a. -ere . 

st ring of th.e • fo:r.m 

/th/i.ntf.,ger/ 

wh . .!t ,. • ~,~ 5 the (.'U'!--6.6..lttg th.lLU hold ere the inte(Jer wh:i.ch an-::-iears ue .. n.i ...... , ~1 
.,. ... t d\.,. 

to :ti'= \ise..:1 .r: • The yranmiat· shoul µe - -·"' , c .l. • p ~ 19 5 , i te.m 13 • 

• tetminated by an a.ppearance ::>f 

/f='-nd/ • 
'l'h .. .,.11ol.e grair:mar, which defines 

.e ,,.o o:t 1., yn:t.a.c.ilC!. typ€. of the "" ;t aM e. 
th will have when P06 P 
. e Value Which t.2.f\e ar.qumant 1:; yii:tyµe • type named 
l.t- .c:. - fi' rst syn ·tactJ.C . 
.. • 1.trst c 1.·• d • b defi.n. i tion the . ..a "·e. , isy 

ln th • 
e gra.,r.mar • 
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f ·.·~es,:.-::.: ~;.t .. t: .. .-.:..i.: d.rx Cii:;~ct:ri r.-:~-: .. ~.,
1

.- r-11fter ... - ·.1;'·•.:..'-•.~ a.i: •: ·~ 
n ~~CLi1ties. it ·,-

a relief to begin to use t.h.u f .. 1 ."". • - wi ... .1. 
come as ~ . -.. a~1. l. (..ies depicted t 

• Je..n•.,..t-?,-. ., ... , t·<'>(~ r,•,,.,:,,,..,edl' a ter, t: . ·"''· •;; i~, ,. -~.- •H ., .,c,.··"'· ····•··• ):,•·f r,;lcr.:- , •• 
~uch 9 -- ·' : .. ..:.__:., ~ •1~ now ~rh7e a 
r- 1 t·e definition., .in the post£)ar-~~e me'···i- • ., • • 
Comp e • t:.o. a.ng1.1.age of the 

,'J n11.c1c C ., • h , , l-Lreu ,:.,,:,.,._, . wn1.c. nas alr~aay s " 
19enera • • . ·h ·=~ . ~ .... ··- . -.~ . erver .. us se'leral times 

an exctJ-npl.e • • T~~~ leX.l.t,:al and the precc?der:r:e st-r,·1ct .o as ""' - . • ~., • - .. ur e 0'.1 
• )"'nauacm b.a.ve already been defined• naturilll . h t11.1s .... ,. ,:, ;J • • , ◄ y enm.1g , 

Pos'·,-,a:;·se de.scription of· th.e lang· uagi=. wi, i re-:::::.
3 
.. t 

0:.ir .. L • • • • "' .1. ... ~ . o some 
of the conventions esta.clisl:.ed in. these earlier definitions: 
which. !?houlr.1 .be i::onsultc~a. as necessary; cf~ pp. 122_1251 
and 178··181. It :ts .worth po:inting out th.at the de.scriptive. 

methods which we have developed o.llow diagnosin.g par.se:r.s to 

be described in a vex:y effic:i.ent wc-.y ~ the ·total mass cf 

material nee8.e'<l to define the en_:tire ·~ front end 1 of a g(meralized 

EMIC compiV.;X' amountirig to not much r:.o:r-e than three pag·es .. 

•. Here is the requir4:-'!d deftnition, written in the postparse 

m~ta.langu.o.ge ~ 

J 
j-

l 



~ let(va:c • .:-.:e::i-~p o) /statement~ke,,;
10

rd ·__ 
1 :; tat .i •• c.s s 9nmeX:. t .,., Lcat J ~·, n t.~ 'rv/ . ., -:i • •• .,, emen ,::. 

J"-•·f-'!· ,=rt.:.;,., • 

r= read L~ var~ 2} /read statem•:~mt/10 g 0/rvi~ead, 3 . 

~ read var.,/ read statero.ent/10 

r:; print { ! expn. 2) /print statement/10 ,O/rv/print, 
3

,, 

:::: print. expn, /print :s.tatement/10 

::: data(l ntl.Tliho2}/da.ta st3.tt?lnent/10!0/ri/datas3. 

-· data nt1.'1lh./data sta.tement/10 

::: _goto (nm] /goto s tatement/10 

= go ( to [nm.]) /goto st.att?,inent/S, :1/xv/goto, 3. 
i= if{(expn .. {>,<}({>r:;;:}expn.}) then (n.ra.])/if statement/ 

i:: I::. 3 5 ....;!/.~f 4 

/tl/ok=n ( {ntl: :i.s nodtype {3.)) eq '>: 
• .- - . -- . 
~d (nt2 i~ nodty,P.t.=d.4 .) ) ~ '>'; 

d is ~ operai·•. , contains an illegally structure corepar o. 
· ,- ~ • f f, .., 9 .A I ~ ..._ i • ~ f·••"' r .,, /rv/?al=t<~:>', 0 ::.:', :1. :ge ... {' .... ·' ,.. ,·., ,.c-, 1 

. < u < , t ~ :--..: , ! ~ if le ' >} ( n tl t n t2) ; , 2 _. 5 • 7. 

=] i.f { {~xpn • {;, '< ,=} expn.} then [nmJ) /if stacement/5 ,3 ,5 

• ·, • ·1 · • ..,,. .. •~>' 1 1'fgt'> /rv/val::::.1.< 1 <r 1
1 2f-~t ·, .,_ , ' 

< tr.:::f 
6 

'ifeq•>) .nodt:,pe(3.) t ,2. 4 , 6 ... 
• . • . .. ) •.c r statement/6, 1, 3 ~· for ( { [nmj =e~{pn.,) to exp.1.1. IL<~ 

/rv /forstl, 2. 4. 6 . 'f s- "e:rnent/ 
• . ·, ""t·ep eXPn. J I or s ... a~ s 

== i;or ( ( ( [ mn] :-::expn.) to oxpn • "... ~ 

6,lt3,6 /rv/forst2,2.4.6.8 

= nGxt[nm) /next statement/lO , O/rv/di:::,3. 
. tatement/10, 

== dim( ,d.imelt .. 2) /dimem 3ion 5 • 
10 = dim d.imelt./dimension st aternent/ 

= gosub [nm] /call stateme.nt/lO t/ 6 6/rv/ra:.:.rn [va:d 
- s ta temsn ' 

;:; return omitted[varJ/retu ... n 

( 
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var ~ 1 f: ) f [nm] {, expn _2) /inc1(~:x-ed expression or function 

symbo1. comma, pa.rsnt ... i.-.ss.is, or other. t.okeno 
'°8 j] 1 -·n ic, .;.. ')re , • 4 

,1 f '~ I J.. " .I '" 1.--l II "- • 

• :: ' ( ) ' . [:n:m'.i .expn Qjsirrply indexed exp:r.ession or fu.Tlctlcr 

numb 

. dimelt 

syrribol/1.0 /:t'V /store, 2 ., 3. 

-· [nm] // 

- - [i:r'h,ir,.dip.,.;:j/constant.nwnber negative 

nun1ber/l0 

.:: [irh,i'r!dip.rrl II · . 
. , • element part • ; ' { } ~ fnml c· [irh,i:d .2)/dimension • . 

. . ., egally indexed 
/8 r 4 /t2/ ok= :#ch~sc{. 3}· :;:.~ 3; , 19 

.1-

• 1 I Ai·nension 2 • 4 • 
beyond tJ-n.·e:e dimens ion.s ; i:-v ·"" 11 

•• 

. { \ . • . . . ·1; 1 • . nQ1· on element/10 ~-= '. 1 • [nm] 1_1.rh,ir1 t1:,~s 1.., 

Il
l 

/rv/dimension,.2.3, 
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... c'J.1le .parsing method which has been 
, . . . described abo . 

t il permits • of a hJ~hly effi,._ 1~ ...... ,... . _ • ve .1.n so m11ch 
0c a. • . • ..i.. ~, .. '·· anct corr:~ t · 

• - • · .. • i · ., (,_t.•ac- machine-1""• l . ·•r-.mentatl.on,. cover..-:. a -w·.ae r,?.:, .. .,, ·V• V -..'Je 
J;np.1.;: --.~ .... ~-- ox p:racti .., l . 

g~s and is of easv u.s..:. C"f. -Ca. p:rograromi.ng 
1angu.~ -~• ' - ..... ~ ·1 - course . 
• .• t t•r~ •-:-h. 11 ,. ~ r many .other parsing 

t~')d<I exis 6 -~- .n.a .. · .:to on h~J A,:,..-.cr'b . • me i,, - • -~ • • ~ • .,...,~ .1 ~ .... e t · . • . . • ~-•., r a .. tn of t1, . - · .. d ce•~·$--a1.n ·J n t"'- • • .ese 
e tl1oas , an. J... ... - • • ...... res ti.ng alqor i th· . . . 

!'It • ~. • - ms asouciated with the 
,n more detai.t., One of ·U-1.c most l-ntor.,_,,. .... i•rg .~ m, 
-~ • . • ·• • ...__,_ 0 ... • o:z:: pars:i.ng 
teclmiqW3S is the 1 nodal span 1 method f Cc•··!, y . 
~ • 0 • .-l\,e , ounger and . .., ,:. t J l '!.',A •• • c;; C • ,. : . , .• li'a .. le" ,· a a-.~ a . .t. 1,;;.,. OJ.,_.cus~ 1.1~.m of this a, go-~ .... t...,... •

11 
b .. 

• P '" .,. .1. .l. ... wi.:, .. wi. . e :round 
in Cocke and Schwartze PJt.ag1w.mmlng L(l.n.gu.a.ge..& and Th-d.11. Compl.le.l'J.i. 
second re~ised verslon,i' New York UniYersity, April 1970; ' 

section 4.6.. In contra.st to most other parsing procedu:r.es, 

thi_s method is highly stable 1n the presence of ambiguity; 

in particular, it can be applied to any context-f:ree gr().mmar 

.whatsoever; mor_eover r- th0 roethod i::an readily be gen6rali.zed to 

. apply t.o 9rammars more flexible t11an simple Backus g1:a1-nroa1's o 

It can aJ.so be adapted to gra;,nro.ars in which a central group 

of exactly correct rules is surrounded by a penu..rnhra of -partly 
'incorrect rules , and in this adaptation can be used to assign 

n quantitative 1·degree of granunaticalness' to sentences which 

are not-quite. grammatical.. It also suggests intere st in9 

methods for the pa:.~si.ng of structures, such as plane figures r 

which are more general than linear strinrJs • 
of a ~ontext 6~e~ In desc1~ibing th.is algorithm, the notion 

is defined by 
or Bac.ku.6 gram.mar. is convenient. such a grammar 
giving 

• lled the alphabet of the 1 
•. An alphabet of tokens, ca , . . h d 1.· nto 

g d • s t:1.ngu1s e 
tanunar; the symbols in this alphabet are 1 

tw • ;t 1tmi. nal symbols • 0 classes; .ln.te.1tmed.la.te symbols and e ~ ital letters, 
We sh 1 M • .-.nols by cap 
. a l often :i.ndicate intermea1.ate 5 .r"- . 
term• 

. inal svmbols by small.. t of .... finite se 
.- ii. For each inter.mediat.e Sl"mbol B, a 
P.\odci~+: 

"-'t-O tt.& o_f ·the form 
(l) , 
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the :cight:--hand side of a 
, .. }le.re . . _ . P rod,.;,ct:lorJ "' a rnay be a f . ienr.e of interme iat:e and terrnin-l . ny irdte 
eeq' _.,.. . - . - , • .-~ symbols Heu:ri~t. i C"'ll· 
tM 1nu1us:1on of the pr.c-l'..1uc.:t.ion {1) in • .. ··- ... Yr 

.h . a. g .r arr .. rr,a :c: me mis th +-
.. ..,-nt!Jv l B, w enever 1 t appear"' i • a._ 

the ,'j., _ .- • - ~ n a 3e.ntence f 
i r "'1mmar de,.. er:, b 0 the lan::,uag0 • 

h ·('_h b1e g,_ ..... i .:i .... esf can be::. ~ -:, -.. w. J.,, • _ ., ..,... _ . . - r.epiaced by ·· ( , l h a string ~-dE :i::G ~ ,o,.~verse y ~ t. :i.s ,<\ean"" ·t·h t . ,..c •• • • . ;:> .a· l. t .._; s 
PCS!·'• .1· 

0

b .l ,::. i-O 
• -lo • ;n dF ·''G b - -- .. cover the s ,~r:.:..ng __ c _," ., • r •. .y c1 tre\?let 

B 
~.,,..,___ 

/21\ ~-~----,._ 
/;// i ' -..__ -------- • ,:, :!? f!! --.._."!) "Q 

A c d E q~ f ,.., 
~.:r 

when sent~:nces are being- Sti.pplied with ps.rse trees~ 

iii. One intermediate symbol of th,~ gra.mmar must be 

designa:ted a1;; its ltO o t or o r!.Yt.:le.ri ce. type_. Valid sen ti~nce-forms 

are then all thosa strings of sy.:r:bols which can be produced 

from the root ;1ymbol by ·t-J1e successive appl.ication of productions 

of the grarrJnar; valid sentences are all t.hose valid sentence-fol'.NS 

containing terminal symbols. only. 

Having said this, we prepare to. present a SE'l'L l)t'ograrn fo:c 

the nodal span parsing algoritr....m by giving a brief review of 
this algor i th:n 1 s s true ture. 1':he algorithm accepts an input 

sequence of tokens and a context-free grannnar r and parses th e 
t k . be ambiguous 0 ens according to the g.r~.mmar o 'I'he grammar· may . . , . 
0~ unambiguous .l' but, in. order to simplify our expos~tion~ , 

we take it to be given in a ste.ndarclized ''reduced" form in 
Which . •• th has the form each production of the gx-anunar e1. _er . . . 
A~ . i termediate symools 

a ')r the forri., A-+-BC A B and C denot.i.ng n • • 
0 ~ , , , ·•~ , of •thP. grammar. 
t th· • 1 'll"{t'uo.i. -e gra.mrnar and a c:.0 noting a ter1ri2.na S.z • 

In 'th. . , -.. • . ( A ) consisting of two 
, 18 s:i:tuation we call. a triple P CJ rnool A a 1,pa.n. 
lntege . rammatical sy 

rs P, q an.d an intermed1.ate g . t if the string 
We sa -t- • .t in the inpu • • 

f 
Y that this S!)an (pAq) J,S p,r,e.6en -l'st position 

0 tok th rough the q 
i ens extending from the p-th ' • ynwol A using 
n the input be ge· nerated from the _s • string·can 
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• t: • ens of th.t) qrarnmai: ~ ..,1,,0 ..,.. 
Oduc .. J. •• - - ... q - 1 + '1 pr : .t:; .• , ..• ,, • • . • ·- _) .i.. this will 1 
.-s-hte ca:3C .. u .. and \ ... <uJ 1.£ so1;,,;i ..... ,.,.·r·{h"•+·· c early .be L,... ..,, . ~ .. ~ .. ..,; ,.-..\. ...... .1\J't'"i :G··>-" · t f ... i !~ ~, g•·,,ne.t·ate~ ,..__th charac .. el7 o l::.i.e innut , .......... ; r _ 

the t" ,. - •;I\. ....... 19 J :tor q > + . 
J• cJ early be· the case if and , . . - P 1 th18 wil 1 

eque.1 .y .,. - . . only if there exis ~" 
. a11d t:wo -, -..,t-~·.--m"" ;:i. - • ~ some r 

P 
~ r < q, ..,. - ..... z~ -.;:;, •• 1 ~•-d1..,-ce syrri.b(Jls B f' .- t1 q 

. . -~ · ' •• ox 1e grarmaar 
Ch that noth spans {pBJ:) and rCql are 

su . • • - • present in the inti,lt 
. d --uch · tha·t ~;)•BC i.s a valid r.,roctuction of f:'t., • " ' an .:, . . .ue grammar. In 

tllis case we say that the triple (BrC} i .... a ,,,-i1.· d .1 ! • • 
. .. . • • o ,e1 u.,{.V-<.6-<..on of 

t..-i..,.. ·span (ui!.q) ; the set o.f all di visJ.· on-· 0 -t= a on • . 
1 .• w:, - '· •• .;; ... <>tan J.s ca led 

i.ts di.vi.1,.i,,011 .l,l.6.t. l.f A0 is the li.oot syinbol of the grammar 
an i.nput st:cing :C of length 

th·e float -0 pc~n ( ll\ 1 {n+ 1) } is .. , 

n is gr<"muUatical if and only if. 

present: i:n it,. In this t"!ase., 

producing -~:he collecti.on • cf ::;,11 di~1ision lists for al:t soans .. 
pi:esent in I :may he regarded f'..LS ~::!quivalent to parsing I; 

'if thee.e 1.ist:s axe available t.h_e ordinary 11parsL~ treeu of r. 
can he obtained in a perf,~ctly direct way by dividing thf: 

basic span into parts :ln .3.J.l the wa.ys indicated by its division 

list, d:lvldlng a.11 these parts into sub-parts using thei.r 

division lists, etc 
O 

u...11til spans of unit length are reached, 

tt .i.s also clear that not all spans p:r·esent in the input, 

but, cnly those spans which a.re obtained from t.l-ie basic span 

by this process of di vision, at:e Jt~.le.va.n:t to tha final analysis 
o4' th • • th • ut are in effect • ...... e input. Other spans present J.n e inp 
ll'ie:re~y fa.l~e starts never .r:esl.1lting in a, complete parse· . 
~he ••,:,t f d, . , . ·1 • t· o the na.,..rower coll~ct1on "'"" o • 1.v1s1on lists be .. ong1.ng . • -
f • • £ ned division 0 spans relevant in this sense is called th e c. e.a 

·list f • i The above remarks 
or the par-se of the input str ng • • 

Rho ld • ng algorithm. 
u make clear the structure of our pa~si .. 

We nt . • ·pans present 
. ~ oceed :from left t .; gh t accumula. tang 3 .. 
in the . .o r.... ~, . tho n-th symbol a oi: 
4-1. input string·. On encou. 11-tering .... llection 
\.Ile in ( .. ( + l, ) to our co • 
. .P\lt string, we add a span nc n ' . . this~ 
iiheneve • +-. n c+a jus tif1.es 
ti • r the exls t.ence of a p_l'oduc- 10 

11 
locating 

t:,,,ly added II rocessed by 
all spans (.rCg:) are. the.o P ., oduction A+BC 

8Pan • t nee of a pr 
in ·t s (pBr) for which the exiei e • Each time tw-0 

h.e 9r~""""a.r new span (pAg) • 
-...u.u1 will yield a 
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are combined in this way t.o rr:i V'-' 
spans . . :.i·- r.:: a span f 

P
""'cpriat.e entry o:n the c'ivi~~o 

1
, · ·- .pAq} we make 

.. 11 e:() ... " - • . ... • ""-·-n . 1.st of ,i.1,l~ • ( 

.,.,. 'l. w _ s pa .• "1 p.l\q} 
,.11,en aH many spa:: s as pons:ihle ha.¥,.1e beAn p ... - ~,. '4 ••• 
'(!I• . - ~u • .1.uce,A .t,, ..... ,._ • ' x.•oce~0 W(:}. go t ).? t.J.,J,g • J nat.1.on P ~-... , , • on .. o cons~ d 
cornr.> • . • ~- er the next input 

,,en 5.n tu·rn, and so forth to th.8 VPry . •d ~ !.. 

t?~ .. . - · •· er. or the string 
f input ·tokens o Vlhet1 the end of the ·.;tr· . ,... . 

o . •• .,. ' l.ng vf input tck<::ns 
1-,· s been r,~ached we 1..;neck to see "'lhPther . 
,~a . ,. "_ . _ . . • - or not the basic span 
1\l.Ao (n+l}) L:, pre:::,en t; 1. f this basic sp~n • ..... is present, we 
nrepar.E• a cleaned set of division lists hy +-'--e a· .. 
~ ~, 1v1~1on process 
deiJcribed above o 

_ ry:he SE'l'L p:rogra.m given bel·ow_ carries out the steps j,lst. 

o·Jtli.ned~ detei··.rninJng at th~ same time whether the given in""ut . . ~ 

h/:\S an aro.biguous {)l'..· una;:nbi.,J'.lou.s parse; the criterion for 

e1.nJ>igu1ty is simply tJ.~i~t at least. one of the division lists in 

the cleaned set shoutd co:nr.iin more than one el43ment. A few 

~ddition.al preliminary :remarks will cas·t light on the details 

. of the pr!)gram which· follows. Spans are representefl as 

orderE'.ct triph~s ~q., !\ 9 p> ,.:omposed of t.wo integers_ p, q and 

fill intenm~diate ::p:-arnma.ti-1::al f!.yrobol A. Fo:r: technical reasons 

the larger integer q is placed f lrst and the smaller second. 

The family of division lists belor.gL,g to such spans is 

.~&in.tained as a collection 0£ quadruples <<q,Arp>, r ,B,C> 

associath~.g w.ith each span a11 • its divisions (BrC) 6 The 
" • • ,i. th 'nr.>Ut is to be cunt~xt-fl'ee g.ram:mar a.ccc-rd:;..ng to whi.c:a e 1 

i, 

P.a:rsed .is taken in thf! p:r·o-<.rr-am which tollo'ws to be th e 

i:ollection of all triples <B, C ,A> . corresponding to .• 
t. on 5 t(tttypu , wh.1.ch 

Productions A-"'EC of the g:r.ommar O A ·.Eunc 1 
•• • f 11 

ma . . . . ., onto the set o a 
P.s e<:lch character R of th,~ in;,ut st r _ng . . 1\+a, 

int • • ts a production 
ermedia.te symbols A for which the.re exis . 

.ls also presumed in the folJ.owin'J program~ 
• . algorithm for 

Hera then is a SETL version of th e· basic 

Pa.tsing by the method of nodal spans• 
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,-;.,.fine no6.pa.c-se {input,gra1n,r,:iot s~•nt , . • • • • . 
"'"' • . : ' i YI>esrspans d'·T1· •. nR-; divl:!.t,=1~!-; ,span.s={<:i.: 8 :1.> .. i ii.: 1s,amb}; 
todo;::: - • ' 11- , si:::svntyne c· · < Jl.t.i.npt-:.'1-.) - .. - s input (l))} J (l< yr,. ~r . 

~ ·-. ! <n+l, s vn> !J s1-.:sy.ntypes (il'mut i'n) '} touer- ' L • ' • , 1 
... - sp""rts u todoJ spans ·- .... - . -

'h'l" todo ne n!lj next :r:com. todoo c",,.... l 
(\1l•l- c • • --: :;- .. -..... ' Al., max.e.newtodofror.t (nex.,..·1 ... 

11d •:ii,u '*'""he.ck ... , end while; e ·r : ...., ___ ··on_ g.t,·;:>.mmaticalness*/ ' 

if n {topspan 'i~ <#input.+l.,roottl>} <~ spans then -<spans r div1.i s , &m.b> ::=·<!!X.f ~:~:., f?; return; ; 

/* else Gle,3.n llp • set. of spans and. determine ambiguity */ 
.spans· :. ~_!; amb==f; <Jetdescs (topspan); /*clean division li.st..*/ 
divli~~Jd ~ <livlis i· ~1q a.!!.: spans}; return; 

/*au:.dliary block 1r / blade makenewt.odofrom (ne2-:t); 

<en~, typ'2 3 mid> -:.:: :next.1 

(Yspend e ~3pans{mid} 11 type s-: g:ram{typl ~ hd spend,t.yp2)} 

newsp=<ena;type,!i spend>; <newsp,rnid,t;vpl,typ~> _in div; 

if n newsp e spans then newsp in spans~ newsp· .tn todo;; - --· --
.end makenewtodofrom; end nodepar8e; 

define getdescs ·{top); /":auxiliary tree-walker */­
nodpar3e external divlis, spans, amb, 

if top r:: spans then return i; top ·~n spans; 

if (#divlis{top}) [!. 1 then ar.:(b·:::!_i-; <end,-,start>= top; 

(Vx e di,1lis{ top)) <mid, typl ~ typ:2> = lt; 

getdescs ( <end, typ2
1
mid>): g·etd.,:;scs ( <mid, typl, 5t art>);' 

return; end getdescs, 

I d 1 ~.pan parsing method may n unfavorable cases, the no_ a -
l an .... to 

generate reasona.bly large ncri.bers of spans not re. e.v ... 
th J. r~arley has e final analysis of an input string· · · 
• • of nodal span parsing 
:ttlttoduc~d an j_nteresting modificat. ion d ·rn Earley• s 
i;qhich • • this :cegar • -~ 

:tmpr.<)ves its performance 1•
11 ns from left to right 

li\eth0d, one is alwa~s sure, as one sea • that a span 
over • t of tokens, 

an input string S -= tl t2 •• • m contir.uation 
P~q+ l • . there is some S 
t Wi, 11 never be formed unless . t~. ~. tg of 

. . 1 ort1on tl ;.; l • • • t t ' th • ni tia P • • . q q+l tq+ 2 • . • of e 1 , 

-223-

I' 



ana.lysis pAq+l is .r.elev::..~1 ·t ..... u , Thus 0 
J t . , ne never f O"'"""s 

t re .evan 1:0 .as m,J.ch of the ... u, soans 
- input- a··· ...,, ~- , ~ ;,:, lJ.o.s ,;eP-n 

is this o :trnmed5.ateJ.y b •· 
... . , . . ~ e:1..ore scanning the n.:.th 

toke
n. of s, one \;a . .lculates a set ,..a11 ~:, .. .,. 

• ~ .,, - - ~u n .... Q.'1,la.:l (!It·, i.o. the 
,.1gor:i.thm wh.i.ch follows, which consists of , l ·~· ••• , . 
,. a.A.. tllose in.ter-

dl• ate svinbols of the g:carnma:r: :r be.i.n,-r con,:,i• d ,. . me ~ ~ ~ er~a whicn can 
validly follow tJ."1.e pa·.rt of S already Ecanned. Th~ ru.le for 

forming this set is. simple_ a."1d :J.terative: If t..1-isre exists 

a span pBn, i;s.1id intermedio.te symbols A ~na c such that A~Bc 

iG a p:rodu.ct:i.on of 1' and such th(1t A ~ -0 ta.,L.tt.<..t (p} . ,· then 

any symbol D for which there exists a !>tring DEF •• 
0 

der.ivable. 

from c by p:rodu.ctions of -r belong·s :in J>ta.1ttat{n). ,, Having 

constructed these sets f ·w2 1...~;e th.em in t;he. remainder of the 

algorithm to control the formation of additional spcms, always 

·applying the following te~t: no span f-Aq is t~ be fo!'.1lled for 

~i~ A e ~ta~tat(p) is false. 
This improvement 1na.y be particular: ty significant. if the 

• nodal span pursing method is to b~ applied to the analysis of 

natural language, as in natural languages s:i.ngle wori:ls te nd 

to be highly ambiguous c=;_s to syntactic typer and :restrictions 

on the syntactic· classes which can appear at a given point 

may_ therefore be most helpful. 

In other respects.r Ea.rleyQ.s 

give a SETL algor.lthm, is v,~ry 

algorithm set forth above. 

procedure, for which we now 
~o t·ne nodal span parsing close .... 
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(~~ x) E s ta.rtat: (beg) J 1 i 

rncw go on to fo1:m spans * / 

.todo =· { <n+l ,, s ,n>,; s£syntyp8S ( ir.pat {n)) I ~cstart.at(n)}; 

• spans = spans :. too.07 

(while todo ~e ~) n.Gx-i:: fro:e_ todo; c:lo 1l'lak.enewtociofrom(next) 'l 

· end wh.ile; end 'frq /* check on g1:ammaticalness */ 
if !2_ (tops pan i~ < #input+l, root, l>} 8 spans then 

(spans ,d:i:vlis, arnb> = <ni, nt, f'> ; ret.urn;; 
• --· --· ,_ 

/*else clean up set of spans ar1d determine a.rnbi~iui t.y ·.t I 
.spans = n!L; amb = f; ·qGtdescs (topspaJ1}; /*clean division 

divlis ~':"{d s c1ivlis i hd d r;. spans};· retu.rn; •. 

f'k (lUXiliary bled<: * / bl;c.k 10.akenewtodofrom(next); 

<:end, typ2 ,mid>= v.ext, 
(V spend € sp,ms{m.id.}, typeE:g:ram{ typl j~ ~. spend: typ2} 

I -tvr.)e e s t.arta t ( ~ spend> } 
' .. .i; 

list*/ 

. news~<end, type, t.t spend> t 
<newsp;inid,typlrtyn~;~ in div; if!:. newsp t spans f m 

·I-'- - . ·- d makenewtodo r:o ; 
\.tten ne • i' n ... odo ,· ,· en wsp 1n spans; riew~p _ ,. -
e d -

··/tr-. _n earleyparse; on page 223 a , occurring 
copy of the subroutine •get<lescs 

.• is al 60 required here*/ 
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t parsing method whi<.ih we shaJ.l 
• •rr1e x~ex describe, the 

d nAecedenee method 0~ M. so-called It,,~ ,lz e.• , ' .L • 1..'.!r,eeman and ot1
1
e.,,. 

nJl(l, w-- - ... s e.th ·--"-orate•~ 1it. • r .•.·i- 1,:, i-. •~ •-1.• ,, •· • ' 
1 

CUJ ,;, ., • n:ily upc,,.... L.t ,. ,.,.;;,...::, ..... :t dea uSE;d , :a ti . t enSJ.) • • •• .i.e 'V~;.:y !3lJ.i!.ple j'),.....,....,.Od·=-nco 
t~Y. ' ••• c-..·ibe •·· • ~· first .c-•'-'-' "-- '·· " 
..-e.oarser ues ..... ... ••• u1 i,ne pages cf the :present section,r 

pu " • d 1.::, I''<) ·f~ n -1-· ..t 1·•c-,.,1· r~ . , 
. 0 tav:i.ng 01 e ,,> .... t .... ~ u.:- .1. -- ... ~·; a"J .,_e to dispense with an:v . 
~f • ~ t - I 

. .,~,,-ate pcstpar,13e .... -l~ m~ ·hoa used is interesting and can. sel'::i ., . • . , 
'h- ca-t nar~~¥S· ·1·t ~-~ ~ ·w-v · yield ra·ci ...-:;r .!. ~ ,,:: ~~ .... 1 • • ~•o..:, no·,::: er a n~m.oer of 

• 0-.,,~ntaqes I b1}ing, among cthel: things somewhat un"'p·t -s: ,=JJ.sa , c. l •• , • ... ~.,)r 
the production of. diagno st :tcs ~ A bcttomw•up method complains when 

•. d t·o do it.1 0:r.k that is naturally top-down! ~.si\e. , · 

Th,~ key idea ?f 9eneral:i.zed precede;.1ce parsing is as follows. 

Parslng· ascrib~s a t.r.ee to o. string of tokens; more prec5.sely, 
• ,. ;,~:,·aches t .. he tokens of an. i!'lput l.;t17iniJ to the twigs _of a l ,. ,.,. l." 

parD~ t.ree.. .i;: For ex.mnr.<i..e, \-.-,~ may r<-:present the parse of an 

expression •. ~+a~'tb·-<.::*d-J,, .. as 'f<,llows 
~ 1~\ 

J:1. 
/i\.t/ 1 -, 

" • t t 
• .t. * h r, •J: d -r a ...... -.,. 

1 ) , attached to a - • h a.<::! ""' ~:r. c in <n~r examp e is If a token { s UC ' ..., CA. ,. ll na."' .l 

, that the parse "· .,_ ,.<J left-hand 1:wig of the pa:cse tree, we say lei 
b or din our exa~p Jt1.gh,t f:r:om the token, 0 i.t a tokiEm {such as t'"nnt 

th t the parse • u"'- q , • ~ t···i g wa say • .a • is at.tached to a righ-t•-hana w.... , .... • hat: if we can 
U.1 • It is 'nt--itivelv clei3.r t. ~ 

ut f::r.om the token o 1 ·'-' J h '-oken we can 
at eac ~ • ' al_ways tell which way the parse leans · · ng method: 

• ,s tJ1.e follow:i .. r"c n t SL"' ·t:,·•~.:- us.:tn~ . h "' o s ruct the en tir.e pa:r. ... '"' •• ----., ~J.· rst token t at wh1c · 
Scan the i.nput. string.. and fi.nd tne ... • k n t' preceding t 
tlle 

• f. d the last to e k c: between Parse leans left.. Then in , . of to en ... 
at Wh. • ht Th.e string . the 

lch the parse leans rig· • 
5

; ngle node 1n 
"'' • • f some ... k ns 
" artd. t must all be descendants o • this string of_tc e. 
Pa t to which th s rse treo. Building .a treele • c.ondt.l'l.61.ng 1 f 
is t. speak · t o attached, anr~, l • g o:c so o • . the roo ~ rep. acJ.n e resenting 
Stting of tokens into a single token r P to which· ~e same 
this t a shorter string, reelet, we obtain 
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s can be e:opl ie.d aga.in. R(:peated 
:coces • .~ condensr1tions · .... 7·l' ll p ,. ,...er"1-u-.-.E::a ,&..?a.,c., •;.1hr'I{~ '""'f " t a.J.1:l .. ~"" ..... • u.i.. • .,. ...... nJJ •• ~. ,.;. a tok~n strl.'.,.,g "'· 

even u . . •1 1-0 a single b 
:h, p•··o··•c!:;:S •. .1. t.n parse tr-2e: wi 1 ·, 1,t_v b symi: oli • ... t t3 • .., V • - • ,., A Cl, e ~ sn bn . ·1 t 

.V• h .... l. ·~ • 
Ne.Kt observe t at -::·m can gene:r.a.lly e~i:peot to be able to 

~--.,1uce the direction i:n w.hich the r,a.i:·;:;e i:ree 
u•-. of a st.rin, 1 11::an:s • 
r. m a given token t by exe,mi11ing a veru fm,- .i.._

1 
. 

;.ro, • -t "'" v,; tens J.n t.he 
•.,,,m~d-tate neighborhood of t ~ 'I'hls is t.he bas {•s for th . . 
JJ'"" ... • , .. "" • e s,.m.ple 
.. ,.,cedence parse cons ide.r-eu earlier; the trea a'lw;:iu ... 

1 
. . . 

p.i. ~ • - . -o1.;:;, _eans :i.n 
the dirf.!ction of that nea:r.by op~r.atc,r sig·n having highest 

preceo.ence ~ E~1en for languages too complex for this ultra­

s:i.r.tple rule to 1;,.;;_ork infallibly~ a slightly more sophistir:atea 

variant of the same method may be :f.easible1 we call lttng1 1ages 

fo·i which this i.s the case vcte.nde.d p1i.ec.e.de,1tl~e .to.ngu.a.gu,. 

In tbe .l•~gical setti!lg· ,,ie.iined hi a conbmt-free grarrouar r. 
we: may give fo:r:mal defin.i tions capturing the ideas concerning 

extended precedence ·which ~, -.:: _.... ... c ~ .... " ,'. ... .,._.,=>. s••">t fo ... ·th, ab. ov-". Tn'.o,se defi'n.·H.·.1· "'ns 

a1:e as follows . Let 

(2) a., .... a. • 1 
.l. :n 8 :.-_;; b1,•··•bm, 

non-terminal 1 of the bti two strings cf !lymbols, terminal or 

alphabet of r ~ life define tJ1ree relationships, a •> a, 
n :~ ~ ~ < e {3 bet.ween such st:r.i.:ngs. . The definitions are. 

as follows: 
must lean toward OI :J, !l ~> [3 {heu:r..istically: t.1-ie parse 

, • • b b • .. . can 
trom the last symbol of r1.). if ••.al .. • .an 1 • • • m d 

ig attache 
occt,r within a sentence C1' i·~ whose parse tree an 

to the rightinost twig of some subtree. lean toward f3 
i • ti1e parse must 

l., Cf '( .. a (heuris·tica.lly: • . b can occu_r 
f 8nb •• • • • •. . · 
w::. the first synLbol of. B) __ if • • 0 al:•; b 1 is a~~ached to the 

in a sentence a~ in whose parse t ... e l t ched to the 
l • • not at a eftrncs~ t • • while_ an 19 

1.:. Wl.g of some ~,.ubtree, r r·· . 
.L9htrnost twiq of a subtret-~. is balanced at the 

ii· • • - th parse 
l l. et = B (heur.i.st.ically: e · can occur within a 
ast b b h d to sen symbol of a) if ... al• • .,an l" •• m are both a.ttac e 

tence u, in whose parse tree an and bl 
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. , r~ wi t.h. U l:.-(J1,\!ll.Otl. }::',1.rent r:.?de ~ 
J:,-1).':I .-

(, " at •nc)S t orie of these .,\,:hr""~ 1 Tf • 1 . • ~e re-a~io"a·n• ~ . · -- .. ,;;., 1.ps ho] d b 
11 .i..i. • ,, - •• 3 etween tl ~ ·we ca wte pa:i..:r <Lo an ('f·iqrr::,; 9 . ~an . . •• • ....... ,·•~ 1..tOu.6 c.,,nte.:ict ,q= 

11 a • • ,. n • t ... :.. none 
ldO:: we ,:::a <XrP an ,<,.mpu-6.6,tc-l.e con.:tix.t• i-1· ,C! - • 

ho ~ • - 1..., e-:1.sy to see th··-'-· 
t1 • s cas.e n ,, • al " . v a b .. h . c- ".,_ in ll. ,, . n l * .. r:i ·• .. ~ an never occur with· a 

. 1 ... .. ·•(=> ) ... .. ' • • • • :i. n 
"l)JTll!lat1ca setA1..-enL.,·.. .i.x tl' .. e li:S.n•Jur.v .... e dt~fin -; b,· l' . g~ · · . · ,j .,. eo. :t 1.s such 

that whenever a J •• s a sequence of symbo1 3. of lengt-·h 
- - n. and 13 is 
,, sequence o:E symbols of length m :i.t follows th}'l1- ,.. 0 ., 
,., ..... .... v. r P ... s a.11 

.,7\anibiguous context, then we say that r is an .,, m-,,, !)·• J 
I).\• ,~, .. gc:..n1'.ILO.<-..(,ze.;.i. 

.p1tec.e,denc2. 91w.mma,'1.. In this case, the gene::calized precedence 

parsing method outl:Lne.d abov~! ca,n be used to -r~~onstruct the 

parse tree of any ~:entence valid according t.o r" 
Parsing by this scheme will plainly involve the use of 

tab Jes which state the re: l.::t Lion.ships which h,-,ld between sequences 

o. ano. ~ of symbols. We shdll now pre.Gent a SETL a1.gor.i.thm which: 

given a. granunar (and 9:i.ven limits n,m f_or the lengths cf left-

and right-han.d contexts to be considered} .will produce such 

tables. The basic idea of the algorithm is quite simple. 

We start with a pair of single syrobolr;, ana determine whether 

or not these 1-token strings constit~te ;,rn unambiguous context. 

If they do not( we add ~ne symbol of additional con.text, fir 9t 

on the left
6 

then on t.J1e rig·ht, looking always for unambiguous 
- t • • . wh-i ch collec­con texts. This will generate u sequ.ence of • araes -

• • • . • t • If when 
tively contain the requ.ixed prGcede.nce 1nforma-1.on • • . • 
we h • • • , • t f crJntexts -co be ave re.ached the maximum 1~~ngth-l1mJ. or 

, . . . . • t follows that the 
considered ambiglli ties st.ill rema:.i.n, tnen l 

lized precedence 
grammar. being considered is not an n,m ... genera 
9:tamma,.. • 

- •· • • quite 
The algoritlnn which follows. immediately below is a'th left 

atraig'nt. f . • . f 1 It works wi • ... a ,. t this i~ea. 2 a.'\d . Prwar elanora ·ion o • (l l), (2 ,l), (l, ) , 
tlght-hand contexts of the lengtll~ ' .1r-a•t,:>d maximum 

(2 • u to a s... " 
,2), (3.,2) (2 3) (3 3) in sequence, p . J rogressively 

len ' ' ' ' . ~ e. b') which J,s P 9th • A data-structure .table. C~ eqa, q . the relation 
bllilt . 3 0~8 pending on 

up records values 1, 2, and ' . 
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serl U~n1Jes se,~"' •w .:i • 
• .";l ... t.,.d:..1. s e.qb 
l.£ th· -

l.S :relationship is 
tern.p1J"::..'<":U·.i J•r .,_ -~ 

t f ·1. d,. I. • • ..,. • 
JiJl 01.rt.pu · <J.g ,:;.u,{.l'l{.-1,'.e, J~S /Jet tr, t if ,_, . 

' ... me !:'>J. tuation 
analyzed has the lmtJ. x .th.max. precedence Prop-rt· ,. ·t . 

.• 'J..' ~ .a·- ~-•,..., . - 'I:: .Y, of otherw:1.se~ 
.~he dPflnl.1.-1.ons- o.~. the ba;:-1.,~ re.lati'-"'I'i::h•ips -',, b :r - • . . • ... i .... u. • q ·c-Q o.. "> 4 e,1 ,. etc . 
. 3iven above co~ve:r.t very directly into algorithmic fonn. 'A few 

1.dmple· auxilia.ry processes for concatenating sequences, 
salscting-- part3 of Beguenccs, etc. are used. 

The algori trJU which follows assumer: ·t-.hat ;• t t -
- - - v, Ci::n -~X ~f;c~e 

arammar gJt.o,m and its alphab1:) ~.: cfia.,a) :~re both gi,;-en. 
J •• 

The gram.ma:r gitam is c:~ssu.med to b-e a set of pairs <.{.n..t;,3 eq> ,. 

where .ln.t is an i.n te rmedi ate symbol t and <> eq is the sequence 

0f ,-:harach~rs corresponding to the right-hand side of a 
grammatical production,, In what follows, a function l.1,9.1t_a.m (_x}, 

which. determines lllhet11er the sequence z is part of ·a grammatical 

sentence, is also used~ The SE':l~L code for thi~ fur,ction will 

be given sornewha t below, after Wt:! have dis,Jussed some auxiliary 

algoritJ1ms for the transformation of context-free grµmmars 

into s tanda:r.d form 
9 

, . 

I ' 



• ef mc:ko.etabl<-'! (lxna.x:r rrnax.1gram eh: ~ . 
JefJ.0 • . . ' .,, a.rs, ('2.ef j_rii ~A, • 

1 Ul _,,t,.,... Cl·....-:::-,.::, .J. • • ., ,..-.;~ 1 ... ,".·1•rat ca C ,.,. '"' .t., ,..,,._,u ~-a0l.(:;:S U' ~ , 
/

1' r "' !>f.?..1.,1) J r,.:., ~..__·-It t 
• r<, (! ••• ;,.,a· --> ')f·-· ;· • • 'r.".::·~· ·:::;:.. r-.;, .... , ... ,. -~~--gra.rn ,. 

r1.lll .w • ~-" --· , 

• ... '- .. • .. 1....,,,, I 

D • . • 'l 

• ne.;, t ,;Jet in:i.tiaJ. pa.cts of 4'.:ight••hand . a·· /1' -~ • ., . . . . ' s::. es * I 
•J,._,, 0 ,,ers .= { <k' s·f.1.r-=:.:: t· .'ti x, · hd x::- ..,c- . 

1e:t1..,_ '~ - -- -- ~- , .n..;.g"Cam, 1· < k: .r.: f·}·R. x1 

i ,r11.1-covers ~· { <k ·slast:: tk- x,· hd x> '9'r.g..,, -- . .:_: J; 

r S L- • .. • --:- -~- • ·- ' ...... ~am, 1· < k '< ·ft£ x} ~ 
nP.•·s :::: { <k -.sY:i.rst (x.. ·sla-st ·t,.9, x) · hd v::i, X ., - 1 

COv -:~ ··-- -•-·--·- - $ .,:_ I'>, , C gr um, 
1 < P.,· < #tR, X t 1. <. k,· <i} . 

._ -•-- ..... ,-..S 

/* 1•nitialize ~''/ a.r:1fui.q=chars, <m~:n>=<l,O>· t t. 
•• • , a.oie=~:. 

(wh i.le m .i8_ lma'.I{ ~ :i:r -~ rmax) 

leftright ::: ii m ~- n then O else l, 
1 f m qt n o.nd n. gt O i:hen m:.:m~-1;; ,L • .i;..._ ....... _ ,_ 

if m !:_~ lmax !-P:.~. n te r.mc,.;{ then do extendres {m.,n,lt::ftright}:; , 
end ~-1hile, 

•if ambig ~<:. !!! .then print t ,·unbiguous cases remaining:•, .. ~.mbig, 
• de f.i.ni te = ~~; 

else defini I;e :::: t; end if i return table, 

block e:xtendres {m1 n .!' le ft:r.i.ght); 

/~· extend~. context on.;! symbo.l to le.ft or right¥ 

• • h"" 1.· i h~ft chosen if leftright equals 1, otherw1.se n.g \. , 

m ~ m + h~ftr.i.ghl:; n = r.,+ ( 1-left.right) ~ oldamb=anu:1ig i a..T.big=nR.r 

!hmpaireoldamb, cechars) <seqa, seqb>=ampai.r:; 

/*extend by 1 cha.racte:i;- to right or left */ 
if leftright :;S. 1 ~"len seqa :::.{<l,c>J ~~us seqa.: 

else seqb=sef't•J.y s:nl us • { <!., c>} ; i . 
':1 ,-£- . •. ... "ble "'' 

.Poss r::: n.R.; ./* set of relations which are 1-..oss1. • 'then 1 ~ poss:; 
• if 3xsri~htcov~rs{ seq a} I isgram ( { <1,x> }_ s_plus seqb} 

if. 1 ~ Jn < fseqa, xe:origin{n ~ st seqaJ_I 
:l. • . ~. f <1 ,c> }· ·splus seqb) 
sgrarn(*seqa-n· sfin~t seq ~plus_ 1. • ' ----

, ~~en 1 in poss;, 
l.f --
. ~eqa ~enwi th . seqb then 2 
1£ 3 -· 

_:)(eleftcovers{seqb} I seqa· 
in. ooss; i •) in poss;; ·- •• . , 1 x>} then ~ _ 
evenwi•th • < 1 
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O~r set up tab.le. entry or cla.e::: t fy a _1,... ? n • . • "'....... - s ru,11,) iguous 1: I 
,•'.1tpostr '8a l then table{.seqa.se-:ib)::; -:. ... ,<, ·_ 
1t ,: ~ • • " ,, r.- -SS, 

"Jse <sega,seqb>· "in aw.bi.g; table{seqa SP . ' 0 ... • • - • .• , , .. gn J = t' ; 

end 'fampair-; end e:-ctendres; end m.ckeetables; 

,,,f.:nef seaa· €N-enwi"th seqb; 
c.'\.:~ ~- • ,>. ..,..______ • 

zr,ckeetaJ:tle external covers, leftcm.vl:'!rs, ri~htcow::rs ,or.igim:; 

/* auxiliary routine t.o t1:mt ieqnality' case of pi~ecedence */ 
r~turn if cove:rs{ seq a §>Pf~ se'fb} • ne- nz tt1.en· t -- .... .., 

else if l ::. ~ik < #seqb; xc:r.ightcovers{seqa ~lus. 
{?i.:-sfi:r·s t seq~} } --- . 

-'Jisg:r.am({<lv}';.>} ~plus {#se:qb-k s]:~_! s~gb}} then t 

el.so if 1 :._ :1 k < #saga, X81eft.covers {k ~~- seqa· ~J:l~ seqb} 

!isgro.n{#sel':Hl.-k t-rfirs-t seqa splus·{<l,x>}) ther. t 
' - -----~-. \-- ... , 

• el~ e if 1 < :: k < Is eq a, 1 -< 3 !l. < :Jt s eqb, 

• xr::ori~g~nf; {k ~c;t_ se~a ~;plUJ ( ~- sfi_El_l seqb}} 

!iagr.am(Hseqa-lc ~fi~~ seq,t" ~I~.· {<l,x>} ~e_l,!:~9. , 

( f.seqb--R. ~2:_iH3t oeqb)) thf?r/ -~ 

else· !_; en<'l evenwi•th; 
----- . h dl • ng sequences ·~/ /* now some short auxi.11 acy :rout.1.nes for an 1 - , 

• • r .• h 1 +iseqa· tt x> tx€seqhJ; 
def.inef seq a· ·splu.s seqb; r:-~tu:rn seq a ~ t '-~ x ' -

encl solus • 
def. ,,. . , . . { k ,.._. (k) > 'l<k<nh end sfirst; 

ine n :!.first seq; retum < 1,:;,eg r - -

de-i:i -- • ( k .. {k--.J.~!=:err-n) > r l~;_n}; "' ne n· -~last seq; return . < ,seq • • ~ .. -:i 

end· ·s-ias -t. ___ , 

I I 



l 
..,t •~re discuss the mar...n.er in '""hi' ,....h 

~ e.... • . • "' ..., .. a qr-. -
• ,..,nn:::.,··t-; ,...n -· ...... ,. . •. • cu1mlctr c.r t.11e to ........ •.:Jered in c ..... ,_,._. __ --~-- wit...t~ the ~"1-'e~=-~·-~ . ... •• , 

01\SlU .... •• .-1_\!l.t ('.'J' - lg - , t::1 c d • ·t...., or·~ o·f· t1r, •:.. ~.1.,: or,._ 1ni c;,n be . fo...me ::i.n (., ~I;:! • .1Ae mo~ce ,..~s-L-• ·.:i . , ..,_ , 

tr ~ns~ .,_,i. • • "·"'- l:..t..l.CtJ.Ve ' .... r-ecit1c~d 1 form 
. 'eted in conne.ct1.on w1. th t.hc~ noda" 

consia. • J._ span ~arsing method 
.·.f O 223) 0 Obs"~x:ve that in t..he. follow.:-,. . . 
('O • • •. , .L.ng d.1scussion 
.,e. mean to cons 1.de:r two gramrn1;1.:rs as e~ui val. . .. 
, - . ,,_,., • • _ • -:1 ent l.:t: their alpha.bets 

tain t.he ~a.:'1\e 1,;.dl.«1.1.n.d.l symbols ;ind if th 
ccm . . • . !ey generate the same 

t of -valid sentences,.. i.e., non-exTl't'-ty v~ lid 4 • se • • ··,. o. 8 l.:r1ngs containing 
. ~e,minal s.FDbo1s only.. Suppose then that ,:, (1-

i. •· • '. '.;i,1.arnmar :J.s gi•Jen as a set 
of 1rroductions o:t the general form 

(1) B -:r .Acdll ., o ., fG 

we w111, to start with, ac.1mi -t productions lrn.ving null rigbt-hamd 

sides (those :might be called t f:n:'i=ts:Lng' prodl..ctions) and ou.r f.lrst 

aim will be to zee how a g.rmnmar r cc,ntaining such productions 
. . 

b • p ., ' t h' h t ' ,. .. ·' can e ~rans.rorinec. :tn ·o Orte w ~J.C con ~a.i.ns no 5Uci1. procnJ.c·c.1.cns. 

This transformation is e.::i.3Y 0nou.13h, c.nd may b0 a:::c0mplished 

a.s follows . 

• i. Call an inter1nadiate si--mhol B e1t.caia.bte. if the null-strir 1g 

can be produced from it by some sequence of productior.s • Note 

that B • 1 • f • ... , ,:-, • -tl 1e left-hand side of some 1 1s erasa . .b_e i e.1.t..,.1er J.') :i.s ... 

erasing production 

or if trlere ; t d ... t 1.· o"" ex.1..s s a pro u,..; .. ·"· 

• · B _-t- CDE • •• F 

t:.n.,., _-ri'lTht-hand side is known 
~Uch that every symbol occtn.':rin.g en "" ... --;, 

·to be erasable~ 
~ At the same time, 

H. D:rop all erasing _productions f.rom r. dditional produc-
gi'l/en an . r . nt-r.oduce as a • 
t . • Y production (1) of , l. ~ • f om (1) by dropping 
10n h • •h i-esult r 8 of r all those production.s w ic . • d side, but in 

80ll\~. 4. • t righ t-han . d 
8 

- se-.. of erasable symbols from l. 6 • . the right-hand SJ. e. 
llCh a way-""'hat symbol remains on 

\,J at least one 



rrtie set of prDduct:i.ons 

gr __ ar I equi val en t 
il p.eN' 

,.. n'~ dm-:\,lC ;.,.; • pr.O . 

obtained in 
. this wav 

t.o r but . " 1 
..1 cont:air1.ing 

constitutes 
no erac;ing 

r,.'ssimling that as in our last a·1 90.,..
1
• t· 

n• • • :'- .L. nm a gr 
• • .(J' .,, . -~.mmar is. given ,,, , .. e-1-of· oa1.rs • ... r,4-( ·.t e.Q'> wh .-:.r•e, • . . 

"ti r.;. 0 - • .. • •• • ~-... 9 1:'. '' 1-S "' ~ a._sequence of 
-~ara.cte_:rs., we may express tJtis sim, \'"\1,,, 
,.;;1 T i:· "' r):roceAurP_ 1• n 

" \4 SE'rL 
as ·follows • 

. erasables :::: • {~ x" xcgx-am ; !!-:. x ~rd,}: 

(••·hile 3 [;r.J i::g.rand n· h.d xtsr asable:s~ and.,:\r"'n ··l- l r1 • • _,. - .. ..___ c .. ;,.-\.(.)o..o. es 
hd x in eras ables z O 

• 

~ -- ., 
incs tR:f tt xJ) _......,_ --

newgram-:=r~.; (\lxe:gram) <symb, !3c:.q>=x i 

l "f•· .. •,'t f / \ } erase ocsc. J.::_n.2."a seq I seq. ri; !:'.era.sables ; 

(rspotsetr.pow ( erc!.selocs)} T.iC:'?iSE:~r:::·n.£ l (l<r1<ftseq) 
. . -- --· ··- • 

lf ~ n e spot.set th.en new seq·( inewseq+ 1) =seq {n}; ~ end 1/n; 

/* now have bui.l t 11p new right hand sid~ ·S: / 

if newseq :ne· nt tben q,ymb r net,..,seq>· in newg·iami i e:ad Vspotset; 
·-- __,_ - --. ... u 

end ·"hq 

r replace old CJT.arnmar by :new ~-.., ~cram::ne.'t~grarn; 

Next we aim to ~liro1.nate all si11gle•oharacter productions 

{2j 

f • 1 t the same time, 0 one interinediate symbol from another, an~ r a 
t,:> eliminate terminal. symbols from t..he right-hand side of 0ve.ry 

Production except those <Jf t:he sin.gle.;.,.CjyrrJ::ol form 

A+ ·b 

T and ca.11 be accomplished 
his a.gain is an easy transformation, 

as follows: . • new intermediate 
iJi · . .. introduce a . •• 

.i. • !!'or each b~1.,nina.l symbol ... , ight-hand side 
·BY?nb l ,. f ·a on the r 0 A.. ~eplace each occur:rence O 

"1 adA the 
Of • f i\ ' 1rhen ... 

a Production of r by an oocurrence o i • • 

P(roductions 
3) 



"'all A a. f:ilLt.tn e a.vi.ct',.;~ -to,. i V • '·' ,1- 0 f B if 
d d f ,... b the sinr11,.. ""UT~1- - • "e n.ro uce. rom .c1. .,y some ., ,;. '-'.i-iu.io.t 

u can w ,. sequence of 
;, .. D·c,.._r, :'I·; J "'~" ·n~l. •. . productions or-r,.'l'flma:r ..t. " •• v~• ..... _ .• ,.t. q e-1 '"½-e.-. .. ... 11e g Q.<'"" • ... ••• • ••• ... .... ,-:1.e(J 1 a+ .., - . .. 1 
1,1• '. - • • ~- ••:; ;ir:.oo P.,,.,....d. . . r J.i..t the ·s~-r-e t . .1.rr.e ~-·n.· e·...; • . -~'~ uct1.o:1s 
"} froJl\ • ~ • ' .. ,. ).,_ever. there e"'" · · (i: • • • • • - .... .:.s1;s a 

production 

.. ,3.·t,hmo:ce than one symbol on .i,ts :r.iqht-hand s ... .(, ... ,e ... 
" . ini:.roducc a 
new production 

r.n SETL, this procedu:re m~y be written ~~ fo.._·110., .. ,,"' , __._ , •~ viote t."tat, 
as in the M0Keeman table alrforithm, e.ha.,u denotes t.he alphabet 
of our grrumnar_) .. 

/* f.ir_ st deterr.d.ne irrtc:;xn,edi,:~t..-8 sy1nhols * / inter=hd [aramJ; -- ., 
'-· .:..{ ·"cl· ~r '1 n -v.-:- ·1· nt· Prl- - ·' .... , .. , 1-- .. ,, • ~ '\-erm- X-. .L .... S r,.c;.. • ... - JI J_l,.~-~"1., .. -!.l"'.r ne,,rg=1 __ 1x.; 

-- -~-~ 
{~t ~ t'erm} intof { t} ==· nei,-:a.t; ; ._ ... ___ ,~' 

(Vx f; gram) <symb r s~q>= ~:; 

• <symb/<n,if(i.nt is i.:ntof(seq(n) )· ne ~i then :tnt else s:?q{n)>, 
-· -

l<n<it seq}> in new9; • en.a. \f}q 
..._ ",...n ~ -- . 

/~ which accomplishes step "iii of the text */ 
singles = • {-<ti 3 t9, x J' hd x>, }ttr1ewg I ('#~ x) • -~ lh 
/* IJf!termine --;-pr:i.rne a.nc;; tort !'elationsh.tp by closure, 

• 'Cf. p. 132 */ -pransc= closef {singles, inter), newgram=!!~-1 

(Vx £ newg I #ti x gt· l) <symb ,seq>; x; X' ~ ne-;,rgram: 

(Vy r. pra.nsc{~~bj•)· <y seq> :in newgram;; e,:io. Vx.; 
I* • , -~- . t rammar' 

now ac1d terminal single-symbol productions O g 

and set grammar to new valu~ * I 
gr:.... • } t~::term}; 

"'"
1 := newgram ~- ( < intof { f.} r • { <1" t> "' 
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J\.+ BG 
(;. . ·>- ccs 
Gi"';,, DGlr 

Th:ts step,· which essential 1.y <:'!ompletes the transfan:nwtion of 
Our. rr,•-.:.mm::..._.,,.. "'.,..,to .1-,,,.. .:lec:· 1.· r~c1 • 

:i .... .,. ,,. ·••~ 4 
• , ...... ,;: ~). --,:. ..:.: , .... 0:011 1 rr,ay be written in SETL as 

fol.lows·. 

nr~wgram =·{xr.:gra.'11 1.u.,1..•; x) -oc_. .,,. 
\ 1t .:::.:~ ,'!;;. L- ) I 

(lfxegram! (#_!:~ x) ;i.E. 2) ~J.eft,.seq>=x; 

(l ~•fa:;_ #seq-2) aw~=!1ewat; <l:;3:rt~{<l,seq(n)>r<2:au~::-}>~ newgram; 

left::: a,.uq end v-n~ <:left~{<l,~aq{iseq---1)>,<2,seq(-Jseg)>}> 
•.in newg,,..,. ...... 
......_ • .s. r.;uu, 

end V··. . 
_ A, g.ram~newgram, 

l\ grammar J.. n th i f -~e-~ .. u1-· red by the nodal span parsing • · e. p.t·ec se .or.m .... ·:1. 

a.lgorithra is then. relP-ted to a grammar in the reduced form we 
have t . . . . . . 1 final transformation. a t~ined hy making the follow1ng tri~ia 

newg . \. I (ftt x) • S 2}; 
ram=: {<("tP, x)(l) (ti x)(2),~x>, xigrrun .-

8Yn t - • -- , ·-- · · 1} • 
- {<(tt x) c1·, · l"d Y-> x.r:grarol C-ft2 >t) ~ ' sl'n - , ..::.._ :·... , . . --

types ::: • { <x s·-'nt{xJ > xehd [syntJ J; 
, ,l ,. -

·. 
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;r~~ t;;i::ansf\1:01:.=:tt.ions desci:ibed . 
,.. .f ·:h ,. - J.n the last: "' 
to spec.J. fy t: .e .c.& p, /f.a.m fu.nc+-·' , ... ew pa9·es us , , --.ton req~ir O ~nable 

· t··"-le algor1. tiun g:L~1en abo,,r13-
0 

Th"" ~ • .. . e b}• the NcKeonl· 
i:1J.I . • ....... rn.a.1.n u; f·-: .. - an 

. the:\ .JP,.,.r,_t th::,t· . ~--.(.lCt:,lty '- b • 
11.

, '-':3 1n 1::.; ........ ••• ·;,,. .• .. 91·\len a t • c• • • '-0 e oye .... co'l'ne· .... n r1.~.•:l f ... "' 
' · f S .ts .. .:> o tokr-.n~ • 

1
eterm1Ji.e 1 · .i.... u pa..~:, of a.nv . . - ~' w·e wish to 

. - .... q.ranul\a ti. cal s . 
,..,

11
:r method will be to e:x:ten.o ti,A entence form 

\I · ,. __ qraznncl--, r 1"" ~ · • • • "'"'' o:... ,,,, th. ' • 
obtaining a larger ':rr-an1-na-r r ~ wt·,. .... h -· wr..ich we deal 

· i. ... ,_ gene-rate . ~ - . ' 
parts of strings r:-i·e11 ,.,, .. --1-- d 1-.. - ~s_ a.1.t strings s . . .;J ••• ~ .... Q. ... e i.Jy r mh . 
For each i.nt:er.m.ed.; ate syr·,._ 1· • l is we do as 

..... .,Cl..uO A of l' .: t 

d
. ti· n l s,1'7Yl,.._ 1 't.. • h · r ..,_n roduce th.re.,... ad 1 _o a. .P'u.,() n r waic we call A .... ~ "-' 
. l ,7"Nl1 ·1 ~--' Ar, <.i:nd Air; if a is a 

which are 

follows. 

term.1.na sx~•<>)o ... I! a,,, a. __ -. a-nd a 1 • 11 
N •- • .l?,t· ~11. • all be equal to a .. 

-Per each production 

{4) 

of r . , int~odi.1ce new productions 

I t3tc. 

by removil1g zero or mar~~ sJiiibols from the left-hand. end ,:-,f the 
:eight side of' (4} c • • 1 ·1 • t. a producti'ons ., ~-1m1._ar ~-YI l.:r.. .ro uce 

•t, ,+ BCD EF ,-ll" ·• . ~ .... 
.t. 

.A_ ~,. BCD •• 0 E f ..,.. 
·"" 

... 

by i:·emov_~ ng zeI·o th • ht-n· and end of the · ~-- or more symbols from • .e z:1.g 

right side of {4.) 1 and productiont~ 

A 
:-. ,.._ ,. E 

tr ~ ···t.U • .. • "'r 1 

by rb"' · • f i:h"" r.i.._1 ght and from 
• "' ... o,,ing zero er more ·symbols botl1 rom • " 

the le~t ... h.and { ll) ~ and of the ·right of ~ • 
Ne'xt, take the root symbol A of r, _iptroduce fl· new root 

,;Ymhol A for r ~, and int:r:~du.ce th.:ree productiom-;, 

etc. 

" A + A,9, 

~- ... 
A + Ar 
A 
A· +· AR,r. • 
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. e·ach ·symbol rot . 
D which occurs on the .. 
• ·1 right·•hand Bid.e roduction ( 4) r-

p.. . 
1ntrocuce a p:r~1c11.lction • '· of •a 

. . A,, • -~ ·n 
>.t-:C . ~,r.: • 

Finall:'( r introduce. productions 

' 
for each i.ntermeoia,te s_u-r--JJol lL "'h...,. g-...:.mn.. r 

.t "' ~ ~ - .1.r;: , .,. ............. ,n:r 1 we require 
cons.lats of a.11 tJ1.ese prod·nct:i.ons., and has A ·as 

its :root symbol; 
tie leave it to -~he reader to show t:i-.1.at r: 1 gen.eri:.tes p,...e . 1 , 

. .._ Cl:-36.~} 

those sentence-forms which are parts of sentence-fol'..ms gent~rated 

by!'. 

P.ssuming that 11.0 o.t des~gnates the root-symbcl of r, 
t.he construction of r r from r ,nay be depicted in SETL a:3 follows~ 

inter::· !:2JgramJ ; ~==~, r~~r £.t'·.:-:~_:.r 

(Vx£inter) 1 (x) =newat; r {x) =~~,· !!.r{x} :::newat;; 

newroot:::newat7 e:i{t~ram=qram: /*in.iti alize nE:w grammar ~ / ··--· .... -
{Vxdnter)<.ttx} ~{<"1,x>l>· ·~E. extg.t'an1;<r(x) ~{~l,x>}>· ~ e.lf:tg:r.am; 

{~seqegraii\{x}, 1 <n< #seg) < tr {x.) ~ { <1, tr (s~q (n) ) >} >· ~ extgr.-:.m; 

<:r(x);{<mr if m-,q,t n then seq(m} elBe r(seq{m))>, 

l < m < n}> in extgre.m; 
<:t(x)~{<m-n+1·; if-m- 1t ~then seq(rn) 8lse 1-(seq(m))>, 

n < m < ;rs,ea} > in extgrami . 
- ·- • .., •-·- · ~- · nn t11.en R. {seq Cm) ) 

< n) <tx{x) 0 {<m-nutl, ~~ m ~q . 
• { )} lse seq(m}>; else if m ~!i n then r. {.seq m e ~ 

nn < :m ~ n} i!:. e}l.tgi·azn;; . { 
1 

o (root}>}> 
end'tsen-.•, d - ,.~-..-·tg .. -::i~,t~ov·t,ry;rc,.m:·W'i"th<newroot, < 'He t)'}--"':\ en· V-x.; ,-:~.... . .,_ ,..... ..,~ -;i -. • { l r ror; , . 

• . wi'th<ne.wroot, < r } • 
• .;.....- t. {<l R.r(root} ", 

. wi"th<newroo , • ' 

- ·form it using Uav. • ay we trans . 
l.ng defined e.x.tg1t.am in th:1.s · w ' to obtain a 

the p 1 .,_ few pages, . d 
recesses described in the as"" tl forris rt1qu1.:re 

g:ranun t,1pe~ of 1e . 
b a:r newg1i.a.m and a mapping ~ yn b , ired function 

• 'i the . . thm The regu 
nodal span pa~sing a~gori • 

. •· 
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•• - f" ~ • 

. . . . . 

~-----~-----1 

I 

may ;n.ow be expr~ss(:d simply as follows . 
l 

,\ 



,. ,,...0 _rithms for permutations 
8

. ,ra-~.,._.,.,_ __________ • 

' .. -
• ·]\ t-'le)uriu.-ttt.tl.on. of .a se.t :a of n ,.::icJ·e.ct • . __ . 

-· "• r • -3 . .L.,;, d: oi·• a t · 
• • ' • J 1 ,. · · · ,--..-er-one . ··ng· of s into 1 i:se r .. 1:Phe set i)-f' p . ·' 
piapp:i. • ~ . . - -~ er.m~:cations of a -.-i:c:rms 
. ·ip .in.deed, the prototype of al 1 . 

a.: gr.o ... r_ l. • . • • ·- g:r.oups, the combination 
~-d irwers0 neJ.ng g:i.ven as· follo·ws ~-
r,n . ' . . . 
,_.: i f f··· c_:: g? :return { <x1~ {f c~r) 1 ',· ! • def n.e- -· r ~ _,_ l h F; hc1 f -·, }' • . 

-.:.· t:J _ r end c• • . . ~ 

define£ !!2.Y. f 1 return· { :~~ Xr ~ x>, x e f}: end inv; 
~--

Permutations ca..'1 conveniently b+?-represented in the so-called 
c , ",.m· ·ir·he (•,,,.,.., r.:. T.··orm of "' p._;,v-,nut t· f ~yc..(..e. 1l"'"•1 0 

-- - -~ •;_ ..... ""' .. .., 
1 

• <;f. --~ .... , a ion. of sis a. £mnily 
of disjoint _sequences,,. colleot.i·vely oover:i.ng s, such t.iiat .f (x) 

is ~lways Hle n1=-xt element in segui;nce after :Kl unlear, x is the 
iast el0..men·t of a ·se·quence, in which c'ase f (i) la ths first c.1.ment. 

• J\l:'r.'lllT ... •,1..1 £' ·t• J 'i of the same s&.:Juence. .:-,1: • .i..:.i a.1.gcr.:t wun o:r pu.t--1ng a permu,~s,: on. 

'int~ _cy?.~e form· rnay tlu:m. be wri:tt.en a~ follows~ 

def:Lnef cycfonr:.(f); s:::~1d [fl~ eyes•=}]!, 

{while s ~ nR:) e1t i~ro~ s; cyc;{;.:1,elt>} 
{while{e is f:(;elt)} ~- s doing elt~f{elt) ;) cyc(:~cyc+l),.~<~; -

s ~ s !~.~,. e; ; 
cyc!E_·cycs; ~nd_whi.le s; return eyes; end cycformi-

t ~ ·epre~ents tl1e permuta-Since the ,,ye.le form of a permut.a ion I .;;, . • 

t • • 11 caJ ing man"le:C, it is ion 5.n a condensed and . s tr~.wtura Y rP..V • • • • • • • . 
• . t' ns of corrhi~ation useful to be able to perform the bas:Lc opei.:a i.o • _. 

• , . • of a permuta t.ton. 
and l.nve:rsion directl v on the cy~.J.e torm . •ETL -1-•h1· s ; s · . -· " .- · 1 Ill 5 , 1..1 .a. • In . I • • • • e evar1;.r eye e • 

ve1:s1f.;n is easy 1 we merely revers~ . .. 
. (#- +l)"> l<ri<tdir1 inv~; 

def• • • . . ....s) f -<r1 c li"c-n . , ' - - - . · ll'lef :_!:-n"f':_ eyes; inv=l"l_,;£-r (\+ce:cy,.. • ' • 

: return inv; end invc; 
-- . ~f ennutation shows that 

• The exietance of -the cycle fox.-m o a p ' lie' permrrta-
a • roduct of eye . 
ny r>ermutation may be wr.i tten as a P 

t , • 1 form • -JQri.C! • • • the c.pecia ft n 
•'t. 1 .t .• e.r pe1·mutat1one of • ••• • de) is o 8 

a""b b (The notaticn (abC. • • ur.i}>er of ' -+-c • d+e e~-.,. t ) A n · r • • • t I • C< • 

Used for "' of th1· s s·,,ecial sor • .... permutation c-
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• thmS fer the inversion of _ 
a1gor1 . pe.;.."lr,utations ('" 
. without the US'; of extra s bn·-..,,...... ~ 1.n Place', 
:i.,e, r • • 1·••·;1e s_i;,;3.,,.-.. a"r-t,n,. 

t • ..: "' re • ·-' ".:l..:>..u1llnl"1 r..hat ,)ermuta ·lon .J..., ::presented by a . • ·;, • • 
t.11e 1: ,· . • _ permuted a"'r"'y _.._f _.,,. f t· .,_ "" ...., va· ... 1ues} li ,.,1 tlv mc.2.J'.e use o. ne cycJ ic d.:.c -itnP '-'·· ,/. , . . . - • -=- omposi tion of 
; n Jhe simplest. Di: these inver-·i,,n ,.., . a permuta-

t;.O • . • ::i __ ..,__ i:tJ..gori t.hrns rather 

rP.serr.bla_· ._s the a.lgorith:m far putting a 
- . permutation in.to cycle 

f:orm. 

define£ cyclnv ( f) ; s==~ ff].: 

(while s. £::. rd,) e1t 1:,~E_ s~ ne~t:.-.:f (elt); 

{wb.ile ne½tE:s) ~===s ·!~~ next; <elt,next, f (next)> 

== <n.Bxt r f {ne::Kt} 1 el t> i t 

f(neit) ;:;; elt,; /*i::los.ing the 1.oop ·!.:/ end whil<:' a; retu:r.n; 

.r.md cye!inv; 

An ~ven slu,rter alg·or:!.t.hm, ctu(~ to BootJ1royd, may be written 

as follc,w.s • 

define booth.inv{f} ~i s ~ ~i:f] ;. heeds::s; 

(Vp~s) q=p; (while !:. q~heads) q==f (q) u 
f ( ) h d 1 r end Vp; return, r= g; <f(r) ,f(q)>:::<p,f.(:r.)>: heads== ea s- -~ ; 

end boot..~inv; • 

algorithm is surprisin~Jly 

Let f be a cyclic 
The analysis of this very short 

oomplex, ~nd may be glven as fo.llows, 
•ft' g a group of 

permutation, which we may think of as shJ. in ~ . 
l . ahifted to the next 

e ernents arranged in a circle, each being a "head A 

nos·t:· • . h element of s as • • 
• l .ion arcun.d . the circle.. Flag ea.c as follows. 
Then .. .; , ny random order' • 

·' p.rr.oc.e.-o-6 tJ1e elements or s, ... n ro ... d the first element 
'rake • . - , t p and fin 

any as yet un.processed eJ.emcn · ' . . 11 flagged as 
q in ._,.. . k ( } which 1s st1 • 

\,ue sequence n,f(p), .• qf J? () p f(q)=f(r). u h.e • . • d . ut f :r:: ::: , • 
• ad, drop the .flag of r == £ (g) , an P ake the set s to 
~ • thm "1e t 

b 
O follow the action of the algori • ' consists of a 

e di • l e each r.un • • ing 
Vlded ~nto a set of It.Wt.& , ~ 1er . l orC,er) beginn 

aequen • inal c.1rcu ar 
ce of elements (in their orig 
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. h ... an ,eleraen:t flagged as a head, 
,,tJ up to bu~ t . 

l'l-- -1 :.1 ,. no incJ.t,ding • • next element l: a.g·gea as :;t. hea"1 ,m.. 
the ,.. .. .\,1cn ri-:::t.£? tha:t bv indu,..• . 
• e have t.11e fol.lcw.in.g: . • .. • ,,,;ion 
l'1 • • t. 

i. . By d1:)f.1ni· 1.on, the first element of 
a run is flanged, ~1?. others are. unfl~ggea.. .., 

.. ii. IJ.'he last element of a r.un ia unproces~ed•, 
- the ot.he:rs 

~ave all been processed • 

. iii. For all p of ,,:\ :r.un.. but its first ,~lament, f {p} i
8 

the 

previo~s element in circulc1r orderi if p is 'lhe first element. 

of a run, f (p) is t.hE~ first element 0£ the naxl; succiseding run . 
. {in circular order).~ 

.~ J.l thes·e remarks hold ini. tialJ.y, a_·, ,..l. run1 s :! nH· • • 11 · · :l .. __ -18. y .oe1.ng 
cf unit length.. Si.nee by ii) every unproc~ssed elem~nt O is t11e ... 

•. la.~t·_eler_nent. ~f a run r our procedu:r:e will alwa.ys find th€- head q 

?f the a ame ru.n f and by iii) the ·head r = f ( g} of the nf>,xt run . . 
in circular order. By putting f{,t:) .::: p, f(q}::: f{r), !:l~1d 

• • dropping the flag of r we join two r(m::; lnto a single run, 

preserving the properties .i, iit and :i.i.L 
This prcves that Boot,'1royd f s process works for every ,;;y.clic 

permutation; Si!).ce ever.y pe1~mtat1.on can be df!composed into c-1clic 

permutations, it mu.st work fo:r. eve1.-y permutation• 
. i•i, ·cation of permuta-.. ~ext we consider algorithJ.1ls for. -c.he mu 't p.1.J. • 

ti • • • h t a have a sequence of on.s glv~n in cyclic form.. Suppose -t a · w , 

cyclic permutations 

(1} ) c ( .i ;kl.•.) 
f ab ,:i ) ,. ·' e f gh . c • • • - • • " , • .. • Cu. . . • 1..- \ • • • ~ • -

t. • . . . ·to assume ·a 'left-to 
•0 .be multi plied together. (We cor.tinue ~ 
'l . • . . first of these map •• 
• eft-to-right' convention; that l.S t tne t-'-P. J..!mage of 

to • • t, ) Then ~.1-

be applied to a set s is the i.e.6tmo~ • .- ['nding t.i.i.e 
an 1 -1 obtained by• •1 • 

e ement a under tl".1.e p:rocluct map _s i h follows it; 
leftm le:men+ b wh c 0 s t occnrrence of· a, and the e.. • .. · .• ht and the 
then -1-l. . . h r to the r:i.g. ' • th 

~le next occurrence of b furt. 1e . ht-hand end of 8 

elem • til the X'l.9 . ...,h l 
. ent c which follow it, etc., un rence of a s.1 .. - 0 

sequ d Eal'..h occur . 
ence (1) of cycles is i·~ache • j;nage-~indi~g 

l in ... ,. d .~ n such a11 . 
'-ue product (1·) w.ill be use J. 

.. 
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.. i-.p"'ocess only once; thus if we 
g?;J.;. ,. nia:r.k. th.e occu . 
. en usad, and contim.w th~ -im:;},•e f. rrences t.'1.at h r;e - •'-'"<-.,; ... , , :i.n.di .,..c.r ( .ave 

• i • n" .• 11 ·t· • ::,. ~-;J f,Ubr-yr,cc,•• . y poSJ. i:l.O ,> 1. .. Ji.\;; S~G\l(!'['r•e- l ·- . • ~· _, , .. :::.s as l'"'n,.. 
11n'. . . ;l , ,.. Cl.!.' .. , !:! r.: l l 'J ~ a~ 
• • ..... ,a-' u•un- k 
ult.iply permutation.s in cycle fo ·- • 1 c.r ... ed, we can 

m . .nn without h ,. . 
•~t of elament . .s en wt.1.ich t.11.ese pe .. t . a-.,.1.ng to know thE:! 
R-· . • _ • .rmu at1c,ns act 
i,i most co.nvenien:cly exJ.'?re.ssec'l 1• 1- _._ • 

1-'he algorj_thm 
,j..,, ~" • - ., :r' ?t1: the end of each cy-1-

... .,.,.,.o. :t::;.,,.s+ -·•e--• ~ - ( e we repea... _..,...., ., .. J. ~ e.1. ~H,en.:. of th(~ cvcre . - ,. 
.( , and mark the 

ponding position ..::s.B u.sed,. cor.res-

The following SETL algorithm., y•h. ch 
~ i assumes that a sequenc~ 

•411q·p~-lm~ of permutations in cycJ ..... form· • • • ..... 1.s given, uses the 
procedure just· ex:pl ai.ned. 

define:E multall (seqpetms} 3 

/*first make single. seque.nc:_e w.tth repetitions*/ 

. seq:~; mark~:d:;;~:.'.~:} { 1 ~ Vn :, ff:s~qpe:rnrn, cyce:segpei-ms {ri}} 

{1 ;_ Vm ~ f!cyc) seq ( :fiseq+l) ,:01c (rr.} n s,~q ( fseg+l) =eye (1); 

iseq ~- markedr e.n.d Vn; .result~!1.E) 

{while l =:.. 3 tml < ¥,s~q f ~ mcmark~Jd.} /* st.art new. output ~;ycJe*/ 

cyc~{<l 1~rnq{m}>}; elt=seq(mi·l}; loc==m+l; m !~ inarked; [J.oopJ 

(while lee < 3 [n.] < . €:seq I seq (n) • eg_ ei t ~ ~ n~mark~d) n ~1?::'ar.ked; 

elt:=seq{.n+l), loc=n+.l; end whil(~ loc~ • 
~f. elt ~ cyc{l) tJ1en cyc(icyc+l}=elt; loc:::l; _go to loop; 
else eye in result,; E!nd -while l; return result; 0nd muJ.tdl; 

We now 'Jive another algorithm, 

J?ermuta tions g:i.ven in cycle form• 

followi.ng facts! 

. - . h 'in one pass' mul:iplies WhlC .. 

The algorithm exploits the 

. cy'•le then the 
If* is an 

~YClic • pe1.1nutation 

(f+*) £ ( e·►f) 

:.bJ·ect net aT"l-oec>.rin~'T in a ., ,., , ., s 
.... t'.. ·• • :t·ocluct o .. map 
(ab .•• cdef} is the following p. 

. • ) C (1:+a} 
{ 

;1_,_ • ) • ,.. l .,.~b 
C u-r-f.! • • iii v '-"" • ·-

ii. 
•- th composition 

If map is ~ny mapplr-g, th~n ~ 8 

map, ::: (r-y) c map 
( ) if z is 

n1ap' ( i) ==map z = map(y); •· 

r 



-243-



• 5•0~e~ ·addi tj.o~a~· compilei:~~:r.e~·a,t~ci • " 
9, .---- --':::_ a.1.gori 'th.ms . ----:.:.::.::.::· 

r .... the pr.esent sect.ton, we ~-rh,~ ~ 
1
_ 

,. ;i-, - c;. ew .,,~J:I..{ ·t· 
• c, ,i,.1... .l0•1;s,1 ~ 

.-~h ate useful :.u:~ conn€;ction wi :.h co .
1 

·' . a.1.gori th.ms 
v,1hl . __ ....._ mp1 .ers Th f 

1 t ·'· n •··•.1..~th ~1,e .... Qt1-v7''1".,.,.·· - • e :..rst a.rises· • connec i.c w " ... • ~ .l fil...c.N.C1•; dAcl t. 
1n . •• ara .1on wb..ich • . 
~ the. FORTR.·~,'N language• In thJ i:! 1 !:<nr•u· gt:,,, is pa.rt 

or • - _ -· - · ,.. ::i a c, one_.,·~ - ~ iillowed to ~cify an over J.8.Y pa:tter.n. for a.r.r-ays bU' at t' . . 
sp-- ~ ., a ir.g t..nat locaticn 
k in an array A is to be the same as location i-: •. 

• • • • ... l.t1 ano·ther 
array A,; then b1e :J-th address in A~ is the ""da" . k . 

~ ,, ress J+ -k I in A .. 
The algorithm, due to F.1.sher a:qd Gc2lle.t', that we shall :.,hortlv 

give takes a set of declarations of this sort and divide:
3 

the .. 

set of all a1:rays menticn~d i.n the.m into disjoint fa:.1t1lliea., 

within each one. of which evE:17 a:rray .ig related by a g.i.ve.\'.\ 

o"ffset to a specified ma;,,.te.li. r.ur.Jtctq. In the process., the who.le 

oet of declarations ls checked for consistency. We write the 

algorithm as a function, whose .input is a set of 

d'9,cJ.a.1lo.Llon .t1c.iplu <cvr.f!.aya.~ a.Jt.h.(.lyo, o~6.6et>: ·0661,e.t being 

an integer quantity~ A fl2g is s:;:;t _.if the whole sst of triples 

r~veals an inco~sist:ancy O :rhe ·map ma..otifl gives, for. ~ach a.r:ray A, 

a pair <0.11.Jt.ayf>, o{i6.oe.t.> consisting of an array to which A is. 

related by a de:Einite offset, and this offset. 

•• definef equivproc{clectrips,err) 1 

err.==£; rnaster=nk... arrays=n.l; ._ I . ___, 

(Vtripe:dectrip;;· <arr a I arrb ! offs>~trip; ·•; 
• .. • . . to ultimate roasters 

arra_ ~ arrays; arrb ~ array_s: / 1··cna.in • 
• • • offsets*/ • \While master{~rra} ne Q) /* correcting 
'<. ~- q t.er (arr a)> 1; 

• a~ra,offs>=<hd master- (arra) ,offs+!_:.:.:. mas • • • 
(' -
"'n.ile mas tf1r { ar:r·lJ} ne ~) .. ( ... b} > · • 

~.a:r • - -t.R. master ax·... , , 
.rb,of;fs>==<hd master (arrb), offs ---

1 
independent 

I* £ - • two former Y 
• 

0 fs is now the offset relat.1.n9 . ..
1 • t' on ... .. ""'a t _t,. fo.,,,. ""'.--ontraclic .l • Q • ~'• .... -~'!. s er arravs che~ ... -

'•f ••• • .r. • •• . • --t· return. , , ... a........ o tl1en er ... -_, ... "-.r..a eq arrb and offs .ne "/ 
/tr -- _ - t r of first 0therwise make second array mas e 

,, 
' 

I 
I, 



.r(arra) =<arrb,offs~: end~ inaste · • • vtr-ir1 i 

• r ~~w summar.~~e all the rel.at:ion:ships -~1at 

raEarravs,~arr,offs> = <arra O>· {tar. . - . r , 

b 
· 1,:. master ( arr) ne ,n (W :,..._ ,J , _,,_ 

have b~en 

r .. ,ffs>,::<hd master (arr) , offs+t () <. ~ . .- ,,.., - . · • · · :.,,, maste,~ ( . , r.v- .. . . -- ..... arr, > • ~ 
.. ~---

5
,..8 r(arra) ~ ~arr 1 offs>t end. 'f.3.·v•ra,--. --··-·-· -'' 

·• ma "· .. 

ccl.lec:te<l~ , 
I 

Next we shall describe the str1.,at.urc. of a h" h~ . • ig ... .1.y 3D:-iplif ied 
.n.iac:ro-proceHsor (?f. a general type suit.ab_,~ f • 

. macro-feature in.to a source lang1.1age. e 

"" or l.ntroctucing .a 
We assmne the ~011 ~ ... . ow~ng 

facilities. 
• .A :teset:ved. ke._,,word .'. :_na._ r..de '. v • • a d l. i l~ 3.13 p:tOVl. e . 

• rna(!def .name argl ... arqri , 

followed b}l an end-0£-.s.tatement mark, introduces .:i macro 

_definition, th,e token name. bei.ng designated as tJ1.e na,.-ne. of 

the new 01.3.cro, while the tokens a.,tg 1, ••• )a.,'l.gn rep.resent its 

arg1'mf'-..nts. The body· of tJ1e macro then follows, and extends 

all the way to a.n occurrence of: the token sequence 

{l} end.mac name 

whild ehould be followed by an. end-of-statement mark. 
Th • 11 and a.ddi t.ional e macro body may contain macro-ca s 

macro-definitions. . 
ii• • Once a narna has been declared ·as a macro-name' 

ai.lbsequent· appear.a.nee of a. string of tokens 

any 

name syrobl • •.. syr;tl>n '· 

foll · • t .,..1r '4'il l 0~ed by an end-of-statemen ma~~, 
cause the body of 

into a t~ansformed 
the . b inserted 

. macro w.ith the given n~e to e • f the macro 
oource st . . . i 1al arguments o ring, with the o:n.g 1 i ely. MY 
rep1 mbn respect v d 
• aced b~t the token~ .l, ym b 1, .• • • , "Y • • b j is not provide 
ar.g\lin • di g token " ym 1 • ent for which a cor:.r.espon n. 1ent symb0 s 
"-'ill gurplUS argtlll . 
, _appear in original form; any 
YirrbJ -Will be • ignored. 

I 

I 

·l 

I\ ,, 
,, 
I 
I 

I 



'.l'lle. a.lgor.i th.m ;riven be low maintains 
, d - ~· an inte.r.n:::.1 , · . r')revious~y ecJ.ar~a m.acros, in t-J--.-~ -- lib:cary 2 

ot. ,: . . -~ ~--e 1.or.n-1 of 
h \~--..- '~ i;! f 1·rict1· • •. ~ h maps eac r..: •. ,o·wn i.11acro name ,,__ . .. • on ma.c,..1(.o 

,,n .... c on , .. o a uniou , 
,,,, 1w mbo dq>-1 he:c.e mbo dq .is "'-1-.e ,3 1 

~J. e P~u.r 
<Cl-·~~ u1

~, •-u. '-tee are..-1 t - . ... ext of th. d a,fLB on maps eactl d.eclc.red protot.j,•pe e macro, 
an "" ·.1.· a1 n· ......... t-.."'",... •• • argument of the macro ' 0 :l ts t1,-~:t ,. ..,mJ.J..;,,._ ~ ont • · 

our ma.c,:D-p:rocessor is as~nuned to ..: ·t. •. 
• ~. ... unc: i.on as an int~r·face 

between a parser.. a.nd thb3 basic lexical ;i l c ~ • 
. e.x. ~oiie.n rm1t1ne· the 

narser calls u.pon t.n.e macro ;n~·ocesso·,.. whr:,,n I t . ' ~ ~ 
• • ' d. • '"c, ·"" requires an 
additional tokent t:h,~ macro~-pr.ocessor either suppli'es 

a token. 
Produced as t'hf? ~F~sul t nf a macro-e..xpansion, r-r, . f 

•✓ 1. none is 
avaHs.ble, calls 1J.pon YLP..X,to~e.n for a ·new lexical int.mt, 

'1\r/'O stacks are. used by t.J1e n~cro-processor. one, callt?c1 

_.tokti-ta.k., • is 1.!Sed for. the accur~ulation of tokens produced when 

macr·o.:1 ar~ eJ,panded; th(~ other, called a.1tg.6,ta.c.k
1 

in used to sm;e 
1outer.• macro-a:rgurnents d1.:ri.ng the expansion of i.nner mac.ro­

invocatior1s, A m~cro is expanded by placing its aot1.1al 

a1quroents on a.h9.~ .ta.c.~ an<l t'li.en t:r.ans ferring a copy of .i:t:s b:,dy 

to .tob.<>.tll.f?., substituting the a.ch1al arguments for tJ1e prototype; 

mac:x;o arguments dux5.ng- th i.s tr;:mBfer. Ii rea?ro--defird tion is 

processed by accepting a m11cn) · name mna.me., and then· acceptirtg 

all U1e tokens foll°owinr:r the name, up to the next eud- 17ecoi:d 

token, as· the s;?.t of pr~totype arguments of the macro. Al.l th e 
to,. • f the token !\ens which then :f.ollmv, ·up to an occurrence 0 

8 body The roacro equence {l), are th.en accepted as the. m.&cr<.) • 
d f • t •· Y'le arguments i,re 
.
6 l.nition is check~~d to verify th.at pro o-r-Yr. • . . . n 

n • . ~ the main def1nit10 
ot repeated, if this test is pa.ssed, <-m~ • ~ ~tion 

1 • r d macro-body in .. ort1c. 
.. s 'Properly terminated the argurnent an ' ~ r.eplacP-

, . . eW macro or wO • . con ... c. . __ ... lis!l a n 
• c t:ed are tised either to e~;ta..;., ~ 

Qn oid 
one. is as follows. 

'l'he SETI, code for the ma~ro-pr<Jcessor· 

j I 
I 
·! 
I 

l 
j. 

l 



11ar.gs f3_:ta~~ argr,taJq tok=~etoJ<e:n 1 narr.rn=O~ 

{while !!. tcks{endrec,endfil,~}} na:r.gs : na~gs 

tcik .stack arg!~taek; t.c.,k~.:q~token ~ end whi" .,._,. 
+. l; 

• !, ... _______ f 1.~i 

<ar.gfn, m.bod_y>= ma-::.is; fkr;,l{r,,and m~cro* i 
t 11irJ)ody > Vn. ~-> l) - •. ~ 

if (-argno Ls ~.rg fn (mtok .is 11'.bodv (n}) ~~a U 
. -· -- -· -~ 

_then mtok -~ck tokstak; 

elic:3e if c:1.rgno ~":, nargs /*requ .. ired arg1.11m~nt not supplied*/ 

the:n m.tok. ~c~ tokstak; 

else ,n.··g-stack{ia.rgstak-na.rgs+argno) ~acl~ tokstak; end if, 

~nd ifL 1~nd '1'n, (1,(:,tn<nargs} ·ar.gstack(ffargstack)•:O;, 
....... ~.... .. . 

:nargs = tqEof~ argstack; go to newt, 

[maefd /* a new 1nac:ro-definition to be processed ·le/ 

if (rriname is· g·etoken} s{ endi·ec ,endfile} then go to macerr; i 
--,~-

/* ne~,ct set up arg-u:nent mapping */ 
afn = ~: rook c:: ti rohody = ~l . • • • 

• ' · - df 'le}) {while n {marg is ~e·token} E {end:;:ec,en 1 
. 

if , - -- - , , 1 1 Auplication of 
a~nlmarg) ~ n then prJ.nt: • 11 ega v. 

ma.cro-argumen t' i mok = !. ; 
/* ~lse afn.(margj ::: uafn+l1: end while: 

_now go on to accumulate macr.o-botly */ 
<·h • 1 ) ne better 
~,, lle n (tok is ~~oken} ng, ~ndf1. e !- . 

- _ - -- - . -tok2 = getoke,.!!, 
if {<* z 2>tok) eq •endmac-' then :-

·- - ded• skip . . • s en , • 
1.t tok2 !51 mname /*macro 1 k*/ 

d cord mar */ following en -re if no errors 
/

* ecord n,acro 
then skip = 2etokeQ_1 r • . 
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-... 1 .f mo k th.en lnartro (nu",,..,.. , 
•• - • ·•<=~H1e1 ==<afn1mbody>' 

" ~-,..:•·v).t. ., .,,,:1 ~:- t· " - w 1..; .r. • go to ne•• . ...:,. !, . e.1.se / .. , • \~ ~~~\,•-c.c l't1.S ff'.clcr.-o-lanor.81: / 

tok stack mhodv; t.ol<'> ·'"'·._·a-,.,k~ . ·-~' 
......__ ·~ .,,,. ::.~ moo<.iy; ~nd if tr>k2; 

• else /*not ~"3no.m;,icro-ign.or.e*;·tok •st· k .,. . 
•• =~ ac.:. n:i.uody; end if; 
~nQ_ while-• 

I 

. mace:cr: print 'fatal error - imprope:tly terminated 

macro de:tinitlon' 1 ex:tt; 

def_inef ~et?ken; /k takes token from token stack o.r from inputit-/ 

.return if tokstak ~£ n!!. then :!:_~poff._ tokstak else ~xto~_; 

~nd ~~t~; 
df;}finef !?J?SJff_ stack$ elt = stack (ietack) r stack(fsta<!k) :e:n; 

rffcw.:-n e1 t; end !_~'.p~:,~z1 
define elt ~ack st1q sth U t~ lk) ::.-:el~; return; end ~tack; 

/* en.d of rna.cro-prccessor */ 
·end mac token; ---·-

. > 

I 
I 
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Table a,"")d data compaction tO • ___ :;.....:...--- ·---.:...;.:...::..::;: al.9_(~Ei thms ~ --• 1...., any computer sy8tr1m stor·-.-o . 
,, • I et-.1--- Si,>r;lCA -an.d 

·gh ... quality storage,? is avuil·:1.ble •• _ - . especially 
hl- . • . f t • . On.Ly .tn li.TUi ted am 4-

r, r t.i.tiis reason l:.!'\.~ problem of "-fil'Jl oun .. s. ~o ~ .. e and da~a .. 
, the problmn •.)f encoaing .. . .. "· compac1:.1on, 
,..c., . ct 9J.ven mass of ~ t .. 

t f ib 
'•1a a ia to the 

111ost comr;x1c .. o:rro poss . .l~,. is ,.;1.n i..mrJort . t . . 
• • i: a:n • one • Th ls p • 1 

,,r1·r.ieif a1.so J.r1 conne:ct1on with th,.,, ·trftn- . . roo em 
r,< - ~ r.;. • a, ollU.Ss1on .c d . .• , o.... ata; 
111 order ·to maximize the !'ate at which u~ .•, 1 ~. . · .. ....e:ru .t.nfo.onat.1on 
ii! transmitted, we w.ish to make use of - 11 en:.. d •• 

- • • a ~ 1.,;0 :i.ng which 
reduces to a minirm.mt the number of 'bit~ which must be 

transmitted~ ·rhis compression problem has been m'l'lch studle~:-
.. ' , ,. o·ne,~~·~1=-,;; ... vast 1 ~ ~e J,.. • ana 1:1a.•~ 9.c, - -c.--~-.& ,,.\ • ., ..... rai..ur.e; we shall in the pi:esent 

short section touch on on:ly a 'tJery few of the interesting ideas 

which have been deVf.!loped. Gener.,11.ly spea.king, data ls 

compressed by· dis coyer lng and exploiting regularities in it; 

the most drastic co~pressi.ons ·will come when a large table 

of data Cc'.n be replacE;d by a short routine capable of cal,,11lat­

i.ng all its entries. Even where this is not possible~ any 

statistical reg-1l~rit~r which t.t"le data exhibits may be used 

to secure '..}Oropression.. The first set or algorithms we shall 

exhibit, ~hose. for Hu~tma.n coding, make use of this :i.dea. 
n,h· . . f ~ -1 Tex... consisting of .. e setting assumed is as • o.L ows • .... , . . , 

. d 1 i'he various poss.1.ole 
a stream of characters, is t.o be enco e<: • . 
"h . . .ol -~, fl~equenci.es, r..he 
1.; aracters oc<.:m.r wit.~ di ff orl.ng r-- a '"'J.. ve 

· .- i ven by oJI.eq ( c.) • 
expected frequ.'ency of character ~ be~.ng ~ 

0 
each 

c.! • a binary cod- to 
It is the.n advantr1geous t.o asvign _ •ers 

. . • . t probable chara.cc 
ch~racter in such a way that tbe znog. acters 
. , · . at robable char ~ 
receive short cod1::s, while the lea,.) p. on the average expect 

:tecei ve long codes • :en this way we ma~ Huffman• a specific 
a. t resen·~at1on • f ext to assume a compact rep ... • ters c,d 0 
t' h twO charac 
ech.nique is as follows: t.ak<:) t e and right branches 

Gma11 • them as left • . est frequency, and hang . tic meaning 19 
f • heur1s 
:torn a newiy ere a ted node n, whose e set of characters, 

'eith . d d from th 
.er c or d • • Remove c an 

I 

l. 



and insert n,. t~kir1~ its frequency to be tl • • 

d ne•n~i':l·r ·'-h1.·s r\T•;:,~---· J_ • -. ie sum of tl• t f. i),."ld • .,. 1--•~u. -- ... • ....~·•-!.d.1.1.on untll . ~ . .a, o. 
c • onJ.y a su-,..,·1 -

ain ~ in the process grow.; ng a t •1:J e •..!h-:\..1:-act~r tmn • ~ , •• . - .ree, b~e 
f t· so-called Hv-~ Jm~11. .tJt.e.e o • -n.t--".! set of r:ha,:acters rm.. . 

• ~ . • .a..ue code fa "h 
i then its n.dctre.ss :tn this tree wh Jr a <~ aractar 
r; . :i b bi. -, .. ere 'go down to the lef ... i 

i. represen.teci . .,:{ a , n;.u.:1 o, and , go d . • i,. 

t,, . , - • • • . own to the rj_qh,t ' is 
v-enresem::ed by a. binary· 1.. The decod.;ng· ,.,. · • 
•• '-' _ ... process to be n H -d 
to a stream at characters represen+-ed in n .r:fm PP .e 

• • , • • - - • U.i. • an coded fo:tm by 
a bi.nary sequence is tnen clee.r: stai·t at -~"- t. . 

• 't..lJ.e C>P of trie tree 
• and proceed downward to a twig·, in the manner directed by the ' 

him.1ry s~qu.rm ce. When a twig is reached, take the h ,, c, a:r.a,;ter 
found there a.s input I jump back to the top of the t.-ree, and 
repeat. 

• In SETL.~ the Huf fm0.n-t.ree and encc,ding-table b:.i.ild routine 

appears aG follows: 

def inef h1.1.f tab le s (chars,, f reg} : work-=chars; wfrecp=fre<;o . f!.=~: r=~; 

(while #work !I~ 1} cl::-:-~Gtmin work; o2=~et:nin wqrk; n -= ~ewatt 

Hn}:::cl; r(n):=;c2t wfreqf;o.)~,;•1ft·e(!cl}+wfreq(c2); n !E. work.; 

and whi.te~ 
code.==nR.; seq===nul, wall~(top is3·work); ~eturn <ccdert1r,top>7 

~ ··-- .-
definef ~et~ setr huf tables external freq; 

<keen,least>=<x is 3set,freq{x)>; . 
~ --- . k leas t>==<x freq {x} >;; 

('1.K~set) if frecr (x) .~t least tnen < eep, ' • - ~-
end Vx; :r.eturn k.eep1 end getmin; • 
d ·~ • --- lker which builds up e.tine walk (top) 1 /*rec,ursive tree-wa 

address of each twig*/ 
h,iftabl~?s e:'{ternal code, seq i 
i'E P..(t L0b walk c,e,'( tOJ?)) ; • Op} n~ 0 t..11.en seq := seq·r t 

e;-q ~ ~~q+lb- walk(r(top}); 
.;or.:. • ' if 

else /* at twig *'/ code ( top} == seq; end i 
sen ._ • end walk; 
~ - !_~ seq-1 first seq; return; • 

• end huftahles; 

·1 
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~ a· -Ne~";~ the aeco ing r,roc?ess. Given 
.. l .. a ,.:,_ a sequen.c'= b.i.f".z. "'.q o·= 'ts we pr.oatcE. - s,...quence c..~f:1,' o:: """'"· .. 

• 1:>J. , " h • ... ch.~.:r.~c-te::cs b." the 
_ •• r;tecodin.g algor l.. t. m ~ , following 

d finef cseq(huftd .. bl~3s,bJtseg}; <- t ..,. - _ -
e . !! ,..1.,top>:::hu~t·1 

D noo .. e•~·1~r.po· (1· ,( \-S.- • - at) es• -u,'-nut::;n,,; .. -1..v ·4 . • VL1 ,.~ :Jtbitc.~ ·1 t 
0 "t' ~- - -- .., .... q_ 
if ,t(node) ~ O._ /*so thc1,t ·wr-a a.re at t.wig*/ 

t.hen outp1..1t(#o11tput+l) ::; node; 

• __ -<_~ode=top; else node:::if'bitseq{n} ,~ 0 
-tht:!n t{nod-eJ else r(node};, e11d if; 

end .Yn; return output~ end cseq 1 

• The basic Huffm~n--cod:tn9 te.cJ-:i.nique t .. i.at we have Olltli.ned 

pan be r.e.f..i.nsd. in ~ num.b,r::c; of ws.yn. Instcs.d of 1:ncoding ed:ng·l~ 

characters, we can encode pairs or triple::J of. characte:rs u.sing 
H1~ Huffman technique. Instead ()f using a fixed set of 

.fr~quencies, we <::n_.n collect separc>,te tables showir1g the 

relative frequency wliich each churacter w.tll h8.fJa in known 

preceding contexts 
1 

;~ .. g. th{~ relative frequnncey which o will 

have in those cases when. it follows .i.rnmediate1y after a 9:tven 

character d. This inf~rm.ation •can then be used to h 1J.ild up a 

set of Huffman tables 
I 

one for 0ach context that we wish to 
di t · • . • s we will of course s 1ngu1.sh. Durinq the decoding proces , , 
k! • ,~ 1 iC are attemptin\1 
now the preceding· con text of each sym,..,o s \ , • . 

t • ing this context 
0 d.ecode, ha"ing de<.1oded the symbols deterrnin. d 

h • t to the :r.ea er 
_efore we begin -1-rying to decode s • We leave 1 

• ··th 
t • - • ~· d decoding algori ms 0 wo:r-k up general:i.zed. Huffman cooJ.ng n.."'l. • • . 
i • d ccibJ.li ties• 
ncorporating these moro sophisticate P~"'.:, . b.lna.Jt.Y 

N · f epresenting a 
~}ct we conside:r the problem n. r . . hi is a 

-'le..f. . h a relations P 
' a.t,,_on6h,lp over a given set s. sue . yr.s, 

0,1... . . d for all ,cts, 
Valued function r {x, y) , define • -esented 

Ii re1 f course be repJ. i's 
• a_tionship of this kind can ~ .,. • . size~ where n 

(at b. t.s nxn in 
rnachine level) by a table of 1 ' ssi.bili ties, 

the n,, ... \.. various other Po 
-,~er of elements of s • 



.. ch -,n.~y in ce:rtai.n cases b ., .... 1,. ~.... e inc.,,..,. ..... - ~ t·,1• • ... "' .:.tr.icient . 
tor e1w.1np.1.e, we may associate 'Wi-t-h e h , e}Cl.st. 

( 
\ • a.c~ ~c the 

J.
1:ot which r :& ,y,i ::.: 1 • B:e:.-e ·w--~ -~,,,. ·-1- • set of all Y 

~-,!~ l. <::on,.::~d-· 
• 'I ~ • "' .. er ru, t 

rep .... esen t:i.ng r tX, y l : w11ich ro.ay "t-,o • .c .her Watr of 
• J,. .u ..... used with. ·'-

Our idea is ctS -fol" advantage in • --ase,... ",·tai.n ....:. ... ~ • C--~ 

each x the aet 
-· J..OWS. Pirst 

a.ssoci.at~• with 

u 
X 

If the family of r3ets Ux can be arranged in a 
f · single, steadily 

;ncreasi.n.g ··am.J.ly U e:u •"'°U -••• • xl ·- :x2 ::: v !: • • • ,;::: U of .. ,~~s . ""'3 ·~ X '" • - ' 

then we can .~.ssign:- to ez-. ..:;h x in s, the index ~f the set u 

in this sequencer thereby defining a fun?tio:o f(x}. If, f~r 
.each y, we let g {y) b,e tho. .index of the smallest set u ,. 
to.which_ y belongs, then p1.a3.nly r(x,y} ~ 1 is equiv~lent to 

g{y} ~ f(,{}. Hence j:(x,y} can be represented by a table of ,. 
2n va..~ues, rather than by .i:t table <.::f n~ bi ts. 

In general~ we cann.ot expect the sets ux to fo~,n a single, 

steadily increa.sing chain. Neve.r-t11.eless, the family of all sets 

u,t wi).1 be partially ordered . (c:f" pp. 132-133) and we can use 

DilwortJ11 s theorem {see the algorith..rn of p. 134) to break the 
collect.:i.on of a.11 the sets G into a minimum number of separate 

. X • , l • f { x' be 
stead:.i.ly increa:Jii.1Ci cha.ins of ,.;ets. We may then e-c ·' 
the index of U in •• the chain c{x} to which ux belongs, and,_ 
~ x • , ) be the j ndex of the 
i..or each yes and each c..'1-iai.n c, let g \.V ,c • 

~ t ·n,,. u It t.l-ien 
smQllest set, in tJ1e chain c, which con ai i> .1. ~ • 

f · • (y c(x)} < f{x> • 
allows that r(x,y) -c)q 1 i.s equivalent 1:o g ' ". 

·1 - 11 the sats U .. , t.h- 6 

f k chains are needed to accommodate a. . .K t ble 
meth d . ' . lation r{x,y) by a a 

• 0 allows us to represent tJe te ' 
of {k f 0

2 values, 
· +2) n, ra the:t· thm1 by a table O ' . ~ tain cases, 

Th· • • t useful in cer 
• is Qomp~ction procedure, qui e 

may be written· as follows in SE'J:L • 

. . 



• f cor 11pactreln [set ,relation; , define , .. _ . 
• •• tsi:::. t tx, y>, XE.set, yr::s,~t l V-zzset l ••.•,1 . 
ieJ.~l .,., ·1 • ! t.;. at.ion ly, z} 

• ln~ re~ation{x 9"1J'~ • · · 
-----• 'fw I 

.• d fwe·f reln{x:1y} "i conrpactreln_ external rel1-1aii:s• • e .. , . 4 

• t·urn <x,y>s.re.1.pa1.rs· and x- ne ~1~ end :t"'-'•· r,€.: • .. , '"~-- -~ .c ~ s;a,,1.1,l, 

/k note that an e..,rte.r·nal function na-rned. ~l.E_ is u
8
ed 

ti~ u.1e al,Jori th.i"11. on pagtJ J.34 r which. we now invcke·-"1' . ;; 

h l·n~c.:'1ilwortb .. (set} y' f::--=n.'l; g=nti c==nR.; C .a ..., ". - .. ._... ··-- _,_ 
('9'chechains, l ~ j ~ ftch} f.(ch(j)) = j; c(ch{j))~ch;; 

{\f"jf:aet, • chschains) g (y l ch) =if l ~ 3 [JJ ~ ~ch! relation. !ch {y} ,y) 

th.en j els1-1 frc'h+l;; 

retur11 <f ,g, c> 1 ~-,.n:d compactre.ln, 
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m:inipv.latian ~ f>, , ... , ~-' · 
---- .. ,-- ' .... \..f1F.-.-()-c-

-... ... """'1~-- ....... , ... ...___ <\\,;: 4~Ji~,...t"1-r. ........ ,e··.. , . 
·----__,&....,·...;· '-;:,..· ·...:·:.:::-'-~a::: ... ~g~o~r.it:thms~,~-

Ii algorithms are to dis cover ancl _ -r f 
. • . - pe_ orm many of the 

erful s1mplJ.fy1l1g t.ransf.onnf.".tions ., .... -l 1. 
pow - • . • . • l,1..- ized by human 

ograinmers, t11ey will have to he able t f" •. 
pr ~ , 0 ind those proofs f 

rrectness ~,i th wn:i.ch a programmer is abl • . . o 
co . . e to justify such 
❖ransformat.::.ons. .This is but one of the. many con ·a t' 
~ - si era ions 
which lend interest to algorithms which find 

proofs of ma therna tic al theorems. Such algori til..ms, some of 

which we shall present in the present section, are of two rather 

different types. One type is designed specifically for a given . 

field of mathematics (S\lCh c>.s E~clidean .plane geometry), and 

incorporates structures and procedures particular to this field. 

The other type of thcorem-proverr which is the type with which 

we shall concern ourselves, works with general methods taken 

from mathematical logic, and can in principle prove theorems 

in any field if given axioms describing that field. 

(However, if the algorithm is lacking in efficiency, entirely 

impracti cul amounts of time and memory may be required·) 
• Any • • the rems must of course algor:i. J_ hmic sch em<~ for proving O • • 

f thematics which is to rest upon a formalization of the part o ma 
b th epresentation of a e covered, i.e., uoon a method for e r . 

• f foiinulae subJect to mathematical sub·ject domain by a set O · h. h 
l • . • . d the algori th.ms w ic 

a gorithmic manipulation. To this en ' . .t o11.de1t au.nct.iona.l 
we shall consider make use of the so-called 6,<,M formulae are 

, thi's calculus, ca-{.c.u.tu.6 of mathematical logic• In 

built up from the fol.lowing elements: · not .lmpl.i.U, 
i • ". a.nd 011.., , • The basic bo olea.n c.o nne.c..t,e,ve. • ' . them 

4 llY write 
e.q1,clvalen.t to; or as logicians norma 

& , V , "' , ::> , - • over a given 
i. . b. ects varying 

l., V«Jt..-i.o.bt u representing O J etc. 
lllathernat· , lly written x, y, ical domain. Norma 



iii Con-6tant-0, .representing part.: 
1 

. 

• • •• -cu ar distinguished objects f a mathematical domain. Normally Wri .._
1

_ 

• o , '-... en c, d, etc iv. Fu.netion -6ymbol-0, repr~sGnting t· · 
• par icular basic or derived mappings of obJects to objects in th . 

• a ma ematical domain Normally writ ten f, g, etc. Each function sy""b , . • 

• •
11 o •. is understood •

0
, have some part1.cula.r cha.racteristi c n,, ..... t.. .• 

t - ~iu..,er or arguments. 
By supplying arguments to a function symbol, we can form Symbolic 

structures representing constant or variable objects, 
as in the fol lowing examples: 

f(x); f(c); g(x,y); g(c,f(x)); g(c,f(f(g(f(y),g(y,dj)))). 

v. Pll..ed-i.ca..te. symbols, rep1:esenting particular functions 

whose vai ues are all either t or f. Normally written p, Q, etc. 

Supplying a predicate with its fixed number of arguments, we 

form un.l.t.i repres en tJ. ng constant or variable boolean values, e . g. 

P(f(x)}; Q(c,c); Q(g(:x,y),f(x)}; Q(g(c,y),g(y,f(c}}). 

vi. The boolean quantifiers {\"x), (3x}, where x denotes any 

\'ariable. By combining units id.t.t1 connectives and quantifiers 

in syntactically valid way:...:,· we form· all the allowed fonnulae 
Of the f

• , calculus• Examples of such formule are 
irst order functiona.l. 

(V:ic)f(x):::> f(c); g(c,c)::, (3x)(3y)(g(x,y) Y"'f(x)) • 

'l'h 
t • al calculus are e formulae of the first order func ion " 

r l • f proof Any set l e ntea to each other by a formal notion ° · 
of be designated as a fo'1ttulae of the functional calculus may . ulae 
set f \' • , sequence ct,. of form , 

0 
• hypotheses. A proof from- l 1.s a 

1 each f 0 
Which is either 

i 
• An axiom• i' , 
J.. A formula of I; 

iii 'II • formulae 
1,,_ • r\ consequence of some pr.1.or precisely, 
"I l:he 1 • c More 1 1 :rules of elementary boolean ogi • . . propositiiin-symbo 

8 UpPose 
1 

containing 
that tl>l, 4> and i.p are formu ae .,, follows from 

il"'d 2 l and that ,. 
•

4 

boolean connectives on Y, 
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r • 

.1.
1 

and ¢ 2 by the rules of elementary, ?-·-oci!ean .1."';-.,•~J··,., .... 
'f - -~ ~ ,. - • ....... ;; . -- • ~·nen , 
if subs ti tu ting a term for each of the p:coposi tion symbols 

in ¢ 1 , it> 2 a nd 
l,/1 w~ P~~~duce three formulae qi;_, qi;. an~ ip 

I 
of 

the first order r-UlC 1.-l.O~al cal cul us, we say t.ha t IJ, is a 

conseauence of •1 and t2 by the rules of elementary boolean 
logic. 

• iv. A formt1la tleri.ved froma prior formula qii by changing 
the names cf the var:i.ables in ~. 

v. Some formula of the form 

(1) {Vx)a(x} = "'-{3x}I\,~(;{} , 

where a. (x) is a formula not contaird.ng either (\<x) or {3x) 
0 

vi. A formula e:i. ther of. the fonn 

(2) ( tvx) ;,,'t. (x) :.) a {y) , 

. whe.re a (x) is a formula not containing y 1 (V-x), or (3x} i 

l 

or a formula of the type 

.( 2 1 ) ( V-x) a ( x ) :::> a ( f ( y 
1 

, . o • , y n)) If 

where o, (x) is a formula not. containing y 
1

, .•. , Yn, ( Vx} , er ('jx) • 

vii. A formula derived from a prior foT.muJ.a cp. of the fo:-cm 
J.. 

(3) a :::, S(x) 

where a does not contain x, by transfornd.ng (3) into 

(4) a::>(Vx}S(x). 

We may use the formal notion of pr_oof just. described to 

formalize quite ar.bitLary parts of mathematics, as follows. 

We introduce function symbols and predicate symbols to 

represent all the basic constructions a~d relations characteri­

Zing a given mathematical doma.in. Then, using these symbols, 
\Ve~. • ·t· • ttite out all the axioms of the subJect. A proposi 1.on 
lrr • 
. J.tten in these same symbols will be a theorem if and only 

~f it can be derived from these axioms in the formal sense 
JllSt defined. 
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we now note that the familiar princple of piwo 6 by 
e,ontAa.d-lc..t.Lo n can read.ily be established· within our formal 

1ogical calculus~ a theorem¢ can be proved from hypothesis 

I if and only if a contr,tdiction, i.e., some pair of formulae 

of the forms 1P and "11/) , can rH.:• cl-:i:ived from the union set 

t ~ ("'4>) ~ Thus any algorithm capable of deciding when a 

given set of logical formulae leads to a contradiction can be 

used as a theorem-prover. This is t.he basic approach which 
all the algorithms to be described in the present section will 

use, They will in fact genera.lly em.'body a rather more specific 

strategy, which can be put ar: :' .Jllo••1s. First. of all, we may use 

the laws of Boolean logic to 215.miiiate all connectives but 

&, Vi and I'\, from a set of l0gi.cal fornmlae. In particular, 

A ::> B can be changed i:o 'vA VB , and A :":B can be changed to 

(A&B} V ('vA&'vB) • Then using the follow:Lng rules, we ~iay 

move ...all negation signs •inward• until' every remaining negation 

sign immediately prec~des a predicate symbol: 

(5) 'v{'fx)A 

'v(3x)A 

"'(A&B) 

"'(AVB) 

'V\,A 

is equivalent to 
u 

ff 

" 
n 

(3X}'vA; 

(Vx} "'A : 

'\,A V "'B1 

A • 

Next, make the following observation. Heuristically speaking, 

the truth of a compound proposition like 

( 6) (Vx)(Vy)(3z) P(x,y,z}, 

t.•hi h • t .,_.; part of some longer formula G " c we may think of as const.1. U.1.,..1.ng 
h ]•• t t the truth of w ich we wish to analyze, is equi va .. en •. 0 

(7) 

~h • " h • ch for each x and Y • ere f denotes a "choice-function w 1 . . 

ch . • (1:} of course, in writing 00 ses a particular z satisfying O • • 

(7), we have deviated from the strict formalism of the first 
Ord t . llow quantification er functional cal~ulus, which does no a 
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Of function syrabols. Pe.ve-·•-1- ~ • ~ , ••• i~e •. Lef·~' if .f.or ti-t~;: z: ... m:.::::nt w~ allow 
ourselves to pursue tl_1is heuristic train of thought, we may 
reason a.s follows t Since 

(8) 

and 

(( 3£) A{f))VB is equi9alent to 
((3f) A(f))&B ~ 

(3f) (A(f) VB) 

(3f} (A{f)&B) 

if B does not contain any occurrence oi f 
I 

all the quantifiers 

(3f) generated in passing from ( 6) to ( 7) can be mo~ed to the 

front of the transformed fonaula G • containing {7). Then, noting 

that rules like ( 8) also apply to universal quantifiers, we aee 

that after movin9 all existtmti-~l quantifiers (3f) to the front 

of G', it \'Till also be J!OBsible to move all universal 

quant5.fiers to the front of Gr. Thus, from an original proposi­

tion G, we can produce one of the form 

(9) 

Now, since the prefixed e::d.stential quantifiers in {9) merely 

assert the existence cf certain functions about which nothing 

else is known, we ·can drop these quantifiers, merely retaining 

the function names fl, ... , f in our formulae as additional n . 
function names with our transformation process will have 

generated. This step however b_rings us back to a formula G" 

of the first order functional CE.lcul us, in which new function 

symbols will have appeared, and in which all remaining quantifiers 

are universal and appear at the front of the fonnula. We have 

tben reason to believe that if a contradiction can be derived 

from our original formula G, a. contradict.ion can also be derived 

from its transformed version GN, and con_versely. This conjecture 

can in fact be established rigorously, as a formal assertion 

concerning the first order functional calculus. The formula G" 

ii; called the H e.Jtbll.and noitma.l 601tm of G. Thus a theorcm-r;irover 

~hi.ch works by the method of contradiction can as well begin 

ftom the Herbrand normal form of a set of propos5.tions as from 
these f Propositions in their original orm. 
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Let us revie-~ ~hep r.·:}ccss by wh:lch 
is converted to Herbrand normal form 

further than we have done ab~ve. Fo: 
a. use the laws of boolean 1 • ' oqic 

other than & , V , and "'. -

;.,. :...id•. G ,,. • 1~·~•:~m of formulae 
carrying th.ia a few steps 
each G. we .. , 

to elimfnate .-;,,"l.l , - co:mecti ves 

b. use the rules (5) to move all . • 
negation signs to positions 

immediately preceding predicate S"-rmh 1 J. ........ o s. 
c. If z 5.s ~ existentially quan ·-• .. • d , . _ ,~irie variable occurring 

within the scope of certain univer·all . . . 
-=> Y q\lant1.f1ed variables 

"1' • • • ,xn, we replace z by an element of the form f (x } 
f

. 1, ... ,x , 
where 1s a. newly created function synmol. n 

d. 'I'hen we mo·•Je all universa.'i. qum1tifiers to the front of the 

resulting formulae, renaming quan ti f.-1• ed var.1.· abJ.e~ _ when necessary, 
and using the rules 

(10) (Vx) A{x) & B is equivalent to ( \S){) (A(x} &B} 

('Ix) A(x) V B ti ( Vl~} (A(x)VB) 

which apply when B does not contain x. 

e. Next, we use the boolean distributive law to write all the 

~esulting formu~ae in the exp<mdt~d form 

(11) {Vx 1) ••• (¥xn)(J}.
1

cx
1 

••. xn) & A2 (x 1 ... xn) & ••• J\n(x1 _ ... xn)), 

where the formulae 'A. contain no quantifiers, and contain only the 
i 

boolean connectives V ana ~, but not&~ 

f • We may then separate each formula {11) into several for.mul_ae 

(12) 

g. 
112), 

(13) 

• 

Finally, we drop the universal quantifiers in the formulae 
th~reby arriving at a set of formulae, each of the for;;n 

tl (xl, ... ,xn} V t2 {xl. • ·"n) V ••• V tp<x1, •• eiXn) , 

\lhere every unit t. is built up from the free va.riables indicated, 
a?ld • l. 

from constants, function $ymbols" and a predicate symbol, 
llld is . • t e1.ther pl:'cfixed by a single negatlon s1.9·n or no • 
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A formula of th.e special fo~:m (13) is called a Uerbrand 

cta.u.o e.1 the full set H of clause1:; ( 13) produced :from en 

original set of formulae G1 , ..• ,Gm by application of 

steps a) through g) is called the H t2..J1..b1t.o.nd no.1una.l ioiUil 

of the set G1 , ••• ,Gm• As we have indicated, the set G G 
.1_, ••• , ... 

• '• +e..... • b -is .otc.or1.1.i..c..,.,4., , .. ,<.., l. .e •, can e used to deri·~,e a c-c.mtradLction, 

if and only if the set H of Herbra.,d cla.uses (13) constituting 

its Herbrand normal form can be used to derive a cont.r.adiction. 
The so-called H ettbll.a.nd .theo11.e.m, sometimes dignified by being 

called He.1t.b1ta.nd'.o ounda.me.n.ta.l t:he.011.em, now tells us that a 

contradiction will only follcw from the claus~s H if such a 

contradic_tion can be derived in a ce:cta5.n quite particular way. 

Take all the clauses of H, and in each of them substitute, for each 

variable element, eleMents built frora the available constants and 

function symbols, making these stilistitutions in every w~.y 

. possible, and thereby obt,~ini.ng a countably infinite set H' 

of substituted formulae. {Note that by the rules of the first 

order functional cc.lculus a.11 of the formulae of H • are 

con~quences of the formulae of H.) Then Herb rand: s th.eorem 

states b'1.at a contradiction can bE.! derived frcrn the formulae 

of H (by the rules of fir.st order £u.1.-ctiona1· calc.ulus) i_f and 

only if a contradiction can be d-::rived from the formulae of H • 

by the .1w.le..o 06 e.le.me.n.taJt.y bool. .'.<'ut i.oa1.c. 
This last statement gives the key to the structure of most 

of the theorem-proving algor.i t.hms which w-e shall consider; they 

work by generating farre·ul,le belonging to th~ set H 1 , and searching 

for a boolean contradiction (which may cf course be detected 

algorithmically without any difficulty). Since H' is infinite, 

it is of· course essential that this search be conducted in an 

intelligent, i.e., efficient manner, though in purely abS t ract 

Principle it would b-a sufficient to genorate all of H' progres-
Biv l . ... ub t • t t • ng elements for 

e Y in some ·syste.t:ratic way, aily .:,y s s 1 u 1 

tlie variables of H • sisnply in in~rL~asing order of th e leng
th 

of 

~ese elements. We shall discuss the vital question of searchle 

ef~iciency somewhat be lcw. However, before doing so, an examp d 

lllay be helpful. Consider the following simple theorem, often use 

-



an exc11~ple in connection with ·h • as ·er eo:rem-proYing =-lg ithm 
• • • • . i:, or s. 

an associative serHi-group ·t-'Jit:h ident.i·ty oo-id lf'=f· .... ~-. • 
. - "' .u1verses is a 

.group, i.e., the left inverse is also a right inverse
0 

The Herbrand clauses applicable in this 

i, 

ii, 

i5.i. 

v. 
vi. 

vii. 

viii. 
iX. 

xii. 

case ar~~ 

E (x,x) l E(y,x) ~ "'E (x., y) V 

"'E {x, y) V 

"vE (y ,x) V 

"vE(x,.y) V 

'v.E{x,y} V 

'\iE (x, y) V 

~E{z,y) '! E(x;z} I 
"'E (Y, z) V E (:l\, z) 1 axioms for eq\.'!.?..lj_ ty 

E(m(x,i:) arn(y,z)) I 
E(m(z,x) ,m(z,y}) 

E(i(x) ,i(y)) l 
.,,.. 

E(m(m(xl'y) ,z) ,m{x,rn,y.rz)))l 

E Cx:m (x, e)} ( se.r:dgroup axioms 
E{x,m{eix)) J 

E (m ( i ( X) , X) , e) 

"vE{m(c,i(c}) ~e) 

assumption of left inverse 

denial of theorem 

The clarity of what we have now to do will be enhanced if we 

allow ourselves t.l-ie use of infix notation, writing 

E(x,y) as x=y and m(x,y) as x•y. Using this notation, we 

proceed as follows: 

Xiii. Generate the fonnula i (i (c)) •i(c) = e , 

which we call P, from~i by substitution. 

xiv. Similarly generate 
"'[i(i(c))•i(c)=e] V [(i(i(c})•i(c)}•c - e•cl, • 

which we call ~PVQ, from v. 

x,,. From the last two propositions, generate 0, i.e., 

(i(i{c)) •i(c)) •c = e•c 

by Boolean logic. 

Generate 
(i(i(c)) •i(c)) •c = i(i(c}) •(i(c) •c:) 

from viii,and call it R. Then 
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,c<Jii• Generate "'Q v "'R v 

'v[(i(i(c)) •i{c}) •c - e•c] V ~[(i{i(c)) •i(c}) .c = 

= i(i(c))•{i(c)•c)] V [i(i(c))·(i{c)•c) =---= e•cl 

from iv. 
•' 

• • • From this la t • xv-11.J... s propos:1.tior.,, ~:nc1 frc,r1 R cm.d Q1 q~nerate S 
~ I 

i,e. 

by Boolean logic. 

xix. Generate 

. ( ' J. CJ • C :: 

which we call T, ·from xi. 

xx, Generate "'TVU, i.e., 

'\i[i(c)•c=e) V [i{i(c))•(i(c)•c) = i(i(c))•el 

from v, and use this an,~ T to gen-era.te u, i.e. 

i{i(c)) • (i{c) •C) = i(i(c)} •e 

by Boolenn logic. 

xxi. From this ·1.ast proposition, from xvli'i.,a.nd from 

'vii(i(c)) • (i(c) •c}:::e-c] Vl\.•[i(i(c)) •~(c) •e)=i(i(c}) •e] 

V [ e • c= i ( i ( c} ) • e] 

• Which is a substituted case of iv, derive the preposition V, 

i,e. 

by Bool~a.n logic. 

loti.i., Generate 
i(i(c)) = i(i(c))•e 

from ix. From this, from the preceding proposition, and from 

'\, [ i ( i ( C) ) = i ( i ( ~) ) • e] V "' [ e • c= i ( i ( C) ) • e] V ( i ( i ( c)) =e • C] 
1 

\lhich i • • by substitution, obtain s obtained fr.om i11 

i(i(c}) = e•C 

~ Boolean logic. 
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xxiii. Generate 

obtain 

by Boolean log5.c ~ 

xxi v • From this. J --s·t .,..,. • • c.1. .l. ... ropos1. tion 
1 

" an-a from 
,.IJ [ c::: i ( i { C} ) ) V [ '"' -l { } c• ... c ::i(i(c)} .. i(c)] , 

which is obtained from v by subs·ti tution, t ge, 

C•i(c) = i(i(c}) ·i{c). 

by Boolean loqi.<..:. Frc11,1 .., 1, ,• 1.· d - • • .,,. :i.. , an using t·'11P. ub - s utituted version 

•v[i(i(c))·i(c}=el V fe;i(i~c))·i(c}] 

of ii, obtain 

e = i (i.(c)) •i(c) 

by Boolea.n logic. 

F.:om these last two. • propositions, and using the substituted 
version 

~ [ C • i ( C) = i ( i { C) } • i ( C} ] V ~ { e= i ( i ( C) ) • i { c) ] 

V c•i{c) ;:: e , 

of iii ~btain 
c•i(c} = e 

by Boolean lqgic. 

xxv • The proposi ti.on obtained in xxiv 

t.he negative of xi, completing our proof. 

is precisely 

This somewhat lengthy example will illustrate the manner in 
~hi h • • c boolean contradictions can be derived by substitution~ As 
has been remarked the substitution process is, setting aside 
a11 . ' . considerations of efficiency, straightforward, Starting 



\ 

I 
I 

from our original clansea: we gen-=~~.:.::: a l.:,:,,·:rrc·.c '.!:l.-."d. , • 
'J - '4 ... ar.ger mass 

of clauses by substitution and boolean deduction.. If our 

Procedure is exhaustive a.nd our original clause!-~ -c'"\•,~1., ., a .... ~ -~•:\ ......... Y 

l·nconsistent, m:rbr~r.\,J. q s -:-.3.i~o:cem tell.s • •~s t-_h,.-"'t :~ ~. • 
..., - • ... ..:.1 cent ·c :.t-::, .. l.ction 

roust eventually emerge.· Of course, 5.f we a~e t.o ha,.J~ any 

Pra ctical chanc~:- of findin(r this cor:f ..,..,,,a.:11• ,, .. r 1• c"... •.·,e ........ .,. use 
,.,. ... ..,,._""'- ,.., - _J,1.J,1/ \'l' t,I•.\:, .. _,. 

a method mo.re selective th!::.:·! s;,,;'hf,)}.•~':~.:.:'.e fonri1.,la c-:enp,• .. ,i.,.; ori 
-· . ..J - - ..... ~,,,. • 

AnY theorem-prover ;..:J.-:forJ. t:1-m •::ort:h -:.:c-nside1:ir;g \'_;ill .-~~: £act 

incorporate gom::.i heu:ri~ tic for fo1.11mla selection, whlch aims 

to reach a contradiction b1;;:fore the :mass of propositions 

generated b,3comes ove.1.\vhelrningJ.y la:::-ge ~ H0uristics of at least 

two types are conceivuble. w·~ might imagine h~u:rist:i.cs which 

examine a se.t of p:roposi t..tons for subsets ex.hibi ting particular 

patterns, an.d, on finding t.hest~, route the course of formula 

generation in particular direct.i.on:.. This corresponc\s to part 

of the normal procedure of the mathematician, w;10, on exsmining 

the formulae given above., would probably note that ·•transitivity' 

'and 'associativity~ both occur, a,1d, havin.g made this observation, 

would employ a special notati.on psrmitting ~eduction to proceed 

in particular directions more r,:i.pid.ly than does tJ1.e completely 

general stepwise substitution process that ,,..,e have illustrated. 

Such • feature noticing! heuristics have in fact not been used 

-much in general theorem-proving algorithms of the kind we shall 

consider; -the developrr,ent. of methods of the kind suggeS t ed is 
l "thm" theorem probably a useful dj_rec:tion of future work. A .gori 1.c 

Provers have instead used heuristics of a more general and formal_ • 

character. Such heuristics c.an be developed tbrough formal 
an~1 • . • •• tions might be derived. 

c. ys1s of the manner in which coni:raaic 
Th 1 • f thought and will 1 e following reasoning belongs to this ine O • ' . 
so • • d ,• • ng a contradiction, 

rve to illustrate what .is mean.... In erivi 
\te hod f Boolean deduction 

may restrict ourselves to any met 0 

\th·· h tradictory character 
l.cb. is capable of making manifest t e con 

of It is not hard 
any set of i.nconsistent Boolean clauses• 

~ • 1 ~n use of the 
see that to this end we may rely exclusive Y 
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fol lowing Boolean rule: .fro~n twc c:~.~-;~:.-,c ... ~ 
h --·" a \i E a r.c. "'a v c , 1 

\\'here B and C are t ernseJ.ves subclauses, derive B V c. 
1 This Boolean rule is sometimes called lte..6 olu.t..fon.. Now r 
' in the situation '\-li th which we mean to deal -~\.. - . .-.. 

_ , '-',i.e ca.sic -~~rms 
a which can be involved in 8Uch resolutions will-be obtained 

bY substitution of partic.J.J.a:c elements for ti:,~ V~\:tiable ... 

occurring in an originally gi\·en s2~: 0 -:.: clau.~~:;s. Jiven ::hat 

resolution is the sole Boolean techzi.igue tlia-.~ we c::hall e~riploy, 

it is clearly not worth making any substitutions which do not 

iead to the production of a pair of formulae of. the forrn 

a v B anc'i "va V C. On the othex hand, given a pair of formulae 

a1 V B', "'a 2 V C', we can t~l.1. a.1.goritt-..mically ~·thether 

there exists any substitution which, in the necessary sense, 

will u..nLt€. a 1 and a 2 • For this to be possi.ble, the uni ts 
11 and a2 must begin w.i.th the same predicate symbol, and must 1 . 
be structured i:1 corresponding ways: whenever a

1 
and a

2 
differ, 

a variable x must be found in one where a variable, constant, or 

compound stliucture e occurs in the other. The most general 

subs ti t.ution which unites a
1 

and a
2 

5.s then the 

which replaces each such 1, by the corresponding 
the units 

substitution 

e. For example, 

P(x,f(y)) and P(g(z),w~ 
• • putt_, 11g g(z) for x and f(y) for can be united (made identical} oy 

h • h can be used to make w, this is the most general cubstitution w ic 

these two units identical. 

th t the following set of The above analysis makes it clear • a 
t: • ~rom a set of clauses, tules will derive a Boolean contradic _.1.on "" 

if such a contradiction can be derived. . 
• 'I B, "'a y c, such t.hat l, Search the clauses for pa.1.rs al · ' 2 

\ and a2 can be united by m~ing some substitution a for the 

~atiables occurring in these clauses. . two 
. • b,..th clauses, producing 2

, Make this substitution 1.n ... , · i n be 
Cl 1 n r~solut on ca a.uses V B "' V C to which Boo ea. 

a , a . a new clause B v C to 3 • Apply ·reso 1 u tion, th ,is addi:r.g 

applied. 

the 
St • 

Oc)t of clauses available• . a contradiction, emerges• 4 11 Cl ause, i.e., • Iterate, until a nu 
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"'hP. procedure we have 01.).tlined. ,,,.1~1 -; ..... ,1.1 ,. , } - ~ - - s~ 3 en ;_:j_faJ.ly d:Z:scr_ibes 
t}le first formal algorithmic method we sha.11 consider, the so-called 

bLnMq 11.e1iotu.:tJ..o n me:tlio d' will find a c;ontradiction if one exists. 

In this sense, it is complQ.te • But by its very nature it bypasses 

m~Y of the useless false starts which a cruder substitution method 
l!light make, only generating s 1.lbsti tutio 11s which have some 

advantage, at least locally. This shows the way in which general. 

formal analysis can suggest improvements in the efficiency of 

theorem provir,g algorithms. Of course, the preceding paragraphs 

have by no means e.>chaus ted the measure of formal analysis which 

may be brought to bear& It is tiseful, for example, to consider 

the pattern in which negated a~:.o unnegc'!.tea terms in clat,ses can 

enter into the derivation of a contradiction. We will t~x.e up 

this point somewhat below: it will lead us to the so-called 

hypU-Jt.etio.lu..t.lon variant of t11e binary resolution methc,d. It . . 
. may also be observed that, in ad.di t:ion to 'global' he 1.iristics 

derived by consideration of all tl-ie possible ways in which a 

contradiction might emcrg(-!, one may ·also find 'local' heuristics 

of a somewhat m<.',n:: cul-hoc. cr.ar~cter to be useful. l:'0.r example, 

long clauses will in many cases not be wort..'1 considering, since 

such clauses must either. contain many terms, whose eventual 

elimination by successive resolutions may be doubtf\ll, or highly 

Bubst ituted and hence very specific terms, which it may be 
difficult to match with te r.ros in otb.er clauses• For the reasons 
eugg 1 i 1. counts the number of ested, some heuristic scheme w1 -~-L 1 

charact . 6. • and prefer short to long clauses ers which a clause con~ains 
lila" b • h we genorate clauses ' e advantageous. we may als<."I wis , as • '"' . 
c, .to attach to c some mea~ure of t.he number of steps reqtn.red to 
der· 11 for which this measure 

l.\Te c~ We nlight then set aside a c • , 
gre,\f t • . i re~erence to 'shallow proofs over 
, ' oo large, thereby 91v ng P ... . . 
deep• 1 ori thins ar.e incapable of finding 

proofs 1 most of our a 9 • 
deep P . bl length of time, and hence the hint 

roofs in any reasona e 
that . . very useful. In point of fact, we shall 

a proof is shall.ow 1 5 -t 
gener 11 . h istics of a.d-hoc character •• nto the 

a Y not incorporate eur , 
tlg 0 :rith t d in this section. we prefer to onu.t ms to be presen e 
them in order that the various strategies derived from formal 
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an .. lys~s which are ,-,..,. ·o,.., pres""''"'t-.:i ,. -
"' ~ • I.A,.> "· •·· '-'H 1:::, ... can s ..:al'!a forth with rnaxinn.1i-n 

clari ty. We shall h·owev0r. give one example of a basic thecrem­

prover algorithm wit~ a.d--hoc. heurietics attached, 80 as to show 
how this i.s to be done. 

It should a.lso be noted that the algorithms which follow 

simply derive a contradiction (if tl).ey can find it in times 

short of astronomical) a.nd report t.h.ei_r success. Actually, 

algori th.ms lntended as mors than sketches of method would keep 

an account of t.he parentage of each clause., and, on deriving· 

. a contradiction, would print out the ancestry of this contradic­

tion~ thus exhibiting the pro~f that they have found, rather 
than merely asserting success. As this addition to the algorithms 

which a';e to follow is easily rnade, wa have felt free to omit it. 

After ~hese generai introdu~tocy re.'11arks, ·we begin a rnore 
.r: 

detailed algorithmic discussion .. We will always start ,:-::om a 

-set of clauses which are to be shown t? be contradictory• We 

represent each clause c by a pair 

<negunits,posunits> , 

where pchun~~& is the set of all units which occur unne:ated inc, 

nnd neg u.111...t~ is th.e set of all uni ts which occur neg a tea in c. 

Each u..~it itself is taken to be a pair, 

<relnsymbol ,·e.rgsequence> , 

'r.) relation symbol, and ~~g~equ~~ce 
where Jte.ln"ymbol is some {atom:LJ • • ·r this relation . 

. nee of arguments o 
_is a sequence, namely t..~e s~que . is either 

. an element, i.e., • 
Finally, each argument is -

,. b an a"i::om; 
• A ,,ariabler represe.nte'J ":i mber 
i • l:oy a . set whos~ sole rne • 
ii. A constant, represented 

is an at(")m; 
represented by a pair 

<functionsymbolt~rryaeguence>, 
iii. An .ltem, 

~ ·c) function symbol, and 
. .t • s oroe ( a -oml. 

where 6unct.lon.6ymbo .!.S • uments of the function, 
ence of arg 

4~g~equenee is the sequ .. r iii. All of this is 
the forms i, i1, o 

having again one of and their units and elemen~s, 
"'ent clausas, 

to say that we rcp::.•e_, dei:ined, tree-like structures• 
by particular recursively • 



Before coming to t:he algo:rit::··~:i. .... 0 -: •--,.: .• • 
,Al,., ~ a:'-'-'"n~..i.pal cc.ncern to us 

we build up a group of auxiliary routines for the manipulatio~ 

Of l ogical formulae rep re "' d i • sen~e n the form we have just 
describedo First, some elementary algorithms: 

definef a lesset b; /* the diffei::::,hoe-set operation * / 
~turn {x&aln x£b}; end lesset; 

definef varsof (obj) ; /* a recurs:tve tree-walker which collects 
all the variables of a term or element ~ / • 

if ~ obj then return obj;; if 2 ~pd . .r obj t.'1en return nt; 

else return [~:. l::_n~~ (aseq~s t9:._ obj} ]varsof (aseq(n)); 1 -~ 

end vars of; 

Next, two subroutines which implement basic substltution 

operations. 
\ . 
In these basic algoritluns (and in certain subsequent 

algorithms as well) we take a 6 u.b-6 ti.tu..Uon to be defined by 

a n,apping 

(1) map ={<x
1

,e
1

>,<x 2 ,e 2>, •.. , <xn,en>} , 

which associates some unique element with each of a finite set 

of variables x.. The effect of the ·substitution (1} on a term is 
J . 

to replace all the variables x. simultaneously by the element 
l. 

ei J variables 
then that nx. 

x for which map (x) eg Q are not re_placed. Note 

acts as the id~:.-itity substitution. 

define£ obj subst map; ;1rth.e_ba.sic :.:·~cursive substitution 
- */ operation, applying either to a term or an element 

return j_f atom obj then if (new !_! me.p (obj)) ~ 0 then new 

else obj 
else if pair obj th.en<~~ Qbj,{<n,(!A obj) (n) subst map>, 

1 ~ n < ftt obj}>: 
else obj; end· subst; 

.. 
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-·definef mapa ££~!?~~e m~ph 1 /*t.h~?. vr:;o.'.t '.:iplica·t.io.n, (;~ m:.:ips 

corresponding to t."1e preced:i.ng substitution operation*/ 

return { <~"d x, ti- x subs t mapb> , x<::mapa} ~ 

{item E ma.pb I ~ hd_ i te..-rn s ho. (mupa J } ; end compose; 

Two units (or elements) .ta. and .to are said- to be u.111..1-6.la.bte. 

if there exists a subst:i_tnt.:i.on ma.p such that • 

(2) (1:a. stlbst. map) ~- (.tb ~ubst map) • 

If such a map exists, then there exists a moh~ g~nek~t uni~le~, 

Le,, a map rn with the property (2) such that any other map with 

the propeTty {2) can be written in the form m comEose n for some n. 
The map m can be found by t..'-1e following procedure: ta and t:b 

must be structurally identical, except that where a variable >r: 

occurs in _either, some compound element e may occur in the other. 

If such an x can be found, substitute e for each occurrence of x,thus 
bri.nging ta. and .tb closer to e:quality, and continue to sea:n::h for 

additional Vitriables x for which substitutions uught to be made. 

The map we desire is then t.he composition of all the individual 

substitutions which this process will uncover. Note howe 11er that 

if x itself c•ccurs as a variable in the element e to be 

B\lbsti tuted for it then u:unification becomes impossible• , 
The following SETL algoi:-i thm makes use of the procedure just 

described. The algorithm is written f'.S a function which returns 
the most general unifier of two tmits (or elements); if unifica­

tion is impossible, it returns n. 

~efinof mogenu (ta, tb) 1 if ta ~ tb then return !1.!i; • 
if~ ta then return 

if ta£varsof(tb) then n else {<ta,tb>}:; 

if ~ tb • then return 

if tbcvarsof(ta) then n e_lse {<tb,ta>};; 

if ~ e_ai!_ ta or !l 2ai.r tb Hien re-curn OJ; 

if ~* ,argsa>t;-ne <* ,argsb>tb then return O; 1 
111a~-:::~ /*the id~tity substit1.1tion* / (l~Vi~Jargsal' 
Obja:::argsaC.i) subst map; objb=argsb(il • sub st map; · 

lf Cmgu !._s· rnogenu(obja,objbl) s a then return '2; 

• • ~lse map=map -compose m9u11' end V-i; 
l'Eltu 

rn map; end mogen u; 
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...... • •-··· 

Next we give a routine which forms part of the simplification 

procedure we will use" A clause c. is ni\id to t,u,b-4u.me. a clause c• 

if there exists a substituted instance c c.;f ~, such that every ;csi­

tive unit of e-is included among the positive units-of c' and 

every negative unit of c is included among the negative 

un.its of c •. In this case lt is cl~~ar th~t c. represents a 

more general assertion than e', so that c' may be dropped without 

loss of info:r:-mation from any set of a.ss~rtions contc1.ining c. 
Let the units of c. 1 be 

and the uni ts of c be 

t 1 v ... v tm ~ 

We test for subsumption as follows. Taking t 1 , we· for.:~., ti 0

··) 

collection of all maps which would ma.ke t 1 identical with c. 

term of. c 2 • '11hen, taking each s;Jch map ro, we attempt to 

ex..te.ttd it to b'1e next u.n:lt t 2 of r., by the following rule. 

Take t
2

, and apply the subst1tution m ~o lt; call t..he result £2 • 

If there is some map Jl\ • which makes t 2 identical with a ':lrlit of c.', 

. the composition m c:on~~os~ m' represents the desired extension 

of m; if no such m 'exists 
I 

to1e simply drop ~. Any maps which 

can be e:>-;:.tended to t
2 

w~ attempt to e)~t.encl to t 3 etc. If 

ther.c exists any map which cnn be e), tended to all the \ln~t~ of 

c, then c. subsumes c..'; otherwif;e not~ 

Note that in our exteris~on process, we never wish to make 

~ Bubsti tution for any variable in ;-. -unit of c. which pri~r • 

B\lbstitutions have made iaent.ic-:::11 with a unit of c'. This part 

lllay ~e handled neatly by redesign1:.tin9 all t.he variables of e' 
a • • • thi s consta11.ts before the extension process begins• Given .s, 

the compositions of maps to be r-•erfo:cmed dt-1rin9· the extension 
Proce~,, d . • • 0 ; ... ~ sers o ... ··= •"-> re uce simply to 1m:i.ons " 
ordered pairs • 

Here is the SETL algorlthm. 



f {nef c subsu."'nes cpr; cpr:i..rne::,.•cu-:r• de >- ----- , •• ,. 1 

vars pr-[~: te~~ cprime ~:! !! cprime) varsof. ( t) 1 

roakeconsb= { <K, {x} > I xevarspr}; 

Cprl.·me = < [hd cprime] snbst makeconst rt~i cpr·;...,e] ··'- t ak _ ·---· v ..::_ . .,. .. ~ su..us . m econst>; 
maps=={~}; /*start with set consisting of identity map only*/ 
<neg ,pos>=<c; <negpr, pospr>= cprime; 

(V-te:neg) if (maps is extend (ma9s, t ,negpr) ~S. ~ then return t..1
11 

{v-te:pos) if (maps 1::-'?.. extend (maps, t, pospr)) ~g_ ~ then return t.;;; 

/*if arrive at t.h.is point th.en*/ return t; 

definef extend (maps, unit1.uni tset) ; extensions=£!:_:: 

(Vmtmaps, te:uni tset} if (newmap is F.togenu. (unit subst. m, t)) ne n - --- -
then new.map ~ m !E. extensions;; end Vro; return extensions: 

end extend; end ~ubsurnes_; 

We will also have use for the 'oluralized' variant of thr;- above .. 
• procedure j_n wh.ich r,:re ask whether any one of ~ set of c}.au5;:-:_~3 

subsumes a given clause. This ts ex.pressed in SETI, simply 

as follows. 

definef clauses subs7:~ c; return 3clauseccltluses I claus(~ • 

.substLrnes c; end subsume 1 . -
Now we come to the resolution proct~sti itself. Suppose that, 

given clauses ca and cb we can find a negative term na i:.1 ca, 

aud a positive term pb in cl> with which na can be u.'l'liffr 1d·. 

Let m be the most general un.i.fier. of ni.t and pb. The JLe..&olve.nt O 6 
ca W-l:th cb on na a.nd pb is then obt-=:;.in.ed by dropping na from ca, 

r,b from cb, joining the remaining te1ms 5.nto a single clause, 
llnd appl • h • • .... tl :result In SEl'f'L this is: • Y l.ng t e subst.i tution m ,..o . 1.a • - 1 

definer ·resolvent(na pb ca cb) ,· m::::oogenu (na.,pb) 1 
h , ' , 
casub==[~ ca] subst m; tcasub=[~~- ca) ~~ m1 

hchsub ::: [hd ch] s~__!!_ m1 
tcbst,L 

UJ z::: [t.t ch] ·subst m; nasub=na sl..'lhst. m; 
tet - --- -1.... u tcasub> J urn <hc.asub less nasub u hcbsub; tcbsub less nas•,w 
end • 

tesoivent• 
I 
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A set a of cla.uses prod·u.ced by r·<-1sol1J~,:ion may contain clauses 
c aubst1minq other cl~nse.s 0. in s. It may also contain 

ta.u:toiogo!i.i.> cliiuses, i.e .. cla.uses ~ontaining a. gi•,;-~n term both 

negated and unnegatea., Such clauzes cc:.n clea:rly never contribute 
to a ccnt:.!"adiction1 and may therefore be cropped. The simplifi­
cation procedure which we now give accents a set of old and a .. 
set of new cla;:ise!3, re.moves ~11 subsumed clauses, tautologous 
clauses, and superfluous u..,.~its from both sets, and ensw:es that 
th.e variables occurring i'n any new clauses are disjoint from 

t.~ose appearing in any other clause. This le.st is a condition 

assumed implicitly in some of o\'\r other algorithms. 

define simplify{newclauses,oldclauses)r 

news = newclauses; olds=oldclauses; 
(Vclause newclauses) news=news less clause; 
if n sunerfluous (rebuild {clause}) then rebuild {claus~) L: news;; 

- &; •···,. 

end \fclause; 
(Vclause £ oldclauses) 
if news slli":>sume clause then olds = olds less clause;, 

d "' 1 1 oldclauses = olds; return;' en ,cause; newc auses = news; 
definef superfluous(clause)~ simplify exte:r.nal olds,news; 
if olds subsume clause or news s\lbsu;·t1e clause then 1.'e-::urr1 t.11 - -return 3t e: hd clause } tetx. clnuse; end superfluous, - . --
end simplify; • 

definef rebuild(clause); map~n~: 
·(~var E [u:te:hd clause u tl clausE:] va1:sof(t)) map(va:r.}r.enewat;1 - --
return clause subst map; end rebuildi 

Having built up all the. nece~sary formula-manipulating 
Preliminaries, we now go on to describe various of the principal 

t:hecrem proving methods which app~ar in the· literature on 
th

e 
• 1 ft differ among 

S\lbject. As has been mentioned, methods- wil._ 0 en 
each other simply because. the strat€gi.~s which tl~ey use to 

f •. t method we shall 
generate new clauses are different. The irs 
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) 

describe, b.lna.1t,y 1r,.e,1, o tu:Uo 1~ wi;th ,!, ~--t r.L ;. u.· t:p,, ·"' .,. . "' ~ JJ ,., , " ""-, ,.dvides the 
set of clauses from ~,1hich it aims i:o derive a contradiction 

into two ~cts: tho~e de:::J.ved f~:-orn the axioms of its subiect 
" , 

and those deri"'<-1·:2.d by neg"~-'.:ion oZ • t11c~ th.e .... -.r,a.~ whose •prcoi by 

~ontrac.1iction • is to be generated. It then fomtS pairwise 

xesolvcnts in all poss.ibJ.,3 ways, never matching two axioms 

ho·w·ever, since a contradiction can n~v-er be reached through 
successive resolutions of c1xicms alone. 

Note however that ·it. is essenti&l for the completeness of 

this method that, in f.orming r.esol'\?ents for t.wo clauses c and d, 

we attempt whf)n possible t,-:> idE:ntify two or more uni ts of .c (or 

of d) by making appropria.':::-: 13ub~titutio11s in the uni ts of 

c1 considert'\tion of the simple cont.r~dictory set 

a(x) v a(c) 

b(x) v b (c} 

'I.ta (x) v"'b (~) 

of three clauses illustrates. th.ts last assertion. l. clause c' 

produced from c by a substitution whi.ch causes two of the units 

of c to coalesce is ca.lJ.ed a ~a.c/.:o.lt., and the tet'm of c' produced 

by this coalesce:t;1ce is ca1lea its d.i..6ilYtgu.i..she.d tenn. Of course, 

when we form a factor we will: wish to perform resolution on its 

distinguished units rather than on a:\y other term, since to 

proceed other.wise would bG to perfot~\ work that is bound to be 

repeated later. 
The SETL program . for binai·y ,.:1.:~sol ution theorem proving 

is as follows (see J. Robinson, A Hachine-cr.iented logic 

basad on the. resolution pr:i.nciple, JACM 12, Jan. 1965, PP• 23- 41 

for the source of th.Is met.hod). 
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defin.ef b5.nres{a.xioms,ant.itheorems); matchup external newer, 
' •· 9 a ,. • 'h old :: axioms; nen = n c.i i.: eo:ct,ms; 

(while new ~ ~t) newer=nJ.; 

if t e: (matchu.p [old., new] /*the procedtre match up ~.-till generate new 
reiolvents*/ ~ match_up[ncw 1 oldl )~ matchup[new,new])then return tn 

Old = old u net:,'; simplify (ne~er,old} ,· new=nawer• end while• -. 
-• • I • I 

/* if no new resoJ.vcnts them ·•'</ return·!_; end binres; 

clefinef matchup(ca,cb); 

('tx t. tandmaps(~ ca, ti c'b~ )<tnt~, ri:w.px> = x; 

new.r:es = <hd ca subst mapx l~ss trriX u (hd cb suhst mapx), - -- ---
t1 cb su'bst.mapx f_ess tmx £(J::!ca subst. n1apx)>: 

if newres = <!:~' :il:,> then return t, 

else ne·.-1res ~ newer;; end Vx; }:~turn £ 1 end matchup; 

definef tand.-naps (neg ,pos); /*fin6s all maps which lead to 

the elimtnation of one or r::1orc . unit during a resolution; 

returns a set of pairs of form <unit eliminated,me.p> */ 

/* first sequence all the uni ts * / 
nseq = ~) (Vna c neg) nseq{jnseq+l) = na;; 

pseq == ~; (Vpb E: pos) pseq{frpseq-tl) ::-: pb;; tmps = ~; 

(l ~ Vj ~ tnseq, l<k<#pseqf (map is resgenu{nseq(j•) ,pseq(k)) )~ n) 

bn c:: nseq(j) ~st-~ap; --~ 

Pile :::[ {nseq (m), j<m2_ffnseq} ~ { pseq (m) , k<rn<ipseq}J subst map 

less t.m-; work ::.: <t.m, pile a map>; 

(while work ne n.t} -;-·from work; <b«x ~ pll~ 1,mpx> ::: x; 
<tm . - -- ----~ ,mpx> in tmps; /~sequence the 0 pile' of units*/ seq~~: 
(V -t e plx) seq (iseq+l) = t;; . 
(l < . • n) 

... V11 ~ ~seq l (xt1-mar> is mogenu(tm,seq(n)) ~ H 

tmn --
. ew ::: trn ~st. xtrmap; 

Pl.lenew =[{seq(k) n<k<iseq}]st1bst xtrmap less tronew; 
tna I - ~---

Pnaw ;,:mpx conmose xtrmap; < tmnew, pi len ew ,ma}i>new> in work: 
eana -:.=u-
-- Vn; end while: end Yj: retut·n t.mps; end tandmaps; 

I • 
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In the theorem proving c'lgori t-J:.r,1 ~"'.lst • 
, ~1.~1<?n .. th~ formation· 

of· factors is inefficient, since factors of a gi 1 . . ven c ause will 
be formed again and again. We can avoid this ineff • . . 

. 1.01.ency py 
restructuring our algorithm some'.-;ha.t, so as to sa_ve factors 

once formed; this leads to the 6ac.t.o,'t ll.U:>!u.Uon method 

presented below. In this algori thn, we 1:~sociate, with each 

clause c: the set oac.tohli (c) of all its I acto.;:s. Note "lso 

that when a factor of a clause c is prodt~1.::ed, we consid~·: 

the particular one of its uni ts which :esulted from the fusion 

of two units of c to be distinguished, and, when the factor 

is used to produce a resolvent, insist th,"1t t:.l-:is distlnguished' 

unit disappear in the resol·-.:-ent. :i:-'or :his rec-~son factors are 

sa\.♦ed as triples in the followinl.] forrrats: 

< 'pos • 1 unit ,cl.rnse> , 

if they· contain a distinguishf•d posi·.ive uni tr where u.ti.l:t is 

that distinguished· unit, and whisre a~ usual 

cla.u..c>e. = <po~uti..l.to, negu.n-l.:tb> g:ves the set of all positive 

and negative. units of the factc,:r; s.rrd.J.arly, factors containing 

a distinguished negative unit as:e r~prescnted as triples 

The SETL algorithm for fact.,r risolution is as follows. 

definef factres (axioms, anti t-.. h,c-rem;); 

old=axioms; new=an ti theorems;: act<rs=nR-; 

makefacts [old]; . . 

(while new ne nt) makefacts [rew1; newer==nt; -- -·- ·-
if i E {matei1lfact[old,new] ;i th! procedure matchfact will 

generate new resolvents* 1 

~ matchfact {new,old) u mat~hfi:'c· (new,new]) then return ~J; 

old = o+d ~ new; oldke;p ::::. old; d.mplify (newer ,old); 

(Yx £ oldkeep) if n xct'7.!.d then f,.ctors (x) = 0; 1 end Yx; 

new=-newer; ej\a while; /*if. .no nf.' resolvents then */ return f; 
end fa.c:t:res; 



d,efinef roatchfact (ca" cb} ; factres {e::><:terna.l newe.::, fact<"Jrs i 

/* first match unfactored terms */ 
·(vna e ~ ca, pb E tt cblmoganu(na,pb} ne 0) 

if {newres !!: resolvent (na,pb,ca 1 cb)} ~(.l <ni,nP.,> 

then return !) else newres in. newer; i end V-na; 

/* now match factored terms * / 
{'t'fct c facto:cs (ca) , pb £ _!:t cb !hd fct ~ •neg t) 

<-,dist,caf> = fct; 

if (mgu is mogenn(dist 6 pb)) eq Si t.l-ien continue;r /*else*/ 

if (newres is resolvent(dist,pb 1,c.3.£,cb)} ~ <nR.,n.9..> then return!_: 

else newres in newer,; end 'tf ct; 

{Vfct ~ :fac'~ors (cb), na c: ~ ca!~1a fct ~ •pos ') 

<-,dist,cbf >= fct7 

if{mgu ~ mogenu(dist,pb)) ~ n then conti.nuf~;; /* else tt/ 

if (newres :Cs :resolvent(na,dist,ce-,.7cb:f.)} eg <ni,~~> then return t; 

else newres in newer;; end V fct; 

i,t~ if arrive at this point then. */ return !_; 

end matchfact; 

define makefacts{ct): /*builds up all factors of a clause*/ 

fact:ces external factors .. 
. ' I 

factors (c.{)
1 

= {<•neg,, fct> 
6 

fct €. ne,:gfacts (ct}} 

U {<•po~'' hd fct <*z3> fct • <*z2>fct>,· - · \3 I I _ • 

fct c nei~;;ts(<ti ct,htl ci>)}; 
\ - --

return; end rr~kef acts; 
\ 
\ 

definer negfa~~s (cR.) 7 /*builds factors by identifying 

'negative• w:iits */ 
<ne '\ • * k e e of •negative uni tsi{/ gu,posu>= ct: facts=~ 1 / ma e sequ nc 

seq = nR.; (Vx £ ~egu) seq(tseq+l) = x1 j work=n1; 

(l ~ Vj ~ iseq, j<k 5- fseqf (map~ mogenu(seq(j} ,seq(k))~ 0) 

~t - i - seq(j) subs~ map; 
i 
I 
; 
i 
I 
I 

I 
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pile = [(seq(.9 .. ), k < ll ~ i~eq}] s(:J::>t m~.p; 

clprime = <[hd ct] s~~st map, ft~ c£J subst map>; 
. <ut, pi.le, clpi:in1e> ~ wc.n:k; end ¥j i 

(while work ~ n£) x ff.~ W(';:r.k; <ut,pile,clprime> = x; 

<ut,clpr:ime> .in facts; ;::1-scquenee the 'pile' of units */ 
seq==!!_~; (Vx e: pile} seq{#seq+l) = x;; 

{l ~ Vj ~ f;seq I (map :ts mogen.u(ut,seq(j}) ~ n) 

~t = ut ~~ map; p:i.l =- [ {seq (k), j<k<tseq} J subst map; 

clprim = <[hd clprime) subst ma.p, [ti clprimeJ' subst map>; 

<ut, pJ.l, clprim>· ~ work; end Vj; er1d while; 
return facts; 

end negfacts; 

Clauses may be distinguished as pobl~":.i.ve (containing positive 
clauses only) and m.txed (containing both negative and positive 

·clauses, or negative clc>.uses only} . The clause typ0s which can 

result on forming the resolvent of a pair of clauses are 
as follows: 

positive with mixed: null, positive, or mixed 
mixed with miXed: mixed. 

Note in particular that a null clause.., i.e., a visible 
contradiction, can never result fran two mi,:ed clauses, but only 

from a positive and a negative clause. This remark suggests that 

. positive clauses deserve speci.al at.tention. Next observe tha·t 

• the process of resolution. has a kind of. tassociativity' property. 

If the resolvent c of two mi.xed clauses ca and ch is produced, 

and the resolvent-. d of c w.ith a positive clause p is· prC!duced,, 
then the· term enter.1ng ~ntc, the second resolution must be derived 

from a term either of ca or of cb, say ca for the sake of 
definiteness. we could tl'~erefore obtain the same resolvent 

by resolving ca with p, and then resolving cb with the result. 
Now, if dis positive (or null} it follows that the resolvent 
Of ca with p must be positive. Arguing inductively, we see that 
e~ery positive (or null) clause can be produced by a chain of 
tesoiutions such that one of the two clauses entering into each 
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.. 1 " • on resolution is positive. Thus, i.n ::;c~~:rching fc,r a cont:raa.1.ccJ. t1 

we may restrict ourselves to forming resolvents £:rem pairs of 

. cl·auses, one of whi.ch is posl.tive. 

This la.st r.emark leads to yet another observation. One 

principal difficulty which any resolution theorem prover must 

attempt to overcome is the tendency for clauses to accumulate 

r.apidly c\uring the functioning of the algorithm, leading eventually 

to sw@1ping of available merno:r,·y. Given that we ·may· proceed 

by :resolving positive with mixed clauses exclusively, it is 

clear that, ·if we a:ce willing to resolve a mixed clause against 

an entire sequence of positive clauses, we need. not bot.her to 

accumulate new mixed clauses, b-c.t can accumulate posi. t5.ve 

clauses only. If no new posi.tivc clauses can be accumulated, 

it follows tha.t the set of clau$e~:. with which our algorithm 

is working is c·onsisten.t.. Resolution. theorem p:rovirig .by the 

• use of th:i.s strategy was introdu,:-:ed by J. Robinson, c.f. 

Automatic d<-:?duction ~?i th hvner-res~.11.ution, Int. J. Comp. Math. ----~----.---~---"----· ---·--
1 (1965) pp. 227.-234 1 and is callE>d hypvu'-e.,'iol.a.t~on. 

Note also that if a ne\•7 positive r.:lause can result 
by successive resolutions of a se\1u.en<"!e of positive clauses 

with a given mixed clause m, it follov,s that all the negative 

terms of m must ·even tu.ally be elin:inated. Thus we may attempt 

to match the negati 've te:c1ns of m in z.ny convenient order. 

The following SBTL algorithm embodies thr-: theorem-proving 

strategy just. outlinedi note tr.at the preceding l·outine 

ne.g6a.c.u .is used,·· and that this returns a· set of pairs 

<nt.: C , au ·•0 > , ,->. -~·, ...... - __ _.__,__.,_ 

in which n..t is--a disting!.1ishec1 n-eg,ttive unit, and c.tatl..6e. io 

a Claus~ containir,a tb is unit. and obtained by factorization • .., 

I 
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definef hype:rres (axioms, anti ti'1eoreros) ; 

all=axioms ~ anti theorems; setpos=---={ ceall I ~:...d c ~ n.9.}; 

setmixed = all 1~~~..!::. setpcs t 

try: ( Vmc€: setmixed) do makepos ( me , s e tpos , newpos) ; 

if ne,vpos ~ "£_!2. th<::n setpos=sE;tpos ~ nawpos; go to try;; 

end ¼'m.y; 
/* if can form no new positive clauses then ·* / ret1..1rn !_; 

block makepos(mc;setp::is,newpos); wor:k={mc}; 
(while work n(~ nt doing work=rebuild [ne-.·;ork J;) nework=nt• -- -- ........ , 

01mci e work) /*first form negative fa-~tors and match 

against positive clauses*/ nfacts = negfacts (mcg;} 1 

(Vnf £ nfacts, poscl E: sei.:.pos, paste:~ poscl 

jmogenu(~ nf, post) p_g n) <di.st,ct> = nf; 

if (newres is resolvent{d.ist,post,ci,poscl)) eq <nt.,nR.> 

then return !_1 
else if (hd newres) ~ nt then. newres in newpos 

else newres in• nev·ork;; er.5 

/* next treat factors of posi:ive clauses*/ negt= hd met; 

(V-poscl £ setpos) pfacts=--negfo.cts(<ti poscl, ~..t>); 

(Vpf £ pf.acts, nt E negtlmogenu(negt,~ pf) ne 0) 

<dist, pt.ms,->= pf; pcl.= <~, ptms>; 

if (newres is resolvent 

then return !:_; 
else if {~ newres) ~ nt· then newres ~ newpos 

else newres ~ new(rk; ~ end Vpf; end Vposcl; 

/* n.ow process w1factored c:a.uses "'/ 
(Vposcl E se.tpos, post E _!J, poscl,nt£negt!:mogenu(post;nt)~ 0) 

if (newres is resolvent (n:, post,mct,poscl) )· ~ <~,~ 

then return t; - . 
else if (h,d newxes) ~:l ~ U.en newres jn newpos -

else newres in nework;iend if; -- • 

end Yposcl; end vmc!; end while; 

simplify· (ne·wpos, set.pos) ; end makepos t 

end hyperre~i 

• 
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Resolution theorem provers will often exhibit a kind of indec:t-
aiveness, forming c>. promising clause from a given clause c 

but then not pursuing the line of investigation opened up. 

our next method, max...i.ma..e. c.tcwh 1Le.6olu.ti.on., S-<:!eks to overcome 

this difficulty by performing resolution :r.epeatedly on_ the 

terms of a given clause as often as possible before a new 

clause is taken up. (Cf. J. Robinson, A review of auto~atic 

j;heQ:i:,em or_.Qvinq, Proc. Symposia in Appl. Math. (1966), v. 19, 

p.merican Mathematical Society, Providence.,. R. I. for the source 

of . this approach.) In the SE'l'L aigori thms which follow, 

the following convention. is usDd to facilitate the processes 
that must be applied. As rc:-30}.ution is repeatedly applied to 

the terms derived from an. original clause cl, the clauses which 

result are maintained as triples in the form 

<<ntmscl,ptmscl>,extneg,extpos> , 

Here 'ttbn~c.t are all the negative terms, and p.:t.m.bc.l all the 

positive terms, which derive from terms originally present in 
ct; while e.xtrie.g are all thoEe other negative terms, and e.xtpo~ 

all those other positive terms, •,vhich derive from clauses 

against which c..t has been matched for the forming of resoi,,epts. 

The SETL algorithm for ma1d.inal clash resolution is as follows: 

definef maxC!lash (axio:rns, anti theorems) ; 

new = axioms ~ an ti theorei-ls; old=new; proved=!) 

(while new ne nt} newer=maxresols [new] J - -~ 
if proved /*proved is a flag set by maxresols*/ then return t~ 1 

old=old ~ new; simplify {newer,old); new=newer; end whilei 

/* if no new resolvcnt.s then*/ re· . .:urn f; end maxclash1 

define£ rna:-cresols {clause) L ma.xclash external old, proved, newer; 

if proved then return n>!.; ; ;1,bypass work if finished already*/ 

Work = {<clause,<n2.,n1>>}; mo-xs=n!; 

(while work ne nt) elt f:t"otr. w:,rk; 

<<ntmscl,ptm~l> ,xtrneg,xtr.po$_> = elt; canextend=f; 

• 

-280-



vars= [u: x e: nbrtscl ~ p'!:.m$cl u xtrn~g u xtrpos]varsof(x); 
map,= n1; (Yv € vars) map(v) = £~at;; 

ntmscl = substi1;_ ntmscl; ptmscl = substJ.n ptmscl; 

>ctrneg = substin. xtrneg; xtrpos = substin xtrpos; 

extnegcl (ntmscl, ptrnscl, xtrneg ,xtrpos, t neg,); 

extnegcl (pt~nscl ,n tmscl, xtrpos, xtrneg, , pos •) ; 

if canextend then continue:; /": else * / 

newreso-1 .f ~ <.nt:mscl ~ xtrneg, ptrnscl ~ xtrpos> 

if newresol ~<~,~>then proved~:r zeturn 
l'eturn maxs; end maxresols; 

/*auxilia.ry substitution routine.,,/ 

in maxs; 

ni• • end while,• _, r 

definef subs tin x; ma>~resols external map; return [x] subst map; 

end substin; 

define extnegcl. (ntmscl r ptinscl ,ext.neg, extpos ,switch); 

/* extends clash w:!.th negative terms of clause*/ 
rnaxresols external n~ap,work,canext.end; maxclash external old; 

(Voldclause c oJ.d)<ont,opt>=o"idcl; oldpart=if switch~ 'neg' 
then opt else ont; 

(Vx c tandmaps (ntmscx-, oldpart)} 

/* tandrnaps will produce a set of pairs <term,map.>, ea.ch 

showing a map which may b~ use:i to produce a re!.!olvent 
and the term whi ~h re::1oi.u.tinr~ will thr:m eliminate; the code 

for tar.dmnps has been given above*/ 
<term,map> = x; ntmsc==~~- ntroscl: 

Ptmsc = su.bstin ptroscl; extng = substin extneg; 

extp = substin extpos; ontl = substin ont; 

optl = substin opt; nt.'llsc ::: ntmsc le~:: •• term; 

extng = extng less term u ontl lesset ntmsc; 

eJctp =-= optl less term ~ extp ~e~. ptmsc; 

i_f n 3at e: ntmsc u extng ju.te (ptmsc ~ e)ctp) then can.extend=~, 

<<ntmsc,ptrnsc> ,e:r.tng,extp> in work; end if; end rx; end Voldcl; 

return; end extnegcl; 
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_.The partial nassociativityt of the resolvent-forming process, 
to which we have alrea.dy alluded in our discussion of hyper-• 
resolution, can be used in various. ways to standardize any 
tree T of resolutions which leads to a contradiction, thereby 
cutting down on the number of alternatives which a theorem­

prover algorithrn . .must explore. In particular, suppose that a 
contra.dictory set s of clau.ses is given, with a subset n 

such that s-n is cons is tent. Then, by using the above-mentioned 
partial 'associativity' to force Tinto a pattern in which 
clauses are resolved against clauses of s {input clauses) as 
much as possible, it may be shown that we can always assume. 
T to have a spe{~ial form., whid1 -:-1e may describe as follows. 

(Cf. n. Anderson and w. Bledsoe,~ linear fonnat for resolution 
with merging_ and a n~technigu~ for establishin';! comoleteness, 

J. A.C.M. 17 (3}, 1910r pp. 525-534 for a proof). 
Given. two.clauses c

1 
and c

2 
containing unifiable terms 

t
1

, l\.it
2

, and gi.ven the map m which unifies these terms and 

the r~solvcnt c produced from this unification, we call a term 
t. of c a me.'1.g e . .te.Jt.m if it arises both as t 1 snhs t map and . 

=t
2 

subs t map, where i\ is a ter.m of c 1 and t 2 is a term of c2 • 

Then, in the situat:tc,n described above, T may be taken to 

consist of a se.quen-::e of i:esolutions, the i+l'st rerolution 

producing a clause Ri+l fr0.:n two clauses Ri ana Ci, and where 

.the following assertions hold: 
i. Each c

1
. is either ins Ci.en, is one of an original 

. . h • < • 
. •input• set of pr.opos :i. tions) or is an Rj wi tl J 1 1 

ii. If c. is not ins, then Ci contains a merge term t, 

llnd the terrn
1 

resolved upon to produc,a Ci+l from Ri and Ci is t. 
· • ~ R · t4•·- o~ an appropriately Moreover, e~ery te~ro oA i+l ~s a ~~1·• ~ 

• 



substituted version of R (subsurnpt.ion condition). 
-~ 

iii . The 5.n:t' ti' al c."L;,u~e Ro ' ., ' 0 - - ~ - oe .... cngs t.O 1.. 

The assertions made in the preceding paragraphs establish 

the complet_eness of the modified resoh.,tion procsdure, which 

may be called the .l.i.n_E:.a.r.. Jt.e-6 olt.tJ.:..i.,o;t mE. V1od, ernbodied in the 

SETL algorithm below. ?~ote thv.t ~n:cin<J the i-th iteration 

of this algorithm (we refer here to the outermost 'while' lo~p} 
the set cu~veo(c} represents all the resolvents R which 
in the i-tn· place in a sequ.ence of resolvents RO, ... ,R. 
i th 

. . 1 
ng e a.oove conditions and with R0 = c; except that if 

mightapp~ 

s0:tisfy-

R 

would appear with lower index in such a sequence we drop it 

from caiv~6 (~) The set cu~.,:{'~-~ {c) represents all the 

resolvents R ~hich could ever appear in such a sequence, only 

clauses which are properly subs\lmed by clauses subsequently 

~ppearing in C.U./t v e.6 ( c) being dropped & The set me,tg fVt.e.J 01t~m { c) 

represents the cumulative total of all ·resolvents belonging to 

such a sequence and containing a merge term. 

The routine ma..tc.hup Z, modeled after the ma..tc.h_up routine 

used in the blnary resolution algorithm given above, not only 

forms addi tiona.1 re sol vents but notes those resolvents which 

a.re merge resolvents: merge resol,r<mts are represented as 

triples <<negmerge,posmerge>,c>, where c is a clause containing 

merge tE:rms, negme.Jr.ge. is the set of the negative merge te1.,ns 

which c contains, and pa~me4gt is the set of positive merge 

terms which c contains. The routin~ ca subsinst cb tests to 

see whether there exists a mo.p suc:h t.."1a t every te:rrn of ca 

is inclu.ded among the terms of cb ~ubs t ma.p. The technique 

is rather like that used in the subsume~ routine given earlier: 

All the variables of ca are redesign.s.ted • as _constants; a set 

of mapJ is initiali1.ed to consist of the identity map only. 

Then, proceeding through the terms t of ca successively, and 

for each mdp £ map&, ona tests to see if 

ma.p can be extended to a. map'i.n such a way as to make t agree 
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-~ith a tel'.1\'i of c.& suhst m1:~' 4 If a 5G:J"1:,enc,3: o~ ~,;,~t8nsior1s 
·-.._ ........ ,... ~ ,I. 

-- ·ultimately cove.ring every term t· of ca can be made, ·:t.1e.ue is 

returned; othc::?rwise 6a.ll.i e. 

Here is the SETL algorithm~ 

definef linr.e~(axio~s,antitheorems) • 
•-" __ .. ·-- ,, __ ., ... . . ' 
input=axioms £ antitheor.ems; 
curtes = {<c,{c}>, cEantitheorems}; allres - curres: 
mergeresfrorn = { <c,n.t>, c€ant:i.theorems}; . -

.... (while 3ce:anti theorems I curres (c) ~ n!) 

/* as long as there are curre~1t resclvents*/ 

(¥origcl ~ antitheorems) newx~s~~, 
(\' cl £ curres{origcl})<neg,pos>.::c.t, 

( Yi tern E !{lf.?rgeres from ( or. igcl) ) < <negmrg r posmrg~, elm>= i tent; 

j_f matchup2 (ne9 .,posmrg ,c;:. ,elm) ~ matchup~ (negmrg ,pos ,clm,c.t) 

then return!.:; end Vitem; 
• elm c S'l; /*to cont~ol a detail of the processing by rt1atchup2; 

note t.hat matchup2 will define a new total set of resolvents, 

and a new set cf merge resolvents*/ 

(Yelin c input)<negin,posin> = clin; 
if-matchup2(neg,posin,ci,clin) ~ matchup2:negin,pos,clin,ct) 

then return t;; end Volin; 
end Vet; ·nowres=all.res ( origcl) ; simplify (newe:- ,nowres) ; 

Allres(origcl)=now:res ~ newer; curve~origcl)=lewer: · 
end Vorigcl; end wh.ile; /*if no surviving res:>lvents then*/ 
return f; end linres: 

definef m~tchuP2{neg,pos;ca,cb)1 
/*forms resolvents and notes merge resolvents*/ 

"'/* note use of subroutine ~!\n_dmaps given pre,iously*/ 

linres external merges from, newer, c1, origcl, cl.rn; 

(Vx e tandmaps (neg ,pos)) <.tmx,mpx>c:x1 

newres = <nl is (hd ca subst rnapx less tmx)) -- --
~ (n2 is(~'!, cb ~E.!! mapx)) , 
pl is (ti cb subst mapx less t-:mx) u (p2 is tt ca subst mapx))>; 

- _,_._,---=- -- - -

• 
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j_f newres ea<r:Jl.,n!l> then r.:tu.rn t•• 
~ _,, 

if ~ elm e.q 0/* c,o that n t t 1 • ~ - o· ma c1ing an-input clause 
but an old merge resolvent~/ t.,.~en if 

n (newres s-ubsinst clm)then continue;.; end ifi /*~lse*/ 
newres in newer; 

l!tergeparts = <nl int n2, pl •in~ p2>; 

if mergeparts ne <nt,nt> then - --
mergeresfrom(origcl)=mergresfrom(crigcl) 

with <mergeparts,newr.es>; 

end Vx; return f; end ma-i.:chup2 • 
- 0 

definef ca subsinst cb; /*d-:-:te~laines whether there exists a 

map such that every term of ca is· included among the terms 

of cb subst map*/ 

varsa = [~: t £ hd ca u t! ca] varsof(t); - -- - -
makconst = {<x,{x}>, x E varsa}, 

• <nega,posa> = <[~d ca] subst rnakconst, [tR. ca] subst makconst>; 

maps= {nt}i /*start with set consisting of identity map only*/ 

<negb, posb> = cb: 
(1ta e: nega) if (maps is extend2(maps,ta,]'.l-egb)) .eq £! 

then return f;;; 

(Vtb E posa) if (maps is extend2(maps,tb,posb)) eg n.t 

then return fii: 

/* if arrive at this point then*/ return!; 
define£ extend2(maps,ten-n,termset)i /*auxiliary routine 

which tests to see if by extending some map e: maps to a 
!!,ewmap, .!~ can be identified with an element of terrnset 

subst map snbst newmap~·r; 

extensions c: n.R..; (Vm e maps, t ~ tf.:rmset) 

if(additi_on is mogt1n.u(t subst m& term)}~ 0-

th dd · t · • n ext-eris i o:1s ~; end \Im; returl~ extensions; en a i 1.on u m ~- • - •• • , 

end extend2; end subsin'St; -
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D. Loveland has given a theorem-proving B.lgo:r.i thm rather 

closely related to th,~ lincaJ.: resolution method discussed just 

above; Loveland calls his procedure mode.l e.Um.i.n.a..t..[on.. 

(See Loveland, ~ s5~lifie<.1 format for the model elim.:i.:'.1ation 

theorem-proving procedu.!::_, .J. ACM v. 16, pp. 349-363 (1969)). 

Like the linear resolution method, model elimination forms 

r.~solve~ts us:i.ng input cla~ses whenever possible. The 'merge 

resolvE::!nt' case arising in the preceding algorithm is handled 

somewhat differently, however. The technique used is as follows. 

As resolvents are fo1.,ned a partial record of t11eir parentage 

is kept. Resolvents are in fact maintained as sequences 

t 1 , •.. ,tn of. units (Loveland caJ.ls these sequences 'chains'). 

Certain of the units in a sequence are specially flagged. 

A sequence corresponds, in the mo.rt: custon:iary resolution theorem 

provers, to a clause formed by a succession of resolutions; 
. . 

flagged uni ts are those which rf;:Solution would have eliminated. 

In Lovelandts procedur.e, these units are kept (but specially 

marked) so as to pe1:mit the subsequent elimination cf additional 

units by a logical equivalent of the 'factoring~ process 

applied in conventional resolution theorem provers. It is not 

hard to see thr.1t if resolvents are kept in this form the 

following three processes must be applied: 

1., Extension (Cor1.·espond.ing to sini_ple resolution} . Take a 

sequence t
1

, ... ,tn whose last unit is u~flagged. Find an input 

clause c and a unit t in c, having nega.tivity opposite to that 

of tn, and such that t and tn can be unified by a map m. Apply 

the map m to all the terms of ~1 , ... ,tn and to all the terms 

Of c, thus obta.ining a new sequence ti,. ... ,t~ and a new 

clause ~'c Eliminate t ma£ m from c' and append the remaining 

Units of c to ti, ... ,t~; flag t~. 
2. ~eduction {Corresponding to factoring). If a sequence 

tl, t contains a marked unit t.·wh1ch is followed by an ·•~, n J 
Unmarked unit tk of oppositive negativity, and if there exists 

-286-



a map m which unifies t. and t •'",._h,.,.~,-...... j~iy ~ , 1 '-"'A un.its J · · '.,;. 1 - -... ,, ~ • ,. e ·- rn ,: o a.,. w 1. -· 

of tl, • • •, tn, and drop the kN•_r· .... '1-i. unit of ·the: result,. 

3. £9n:tra.cti.9.E,_ CJ?rc:,pping tex:ms no longer needed} . If a 

sequence ends with a marked unit, drop this unit. 

Process 3 should be applied when possible: if this is not 

possible, then process 2; othct'w.ise process 1. A contradj_ction 

is represented by a sequence of length zero. A sequence 

containing two marked identical uni ts of the sa.'i\e negativity 

zepresents a resolvent into whose formation a tant~ologous 

clause has ent<.~red; ·such. a sequence may therefore b~ ignored. 

A sequence containing two mark(~d i1..~entical tmi.ts cf oppos.i te 

p9gativity represents a clause subsumed by a shorter clause, 

and may therefor-e be ignored also. Finally, a sequence 

containing two unmarked identical tE-.!rms of _opposite negativity 

is a t~.utology, <1nd roay be ignor.ed for this reason. 

In the following SET.L c:i.lgori thm, tr.e 'sequer.ces' spoken 

of above will be r~presented as sequences of tr~ples 

<unit.,po~rneg .mark> 

where po.l\ ne.g is !: if the urd .. t is to be considered as unnegated, 

!. otherwis~'; mah.k i.s t if the unit is to be considered as 

marked, 
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definef modl:i.m{ax:i.oms,ar.itit.heorems}, 

all = axioms ~ antitheorems; chc:d.ns = nJ..; 

(Yx c antitheorems) seq= ?i; <neg;pos> - rebuild(x); 

(Vnu E neg) seq(#seq+l} = <nu,f,f>;; 

(Vpu e: pos) seq('h~eq+l) = <pu,t,:_>;; 

seq in chains; end Vx; 

{while chains~ n.9..} /* first apply reduction process to 

produce addi tiona.l chai.ns * i redchains=chains; 

(while redchains ne n.R.} new:-red = n!; -- _ _... 

(':fseq c redchain.s, l::_j<f~;eq, j<k::}seq j 
.<*z3>seq(j) and n <*zJ>seq(k) and <*z2> seq{j)ne<*z2>seq(k} - -·---·--- - .. - - --
~d. (map :is mogenu (~d. seq ( j) , h~ seq (k)}) ~ rn 

newseq = {<hd seq(.O,} su.bst map, tl seq(t)>, l<.t<j}; - --- -- --•-

utm = h<l seq(j) sub~ map; 
(j < VP~ .;S, ftseq) utlm ::: hd seq(.q .subst map; 

if utlm eg __ utm ~.n<l ~ <*?:_3> seq(~.) ~nd <*z2> seq(j)~<*z2>seq(f) 

then continuei; 

/*else*/ newseq'1tnewseq+l) =<utlm,,!! seq(R.)>; end \'l; 

if trim(newseq) then return !11 /*else*/ 
if n ignore then !l(:'!Ws00 in chains; new~0.q in newred;; end \fseq; - ~ -·- -

redchains ~ ncwred; end while; 
/* now ~pply extension proces.s */ newchains=ni; 
(V-seq e: chainsr incl e: all} if <i'.z~> seq(iseq} then go to pos~ast;; 

• /* else negative unit is last */ 
('rpu e: ti incl I (map is roogenu{pu, hd seq(Jseq))} ne O} 

<mapr..eg ,mapos> = < [hd incl] ~~b~t .map·, [tt incl) subst map 

less (pu) subs"; map)>; do bu:ildnewseq; block buildnewseq; 

newseq = {<j, hd seq(j) subst map, tR. seq(i}>, l<j<fr.seq}; 
- --- - -- .> --

n(;:!WSf!q(#seq) ::;<t !_ 3> newseq(tseq); /*'mark' this urd.t */ 
(v.ut e; ·mapneg} newseq(#ncwseq+l) = <ut,·f,f>;J 

(Vut e: tnapo~) ne..,,."Seq{J1:ewse.q-tl} = <ut,t,f>;; 



l 

if trirn(newst?:q} then 

then newseq in newchains;; end buildnewseg; 

end Vpu r /* completes trel:1.tm,~nt of trailing negative unit1 

treatment of t.railing posi tivc un:i.t follm..,·s * / 
[poslast: J . 

(¥nu E hd incl (map is rnogenu(nu,hd seq(~seq))) ne Q) - -
<rnapneg ,rnapos> = < (hd incl] subst map less (rrn subs t. map} , 

[t1 incl] su~st map>; - __ ..__ 

do buildnewseq: 
en-:1 \Lnu; 

end V-seq; chains= newcha:i.ns, end while; 

/ * 'f' h th. • L. re:.,c is pol.nt th~n ·:: / return f; 

end modlim; 

definef trim(seq}; modlim external· 5.gno:re; 

.{while <*z3> seq{iseq}) seq(#seq) = n; 

if s.eq ~ !1l then retu.rn !:.: c~na while; 

/·k now check for va.rious conditions of redundancy * / 
ignore = f; • 

if 1 < 3j < tseq; j < k < tseq 
<+-z3> seq(j} ~'1_~ <*.~3> seq(k) ~d ~ seq(j) eq hd seq{k) 

$or n <~':-z3> seq(j} and n <*z3> seq(k) and hd seq(j) ~ hd seq(k} 
--- - # ....,__ - --- -

and <*~2> seq(j} ~!:, <-,..~2> seq(k} then ignore = t; 

return f;end lf; 
/*if not redur.4<1nt, then substitute r1ew variables before return•; 

vars = [u : 1 <:' j < tseq] varsof (hd seq (j)}; map = ni; - - - -
(Vv e: vars) map {v) = newat;; 

seq= {<j,hd seq(j) snbst map, tt seq(j)>, l<j~ffseq}; - ' 

return f; end trimi 
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