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the work of which the present menusuript gives first results
bas its rookts I certssn musiiga cosceraing the relationship
Qa

aetwecn rathemotics and prograsming in which the author has
(=1

from Lime o time indulgu:, Gi: the cne hand, programmaing is
concerned with the specificaticr of zlgorithmic processes in

& form ultimately machinable. On the other, mathematics describes
sone of these same pvocesses, or in goms caszs mersly their
resulte, almesi always in a much move succingt form, yet in

% form whose precision all will admit, Comparing the two,

one guets a very strong even if initially coniu oEd impression

that prccraﬁming is somehow more difficuit than it should be.

3, why mugt thare be so 1arge a gap between

Why 1s this? That is
& logically precise specificaticn af an chiect to be constructed,
and a progranraing-language account of a mathod for itz construc-

tion? The core of an answar may be given in a single word:
efficiency. However, ag we shall s=#2e¢, we will want to take this
word in a rather different sense than thai which ordinmarily
Preoacupies programmers,

Korae spefifxcally: tha impl ia
of mathematice, which dictions give th
nite ur at any rote very
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~tions wsed in the language
a2 lanjgusge much of iis
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powexs, oﬁfeﬂ wnply searches over inf
larye sets. Programming algorithms reaiizing these same
constructions must of necessity be sguivalent procedures devised
é@ as to cut down on the ranges which will be searched to find
Ehe ohjecin one ig lcoking for. In this sensa, one may say

that proagramming is optiwmization; and that mathematics is what

s ot —— em et

programming hecomes whea we forget optindvotion and program
in_the marner aperopriaie for an icfinitely fast machine with
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iniinitu amounta of memory, It i the mass of optimizations

Sy e -

with which it is burdened which makas programming sc cunkarsome
a process; and pgne mast always remewbher that the sluggishness
of this process is the principal chbetacle to the develecpment

of the computer art,



These reflections suggest that wome of the weight of
_ pYogramming ot thrown off by passing from the programming
dictions ordinarily uaed to a more highly "mathamaticized®

planguaqe. Cur hope to be able to mzke something of this

 general idea is raised by the obsarvation that efticlency
has two rsther diffezent sides., 4ne Lis mathematical pnd
. absiract in character. Whet infermediate logical constructe

'mﬁat be built as a process proceeds; how large are the sete

°f Togical ﬂajects over which eemrches muat bs extended during
@u‘h a process? The other side of efficieney is machine-relabed,
enﬁ basacaliy two-fold, First we rust ask the guestion of
inner loop efficiency: into vhat tsbular reprasentations ean
%ec»ssaxy abstract strucktures i mapped with advantage; once
" this “@pxesancatian iz esteblished, how afﬁici&n&ly can the
necessary coded processes be apds to affect these tadles?
" Then we must ask s fundsmental guasdion related uliimately
to the szpesd chazm which separates ala:trowic from aleciyo-

'ngauanical remorisg: how large are tha data sein with which
_an pilgovithm will foree us to danl? How can thege dats ssts

.

begl be staged betwean different grades of mowory so as Lo
harry the completion of an algoritimic precess? We ney remark
uhat machire-relnted efficiency ilssves ere apt to have ag much
or more %0 4o with these mekory manegement preblemz as with

prehloma of innezr loop coading, sven Chough most programmers,

@spaﬂia ly those with zu assembly language bagkground and bilas,
“tend to think more of tha latter. gur hypcthetical mathemati-
clzed prograwmming language would practisally by definition magk
2ll machine-related efficisncy isswss aimogt covpletsly, Thave
i, however, no veason why (¢t should hide these more abstract

- -

issves of process design which can eadily have a more important

 bearing on efficiensy. Indend, and this is one of the benefits

for which we may hope, it should by masking the formar

. enhance ouy ability to concanizate on the latter.



The Ioregoing considerations 13ad one to suspect that a
ﬁtfgr&mm‘nq language mofleled aftes zn wppropriazte version of
the formal laycuage of mathematine mdght allow a programming
8tyle with some of the succinctndzs of msthematics, and that
this might ultimately enable us te expreoss and to experiment
with more comple:x algorithms than are now within reach, The
: otion of language that sppears her: then demsads additional
glariblcatacn. Speaking very gengrally, a computer language
léa a set of notations referemcing objents and procesges, and
patiarying all of the following conztralsovs:

. 4. A formal distimction between wali-formed and jll-formad
programs exigts, and a "éynt&x checkar® capable of adminisztering
thig distinctlon can be bullt.

ii. That elass of sbiects and procssses to which well-formed:
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programs rel{er can be definsd rigorously.
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iii, A "compiler® @apable of ivansforming a well-formed
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program into the objects and prusesges which it x¢presents

can be built, Thesa objects can in fact he repressnted
within a computer, and the processes can in fsct ba carried ouk,
Since it refers ps & matter of dpuvree to infinite seta,

in
ﬁ&@ language- ¢f mathematics hags only the fivst two of these
progertie@, not the third., Weverihalems, it iz ¢lesr that in
sea ching for a mathematicisad programming language we will
wish to start from poms appropriate veraion of the lancuagze of
pathematics. With which . of the several wariaants of formal
mathema ics whieh might bz contanders shall we begin? It iz
aaL unreascnable to begin with ast theory, formally repreacnted,
1ot us may, in its von Nevmann-Bernavs form., This is 8 language
é@lmtively frea of artifice, clone to thae heuristie spizit of
inZormal wathematics, end a formal system with one or another
version of which there iz a grest boly of gatisfactory oxperience,
In particelar, we kasw that using ths very zmall wand sieple get
of primitives which this language sasbadics, the whole structure
of mathematics, from sbatract algebrs to complax function theory,
can be built up rapidly, intultively, and in a manner largely fres
of irritating artificialities, Taking this as our starting polnt,
our problem bacomes: adzpt sct-theory ta be machisable,
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. Hot fatending to cope with the still largely isgenetzable
difficuities of me%haﬁicai thooren proving, we moaa to calconlate
ot with logical formulae but with sete actually enumerated, and
éhig mexns that our lansuage will only ba capsble of dealing
with finite gets, Giveh that thig is cur plan, we must firsé
im@uﬁre 2z to the extent fo which the primitive notlons embodied
in the axioms of set theory ave consistent with such e restric-
W@inm. aAn easy examination showes thae, with the mingle and chvious
&xaep&ian of the azfom of infini%y, which seasric that thers
@rista a pet consisting of all the fntegers, every other basic
@sttruc ion of pet theory lezds naturelly fzom finite gats anly .
to finite gece. Thus to beayln our langusge we have aﬁiy to abandon
iﬁhe mathematician®s habit of refervin ng to the intsgersz as a closed
totalikty. What ryeplaces such raferentes ars th@'procqss dictiond
familiar from other programming lengusges, that is, dictions
which allow {possibly racursive] seruantial invocation of a
é@t of basic processen ontil a desired state is geached,
Thus we cook our stew of two cets of ingredisnts: partly the
gtatic dictions of set thaory, restricted however to finlte setg
@xclusivaig; partly of the while's, go~to's and call's fzom the
rogramming languages, In cockimg, thehd two originally disparate
@eta of eilementn wxll cof course imtgrg&nu?*ate sach other,
| and when it all comes out of the pot, what do we have? To begin
with, only vet snother programming language, an entity thersfore
which the pophisticated have increasingly lezrned to despise.
Iz it reaponabla to expect that the definition aad implementation
of such 2 language will, merely becasee of the msthematicized
charactar of the language, cregts zny advantages at alle
I contend that the angwer is yes, contsnd moreover that the
banafits which such a fanguvage will provide ars numerous and
pubstsntial, and degin to bButtregs this claim by indlcating one
of the most general of ths bensficlal effects expected, an eZfest
‘upcn computer sclence education, The avalishility of a mathemati-
cized programming languags should in velatively short order lead
to a restructuring of the way thatr computer science is taught,
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Presently one begine with a boslec cosrse, titled vaxioualy, but
generally called something like "Intgoduction to Data Structures
and Algorithms®, This fundemental ssdbiect matter ghould now
fall into two parts, which might ba peparaiely called
sbatvact sidorithmics and concreds algoritimics, Abstract
algerithmics will be concerned with the depiction and analysis
of compler algorithmic provesses, independently of the way in
wiiich the logicval objects to which they rafax are to be napped
into z computar, The present work is intended as a first
{llustratien of what abgtﬁaai'&}garithmﬁca iz ultimately te be,
Concrete algorithmisa, on the cther hend, has the following as
its problem: gilven a family of abstract objecte and proueoes
wvhich are to affect them, how can these cdjects best be mapped
into tabular form and the assosigtad progesses actually carried
eut? Note that by ispiating and fivst selving come of the
problems of abetract aloozithmich, we may enpect to bs able %o
digcues concyete algorithmic pradlems in & more satisfactory
manner than has hitcherto babn typiczl., Deforo one knowe what
in 8 compiex situation one wanks tv &o, ong is realiy not In e
voary goed position to study the ways in which oma might do it,
Conversaly, onca an abstract algsrithw 43 put forth, one ilg
generally ahle to anvisage a puch widey range of concretle
epproaches Lo its optinizatics thas vould otherxwise be possible.
Prom the point of view of the present work, prlor asystematic
attempta at the depiction ef &lgﬁxithﬁﬁ have geanerally falled
to geparate the zbstract fyom the cfuoyste parts of the algorithmice
questione which they gtudy, but have mixed tho sbatract with the
@mnmzet@, rother to the disadvantags of both. It may also be
ntionsd that 1t is ahstract rasther than concyrete algerithales
which atand closzest to a third principal branch of computer golenca,
that which plays se large a rolie in Donald Rauth's magnificent
gseries of books, namely the f£oumal perfovmance snalysis of
nlgorithms, ' ,
' # pcecond benefit ig Chisy the sucsinctness and descriplive
power of a mathematicized programsing language will enable us
to deplet complex processes in thalr totality, in dacisive detail,
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and in & foms freg of abulractly ireslevant zpecifics, Binca
our view of complex abstract glyoritime %iil bLe total and

7 @

fetalled retheyr than fregmentary end veoue we will have &

dettey chance to consider the form and effect of variations

in vur algorithms, and possibla generallzstions of then, Bringing
the abstract kornel of & process out from behind the veil

of abstract irvelevancies whizh normally obsoure 1t, we will
make this keznel more covmurigeble and wnoe more capabls of
gystenatic rational disgussion than would othexwise be the case,
The limination from formmlly statad slgorithms of irrclevant
speclilcs has otill another esubstaniial benafit, Specificity .
iz a major source of incompatsbiliity bhetween algorithuos, and
abztractness will therefore snhence compatability. Considerx,
for example, the problem of piecing together a compiler out of
fes cugtomary principal components: paxser, optimizer, code
generaton, ate, We find, typicaily for a vhole clazs of similar
situations, that acrosz each of the Interfacuy betussn prinsipal
modnles sone cmll&c%ioﬁy generally rather amall, of structursd
Eata items must be pasmed, Prom the abstract point of view,
these will be unproblematical eagugh: they may be tress, graphs,

-

® few mappings defined thereupen ebs,

If one nodule will naturally preofucs tiees or graphs, and ancthar
ten convaniently scoept such as an laput, no sericus prodlem of
compatahility im to be avpestsd at e uhstyract lovel, and
separately written melvies can resdily e f£it Into & totaliny,

The situation immadintely becomes different when abstract data
gtructures are mapped inty ooncyete Gabular form, To do go is
to define a host of pointey and indexiny mechanisms, suppiensniary
variables, overilow conventlens and flags, special abbreviations
relating te particulap date subonseg, field agizes, punctuations,
and su fortn, ‘thess definitionas, preciscly Decause from the
abstract point of view they ave larzgely arbitrarzy, will nevez

pe sast in precisely the sam: way for two sepavate program
moiules except by vareful preplanking; and of course, ahy
devietion from perfect agrsement Say réguive data restructurings
2o complex and touchy as to Be przaibitive, In this we have the
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cavse which gensrally makes it lwpossibis to desisn uselul -
pregram library components which wiil elther ascoept complex
data structures =a iaput of provide guch structuras as outpul,
uniasa, as is the case with the SE¥L language %o be described
in the chapters whlch follow, a language of sufficient
generality provides a £ixed franmework of conventions., Fex
this rsagson, intermodule dste intexfacss often become tha fecl.
of major difficuitizs during cthe design of large proghamming
gystens , wherein wmonths are ofien consumed in pagotliations
concerning the detailed layout of data stfuctures to be
passed between principal medulsz, 3t is normally the case in
such sifuations that ali the fechnicil ¢rdups ifvéived have
elaporated thelr design {deas not adbstractly but in terms of
sertain implicit assumpiions coscarmming data layout, aswumgﬁia&ﬁ
#hich understandably encugh they become losth to give up,
Moreover, no powerful algovithric coxmunication tashnigue
permitting cne group o galn an understanding of the processas
which the othere are going to apply is available, so that tha
trade—-off issues involved in the choice of data layouts tfand
to remain cbacure on both sidsg., Natwrally, it iz then hard
to cowe to intelligent technical compromises, The systematic
rre-gleboration of glgorithmic stfat&gy using & puwerful specifi-
cation language should zast a walcome light o this dark aad
perilous corner, ' .
Given that the eliminaticn of irrzlevant specifics will _
restrict the tendency toward incompatability of program modules
in a significant way, wz may expsact to ' be able to produce fairxly
éﬁmplex standard forral algorithms adaptahle for Use in a vaviety
of situvations., Thug it shouwld becowns posgible to put larger items
into the cabinet of prfabricstad programs than have
hitherto filled it. In £ha presont vork effort will be devotad
to doing just this,
Yet a third anticipated henedit which we expect the use of
a mathematicized specification language to provide is this,
Our method allews the abstract specilication of an algorithmic

L) -
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prooess to go forwamd to completlion before any of the concrela
t&hl@~and~code degign isrues connsvted with it bhave to be faced,
When our leaguage iw implemented, it will even be possible to
sxecute the ghstract programs, and to verify their correcinezs
%ﬁyﬂrimantally. Ruring this precess a much gmaller mass of
progrem text will be invoived thon fm now the case, it will

be much more feacible than it agw i to experiment with
55gnificau* varzat*@nq 4 approach during the development of an
a gax;t“m. Tha., bav;ng a dabuyeed algorithm in hand, on will

ke able to survey it o got a detalled picture of sll the data
mtrucuurcs which it invelves, of all their parts, and of all

the procesgses which must effset these parts, It should then be
cgaainy then is now the cass te comm to ﬂaphiatiéatad final
@g;isianﬂ conoerning the Lable-strecturas, data managament
G?r&tegi@s, and code techniques to bé neged in & highly afficiant
-vars;on of the same algocithm, In gurrent practize, both cilasses
uf izsues, abstract design and concpete lavout, must be faced

at once,_an& generslly in a gitustion of confusion in which a
programmer, already forced to copm with all tha cowplexity whieh
hé can juggle, may be unwilling aven to contemplate promising
owtjml zations if they threaten to add to the mass of wmatsrial
which he must sustain. Noresvex, in typical current gltuations
it is quite havd o maintain depion baléac&,-with ths conseguencs
that certain parts of the gysatan may be overdasigned, while
others, equally or wore c;ucial may be sorely neglected, and
~their Ansuffic&anay diﬁeav 2red only when it hes becowe impozsible,
or at least extyemaly expensive, to do anything about it. The
slgorithmic language which wo pressse should, in short, allow
t%g;full eomplex of progremedesign ismues to be approached in
d;darly gtages, and allow minor maiters te be classified as such,
whereby design attention can ba concantrated to ferret out
highly effsctive solutions to Rey problems.
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‘Mot of the benafits to which we have till ncw ailuded coms
-Exom the use of a suitably powerfisl svp«*iicétion languace,
independently of wvhether thie language ie ixplemented. when
‘the mathematicized programming lawgsags we project is availoble
fox running, however, additional advemntages will acorue,

% lengvage of this kind cannot but be & most &pg&@pxiat& Lol
ifor those gitustions, egp@éially sharacteristic of uwniversity
-progrerming, in which experimental algorithms ere developed

-0 be run & few times and then improved or discarded after
‘gertain aspects of their behavicr 2re cheerved. A tool of thia
Rind will alseo be u=eful when an elaborais progres nasds to ba
built to run just once, or when @ coupler program whoze sole tazk
zis to propare tables for some oYhor program must be produced,
or when meta-compilers or cothay lswye programs of infreguent
:use must be prepared, ete, The wathemzticiszn deeiring to
texperiment with combinstorial situstions, but unwilling o
‘wmake a very heavy invegtwment in pyogramsing, will f’nm 2 langoags
of the type projected nwat walooms, The computer seientist will
£ind that it allows him to realize mere elaborate algovithas than
would otherwise be In resch., Such atiractions have made APL
dnareasingly popular; ¥ coneider that the partly set-theoretic
nature of thabt ingeniousiy éeviga“ arxaf language lies at the
root of this phenomencn, .

In the duvelopment of large pvogxﬁfmirg pystens withia aa _
Andustrial setting, a technigue alicwiag the rapid snd inexpansive
devalopment of functiconing, even if irsfficient, versions of
somples programs must siso be of dscidéad edvantage, and this
for several reaszonsz., FPresently lazgo-grogram dsvalopment
‘auffers badly from the fact that littlas or nothing beging visibly
4o function wntil a huwge vwhole has beeh brought far along.

At thig point, vast sums may hevs Ptesn gpent and time irrssovere
ebly invested, It ig then genecrally the case that vhat is done
Cig done, andéd that a project must efiher bull through along a
fixed coursa, whatever iis interrnal or sxtarnal deficlencies,

or die, Simply by shortening the perilously long feedback loops
which characterize present develosmest techniquss, an axecutable
specification language would prowve &¢ gremt advantags,

nm‘n



It may also be remarked that Suring tha development of a
daxge system substantisl expenzes ars oocasicned by the fact
that in awch grojects it is often necsgmary Lo write BR326%
of scaffold-codn against which developing systema cogpponents
can b2 teated, Intending that cur mathematicized specificatl
language ghouwld obviate thisz, we hava bheen at painﬁ to spealfy
an interfsue Liokinwy the speelifization language to a conventional
field-manipuiation langosge of the kind which would normally
ba uwged for systems prograrming. In tandem with guch a *lqrar
level®” language, our speclificatisn langumge can act 20 & tepi-cize
generator, ' ‘

The full developmant of 2kis idea lezds to what might bz callad
g2 two-stags developmeant technigue, The Ffivst of the two programaing
skages consists of the development and debugging of a complete
systens algorlthe, written in the avstract langquage, and the
ganotation of this algorithe with all those remarke eoncsraing
intended conerete tachnicues end data management strategy
pecessary %o define the detailed program which s to be devsiopsd
during the second stege, This fixet prograsming stage will alse
inveolve maagurement and wser festing, wherein the gbatract
algorithm serves as a kind of deteiled simulator of the efficient
npregram which it foreshadows, apd wherein it may be modified ss
naceggary . .During the gecond stage of programming, all the
parts of an abetract code are progressively repiacad with
dogically aguivalent but much »ore effiglant passagaz of congrota
code, which are hammersed out against the sgbestract aligorithm,

211 plans involving ezecution of sboiract speoification
laniguages must evsntualliy hone ©o demonstrate that, aven though-
the efficiency losses which the highly gencralized standaxdiza-
tion of data representations mst odcasion wiil be lurge, they
nesd not be catastrophic. Yoss Lactors of ton, or even of 103
can be bomme; logs factors of 1004 {which we do pot at all '
anticipate) would be disasstrous, Tachnology has after all
increnzed memory capacities by a fartor of 100, and speeds by
even larger factors, over e last dosen ysars, and pruwiuea



to continue making similarly spectacular gaine, W#Hould it not -
for many purposes be clearly worthwhile to go back a genevatien
an machines, if by doing 20 we oould increase by a large faciox
our ability to program?

Az a Final benefit, we expect the availability of the

mathemsticized programming language which will be described
in the present work to broaden the frontier of contaet between

wrogramning and mathematicy, It ghould at eny rate 38rve o
emphasize to the mathenmatician thes programming need not ba

a mass of potty detall enly, thet ia fact it ig c@ncﬁhaaﬁ

In & way only slightly unfamiliar with some of the issues
which he is accustomed to confront, that interesting inductive
proofs can in fact be regardsd as resursive algocithme, and
zo forth. While the mathematiclisn will presumshly £ind the

language which is deacrived in the present work more femiliar,
and hence iwre accessible, then oumstomery progremming languages

might be, the programesr coming o it with a convantional back- -
ground will Zipd it necospary to changd ozrtain of hio central
habitz, and this may at fivst ba rathsr fisconceriing,
Conventiconally, the mental procase of program elaboration which
evantually results in a finished program desisn or prouram
begins not only with haif-formulated procedure kernels, but

as much as anything elae with roms idee of the data structures
which sre to supvort the procedires ¢ be employed, Often
enough of & total dewlgn ¢he first part which appears on pepsr
i an initial slaboration of these data stxuctu235; thelir f£ieldy,
end the separate sgignificances of these flslds, Thiﬁ data=
dépiction iz conventionslily usad as an anvil againet which ail
the detailed procesess which eventuaily will form part of a
complate package ara shaped, From the present point of visw,
£11 this, ingralined hedlii of =he mogt gkilliful progranmers
though it ke, is defectlive, sincs it indiscriminately confounds
the gbztract essentisle of a srocess te be described with a

host of matters of gquite Jdiffevent charagctar, Ouyr proceduye
will be otherwise, and, bypsseing very wuch of this customary
matter, or at the very lemst making it & postseript to rather



than the start of our specification processz, we will deal not
:with tables, fields, and pointers, but directly with those
s dogieal associations, gorxvespondences, and gets which conventional
Ctabular data structures oltimately and dndirectly represant,
- The gudden loss of burden which so radical a simplification
~dmplies may at first be somewhat digariénting, and the new
-mediws may at first seem tou rarefied to breathe, To the
~-programmer whose Initial reaction is ag descxlbed, the aunthor
" offers the fellowing adwvice: don't panic; vou arzae simply

:emevging from the sea., The nevessary new habits of thought
:are in fact readily acquived, and onge mamterasd will lead to
T & substantial improvemeht ir gné's ability to design emihently -
tpractical zlgovithms., But the necessary design gteps will bs
viaken in guite a difFerent oider, .
o It desgerves to be made cicar that the present manuscript
:yealizes but part of a consifderably more extensive plan,
: Eome idea of the intended scope of work may be gained by
- gzamining the table ¢f contents which £6llows, in which we indlecats
: not only sections completed but also sections intended uliimately
T to follow, not all of which have at the present writing bean
rdeveloped, Of the section titles after IIC gzhown in the .
¢ table of contentg, II D, IIY A, Iii B, and par:t of VI A
-presently exist in at least brelimincyy manuscsript form;
the others are but prnjected. Work aimed ot implementing the
SETL language defined in the folleating pages is currently undes
way, and much of the projectesd bui presently missing materisl
will be developed in connection with this project. It ghould
alsoe he noted that, whereas the wmain outlines of the SETL
: language now ceem reasonably stabls, cextain featureg must
ba expected 4o change; onily wider experience with ths uze
of SETL and a finished implementetionm will yileld & final
specification, | : '
Before coming t¢ the end of this preface a few last
generalities may zppropriately be put to paper, ¥What are
programning languages? We would like to suggest the following
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cutlines of an answer to thiz questions, avidently fateful for
sny effert at langnage degign, Programming languages are
notational systems devieed to facilitate the description of
abstract objects whose basic alements are sets, mappings, and
processes. With these objects there s to be sssociated s walle
defined rule for evaluating them; perhaps, since the obiects may
contain processes as subparts, it would be better to say, for
interpreting them, From this point of view, an imperativa
programming langusge of the ordinayy sevisal kind may be regarded
ag a mechanimn for the description of a set of bosle blocks, with
aach of which is associated a family of possibls succassora,

Each block wust also be furnished with a "tarminating conditional
transfer® which can be used during intevpretation of the progran
to select one potential suzcesaor block as the astual ®poilast of
transfer”, This Ffamildar kind of locaticn-counter contrel iz

only one of many guite different possibilitiez, howevsr, In
simulation languager, for axawple, the basic principle of organize-
tion is differant:; the subproceszzes of a simulation naturally fomm
an wnordered set, zach of which is furnisghed with an Invocation
condition. The simulation int&rpﬁaiéf evacutas, in any ovder,

2ll processes whose invocatisn condition ie satisfisd, az long ap
any remain to be executed; vwhen none remain, an underlying time-
paraneter iz advanced by the imterpreter, and the next cycle of
pimulation begins, ‘

If we bear in mind this broad rangs of possibiiitice, the
following point of view suggests itseif. The "front® or
*ayntactic” part of a langurge system wast previds methods
by means of which very genaral sbstract ohjacts {graph-1ike,
rather than tree-like, i.e., admitting remste zather than
purely. lecal connsetions) can be degeribed conveniently,

This "front end* should bs variabhle anocugh sc that the
degeriptive notation to be used can bs tailored to the ragquire-
mante of any particular fizld, permitting the obiacts of most
common concern in this field to be describad in a svccinct ond
heurigtically comfortable manrer, Powerful mechaniems for
Qegeribing the diagnostic or verification tests to ba applied
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during its syntactiy analyels should also form part
of this language-system front end. The Yhack® or interpretexr

to tex

part of a language system sSould incorporate sbafract structores
which are general enough &0 that whatsver atruntured objects

nay be of concern Iin any conceiveble situation can

conveniently ba mapbad upon thasea structurea, How, the uea

of general set theory should certainly satisfy this latter
reguirement, as long &s the actusl use of theorem-proving methoda
iz not at issue, Set theory could cniw fail to be adeguate if

L)

some other entities than seta werse directly secesszible to
matbematical intuition and could therefore be used as a
fundamental starting point independent of set theory, which
is not the case., Thus, if a cultably flexible syntactie Zront
end ¢an be attached to the get-thesrelis languags with which we
shall be working, we will bave & cysten covering a goof part of
all that iz likely to be found alohg that road which completely
bypasges consliderations of efficiepcy. This will in fact be
attempied. Of course, this will still leava room for seml-genaral
languages which compromise artfully with full generality in ordex
to reach higher efficiendies then would otherwise be sttainsblae,
Whﬁevax'publishes programs publishes bugs; and whereas a
cextain effort has been dsovied o cleaning up the SETL
nlgorithme which appear lm what follows, 4t should bs romenbered
that they have bhees sighit-chacked only, not sven @ syntax-checker
heing presently avaeileble, Indigsaani readers are asked to send
correctlions to the authox., Seadery who would like to receive
those parts of the present work which subreguently becoms
available are alsy assked to comrunicate directly with the author.
Moxe ample acknowiedgement of wll thoese whe have assisted,
with aid or with criticlism, in ths develonment of this manuscxipt
0 ite present state willl bes wade et & later time, I caanct
howaver, refrain from exbendisg thanks to My, Ravid Shields,
whose gquite effective and uns=2ifish ensrgies have been eszential
in securing the timely appesrandge of that which now follows,
and to Mims Congtance HEngle and Mizs Linda Adsmson, who 4id suech -
a fine job as typists of the manuscript,
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I. Intxndug;ion

In the present work we will propose a new programaing
language, designated as SETL, whose essential festures are 2
taken from the mathematical theory of sets. SETL will have 2
a'precively defined formsl syntax a3 walil as a2 saemantic
interpretztion to be duscribed in detail; thus it will permit
. one .to write programs for compilation and execution. It
may be yumarked in favor of SETL that the mathematical
experience ¢f the past helf-century, #ré egpecially that
gathered by mathematical lecicians purauing Foundational
studies, reveals the theory of smets to incorporate a very
powerful - language "in terma of which the wholé atructure of
Agathematics.can rapidly be.built up from slementary foundations,
By applying .SETL to the spepification of a number of fairly
complex algorithms taken fxeom various parts of compller
theory, we shall see that it inherits these same advantages 3}
from the general set theory ugon which it is modeled. It
may also be noted that, perhaps partly because of its
classical familiarity, the mxthematical set-notion provides
a-comfortanle framewexX for thought, "that is, one requiring
the imposition of relatively few artificial cemstructions
upon the basic skeleton of an snalysis. We shall see that
SETL inherzits this suvaniage alsno, &9 that it will allow us
to descrlbe algorithms precisely but with relatively few of
those superimposed conventions which make programs artificial,
Iengthy, and harxd to read, '

Having general finite sete az its fundamental ohjects,fﬂ
SETL will ba a language of vury high level., Generally
speaking, we may regard the level of a languaga as being high
to the extent that it succeeds in getting away from the :
requirepant of strict locality of operation which adheres to gﬁa



3
an elementary sutomaten. fThat is, a high level language is
ene which Incorporates complex structured dakta objects and
global operations vpon them. Such & langusge can free ite
vser fram the cnercus task, aciificial from the abstract
structural point of wiew, of spacifying the detaziled internal
tables which are to represent the shructured objects of his
ecncexn and of reducing to purely local functions the global
trassformations which sffect these objectz. 7The programmer
ie thereby freed to write of abstract prublem-ralated
entities and thelr interactions in s familiar &ﬁﬁ anaiyilc=
ally ratural mamary. ' :

Thera is, of couree, a prive to be paid for these very
queat advantages., R high lavel languege, which reflucss teo \

™~

a minimgm the amount which r progravawr mest writa to sg&mify
an algorithm in axecutabla form, 4s apt Lo bacoms comeitted
w0 the invariable vee of certain standaxd tabular Zorms for
the representaticn of the entities with shich it is cmncefneﬁ;
and Lo the use of cartain standard prozedures for their
manipulation. It will gonerally use thesa tables and
procedures aven in cases in which the nature ¢f a particu-
lax process to he programzad aliows the uae ol much more
efficiont Jdats reprssentations and msnipulaticas. Thue,

the vee of langvage. >f vary high level will lead in many
cases to the generation of very inafficient vrograms., To the
extent to which we zzs uusdbkle to eapture the optimising
‘inventiveness of a ckilied programmer by an optimization
algorithm, this difficulty will persist guite generally.

Set theory, which in pringipvle regurds a function like ¢od

and the get of 81l paivse éx, ﬁas{uf> which it genexates as
being equivalent, certairly tends $o the use of dictions
impilving highly inefficlent alguritims, and whersas we will
find ways to aveid the worst of these in SRYYL and will discues

»2“ wiite '



various ways in which SETL programs can be optimized, it
will atiil he trve that SETL will pay & 544suant1al price
in efficiency for its logical powsr.

flevarthelses, 4t %2 our £@eiing that thies substantial

cbjection is not catastrophic, i.¢., that languages of the
typa of SETL can bs quite useful in a variety of significant
situations. SETL will, in the first plece, be useful as a
egpecification language, i.e., as a language im which '
slgorithmic processes car ba formally and precisely defined
by a text whose syndnciic correctnass and completaness may
be verlfied computationally., The wvalue in the definition
of hlghly conplex objects of the use cof formal texi hag bLzen
smphazized by researchers at the IBM Vienne Laboraiory

fe.f. Luces, Laver, and Stigleiener {11}, whe have developsd

N

/
S
(

a logical metalangunge callod TLD incorporating various i

vownyful sbt thacreiie features and hove applied 1t to give
a formal dafinition of LR precranting langaage; ve
Will mako varisws coNgerisons sadtwien SETEL and the VYienna
ULD definition langaage below. Yt oy be remavked

that the uze of formwul foxt for the definition of algorithua
i3 nlooa step towerd Cha veridleavion of alsoarithnm correct-

sepg and eguivelensc by formel proof sebthodesr wnforiuvnately, \

guch a stap do=s not bring us very far towsard this rathey
distant ycal, as algoeriihms of the sophistication neceswary
for such gzocfa agve lacki g a2t the [razent tima,

Once the basic piructiura of the SETL language has bsen
gutlired, ws will demwnamvatm the use of the language by
proceeding to describe a waviety of algoxithme in SETL.-
Our algorithms will by intent be highly siscellanecus,
though, in acvcordance with “he intended application range
of SETL, they will &ll be mon-numerical. Specifically, w3
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will survay as examples algorithms having to do with lists,
trees, sorting, pevsing, cumpiling, language definition,
optinmization, group theory, algebra mors genexally, combin-
atorics ganerally, coding and &scoding, simulation, ond
variouns octher fialda. fThese exsmples will be inteuded to
fdemonstrate that the set-theovetic programming technigie
xerlized in SETL does allow the description of algoritimic
procedures in e brief yst praclse and reasonably transparent
faghion, and thus to meke BETL plauszible a8 a language for
algorithm specification. We will ses in examining thess
exhmples that the use of $ETL sllows one to evade many of
the burdens othearwige sssocisted with prograsning and o
¥rite programs that follow an initial underiving path of
thought more closely then ig oxdinarily pessibia. In
particular, one of the assantial initial steps in ggdgxamming,
the design of data structkures to carry essentisl information,
is drastically eimplified in SETL.

v There sve othex uses thaa foromal definitlieon to which 4
powerful but rather inefficient 9zagrﬁmming lancuaga 1ike
gBTL may be put, -In certain situstionz, faizly cumplex
algorvithms nmuet be programmed in ovder Lo run Just oncey

thiag ig thé'can@, for axample, wheneveyr 2 new language ie
being *boctstrapped” inte existence. In other casesz, 88

for example in experimenting with compler algorithms, in
weazuring the performance of such elgorithms,; or in the
sismlation of complex systess, it moy be appropriate to
program 2laborste procsduras L0 ba eXacuted Just a faw times.
In such casas, algoritiam inefficlency may be of miner
{gportance.

8til) ancother eignificant advantage ¢f the avallability
o? a language of very great sxpreéssive powar can come from
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ite use in the developasnt of what mey be called a fwo-sfage
programelng 4iyle. In such a 3tyie o programmimg, algorithms
eventually wo be incorporated in highly efficlent production
prograss would firet be written cut in 58TL, appearing as
ahort (but executable) texts of a high isvel of abstraction.
Gnce a verified SETL program was available, ite systematic
optimization, constituting the gesond stage of the whole
programming process, would begin. Thiz optimization might
proceed spproximaiely as follows, - Bsamining & SETL algeritiy
and noting the ssots which played an fmportant zrole in it as
wall as the operstions to which thnse asetz ware subject, one
onld elaborate a gpeclalized Jafs descadipiion which could
fead to an efficient program for the same algorithm. RNote
An this connection that seis of certain special kinde
pppearing frequently in programming sivvations permit various
spacially efficlent zepresentations., Thus, for gxample, a
subset 2 0f an explisicly vepreseated set A ven de
repragented by & collection of one-bit flags logfically
zttached to the elemants of A, end sither housed with these
elenents or segregated into & kic table; a sst of ordersd
pairs may be represented by a two-iimensional arrey, possibly
of bits; an interval of integers may bs veprasentad implicitly
;by a nusmerical range; ste. Many fueh representations are
%wown, and constitute ruch of the novnsl stuff of prograsming.
™ extend such a cataleg of sochndguae, we may note that
eots can he represented by azrays, elither soxrtsd or unsorteds .
by lists structured weing pointecs; by entries in hash tables:
2r by data structures combining all of these representational
rethoda, as for example structurss in which-a first few sat
elements are represented in one way whils the remaining
elements of the same setl are reépresensad in another. Sets
of ordsred pairs may be reprepentell ry attaching all thoss
gecond components B which orour with & glven {irst component

I
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A as 3 list; alternatively, =1l the c¢ismente of this liast

may follow A in a packed array, permiiting the representatioa
of & set of srdered paiss in a highly compressed form. i
Speclal bit-table technigues sre avallable for the repre-
sentation of gets fairiy densc in a known range; for the
reprasentation of functisns defined on thin subsets of a
known net, etc. Speciel syctoms of grouping, advantageous
when scme part »f the total roprasantation of a sst is ©o
be stored on an exterwnal storage device, ars algo known.

Since until now one has sonerally lacked convenient
means for the formal desoription of abstrazt algorithes, the
varied techniqgues described in the above paragraph, which
may collectively bo saild o conpstiitute the concaele part of
the theory of algorithus, have more often than not been
discussed in intinaie connection wit¥ that raxther different
material which we prefer 2o {hink of asz absfracd algorithmics.
SETL will allew us t2 doviat: from tl:iis tradition, and to
separate, intc two distirct rimges, the problem of designing
and preciscly doscribing the wbrtract structivre of an
zlgorithm on the one hanc, o2v1 the different problem of
wapping this elgorithm efficiontly onte 3 given machine by
choice of date struntures ane proedured coded in a language
of lower level on the otier  Buth cepavation will hopefully
gllow us to be more accurate ¥m cur tresiment of both these
twu problens than we could rezaelly be LKf, as is now
“quaerally the csse, we wove ronstrained to treat them
together. Tt may in particu ar be hotoed that a glven
abstract algorithm can have rany plhusible concrete images,
gome: of which might be misarsy if both the abstract and
concrete form of ar algnritle. have to be degigned togother.,
We nay also hoape thnt the pv iiability ¢f a tool like SEDL
will enabie the accumulation in arsiu) form of "gre-fabricated®

o



abstrect programe. Becauie abairact programs arae free of
much of the specific detail vhich asssocietes itgelf with
algoritlme in more concrete form, prawsabricateﬁ abstract
aigorithns of'this_kind’might serve as permanently useful
blueprinte for the development of efficient concrete
Programs. At any rate, wa cab regard the dsvalopment and
debugging of an abstract algorithm as completing the firxat
stage of a two-stage programiaing processg. . ... . _.

: In & foraal two-staga programming style the second stags
of programming will begin with the choice of a special
reprosentation for cach of the sets p&awing a significsnt
Tvie in an Flgorlthm P to be rdfeveloped inhto a form more
efficlent than thet directly attained by the SEYL_compilsr.
In an industrial setiting, the specification of these
representatidnal structures, with outlines of the actual

" prosedures by which the set-theoretical vrocesses appsarvi
in P are tc be retomplished vhen the sets sppeaxing in P
are replaced by these date structures, might mark the
termination of an initial design phase and the passage of
foopongibility from & design group to a §roup of final
ﬁmplamextﬂr@. o '

. The utility of 3ETL duriang the remainder of ths second
Btage of programming, i.e., during the elaboration of an
pfficient final program, ¢an be enhanced by linking SETL
‘explicitly to a more conventional programming language of
Jower lavel, which in this introductory discussion ws sheil
designate as the lower lamguage or LL. SETL, beling a
language of very high level, fails deliberately to provide
facilities for the specific lzyout of data structures, and
raflects machine level features useful to efficient
programming oniy in & very indirect way. Internally, it

P, P



may represent informatien In a guite redundanc manner. Lk,
which can be any small “systeme programming”-oriented
languaga, that is, any language oriented toward the

definition of siructured tables and their efficient mani-
pulation, can provide those optinization features which are :
niseing in S8ETL. In the total language canfiguration_@nviaaqu*ﬂ
here and described in more detail below, SETL and RL are koth B
ingorporated in & masner allewing them to be intermixed. In
particular, once an efficient tabular rzpresentation for soms
struvctured set S eccurring in a pure SETL program has baen.:
decided upon, it will be esay, using an appropriate mixture

of SETL ard LL phasea, to describe procedures hoth for
sonverting 8 to a tabulay representation ? and for converting |)
a table having the structure T bhack to & set struciured as \
$. Such convarsion being poesible, one may thea progressively
replace gections of SETL code by expandsd versions of the

Bane procesgex wriltten in LU, convevting between tabular and
aet-theoretic representetions for all necessevy aentities at ﬁ}
the polnts of transition betwsen SETL and LL oode. BHeliding

to much & procedire will aid in the orderiy elaboration of a
final program, and will alse previde some assursance that the
program ez finally developed corrzaponds to the SETL speci-
fication as initiasliy set down. As {iral LL eoade is developed,
cinitial RETL statemerts will progressively bs relagated to

the status of comments. During thia process, those portions
of an ¢wiginal SETL codm still being szecuted will serve as
*geaffolding® for the developing LL code, providing input

duta sels and convenlent ocutput arnd checkpoint fscilitvies for
tensting. Note, however, that as long a8 & program ramains
*hybrid*, i.e., centains both S8t and LN, it will be
inefficient, as tha coste of passage of the ERTL-IL intarfacs :
that ws shall describe 2re high.



An alternative technigue oy the optimizaticn of SETL
prograng, but one aepznding on a Nigher degrees of sophisti-
cation in the ophtimization aigorithme requized, would,
instead of using f£ill-blovn izwer level prograaming lénguaga
LL, make uge only of a dafa :fiusfure deslarafion language
DL, in terms of whieh any 2ne of an extonsive family of
describable data structures ccwid be assigned toc a met S.
Once this were done, it wounld boe the r&spcnaibiiity af the
BETL compriar o maintain § in the syecified form, and to
supply any codad procedurss necessary for the éppliaationA
of any SETL operation to § and necosssry for the uvze of 8
in 2n enviromrent in which sets maintained in other forms
were simulianeously belng employsd. The provision of such
& data structure declaratiom longuags would yield & total
system easler to use than the SETL-LL pystem and probably
one rapable of producing codes of a diddling efficiency.

We will, in fact, not attempt to persus in any detail the
rather ambitious program cutiined here, since we indge it

Lo be 00 ambitious, gi#&ﬁ tte currsni atate of cptimisation
techr igque. We confine cutselves to glving, in a later section
of the present work, an informal survey of varicus techniques
potentliaily useful for theopiimizaticon of EETL programs. A
detailnd despeription both of L and of & cowbined SETL~LL
language will however be given. |

Languayes baving certaln of she features incorporatad
in SETL have previcusly been pronesed sither for geunsral use
or particularly for use as specification languages. The
APL languvage developed Ly Ivermon and collasborators {sese
K. Iverson [1]) has cexteiln soi-thmorelic aspscts, and its
use as a specification language hag been investigated.
Arrays efther ﬁf nurers or of charsctere are the basic entity
typés of this array-oriented language. The size and number

.



of dimensions ¢f arrays may vary aynamically, allowing arraye
to be used in a xoughly sek-ihscyetic way, and all operators
are systematically oxtended to arrays, giving a useful type
Of implicit iteration. The languaye Incorporakes selection,
location, membership, and corcatanation opexationa, Many
sst-theoretic procedurzs can be programsed rathér concisaly
in APL, but the relatively limited subroutine-definition
facilities which it incorporatwe, the fact that subroutines
cannot be trapemitted ax puranerers in APL, the fact that
regular arrays are in the last snalyais congiderably moze
special than generéi sets of stractured data items, and
¥inally that certain essentia) opiimizationz are not incor-
porated into APL causas the curren:z verslons of this very
interesting language to falil shors in expressive power and

in certain essential és?eﬁts of efficlency when compared e
what can be attained by a lsnguage explicitly set-theoretical.

The LISP laaguage 65 Jonn MuCarthy and others {see ¥.
Harrison»lll) is of considerrble power, a.d makes uvse of
general list-structured data gntities in fully dvnamic fashion.
¥n its tost basic form, however, it incorporatéd only a xather
primitive syntax, making it xatrsr clumsy for dirsct nse as
& spoclficstion language. In particular, LISP's inristence
that all coperators be explicit amd be prefixed to their list
of arguments, its genersl lack of implicit corventions and
abbreviated modes of expreasion, snd its raluctance to use
dummy variables where thess could aid the clarity of text,
place a crushing burden on attempts 4o use LISP for the
writing of concise srnd transpareuat apecifications., The SE7TL
langquage which is to be descrilbwd could be defined in terms
of LISP by the addition of x rather elaborate syntactic front-
end greatiy enhancing the expressive power of raw LISP, but
the arcunt to be added would be ao substantial in relation



to the contribution of the basic LI3P processor as to iimit
the advantage of using a LIsP base. §till anothar consid-
eration intervenes. In our iatended inplemencation SETL

will gain rather sukntantial officiency advantages from the
rather gystematic use of hashing technigues., Sinee LISP
doss not use these tecohniques, varicus of the basic cperations
of SETTL would be ¢quite inefficient if programwed in LISP;

the multiplication of the substantial inefficiencies inherent
in SETL by these further inefficiencies might lead to a
package 8o slow-running ag to be prphibitive. Note in
particular that a LYSP-baged set package would ordinarily
detervrine set memberghip by serial search over lists which
might grow to be gquite larce, and that a LISP program for
determining the equality of <wo sets whose nmenbers may occur
in quite different order will normally be rather inefficient.

Resides these two well-lnoim examples, various other
proposals incoiporating met-tviecretic ideas to an interesting
degree dezerve comment., Codd, Burger, ard lLunde {1] contem~-
plate & language, SPBEC, baving a generally set-theoretical
for the writlng of program spacifica-
tions. Their language includes both unordered and ordered
sets, which may have other sets 23 members. It provides
cectalin salaction, numbering, locatidbn, insertion, and delietion
operatorg, &s well as basic facilities for manipulating
character and bit strings; conditlonal expressicns are also
providad. On the othsr hand, no very convenient method for
treating a set of ordered pairs as a mappling is included in
this language, and the laronage inciudes nedtheoy labels nox
go-to ptatements, and uses statements of a rather limited
"while-condition® form to specify iterations. Perhaps more
geviously, ne precise formal syntax for SPEC is glven, nor
iz an implementation described; the'language thus remaing a

charanter and intendad
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semi-formal system for settibny down formal commants inte -
wiiich informal remarks may be intecspersed, and thus does
not geen Lo attain the full status of a programaing
ianguage.

A 8tlll) wore glaborats and® powerfual aneciiicaticu
ianguage, designated as ULD, wag Qescribsd by Lucas, Lauer,
ftigledener in {1} and applied by them and their collabor-
ators at the iIBM Jienna Laboratory to buiild up an extensive
formal deseription of Pi,I. ULD may be regarded as 2 version
ef get theory specializ«d for uvse in connection with the
tree~like stxructures arising naturally inp sonnection with
language syntax. The bagic sntitiss ﬁf Uil are Lree-
structured ohjects defined by finits sots of nodes and finite
sollections of transformations {"selsctors®), esch ma p&inq
4 node to one of i1ts subnodes. &Rn operstion which combinse
separate trees into a conposite tres (o provided, as well
as an operation which IG?E&ﬁﬁﬁ a designated past of a tree T
by some other specified trea T; this latter operation PEIVES
within the ULD language as & kind of generalized aa&zqﬁﬂ@nt
cperstor. In addition to thess stiuctured "oblects™, the
language also provides & class of atomic ébjécta, al%gwg one
¢o speak of integers, and provides comparison operxators,
boolean and aritbmetic operxators, as well &3 universal and
existential quantifiers to be uesd in the formaticn of
hoolean exprassions, ¢iving an expressive power at lesast
egual to that of the calculus of propositional functions
in logic, & cholce operator {ix} {(pix))} selecting the unigue
element x {in an implicit rauge) heving a specified propexty
pi{x) is provided, and & set-building aperatiﬁn of tha form
"fxip(x)}, aliowing the conatruction of the met of all elemsnts
with a given property, is provided a&isd. The ULD language
geems only to be intended for use ag 3 language of
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specification, and has not thst rigid degree of formalization
necessary make it executable ag well. At any xate no
entirely formal syntax is specified for ULD, and certainly
none wileh would permit VLb-uritten programs to ke executed.
it may “130 be noted that, while most of the constructions
ncrmallv used in UZis can b@ grprassad in striotly fimitery
pet-theoretic terms, the language doas not hold rigidliy %o
this constraint, it allows quantifiers having infinite sets
as their yangs, as well a2 exprassions involving & variable
fumber ¥ of guantifiers, B its2!f being existaﬁtiallg
ﬂuahtifiaﬂ~ even eapressions gusntifisd over soms informally
?ﬁﬁgf§tﬂod class of "all predicates” spem to ba allowad.

The ULD languaye, having t?ﬁ@»likekohjecta as basic
entivies, lends itself quite n&fuxafly to the discuasion of
}aduuﬁge gyntaz. As compsred o standard set theory, however,
it seens to be ¢f somewvhat doubiiuil real advantage sven in
thls arceas, and be diztinctlr clumsier as 1 specification
t%ﬁl in cthar areas. Tha language includes no labels and
n@ qavﬁo @t&* ments. Perhaps more gericusly. the sanﬁ@r in

which ULD is able to rensiber a sot of pairs as a aay 28
vather artificial: maps hotween sats of atoms are modeled
by allowing atomg b to act a2 maps, wmaking it possible o
regard a map £ as a tyee node, £(b} then being written as
W{f), and thought of as the gub-objact whish tha “selesctor®
h yields wvhen applied to the “aoda®™ £.

' ite authors use ULD pet caly to doserike the syntan of
language, Init also o Bpecify thowe processss of computation
which determine language semantics. To 4o &0, the state of
a-computatiau is taken to be deiinsd by the monentary stats:
of a tree-like ¢bject T, im one diszinct aub~tree of which
certain nodes are specially marked. Theee nodes are then
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processed in bottom-to-tep order, ihe processing of aany nods
N oinvalving either the replacement of gpecific sub-trees
elsewhere in T by trees Luilt in an elementary way out of
the tree branches depending from the node B {“v&lue«
returping case®), or invelving the replacement of ¥ itself
by such a tree, This eeflnes 8 vrecursive computationzl
process which ultinately assighs a value to each abjact T.
Lucas, Laver, and stiqlai%n@r gsrlioncsd the expreasive power
of ULD by defining ssveral sperislized meta~lunsuages for
uge in connection with i4; orne of these serves to abbreviate
the description of langusge syntaw in 05D, envther yrovides
abbreviation tools for the description of computetional
PIOCEBERY.,

n fow cumments on standard mathematical set theory itself
are worth making. {Theses commants will be of pove iatarest
te those readors with & wmathematics) backgxound than to thosa .
prianvipally iatereated in proagramming languayes.) An elegant
short summary of the axicmatic foundations of the 3ub3@c
appear in Cﬂhbn {1}, pp. 52-56. Axiomatic set theory uses
& very emall number of formsl primitives, in terms of which
the whcle structuze of mathematics can be bullt up rapidly
and comd extably e 1ist these set theorstic primitives,
and commsnt on the SETL constructions shi¢h correzpond to
them; of zourse, whersas matheaatleal sei theory deals with
both finite and infinite sats, SETL, intended ss an executable
programaing langnage, Geals with finite sats only. The
primitives in guestion arsy:

{(z) The null set. Provided aa & basic entity in SETL.

(b} For two sets a apd h, the wrsadeied pair fa,b).
Provided as a basic construction in SETL, even in a somuwhat
generalized form. This construction obviauslj yvields a set
{of two elements}, thus conforming to the desire of pure
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get theory o avoid the inlreduction of ﬂ%ﬁa@ka~sthar'

than sets, Gnp aext wishes 0 introduce an ckdered padir
notion, i.e., to dafine an object < ,b> for sech & and b in
guch a way that & and b can be veconstructed uniquely from

2 and b, In oxder zhat no new obiact types ba introduced, it
it is conveniant to define the oxdersd pair <a,bp> using the
unordered pair construstion, Une possible definiiion of
<a,b> would be {{a},+¢, (i}, mut in standsxd Jat thsory a
somevhat different trick #u used and one defines tha oadengd
pain <8,b> in terws of uncxderad puilre az follows:

<@,b> = {izn}, {a,b}}

Oidered pairs and ordergd n-inpleg play an importent roele
in & wide wariety of zet~theoretiv instructionsz. Ia view of
its importence, the ordered n-tupls constructicn is provided
in S27L ac a basic opearation, apd gacicus component modifi~
gation &nd conetrvetion cperations fntandsd Lo facilitace
the use of ordered n-~tuples ars provided in the languagsa.

{c) For two sets, & and b, theoir union 3UDB. SETL deala
with finite sets, pormitting the union apeiatian to be defined
in terms of a logically more prisitive operation which inseris
a single additional slement into a sst. In tarme of this
aperation, and usiry the funchican-~Sefinition features of
SE7L, the union operation may be dailsed trivially.

{d) 7The "power sut® or "set of &il sub-sets® construction.
2his is provided in SEYL aw & basic cperstion, For gots as
largae as the power set of a set which is not very small,
efficigney egaln becomes a so2ricud consideration, and it
becomes reasonable to provida as kullt-in features operationg
which from the pure mathemztical point of view are redundant.
Bs & swmall concessiun Lo this vexry Large fact, we provida
in SETL not only the power »eh sgnsbiuachion mut'an operation
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which, for a given set, gunerass the sst of all subsets
which have a given sagdinalizy. \

{e) Those "choice” Functions defined by the varicus
vorsions of the axiom of choice. In S2TL, thess are all
provided by z simple cholcs opsration 2%, which in an
unspecified but implementation~dzfined way chiooses gome
alement out of each non-null set, x. A

{£} Tha “rangz of a function™ constrxuctim. This
construction, one of the keystoénes of pet theory isn its wmore
eleg&nt'xapz&gantati@na, aggerts that if A{x,¥} is any
formula ©f get theory depending on the two free variables
x and y, and determining vy uniquely for sach particular x, -
then, glven any epecified set u, thers exigts a unigquae est
v conplsting of all y for which there éxists an x in u such
that Al{x,y). 8ETL is intendad 4o e executadla, and for
thin reason will not permit a congtrustion gquite &8s general
&8 thisg; in SETL, we will only milow the rangs et v Lo bo
formed in case we know a-~piaiond what got w must be searched
in crder to find the elemant vy vhose existence abstract set
theory meserts; orx if the slewent y ¢an be constructzd in
some explicic way from X #sing basic and pxchammer?ﬁafiu@ﬁ
SETL operations, so that we may write 'y = £I{x) using a BETL
axpression £ (x) in which the variable x appeara. ;n the
former case, SRTL vill allow us to write v as ' '

v e {y gw] {gzen} (Alx.¥))}
in the la2ter cass, as ’

v e {§ig), % cu} .

{g) EBssentially on grounde of slegance, st theory
excludes atomg, i.e., olemeniz othey. than the null set which
have no membexs. Thle exciusion, arsuntiag to the insistence
that the theory desal only with sate and not with objects of
any other kind, i3 invonvenient in & programning language

=16



context, where one generslly wishes fou pkanhical resgons

to ba able to speak of integers and character strings at
least, without beiny forcad to the trouble of napping thesa
additional objects upon obiectz ¢f purs sot throry. Thus
for programming purposes a set theory including atoms which
themgelves have no nembars but which may freely be members
of sets is more convenlant than pure set theory. SRBYL
incorpovates this convenlent wodification. Atoms of this
kind can be Introduced inte pure set theory by the following
fevice: chwose a set & which ia faenadive, i.@., which
incivdes all the elomente of sach of itz wembeze, and modigy
thé meaning ef the basic set-thesretic membership relation’
®E ¥, aiving this relation ¢he txuth velue “falsa“ whengver
y is either 8 itself or is & wenbor of 8. This makes $ into
& wollection of stoms, 5 itawlf then playing tha azbatract
role oFf tha null et; the orisinal #lepents of § may be
regerded as codad representationa of atoms of any other
deslved natuxe. Such a econstructicon ig of cpurse usaful
principally to ehow the coasiptency within set thesry of ths
zzsumption of the existencs of atome; in practical terms it
iz Letter £o glive whatever wlasssms of atome axs to be
included: in the linguage moce efficignt special rapres&akatiang
HF their own, and this iz what ®ETI dues.

T (b} Bat theory assumes at l=azt ons infinlte zet, whose
gnigtence is aggexrtad by the normal set-theorstic axlom of
infinity. Such a et iz urad a3 a starting poimt to build
up the thesory of the set of integers land beyond this, of
211 of the transfinite cavdivals). The seguence of intesers
is often tefined in set theory as ¢, {¢),1{e)}),lie}}}....
eto. & ponstruction af this kind, while get-theor @tweallu
very neat, defines the integers usling what ig in affaect o
unary representation, which is of course pointiessgly
inefficient in view of the sxistenced of binary raprasmntatiaaﬁ

for the integers. In SETL, we #ollow invariable computexr
v

.
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practice snd xegard the integsrs as a ceparate satomic data
type, also providing varigus standasd arithmetic operations
as baglic SETL functions,

In set theory, once the sat % of integ@ra'haa been defined
snd the axiom of muthematical induction proved, the existence
of %, and move particularly the possibility of ﬁyeaking o
the wholae of 4 ag & single obiout, forms the basis upon which
one bullde sll subsequent {nductive constructions. To. ) ;
construet a function £(a} defined indumtively, the tactic
generally ueed in abstract set theory is as follows: first,
vsing mathomntical dnduntion, ons proves thadt for each Nz §
there exists a unigue cet of ovdered pairs, this st congti-
tuting the graph of the function €{n} for all n lsus than or
egal o N; then, using the axiom of range, one forms ths
urion of all these metsg of exdered pairs, thus obtaining the
graph of the smcire funclion . In 837 we yeplace this
abgtract arguranrt by o censtructlon which oot only svoids all
reference to tha infinlte tétality of intagera but hos

igniticant advantages of sificlency, nemely by prbgrammad .
fterative loops end more generally by étructursd patterna of
recursive subroutine calls evalusting an inductively defined
fynction dlrectly. Thua, wthe ladbel-plug-go-to mechanisss of
SETL, and the rectrsive subroutines which this language '
provided, sre to be regarded as & replacenent for the aziom
of infinity occurring in abstract set theory. Az is knowa,’
roacuraive subroutinas aione would suffice for thias purpess,
ot we provide expliciily programmed. iterations as well, gince
they Sfurnish a acda of expression mors natural in certain
clrcunstancesz znd nmore efCicient in general .

¥a conclude ths pragent introductory section with a Loy
vemarks taken from the general theory of computation which

B
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provide a uaeful perepective @EJC@IR¢EE the language whilch
we intend to develop, & compytation 1@ an avtamatic
procese by which a s?@eiﬁimd owtpat pat*exn &P is to be
pxe&ua@ﬂ. The eomputatiov will begin with aome other pattsrm
IP, the B cgram Sor the camgutatian, will require a vertadin
nomber of B of tima eyéles to dovselop the desired cutput OR
and will during its sctiviiy producs certsln mosses of :
intermediate date requiving temporary storage. The spize in ;
pita of the initial progras IP, the muwber K of cycies
roquired, and the mutimum number 8 of bits of intermediaste
Btorage reguired during thé running of a computation are

all highly sigmificent purswmeters of C. Given OF we wish

5 minimite all these thrss pavemekérs; but of course these
thrse different goals will i&-ﬁ&ﬂ@?@l not be gompatibla.

The sbsolutely shoriest progrés specifying & givenm result

1 apt to smount simply to 3 Joréal Qessription of the result
desired,; implying a codputation, sstroncaioslly leag in its
runnlng tlwme, which searches an entire loglcal universe
locking for an elsment seklefying the stitrd criteria., It
¥s in view of the impossilie inafficlency of such a procaefure
thet ohe drdinerily diskingilshon betubén the statement of

@ problem Zconcarnlnw finite cets) ¥R4 an algorithm for its
eoiution, .

- -

An elgozithmice golution 49 a problem iz by contrast a

 program which reduces to ressonabla limits the size and

length of the computation neceseary to produce & desired
answar, 7The higher the level of language in which an
algorithm iz stated, tha shorter will e the length of the
Tormal program representing the algorithm; but, with the
A@isappearance of all those optimisetien hints which might
be axplicit in & low level language, and with the use &
standard rather than spenially taflored data reprasentations,
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the time and size reguirements »f the resulilng computation
will in many cases increase. To the extent that automatie
cprimizers ayve able to resupply what is omitted in tbe high
ieoval statement of & problem, part of t¢his degradation in

- efficiency may be avolded. Sowever, the pophistication of
pregent optimizers is not zufficieast £o justify much
contidance on thiz seorae, and certainly optimizers them-
zelves capable of choosing e{ficient deta repuesentations
have acarcely been contemplatzed, lst alone Assigned. Thus,

2 real price must be paltd for the program shortening which

a ilanguage of very high level brings. A lsnoguage dezignay
may. according to his inteont, choose one of geversl responsas
to this dllemma. Moximizing the level and expressive power
of his language, ha oay @#imply accept thae fact that it
hecomes so inefficient ag to be wnexecutable im practical
lerma. Xn this case, the language wiil serve enly as
specification lsnguage, ir which case its grecise formaliza-~
tion zerves orly to parmit the application of whatever atatie
formal syntactic and senantic verification toolaz msy be
available. On the sther hand e degigner definitely intending
to produce an executable lamgmuage may confine himzelf to the
use of statement forms reflecting sove or leas clesely the
raal properties of the computere waich are €0 axecute tham,
ard known by reascn or @xperience to be lmplewmentuble In a '
more or less afficient way. In this cdase, he nay produce o
FORTHRYE, & ?S/I, or a $¥OROL. In proposing 8 new languags,
we hope to have compromized in an @ffzctive way baetween

these two polar tendenciles, obitaining a language powerful im
its expressions, but ztliil impleméntable with at least '
mofast efficency. From one y=zneral point of view which the
foregoing remarks suggest, & progvamming language i8 to be
judged by the data structures which it incorporates, which
should ideally be usaful in & wide variety of circumstasces



and permit significant efficiencieg in their manipulation.

In presenting the SETL language which ig now to be described
we are- suggesting that general finité sets can be represented
and manipulated in useful ways.

.
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II. Preliminary Account of S¥TL

IT. A. Language Peatures

In the present section we shall describe the SETL
lenguage, omitting various of its features; these additional
features will be described in a aubsequené gection. This
will enable us to concentrate on thosze features of SETL which
ara newest, The tokens of SETL ars names, s’gned integérs,
character string constants, and octal constantz, Nemes and
signed integers are formed in the usnal way; character string
constants are included within aingle quotation marks, and
cctal constants consist of an octal integer with the
euffix B, The formaticn of character string and octal
constants is sufficiently well illustrated by the fellowing ;
examplés:

“$This is & chavacter string® , 002378 .

SETL makes use of the following special symdols, each of
vhich is a lexical delimiter:

(O T A S R R SR
< > 8 < > § 3 ¥4 & ol aiie

Besides the operation sysbols sppearing in this 1iat;
aﬁditional operation symbols, hoth'systam antt programmer
defined, are provided, and consist of valid names as in
eq, he, with, Less, ZLesf, etc, Names nay be used
?s,labels, in which case they are follewed by a colon,

The basic entities of SETL are sets and atoms.
Sets have elements and are de=fined by the elements which they
contain. Both sets and atoms may be elements of sets. Atoms
aie either integers, boclean elements, bit-strings,
character-strings, labels, blank atoms, subroutines, or
functions, Expressgions of any of the types set, integer,

CH o)
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boolean, bit-strinyg, character-string, label, blank, sub~
routine, or function may be writien; we shall shortly describe
the structure of each of these types of expressions.

.&. Set Fxpresslons

>

If x des’gnates a set or atom, while a designates z se
then xea is a boolean expression having the customary mean-
ing. If a is z name designating any set or atom, then {al
designates the sel whose ﬁnly elenent is a. More generally,
{8;b,...,¢) designates the eet whese only elaments are
ab,...,c. We allow a,h,c, etc., to be arbitrary valid
expressions, except that, to aveid an ambiguity that would
otherwise arise subseguently, we insist that any expression
whoge central cperator is the boelean € be included within
parentheses if it is to occur in this construction. Thus,
for example, we might write

{la e {&l)).b) »

this exprebsion would have the same value as the simpler.
expression

'j{}_';rb} v
where t is the boolean atom “true.® 7This bracket construc-
tion can he nested to any depth, so that, for example,
,{a,'{a},'fia}}, {{a},b}} ie a valid set-thevretic expression, .
a,b designating any sets or atoms. The expression
{1} \ gl b

denotes the oadered pain of a arnd b, which, making use of
a standard set theoretical device, we will take to be the

same as the sct



(@) Rl fanrn

{cf. the preceding remarks concerning this construction)

T be sure, our implementation will, in view of the
special importance of ordered pairs, treat them using spscial
internal representations; nevertheless, all BEYL operations
will treat the or@ered pair (1) as if it were identical with
the get (2). For example, the expressions ae¢ <a,b> , |
‘{ale <a,b>, {ble <a,b> will have the values false, true,
false respectively, except in case a and b are identical, in
which case the third statement will have the value true. The
ordered-pair bracket construction can be nested to any &epth,.
go that

(3)  <<a;b>,c>, <a,<b,c¥>, <<a,b>, <c,<d,e>>>

are a1l wvalid expressions.

We define th=s ordered 5~tnple <a,b;c,...,4,e> in terms
of ordered pairs by the definitional equation

€@, C e dE> = Ra,<h, <, @8> 00>
so that, for example, the third of the sets (3} may equival-~
ently be written as <<a,b>,2,d,e> . Compoiind bracket construc-
tions using both pointed and curly brackets may also he

writlen.
TN

{ wparticular elemcnts may be selected from ordered n-tuples
by the vse of selectfion operalorsd. The simplest of these
have the foxm

L5 > .ooa"ﬁ* No S

and, as gseon, incorporate a numbax of minus signs, together
with a single asterisk, say in the k~th position. This

- -



operator when applied to an n-tuple x, selects the k-th com-
ponent of x., For example, we have the identities

=%> <5,b> = b; <~*> <a,b,c> = <b,c>
<¥-> <<a,b>,c> = <a,b> . '

If & selection operator containing k symbols (i.e., k-1

minus signs and one asterisk) is applled to an n-tuple
<al,...,an>, where n>k, we'use the fact that <a1,...,an> =
Byeewerfy g0%@ ,..0,a 2> and regard the n-tuple as a k-tuple.
Thus, for example, we have

<-%-> <§,b,c,8> = b, etc.

Compound selection operators may be written in nosted form.

For example, we have the identities
gg¥=s~nc<n b>,c> = @
<<~*>-3s<a,b>,c> = b, etc.

;
vhereas in terms of a simple selection operator we would
have |

) <texe<a,b>, o> = <a b> .

Note that the operator «<*->-> is the same as the composie
operator <%*-><*->, etc. Other seclection operator forms,
more convenienk: for use in situations reguiring rathex
egaborate referencinyg of n-tuple components, are also

*,

provided; these will be described in detail in a latex

paragraph.

The elemeﬁtary selection operators <*-> and <-*> may be
abhreviated as hd and ££, so that, for example, we have

hd <<a,b>,c> = <a,b> .
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' Selection operators may te applied successively, ag shown
in the following examples:

.:k}f.‘. i‘é‘. %<a,b>;6> = g

£f hd <<a,b>,o> = b, etec.
The application of a selection operstor to an improperly
structured set will yield the special ator R/"undefined®) az
a yesult, Thus we have <-%-3<a,b> = ) unless b is itsalf
an ordered pair.

The null set is written as ndl.

if £ is a set and a any set or atom and if £ containg
?recimelj one ordered pair <a,x»>, then £(a) deaigﬁates the
element ¥, j.e., the dmage of a under £. More generally,
f{a} is the se: of all x such that <a,x>¢ £f. This is the
sel of all inages of a by £. If £{a} conlains no element
or contains meore than one élcmant, then £{a) is the undefined
atom 1. Occasionally we will have use for the following
gtill more general construction. If f and a are .sets, then
£la] designates the union of 21l the sets f{xl}for x¢ a.
wote then that f£{al} may be written as £[{a}l}].

Ve allow'a nunker of related,; still more general
constructions. If £ {5 a set, and g is £{a}, then g{b} may
bé written as fia,bl. 7Thus, fla,bl is the zst of all x
such that <a,b,x>€ £, Inductively, we define T{al,ﬂ..,an}
as gian}, where g is f{al""”an—l}‘ We define f(sl,...,an)
as the unique element of f£{a,,...,a )}, 1if this set has a
unigque element; and otherwise as 1. The expression
f{al,az,...,an] denotes the union of all the sets
.f{xl,xk,...,xn},where XK€ agy Ry ag,vee,X €A .
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It is also convenient to let Ffa,{bj} be the unicn of all the
scts Fla,x} for xe b, and wecre generally let such constructions
as ' '

f , ¥ 2 '
_{le-.‘,fﬁi];&i+1,...,taj,aj+l,..4,n&a]¢.-.} .

dencte the union of all the sets

-

;..s}

<
-L{a. LI :{l a e a ;{ LI
r TRl g T T e

where x e a,, X4€ aj, Xiga® Bysy0 eta.

In all of these expressions we allow £ to be not only a
function or set name, but any expression whose value iz a
function or a set. Thue, for example, the expression

{<a,aa>, <h,bb>,<c,cc>,<a ax>}{al
S

is legitimati, and has the same value -as the simpler expressiocn

{az,ax}y . -

0f course, if £ is & function  {which is to say a programmed
procedure with a certain definite numnber of arguments) the
correct punber of parameters muest b2 supplied to it. Thus,
for example, if £ is a function of two arguments, the
ekpressions "

£(a,b), fla,b}, £ifa},b},
ete., are all valid, while

" i £{5), filal, fia,b,le}}

are all invalid. (Sce p. 65 for details,)
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i£ 2 designatesg & sgst, the 38 dezlenates any arbitrarily
chosen element of bhis set. The notation powl(a} designates
the sat of all sabsels of &, and npowik,a} ihe set of ail
subsete of a consisting of precisely k elemsnta. These
oparations, while provided in 837L, are good examples of

the type of set-theoreric construction which should ke used
vaxy cautiously 17 impossibly inefficlent slgorithms are not
to result.

If &« is a set and x o get or an atow, then a with x
fcalignates tha set whosa elanents are all those of a together
with x as an ad@itionnl =lenent; & less x designates the set
vhose elements are those $f a, excepting x if x ig &n elament
of a; and a lesf x designstas the sat whose elaments are
those of a, excepting all ordered pairs having x a5 a first
elewent, if any. Note that {a} with-'bd is {a b}, that
{a,b} ljoegp & iz (b}, eto. '

b, Poolean Expreasgiong

Set eguality, inequality, and inclusion are alsec provided
a3 operatorsg having the form & ey b, a ne b, 3 ines b. The

S

epecial symbols i,f denote the boolean valdes “"true® and
“fzlega” respectivaiy~ The standard boolean operationa ggg;
or, not, implies, exor are provided: and, not, and inplies
may also be abbreviaeted as a, n, imp. Between two integers

m oand n the usual compariscon Srerators, having the foem

eq, ne, ge, le, gt, £t sve pravided. A set may be tested
for being an ordered pair by applying the operator pair a,

an an olement may be tested for bavieg "sitom® status by
applying the operator atem a. Bit srrings, character strings,
labels, blank atoms, subroutines, snd functions may be testad

ot -




for eq&aéaty and inequa*ﬁwy by u»ina tha opsrators g and
xve - '

SETu wlll use oparator procsdence rules which are zome~

. whit more restrictive than those which have becows CUsSLORAXY.

These rules mey be describad as £olliows. |
i. ALl binery operators,encept built-in opsrators

pm&munlng boclean from non-beolean values, ave to have tha

same preced:nce. These latter oparaters, i.e., the operatorp

fe2% ne, incs, ga, fe, gt, and £t} have higher precedsnce,

and Ehgg ere evaluatad ﬁizst when they cocur in

comnpound expreaﬂiaﬁaw &ﬁi&g Erom tbﬁ-. unparenthesised

expregsions contalning hin

¥

a ctors of @gaal pracedonce
ara to be &f@}ua*eﬁ from lafi to righi. Of course, parenthe-

u*aga mfnre@aions wili @a aval ated in ths order inﬁicate@
bv parenthescs. - :

Y BDers

R g

i, If an opereator oncurring within an ampression is
prefax by the aymbol §, the precedsnes of the opsrator
ie lowersd ong leval; thils change of precedencs applies
orly to the given cocurresze of the opevator. If the symbol
€& iz affixed o the operater. the pretedence of the apsrator
it raised one level. -Thax, ath®o+d has the siganificance

{ila+b) ?e)+d; eh2 reading a+(b®*ci+d can by obtalned elther
By writing a+b®*Se+d or 2 writing s$+b%erd. Eimilsrly,
a+bi%a+d iz identical with (ash)¥ {uad),

- 3ii, In much the samz way, the precefencs of a glven
oocurrence of an operatny ig ralsed n levels by the
ooccurrence of n affixed symbo.s ¥, and lowered n laevels Dy
tha ocourrence of a profixsd asymbols §. Altarmatively,
affized symbols § way be adbraviated as n$, and n prefixed
éymbolm $ may be abbreviated as n. Thus, for examplo,
;$3+“ iﬁaiaatea thaz the yrecadance ol "+" i3 to be lowered
three levels., A8 an exauplz of the use of this convention,

-a9-



which is intended to preveni the accumulation of parenthases,
zote that the expramsion which in conventional mnotation
would appear a8 {(avb) @ {{csd) ¢ {@efRg)) * (hek) could be
written using the SEYL convention as |

ath * {otO%e+3L%63g) ¢ hiSk,

oy alterpatively ag

adly ¥ {erdgreditig) ¥ Bk .
fv. Monadlc operatory will slsways have highsst
precedence, i.e., mininal scope, eucdpt ag indicated by rula

-

b

. 4} or by the cceurrence of procedance-modifying 8" symbols.

Thus, for eranmple, n xea is sguivalent to nixea), while
na and b is equivalent to (na) and b. The readin
n(eanddb) can be ohtaipe? by writing sither $n a and b or
n a andh:  eimidarly, $-ath repressnts ~(athi.

Vv, As ingicated below, SEML alliows programmer~defined
infix binary and wonadic cperators. The »oaventions just
descrinped apply to thosg operatore also.

L

if e i & set, ard ci{x) a bocslsan formuis in which a
£S5,

nane X occu then o fovouwls of wither of the forms
(4} : 0 zxes{cix)
{5) Vase |C ()

represente a boolean valus, The vslve of the first of thess
expressions, the so-called euisenbandly quantified form is
obtaines by calculaking the valus of ths boolean expression
Clx) progressively for each of the alementa of the set s,
and by sssigning the valuwe “true® on flrct cbtaining a
*erue® result, but assigaing the value “falee® if no such
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resalt is obtained. The secoud of these exprassions, the.
ao-called ua&ve#aﬂﬁ g guantiiizd Coxm, is calovlated in
corresponding fashion bas with “false® replacing “trus"” and
vice varsa in the preceding description. In forming -
exprezaiong like {47 or (%) we wish, however, to excludae
uch amblgucus Cases &8

SR e vxea | (D{x} or Ixee,|C{x})

which are in a sense set-theoratical wersions of those
sphiguous programming seguances in which an lteration

yarisble is explicitly modified within an Ltexation, ox in
which an iteration 1s hesded by some such axbiguous gtatensnts
for example $he FORTRAR siatement

BO @ =1, I+l L

guch {ll-formed cases may e @rclu&aﬂ by epplying the
following technicsl yule. AR osturrence of any nama in ¢he
vole of x in a formuls like {¢) or (5), d.e., &n oCOULZENCE
of & fama x within a part ? of a larger formula, ¥ having

cither the structure %% expr §§ oxr  ¥x 2:pr 4, iz maid o
e a dusmy, or bousd, occudignce of the nape X. AR OCCURTIENce
of a name X which is not bound is geid to ba o recl or §ren,
gecurience of x. WHe regelre; in order that tha boolean
expressions (4) and (5; ks prepecly foreed, that all
acourrences of the name x in ths boolean expresaion Cx) be
free, i.e., that pone of theea axpressions be bound.

feversl additional bociern expregaion forss closely

related to the forms {4) and (5] sxe providad, and have the

appsarance




{64} ming Basmax|Cik) {(653) wmax>3k>miniC(k)
Y78} wing Vi<max | {x) (7B}  max>We>nia | (k)

in these forwulae C{k) is a boclesn ewpression in which the
neme k occurs, all of its ocourvences belmg fres; min and mex
are integer expressions in which k does not occur. Ths value
¢f the fixst‘of thesﬁ'exgtasaicna iz formed by céiculating
the valus of the boolean expreszions C(k) for all integers
in the range extending from the value of nin te the walus
of max, abeigning tho value "troe® iFf C{k) sver aosumes the
value "true®, and wessigning the value "faloe®™ otherwise,
¥X max € min, {6) has the velus "fslea™. The expression (7A)
fias Bn &quzlly evident meaning.

®he variant €orms (8B} and (7B} provide for a vaviant
order of search. ws, (6A) implles an fterative se2rch in
which irntegers k sre tested in increasdirg order until the
expreszion (k) takes on the valne &; and (7L) an iteratiw
g2arch in which integers k ave teetod in inersasing ordes
until the expression C{k) takes on the veiue £, Simllarly,
58) impiles an iterative ssarch iv which integers k are
tented in dectzasling order until the expression C{k) takes
cn the value 4£; and (78} an iterative seaxch in which the
integers k are tested in decrascing order ustil the expreszion
Ci{k} tokae on the walue £,

¥ots that the constructions (43, (8), (&), ard (¥) may
be compounded, so that, for exwmple, ws may lsgally write
the boolesa exprestion
{8y gwee] Oudn(x) Wrosax(x) [C{x,k})

Bere we requive that C(s.k} be a boolean expression in which

- . n—32u



ail occuxrences 9f X and X ars free; that e be a sat
expression in which neither » nor k ogonzs; and that min(x)
and max(x] be ismteger expressions which may contain froe
securrences of x put vhich S0 sat contein any oCcoURIences
of k. !

These restrictionsz ace {ntopdad to rule ovt guch
apbiguous fo.R8 a8

ames witk x| (R-Rsvlear+i{{xn &)}

iy

ets. {(ef. the preceding vamarbs concerning fres and bound

variablas for a rore eaxcensgive remsrk on restrictions of
this kind}. '

The following abbreviation ¢f the compeund boolsan form
(8 io allowed:

3xce, min{x)Vhaonowix] [C{uE,X)

¥ore generslly, wa allow sompound boolsan expressions having
forma like

?xlﬁ$1p Vx?5@2 (Kl} ) ?ﬂ3e:va3 '{Kl .p}sz_'f ysese §c{ﬂl’ a e (En}

which may be taken in an avident way 25 sbbraeviatiens for
expressicns compounded using tha basic constrection {4},
{3), (6}, €3). :

In z bYoolean expressizn of this kind, we roguirs that
e, contals no occurrencs ¢f the variables CPPRREE ) that
63(313 contain no bound opcurrench of %y and no CoQUIrencs

of HogoaseFpyr ¢to. All but the first of 8 seguence of like

3 s
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guaniifiere may be omitted, so that, for exawple, the formula

.-ﬁisglaved iust shove may be sbhrwviated as

yxlsel, szee (Ll},x3$e3{x§,x2)...lc(%l,,,.,xn)

& resolving convwention ig.raquiraﬁ 42 the implied scope of

¢ sat of quantifiert L2 mot o bo aubigusvs. (me may ack
fov pxample, if the axpreseion :

e !

B B Ugcolx ot B pr ¥ ug O

ig to have the reading

(Weeaix gt &) 2 (p 89 ©) .

Vmea|ln gt O or ¥y 89 ©) .

We adopt the following comvaniios. & string of guantifiers
t&:minateé'by a vertical kar is to be regarded as a monsdic
operator. As such, it will have minimal scope {(except
ingofar as afle-in cperators proefusing booclesn from nonp~
boolean qLantitLeE may have higher prscedence). Howsver,
Eﬁé—mwana of 2 stris ing of muantifisrs pay be expanded by
pr&féxing its terminating vertical bar with one or sore
symbols $. It follows that the flvst of the above vaadinge
iz corvect; the second may ha chtalasd without the use of
parentheses by vwriting elither

vreafx g% 0 2XF y 20
Wxeodls g5 O Lyeao .

1£ cortain voriables X,, dg,...s ¥y occur in a guantifised
boolean expression B of the abovs type, if these variables



are all existentially quantifiad and are not preceeded in
the sequence of quantifiers cecurring within B by any
aniversaily quantified variables, and finally 12 thesa
variabies are emcicsed in sguars brackets, then, after
evaluation of the sxpreazion B, the variables Rygoosey will
take on those first values appearipg in the fteraciva
pearch reguired ¢o evaluate B which vield the value “true” for
B, If po Buch vaines axist, then Hypoesr¥y will all teke
onr the undafinsd velus . Theg, for sxawple, i€ s8¢ i3 a
gegnence of sets of Iintegerr, avaluation ¢f the aupresiion
min< _;Z?\.E*ﬁf 3 \s’“ae@z J}n = B

o

JSN'«

wili ssuge X o assume ihe smallegt veive, in the Iindicatad
range, for which all integers o the set seglk) sre etrictly
popitive. Similariy, evalvation of the e *Ag‘ﬂﬂﬁiﬁﬁ

many 3[k]> mia, Vneseqgik)i = &

2 A 2 -
-

wili cause k to assume the lsvpest evsius, in the indloated
raunge; for-which ail integere in ihs set segik) are @ﬁriﬁtay
poaitive. Pox s thied Snanpieé, noetw that evalvwaticon of tha
exprescion |

oo opax k] min, Jinlesegik){ n gt @

will canse k o assume the largest valua, in the indicated
range, for which there exipty o poailiive lsteger im tha set
mag k), and wiil at the ssme time cause n to azsume a
poritive velue belonging to this get: n will bs the first
positivg dnteger found in fthe ixplasentation-definsd ordcer

of search over the set segikj. {(If mo such n exists, n will
be assigned the valuve . %he fact that en exidatential '
tept often implies intsrest in ths element or elements
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in this geneyal expression, Rysesus®

il

gatisfying the correspending predicate lends significshce
to the eaistential opticns which have just been decoribed.

¢. B2t Zupressions Onoce More : e :

We now wish to descoribe an leportant tvpe of sik

exprasslon havinyg & very grsat expressive power. Thias ’/j
4et former hap the following géneral form: ‘\\&NMW_ y
:\- - . - “ - - -~ u -

gxlj §oxn B g8 {Klg e a‘,xn*:&} ieix}.’t 8 0'gn§}

" o LN e R
preep n#ul 1!*2 &,;: e Fy

X0 NAmas) aléaaigﬁatms
&' set-expgassion not conteinlng any cocuurvence of theps names,
ea{%y) & set 2xpression uut containing any ococuzvence of
Rgevees®y and contalining only £res occurrenaes of X0 GECS,
Moreover, ci”i""'xn3 dagignates a boolean axprmgﬁian _
: nt &0 iy oo, m)
designates any arbitrary expression containing oriy free
ecourrences of these sams nimes. The notatienal form (9)

ig faumiliar from set theory:r itz valve is ¢he set formed by

the followiny ruls: calculate the zet e,; for zach of its
elemants ¥y calculate the aer 8,0, 11 for sach of thene
elements calculate the eet a,{ry,%,), stc. For each a~tuple
RyeeooeXy obtuined in this wag and having the property that

the boolean expregsion Clxy....x,} has the valuve “true”,

eontaining only free gucurrencas of AyreossX

caloulste 6(Xy ooy, qaner all these elements into a set
to form the x@quireﬂ'a@t. The Andividusel restwictions

q * o . o8 =iy tle} xjsaj (3«"1; L) a';Kj_xg
occurring in (9) may be called aangé wasfniellond; for use



An certein cases in whieh ranges of integers play a role,
-another kind of range rastriction, having one of the forms

Z(il) mihj{xl,;..ng~l}§ xjggéxﬁézl,...,mﬁwi}

is provided., If & range restvictios of the type of (31}

‘ogcurs in the formula (9} in place ¢f ons of the ranga

‘feétfiutiaﬁﬁ {tu}, then, for sach appropriate x”“"?gwl

"the two aritlmetic expressions méragxlru,.,$3 11 and \\Mammwaﬂ’/
mda, (xi,.,.,xj 1} will be calculated, and than in the - :
‘gormation of the sa {®) ¥y will vary over ths munerica

range detornined by thegs upper and jower limite {in the

ingicated ordez). :

Vit Vpg e farticular boolesn condition € im to be iwposed,

‘then the expression {9) may be written as

i ia QK.‘n; s a9 'gn} f:’:lﬁ‘el; ngag €x1§ p s e ’XIHCQﬂ (xl" LA l’ﬁﬁmE}}
"The spacial casge
> i weeCix) )

‘may ba abbreviated an

{xealCcix}} .

b, Avithmetic Fxpressions

The arithmetic opexatoxs ¥,+,=,/,// are provided, tha last
‘of thege oparators deaoting the ressinder sftar a divieion. In
8ddition, the built~in arithmetic oparators mag, min, abas, che firu
‘two of these being dyadic, the lsst msonadiy, wre Fr@@&d@ﬂ-

~3F~



If & is a sal, then $a denotes the rumber of elements of 8.
¢ & is either & bit sixing or a churacter @trimg; thean fan o
denctes the lsngth (in bits or charactars) of 2

e, String bxprossions

Al) the hoolean oporations apply on & bit-by-bit basis to
bit-strings., If two strings of uwnequal langth ave cocubined
by these operationz, the ahcvter iz euxtended by lesading zeroes
to the length of the longer., Boolean guantlities are iﬁautiziﬁd 4
with bit-girings of length 1. QGiven two strings 2 and s8° of \\\m__)/
the same type, s+8' duesignetes thelx concatenailien, If n iB
an integor not exceeding the lsngth of s, the expresgions |
n f{inst s and n £asil s dosigndta the n loet and the n legt
hits or characters of s respectively, while n ¢lf s denotes
the n-th slement of the stxing £ and n¥s deaignatss the n-Zoid
concatenation of 8 with itwelf. The syebols xyd and nule
denote null bit and cherastex ztrings reapectively., Given an
integer n, dec n and ggi_n'ﬁasignata the repressntations of
8 by a character string in the decimel and octsl systemo
respectively. ' '

The ailowable chavacters in a chava®ter string ara all
the norpal mexbers of a standacd chavavter set, plus one
sdditional character designated ga {ond wecordl. I 8 i8
an ordered pair <at,n> consisting of & charactsr string 44
ad an integer n referencing cne af iks chavectezrs, the ﬂrﬂﬁﬂm
function record may be colled from within any ewprassion,
in the form ; f g

rocord () . ' : b

The value v of thia function ip the ssgmest of the string &%,
beginhing at its n-th charactex, gnd including all charactors
of & up to but not including the first occuvvanas of the
character ex j when rucord ie called, it incremenis (he
28, n, of its argument by len v @ 1. Ihis is'ar actics

#pprozriste for en ingut readar, ; /

w3
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If the a-th character of z i ox, then recsad returns
the value nuie and- dncremeants n by 1. If n excseds the
length of the string s, then recodd raturns the valve a,

and does not incremant its srgument p; thie fact can be uzed
to perform the EETL analon of the normal “end-of-file® test.
: m.ﬂpecial strings input and ouipat are gmévia’lwﬁ, The
string Jfnont ds indtlelized to 2 value defined by the
contents of the syabam input medium at the time that 3 2ETL
progyam begins to run. Pach tine sdditional charscters axe
goncatenated to the string ¢ulpud, e corvesponding printed
record will appear bn the system output medium. Hore
épec1¥ie&1?v, pach ooccurshnse in ths output at emh of the
char acter ?A will zerminats the current azint iine with a
period, followed by as many blanke as are ROCOSBALY to £i11
6Ut the line. Lines not containing en occurvence of the
charseter ex will always be texminated with & blank, followad
by a period. This conventisu allows character strings of
arbiteary length ¢ be tranzeitted bto the ocutput medium, and
to be represented there wnasdiguously. If the string géaggg
15 "rewound®, i.e., if sny smction of it which has alresdy
been transmitted to the cutpot medium ig mmdiﬁiad, a nagsags
nf the form ‘ '

.. . -

QUTRUT KODIFIED FROM CHARACTER B,

B bﬁiﬂg an appxopriata intsger, and the prigt line contalaing
this measage "being terminatu& by two periods, will oypesx.

-39~
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Printing will then continue, scesrding to bhe conventions

feacribed above, from the fivst mofified charscter.

In & iater parsyraph we shall describe conventions whish
allow thae SEYL user to indinate that cevtsin character strings

are to be stored on externsi media; by taking advantage of

these copventions and by using the éperations jvat described

the SETEL wser will ba able to perform all necessary basie

3/6.

£. Labe)l Expressions

Yo operavicons combining labels, except the sguality and
ineguality eamparimona, exiets howsver; labals may be
members of sstn and may therefore appear within ordersd
palrs, s0 that the result of appiying a function to an 2lepent
may be & label. an expression producing a label value may
appear in & 8¢ L0 statement (sea below). Thia possibility
can be used to obtain a “calrulatel” go Lo etfact in SEFL
Proarsmg . ' '

g. Blank Atoms , ' £

Mo operstions combining blank stoms, exospt the squality
and inequality cowpurisons exied; howavsr, biank atows may
- Da elomente of gets, just as etome of any othsr kind, Dlank
atoms are groated by the bullt-in SEYL function newat, which
creates a mew blank atom sach vise it is eallsd. Tote, for
axample, that such an expression a3 gwat, nemab> deslgnates
an oxdered pair consisting of fwe désiiacd Blawk atonas,
Blank atons ars provided o sexve aé structural RArIILrs an

mdﬁf



complex sets bullt up quing the ¢ourse of a &ETL computetion,
znd Lo 5avi‘itata garbaqa 1wlle¢tzeﬁ.

h. uﬁﬁdi?iﬂﬁal Exgxeﬁgiﬁﬁﬁ

A conditional expression like that of RLBS0L in provided;
this has the form

"if'b@all then expr. sles $7 beol, then axpr .o @l20 oxpr, il
T e & R 5 | RIS B
and hag &?ﬁ cuszam&vy an& ev%ﬁam« meand ng Hoxe, b@alla..,

hﬁ%mn , &t reguired to ba boolean axpressions, whila
exprl,,iaﬁﬁmprn are exprassions having arbitrary walues,

As an illuﬂtrmki@ﬁf‘wﬁiaﬁ the render mey wish to ponder,
of the compound wee of various of the basic SETL consivuztions,
and especially of thae power of the generel expreasion (3},
we glva & expression molving the following brmgﬁamming
p?@klam. glven a sat geg of oxdered pairs hgRg> r@pzezmntn
ing & sequence, and given ary additvional %lement Y, @XPTress
the result of inserting y as the »-th element of thé ceguence.
The reqguired expression is :

{eit hd p £4 m then hd 3 Yolse bd ptl, 2L p>, peseqlvichen, y>
A resoiving coaventian is raguired if the luplied scope

@f the connluding elie in a conditional expressicn ia nod

to be arbigoous. One ray ask, for exanple, if thes onprezsion

{12) 4&f x gt © theon y slse w3y

is to have the reading
© {13) if x gt O them ¥ elsa {ty}

"“gl"



or the reading

3

]

L

?Of x gb 0 then v alse ) + Ve
%e adopt the folliowing convention. Tre caécluﬁing ¢lse in
& copditional expression iz to be ragarded az a monadie

eperator. Ag such, 1t will have minlmal socopa {exeapt

inwofar az built-in opsrators producing boclezn frem non-
kxolean guantitics may have highes precsdenss]. Bowvever
the scope of the else may be ewpandsd by prefixin :3
keyword "elsa” with ans or Zora aymbﬁlﬁ $. It follows

that the normal reeding of {123 is {14}; the reading (13}
may be obtained without the wss of paventheses by writing
edther :

!
2 [ &
2
_t\

i€ = gt 0 ¢her ¥ slpe %48y

A
at
51

We 2lac allow the vee of parenthezes, in an ebident way, to
determine goopes in coanditlonal cxpressionsz.

i. Tha Use of Punctions Within Uxprespions; ?raﬂ“amw@v“
defined Opurations Txpransions in Genersl

SETY, allews subroutines spd functions to be definad in
& manner £o ke describad in wmors detail below. Funoiions
- may be used as parts of expressisuzy a function invosaRion
eccurring within an expressien will have ¢hs Iom

nams (eXPYl;ecayg agprn) -

Boxe, nume i the funotion name, while axpr 1,...,0Xpz n Bay




RN

e axbitrary $ETL expr@aalonxs. Thare expraspions are
avaluated before the function 1v inwoked, 2nd the velues:
reby obtzined defire the arguments te be transmitted te
the function. A& functicn called fram within 2u srpraseion
mey podify vavious of ths fumc&i@n‘a arvgunents, and its
invocation may in general cauze cthar "sids effacts”.
Frunction zarcuments wvhose ?&lhﬂ& are to be wodilled ‘Bhould,
ef course, e sinple names rather ¢then compound uxp egsionsg.
< :
SETL allows progremmer-dzfindd functions and subroutines
of two arguments to by wrltton ss infix operators, provided
that this notational internt is asppropriztely stated in tle
14

&eiiuifﬁmn of the function {additional details are given
%,
b

wlow) . anllarly, fanctions of a single argumant may ba
wrlitien as p:eflxed monadic opsrators. The noma of a

T

function o o written in such an operator ferw, whather
moenadic or dyadic, iy underlivnes. Thus, for exanple, if
union and intarsect ar® the names of programwer-defined

dyadic operators we may writs '

{meta union ssthl intersact vete
28 part of a compound e¥prasslon.

The basic SETL exprocsisn forms aay ko nagted ia axb;nk
trary faghion to produce complex expressions. Thus, gQbt- -
forming constructicns may be reated within conditicnal
expresgionz, which may in tusd ba neetad within n-tuple
forming expressicns, eta. The order of expression wwaluation
iz Inside-out and laft-ts-right. - Thls obes shion Concarns
ing evaluation order may be imporiunt if funetions o aduaiug
pide effacts are invoked during the evaluati&v of s

expregsion.




j. Btatement Forms. 2Assignments, Multisle Assignments,
and Indexed Assicmments |

Having @aid sufficiently much goncerning expreééions,
we" go on to discuss the statement forms propexy provided by
.ﬁETL; beginning with a digcussian of the essignment state-—
ment. Single statements of SETL are punctuated with

tarmlipating semi-colons. The simplest kind of assignment
statement has the famlliar form

N

name =. @xpr;

here neme wust be any valld variable name, while expk can
be any valid expression. A moxe general type of puliiple
assignment sfatement intended to be of convenient use in
connection with ordered n~tuples, is also provided. Such
a gtalement makes use of a structured assignuent brachkez.
A simple assignment bracket has a form like

Q=4 a'.xl"a . a-xq”‘o . -":KI{""'“}

i.e., consists of n synbols enciosed within pointed brackets,
and separated where necessary by comweas; of thesg symbols,.

a certain number k will be distinct variable names, and the
remaining n-k will be minus cigns, When such an operator

is applied to an oxdered n-tuple the k elements of the n-
thple which correspond in position to the names appearing
within the assignment bracket are located and each name is
s@signed the value which corresponds to 1t in position. I£
no elcement corresponds in positicn to a name X, then x is
assigned the special atom 0 xe its value. Thus, ¥or example,.
the multiple assigoment '
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il

K=y> = S<@brie.d,e
leade to the individual value sssignments
2w <n,h> ¥ o= o<q, e Fi

the multisie assigmment

Aoys
- . o

g CeA-Y> = LR <H, >, 00 ?
leads to the indivigual WELRG assiynments g
: H""'«-........
e <p,ar 3 y=g H

n{"'.}'r . a oA 3 e .. i - l;~ b
it ¢ ‘*Eelf iﬁ not an ordeyed pair.

ff‘on» of che nawes sppearing within a ganeralized
assiqnwent bracket is xeplaced by an azteriex, the brackat
bacoemen an assignment opergdon, rotaining ite “sesigrment®
significance with regard o the remaining nawes, but at the
same - time bocoming & valild compinent of a et expression,
having as it8 value that particeiar component of the n-tuple
¥hich i3 located by the ssterisk, Thas,; for example, each

of the gtatoments
: Smyrasbh,e>) xw<toyrda, b0y ywik-tr<ab, o>

i85 eguivalent to the palr sxma; y=o; of individusl apr ign-
- Bents.  {cf. the discussion of. salection oporators o’ven in
& preceding paragraph.} Pointed brackets may b nes:ad @o
Produce gomewhat more highly structurad genaralized vultiple

fssignment brackets and asgiganent oparators. Yhenys
28signment hrackers and agsignnent oparaters &:: intorded

- § -




to be of convenlent use “n sitvesione fﬁqvlriqg slaborate
raferences to n-tuple composents. They will be described
in detall in a iater paragreph, which will aléa give details
éance:niug thg genorunl forms of zalsotion agézatazz pzo?i&md
in SETL.
L i [t i gt Tt B e e o
SETL alwe make9 use of vavices asslignment forma ralated
to the “iﬁdﬁmn&“ aesignoent operations convantionally uaed
in progroues? nn languages. The sisplest such operator hag
the form

nevae (Gupyl} = gkprd;

here, home must he m vaiild name while expal and expaf muat
be walid expressions. The value of nsme most ba a ast.
This statemant has the same eoffoct as the more somplex
Btatement

n&aa = {name lesl thrl} w‘“h.<mxpri; eUpPT 2>

it

& Jelated aszsignment form ig
““neme {axprl} = oxprl:

here, ohcs more, heme wust be A valid name, while expil

and exprf must ba valid axpressiond; the velns of expal :
rust in this case also be 3 gsi. When executed, thie state-
ment at first semoves all orderad paixa_af the for@

%euprl, y> frow the get designated by name and thel unites
the set ) 5 '

{<axgrl, a> . 3t expra}

to the razuit.




The spacial case f{al= nl remnves ail paixs of the form

<a,x> from £, and is thus synonvwous with fef leaf 2. We

allow the epecial assignment £(a)eq, which h&swggméth@r
yeasonabls meaning, ¢t have the sape msaning as fials=s ﬁg. )

We also perilt multiple indesxed aseigrments vwaing assignment
brackets. Thus :

‘:f{&}, g{b}) s {g‘_}!) e

hat precisely the sawms affwct as the two individual indaxed
peeignments |

2ix) = %) glk) = ¥ v

Pinally, we allow multiply indexed asaignmente, having the
foxrm i

S{exps,, €MDEy, ..., SXPT,) = ENPX
and
g{expry ; @APTgy s ne expr } = oxpr .
The £irst of these &s3ignments atmaemangs‘&ﬁ BYHORYTOUS w§th
E{expr 2, expx 2, .,.,\gxprn} é'iaxpx} ;

the pecond statament removes all vrdored {nsd) -tuples having

the toxa ‘mr 1’ eﬂ)r 2f se ey @!&Rﬁ'n. _8> fm £¢ and then

unites the set
{<axpr 1, Sup¥ Rgoos  ERPY, B>, xcexp:}

o KA




2o the result. Tha gtatomandy
f {mxpr l,.;.,&xﬁxn}lm L
in taken to s ynonyoous with
£ Laxpy u,..*,aﬂgx = pl.
Multipiy-indexed, multiple assignwent statemonts sech as
<in,b), gfa,bls = <x,p
are plso permitited, snd have an svident meaning. Kaitiply-
indaexed neomes may also appear in strpctured assignuent
oparators; so that, foy exarwls

E{a;b),%,gla, bi>x

iz a valid axprecsion whose value is bd £l % aad whose
evaluation causes the mssignbents

£{a D)=hixgla, bt = aa-gg <

to ba made.

Thase assxq1ﬂan‘ gide effects sust be carefully noted,
and in examining expresuions contalning such cperators, it
pay bhe neocsegary to keep the BRYL sulas concerning ocder
of sub-expression evaiuvation in mind. Xt will not
infrequently be possible to make conetructive use of the '
8ide effocts of aperators invoked during funotion evaluatioa.

] e



k. Statement Foxms., Conttol Jtatements, Iteratisne,
and Compound Cperators.

Control of prograa fiow im provided in several forms)
by g0 fo statements, by {f statembpts, dy a statcmont form
specifying iteration over a range of sete, by & gtetement
form speclfying iterztisn for as long as a saz%&ﬁn baolean
condition is valid; and by subroutine or functiog\saiii;

~——
& SETL statement may be lakbeled by prefixing it with
a neme, which should be Followed by a colon, and which for
the sake of readibility may ba enclosed in s&gukre brackets.
The affixad colon designates the nxme ss & labal, 7ZThus

label: , {lakela}l [{labels];
are all equivalent valid labels.
4 ge %o statement has the form
go Lo €xXpx;

the expression ocsurring ia such a statement may ke pexfesctly
general, but aust have a label &s Lts value, An i§ state-
ment may have the form :

if pool, then black, ekae if hoalg then Biock,...else block

or may have the slightly ajimpler fom
if bwoll then bleck, else if bool, then blocky +».
| sloe if bool__, then block, )
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Hoxe bool;,...,bool, ., sre reguired te be boclean expressions;
sech of Block,....block i an axbitescy sequence of valid
SETL statamznis, which wmey invluds go to statzmants and
~additional if statements,

Bach statemmnt biock foming parxt of an if-atatement,
with the exception of the last such statemsat block, is
terminated by the ocourrencs of ths pext feilaéimg zeyword
else oxr then, The lsst black is tarminated by the cocurrence
of the pemicolon awplicitly shown asg ﬁ@xmiﬁéting the if-
statement displayed shove. OF course, since the fipal
ptatemant of this final blovk gz iteelf terainated by &
semicolon, the visible sign of sn if-staltement tearmination
will ba a double semicolon., For example, we might have

if x 3t 0 then sat = set with xy else n=ntlyy

Thip style is accoptable for short hiocks, but when long -

biocks of stataments ave sncompassed within if-statements

gcopes delimited in this way would become confusing. Fox :
this resson, we permit a varlsty of siternmative conventions,

These arg:

1. The use of parentheses. Any block of statements
may be enclosed in pareatheses, end remains a block of
statements. Thas, we might write

if'x at ¥ ¢hoen sob=set gggg_x; eige (nen+l ;k=k®*n;};

2, The use of elther cof tha =Ore vieibla terminators
"end if;* and “end elme;”. Thus, wa might alternatively

write either




if » gt O Then setesct with x: elud neodl ksi*n;end if;

exr

if x gt 0 ther sebesst with x: slee peptdh=kin;end eles;

e PP M

-4 T

To provide a wet movy explicit scopa termasation, we allow
the terminstors “emd IfY and "end slsa® to be sxtended by
inclusion of the first token Sullowing the corresponding
keyuwnrd "if® or "elsc® in the gtsizment baing terminated,
For example, the Stataments shiwn above nay algo be writien
as

if x gt O then setwmael with u; olue grenclih=kvn; end 1f x)

b et par 8

or
1€ x gt 0 then met=set with x; else uenslik=k*njend eise ny

3. The usa of zn explicit indication of gsope. This

employs the following conventlon: 2L o a ksyword; if the
combination

£i)l mamex
occurs inmediatoly following tha lust elss of an if-stats-
mont, then the bleck of atwtementy will bs terninated not
by a semlcoleon, but by the first following cogurrence of '
the name namex ap a labsl. Por ersnple, we Bay writes the ;
above if-statement optionslly AE
il!’ % gt @ then sateset With s slse L1l dove; nun+likek*nidones...

i. The use of & do-bBlouk, Magro-biocks of a simple,

.luﬁlm




easy to wse form sre pxnvideﬁ in BEYL. These are called
do-blacks, and details coﬁcurning them are given balow. Aﬁ
er-lengthy sequence of statemonte encompassed within an
ig«s;atemant may ke replazed by a do-block invocation.
This can laad to & move vsadable progran féru in which
lengthy clauser are renoved to an vut-of-lins position.

Ueing this possibility, we might in the situsticn conten~
plated 2Love wrliie

5$f_; gt 0 then set=get with x: ¢lse do twostatements;;
Sl T Al s e o L) L -y

vhere fweslztlements ls a do-bioek havﬁng the detsiled form
indicated below but logically eguivalont to the two separate
3tatamonta'

nen+l g ke=k®n L

Additional detalls Cpncerning the form and use of do-blocks
will pe found Lhelaw.

SETL allown {termti ons t@ be specifiud without the
explicit use uf labels. Two sistement Forms serving this
erd are provided, The first which may be exlled the set-
theoratic itesration has the general appearance

(2) W}Clﬂel,xzaﬁzi‘xl) fave .fnea‘n (xl, s e e ,Xn) Ic {xz; aa Jﬁn) )hlmk,

. Lhiﬂ §onaral GRPrOBVION,; Hy,eooXy,. Are Dames, @, designates
a met-sxpression not contkising any occurrance of these names,
ay{x;) a set expression not containing any occurrence ot
xz,...,r and containing oniy fres occurrenaes of Xy eto.
esignates 2 boolean expression

Moxreover , C{xl,...,x } &
whils b£o¢i

containing only faea ocourrences of RysvoeaXys
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iz any sequence S of valid SETU statements and may include
go to statements. The statement {2) is executed according
4o the following rule: calculsts the set 2 for sach of '
dts elemants'xl calculate the pat azéxlig for aach of these
glements calcualte the set eagnl,zz}, ete. Por each n-tuple
Ryoooer¥y obtainad in this way and heaving the propexty that
the boolean expréssion C(xl,...,zn) haze tha expression inue,
perform the stztemeins of ¢he mequense § in ardez. (Hots
that the occurrence in B of 2 go to statement with a
destination label outside 8§ will terminate the itexastion
dmplisd by the statament (2}.}

The inﬁividual zastxiciionsg

{3} “jﬁﬁjiﬂl"‘*‘ﬂﬁ-la

ccur:ing in {2) may be @sliefdl range achbfaiesions; for uas
when lteration over a rasge fox integers is desired, a
restriction having the wariani form

g~ o, - oot e b3 . -

A(GA-} m,inj (xi—, s .~,x3;1}i x}_%xj "‘1* . ,xj_l)

“is ptovided.'Aif‘(dh} occurs in en iteration (2} instend of
(3), then for each appropriate S;,....K4_y the two arithmstic
&mpraééioﬁi-mlhfxiq;...x .3} amd mﬁ*j‘“t{"°"n’ will be
calculated, and iteration will ba extended guitably over 2ll
x4 in the numericai range defined by thege upper and lower

limizg,

s
& . e wrsa. . L - . - et s 0

Nﬁmarical Yangs reatyictions in the jariant-torna

(4B) maxj(xl,...,xj“ijg_xj:.minj(xl,...,xj_l}
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‘-‘-'. ; . j( ..L. lﬁj_xﬁi h:&i -ﬁﬂxj i:ﬁ.l; ER) «;x:}”l) ,Bf’.ﬁ-

are also allowed. These variunt forms provids for variant
ordexrs of lteration. 'Thus, {4a) implies an itsration in
which successive integers xA are treated in incrsasing oxder;

{4B) implies sn iteraticn xn which succeseive integere xy
are treateﬁ in d@ﬂL.ﬁﬁimb crder.

Itsration over an sopty ast is allowed, in which case
the block’ of stetemsnts in the au@pa of the lteration is not
execud eﬁ. BE e NG S R

The scope of a set-thecretic iseration of the form (2)
may be indlcsted,” in ‘the Hahner shown, By the location of
a semicolon otherwise absent. For readibility, however,
several alternative forms are provided. Thewe are:

1. The uss of a terminator

and Vi;
tc ‘elose the pcope of an itexation which begine

(VusexpR, ¥€.ov-c ) o

T The use either of parenthesas, af tha £if option,
or of & do-hleck, ag dascribed ahava in connection with

the {{-astatement.

h;sécond type of itexation, whish may be called the while-
iteration, is provided in two relatsd forms, of which the

siwplent is

{5) | {while C} hlﬁﬂk:

&:54#




Here C i3 any boolean exprossken, while bloai dasignates
any sequence S of simtements. This statement has precissly

the same eignificance sa the fallowing more explicit group -
of statements R

(6) Ll: if n ¢ then go to Lz?3‘bi@¢k5 go ﬁs Ll; L2:

@ =

where L& &n& 52 are uniaua gere*ateﬂ labels.

Tha 9@09& cf a whila-iteration @ay be indicated in
the manner shown by the lecation of a semicolon otherwise
abzernt, Por raz¢ibility, howevar, several alternativa forma'
ave provided. Those ars

1. The use of the more-vimible terminator

€
fekr

2nd while;

This terminator may optionally be made more axplicit by
axtending it to include the first token following the key-
word while which opens the iteratiem

(while xcs) kmkégix); w=f{x); end while x; ;

2, The ude either of parenthsses, of the £if option,
or of a do-~black, as deaﬂrib@d above in connection with the

id~statemant._
A rather mors general form of tha uhila~£t¢ratian is =8

followa-

<) b. v o P e . o n . - - L) C 30 e A e -
-.ean. < .
- . - \

{while C doing blocka) block b;

%

Here ¢ is any boolsan expression, whils blocka and blockb
are arbitrary seguences of ststements. Yhis iteration has

-8§-




precisely the same significunce a5 the following emplicit
geguence of statementsa:

(73 Li: i& n C then go (o L2; bLleckd; blocka; go to Li; L2:;

where L1 ard L2 are unigue genevatad labsls., This alterna-
tive form of the while ltoratiop-besder is provided to
improve readabllity by making it poselble to attach loop-
agscciated bookkeeping laztructions directly to the header,
rather than réquiring thess instructions to be plaéeé
remotely.,

The instruction

quit

accurring eiiher within a set-theoretical iteration or within
a while-iteration is sguivalent to '

g0 to Lj

where L is » unique genarated label occurring at a position
immediately following the last statemant in the scope of
the iteration. Mz also allcow this statement in sevaral
more explicit forws., The foram :

quit Wi;
is equivalent to (8} whevs L is a unique generated label

occurring at a posicion immpediately following the last
statoment in the scops of the sst-theoratical 1terntion

whose header begins either with

(VK-E- RN ; )




. N ey

(ming ¥u< win , ....4.. )

ox w;th some other allcowgd form of range restriction in
vwhich "¥x" appears. Kote that this genaralizad quii state-
rent may cause control t¢ be trassferred out of soveral
pested iteratlion scopes 21l at once. Por example,

. . (Uea) = x: (while fy gt 2) (¥sey) nem with a;
_;g Qn gt 10 then it ¥ end ¥r; end while; end ¥x;

is equivalent to
Wxsa) y= %; (mim fy gt 2) (Vaey) nen with 8;
i #n gt 10 then go to L;rend ¥gyr7(Ls)...

¥e also permit the forms
guit whiles
ani
guit while tokemn;

?ha first of thaee ig squivalent to @ trans‘ar to & label
oocurring at a position irmadiately following the last
statement in the scope of the innaxmoat wn;le-itoratton
containing ¢he quit statement. Ths second, morce explicit,
quit statement has 2 significance which may be fefined a=s
£ollnwn. Let W be the innscroat while-iterating header
whose scope contains the guil atatawent and which begins

wvith the sequencs



ﬁWhil& .t,«CPkeﬂ 246 ny )

of syabols. Lot L be a sunlique label accurring at.a position
immediately following the last statement in the scope of
W, Then (%) is eguivalent to (8).

The ingiruction

{10} coptinve;

is used in a'clogely ralatsd mannar. If this instruction
occurs elther within a set-tuaoretical or a simple while
iteration, it is equivalent to (8), where I is 2 unique
gensrated label occurring within, but at the very end.of,
the scope of the iteraticn. 7Thuas, for example,

{while x gt 0) x=x-£(x}; i g{z) 1t 0O then continue;
slse y=y+g(x);; end while; '

iz aguivelent to

{(while x gt 0) x=x-f{x); it g(x) 1t 0 then go to L;
else yey+g(x)ys: {Laly =of while;

Suppose next that a simple conlinde geatement (10) occuxra
within a while-iteration whose header is of ths more complex
- form

(wile ¢ doing Blocke} 5

Yhen, by definition, {(18) canses & transfer to a unigue
generated isbel lotated iwmediately nafore the vaxious

etatoments of the block btocka, which (ef.(7}) form a group

terminating the scope of the whila»%terutibn. For exampla.

w B




{vhile xes dolang x=€(x};) ir g{gg 1

t 0 then continue;

else yry+gix):; end Shiles

iz equivalent to

(while xes) if gix) 1t ¢ then go to IL:
@lase yey+g(x)riil:] g=f(n): ead wvhile;

Ve xleo allow more genersi condinue statements having
the forme

11} continue Wu:
€12) continie while:
(X3) continue while token;

This is how we define the significance of the statement (11).
et W be the innermost lteration hssder whose scope contains
the continue statement {(1l) and wuich bagins either with the

sequence

(VK& e wan . }
or with some such segusncé &8
(ain< Vx< max, ... ).

et L be a unique label oécuxrinq within the sacope of this
iteration, but at the very end «f this scope. Then (11) ia

equivalent to
90 Ty iﬁ! e
The significance of the statemsais {12) and {13) wmay be
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gofined in similar fashion, asc ye leave ie )
w0 W poly the necessary details, Obsiexrve,
i while-iteration header to which
containg & dodng Block, then (12) or (13 will cause g
yransfer to & label loeated bmediataly bafore the £irst
statement in this bloek: note (¢2. (7)) that this biock ef
gtatements occurs at the very end of she sCope of the whife
fraration. : |

the reader

howsvar, that i¢
{¢2) or {13} referg

Wo now describe a type of eompoand epenaton provided
in SEUL and related to the get-thecretic iterations with
vaich we have just boen concernsd, 1f op 46 any binary
operator or function of two variskblies » OF mOTe generslly

any expression having such an Cpaxrator or function as its
value, then

(4) (op: Xy £@ 0%, 0, Xy} eon. LN C TR 'Ky aq) !C{xl. o+ X ) Joxpe

denotes the value v which would wezult from the foliowing
iterative caleulation — '

U5} vo; timegmo (¥xy 60y 300, 00y ) oo e Uy y e e py g ) CHRY k)
1f timey 29 0 then times<i;v=if times ag ¢ then expr
8lse v op expr; if v eg A then quit ¥x. 13 end ¥z,

The

; eparator appearing within brackests in (i4) iz called
- _

EeinA Sperator. 7The constrwction (14) is swbject to
o conditiong cencerning f£res gocurrences ol v?riublas,
"an" 8% ig the iteration {2). In perticuler, nmx{::l“a
‘11% “estrictions of any of the forma {da), (&8}, .”; 5
Ehe The congtruction (14) wiil ordinarily be :Mch

: i B i3 copmuestive and associative, in

Cag which
th:.th‘ Yalue of (14) i independant of the order “::. o
*"theoretic jeeration {15) ie carcied out. SN B

-§0=
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example, that the &Vaji,ih‘)iiity of the Construction (i4)
allows us to write (he Ordinary rathematical

: ¥AX (v ¢ (%, ,x.,%.)
Bea R f R, XL, 1’2 3 :i

&8

{+:x',ca1”max:;r2cazz § EE”‘B“SJ ”xl'xzf”“:-))'

A resclving convantion ie required 1f the implied mcope
of a compound operstor s Ot o be ambiguous. One may ank,
kér‘exéfnple, if the expression hhn

hORUY Gy g DL B MO Hed) o S S

[+ 2 zeay ] £ix} + b
'is to have the_ reading

{(i{+ 2 Ry b f:‘x)} b
or the reading

I+ ‘: xca, J {£{x)+ b).

" adopt the conventios thas a compound operstor is to be
treated as a monadic operatnsy; ag such, 4t will have |
Rinimay 8cope (excpet insofar s#8 bullt-in operators producw
booloay Irom non-~booiesr quantities may have “‘-9““: oo
Precédancey Thiis, the tifzs o the two possible f“di‘o‘g'
oteg &bove is corxrect. The scope of & W’:":"‘M op:r :ﬂ ¥
MY however, pe varied by ths usa of the “8 sﬂh;; .

the Manner dewcvibed in an earlier paragraph, 80 € iting |

&y obtatn the second reading dizplayed above Ry o

‘-§l=




gither

X

o XE’.-'EI}' £{x} b ,

= -~ > * L - " .
& . et . 2 ) R s T o
~ S .
-

Tt .

i. Bubrountine and Punction Definitiong. BNams ’::'»cdpes,

SRTL providesa various Isatures intended for the.definltios
of subroutines, fanctions, and macros called in various ways.
A subroutine definition nhag tbe fomm

define name (avgl, arg?.....azgn}; body; end name;
g g

Here nawe, angt,...,asgn ave all valid namee, while body is
any valid sequence of SETL statemorts. The final statement

and nE&ne)

Lae.o.. . LI 2

-

in the above dafinitinn locates its'end. A subroutine defined

in thig conventional way is callsd vie & statement

name (expxl,.. .l,éaxprn) }

_. ' : tual
in which eXph] .. ., exphn are asprassions defining ‘;—1130 a;t“n‘
Bubrouting arguments "o be vesd at’ the ki ::tw;u state-
from o called subroutine is necoupiiehed “_ing 3

™Mnt having the familisy foxsm

resorn 3 *




gubroutines ara eiways yecuraive, as are functions (Eao
palow] .

Note that when & subroutine is callaed recursively only
ghe subroutine arguments and the variables local to the
gubroutine are stacked; variakles external to the subroutine
pat known within it {c.f. the dlacuseion of naws scoping
and the exieanal declaration which follows) ars not stacked.
whus, for exsmple, @ subroutine may be used recursively to
od8 elaments to a single particulsr external est.

Functions rather thae simpls subzroutines may be defined
by writing

dsfinef name (argl, arg2,....argn); body; end name;

Return statemente occurring within the body of a function

Gefinition must have the slightly expanded form

raturn expr;

iere oxpa §s an expfasaisn whick, eveluated immediately

befora return from the function, defines tha function
Value, . ¢ it

In addition to these conventional foﬁsqu fiol “::ona and
Rbrout {ne definition, SEYL allows the definition of func

and Bubroutines called in a mAnDEY WOKE closely resembling

. The
d Rormal SEPL use of infix and profis g catoy - -

:
Yritten an followss

(17 . n'm;
! define® argl name argls bodys end

~f3~ ~



hside from the fact that it fz writeen

: in 2 different
gyntactic form, and that tha function name i3 underlined,
the above infix function has exactly the same pemantic

significance as any two argumont function name (argl,argl).

A programmer-definad prefix or monsdic opsrator will
bave enly & single argument; its definition will have the
form

]

definef name srg; body: end name; :

Infix and prefix operators as well as functions written in
ordinary paventhetical style, may freely be used as parts
of axpressions. Monadic opsrators always have a precedence’
superior to that of any infix cperstor, except that built-
in operators computing boolean from non-boolean guantities
have higher precedence. The presedence of a glven

~ ocecurrence of a monzdic operater way be varied by the use
cf the *$" convention previgusly fuacribed.

Subroutines of 1 and 2 asqusents may also Ve written im
infix snd prefix form respactively, having in this case
def;nitions of the form N :
 define argl name arg2; body; end name;
and
define name'arg; bodly: end name;
respectively. Subroutines definad in one of these forms

should bz called in the cazresrsréing b £a) i PA

G-
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We allow subrovtines and functions to be calied in a
variety of ways generalizing che conventional (16). First,
as to furnctions, the ecall

£
f \ax'co»’an}

>

C will return the walue

.{f(alpcwcgﬁn)} )

This convention is consiarent with what we would have 1€ ¢
was 2 et of ordered a+l-tuples. OF course, if f is a
function, the right number of argumants must be supplied to

&&.L,-.g..'u;.\.-ﬁg “chs  wuaaw "»-.'.u\--xg
“he call

£ {alg..»,ani

7111 return the set

{ﬁtxlyougfyn;,116613a2€ﬂ2;a¢-.xn$ﬂu} '0
Again, this is consistent with onr usage in casa £ is a sat
of ordersd n+l-tuples. Still more generally, a call of thag

fozrm

f(al;..¢,iaj],nj+1,u.n,§a,gak*l,..-,3;?::::}—.

@ill return the yvalue

{!(alficlng;aj '.-o'ﬂk;xk*lpcurpﬂzyoon;p

xjetj.xkca v*k+1e‘k+1"")
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we allow similar forma for subgoutine mslle. If€ € is é sub-
routine, then the cal ;

£ i&lgvaa,&ﬂlj

is equivalent to tﬁa iteration

; - . ] »
(%k,eal,xzeaz,.‘.,xncan) E(xl,...,nn}:.

the call

E(alt"*l[aﬁ}!aj+litot'{akpak+l;«o¢;a£}q-c}}

i equivalent to the Lteration

(vxjcaj‘xke“k'xk+1€“k+L"”“) _ '
{ i(al....,xj,&$+l,...,xk,2k+1,-..pxs---)rl.

vor monadic operatore we can wyrite in very similar £aahion
and with similar wmeaning; '

opial ;
For binary infix operators we can write
{a} op b, & op [Pl la] op B, stc.

gubrontines and funstionk are legitimate atom-types vith-
in SETL; in particular, they way validly he alemwents of mets,
components of ordared paixe, argunents of other pubroutines,
etc., This faot allowu‘various powerful programming devicug
gop susmpie, taf & got with certain

to be uzed; wWe MY
' paticn which are associated

funetiocns of access and combi

-G8~ 3



Asida from the operatiosm of application that naturally
pelongs to pubroutines aand Punctipne, the only built-in
-pperations which apply to atoas of theee typss are the
deolean tests &g and ne of equaliéy gnd inequality.

"' gach statement in a block of statements occuxring in
the form

(18) L. . _inltially hlock;

will be executed the first time the subroutine containing
{I6) ‘is entéred, Uuf not @ubseguently.’ IF Eny such state-
nents occur within a subroutine {or function), they must
receed all othey statements ¢f the subroutine {with the
exception of declaratory exfeanal statemonts; fee below).
Thie gives ug a ganeral method for the initialization of
variables. Within such an initiafization bloch, 8 statsment
having the degensrate form Y a ' '

. Ynanes)

is taken ms an abbreviation foX

Y C ypams ' vnams s

and thus initializes the variabis VRaEe +o @ character string
équal to the external representationod the variable's nawe.
We aleo allow the mora general form

-

<vnamal.¢namez,...,vnamﬂh>- §

]



this initializes each of the va

rizvles whose neme ozouvs
within the pointed brackets, each to & character string

egual to the external representation of its own neme.

A few extra words defining the semantics of inltialization
blocks (18) somevwhat mors vizcisely arve in order; especially
in case (18} occurs within 2 recursive subroutine confusion
might otherwise arize. Wo zake the initialiszstion (18) to
bs precisely equivalent to tie statement

(19) it flag eqg 0 thea flag=l; bleck;

where f£ag is a generated wsriable uniguely sasociated with
the {nitialization skxatemesxt (1B). The variable {laz
occurring in (19) iz also taken o ba external to the sub-
routine A in which {18) ocours i.e., thies variable is not
stacked if A is entered recursively.

Thus the statements of bleek will be sxecuted only when
A i invoked for the first time, even if A is enterad
recursively. On the other hasé, perfectly arbitrary state-
mants, and even recukwiva subroutine calls, may be contained
in block. :

In addition to the effecta of explicdl initialivations
of the form (18), the values ¢f variables will ke initialized
in certain circumstances for reasond impilcitly connected
with the usage of these variablos. Such implfieid indtiald-
zations will be nada bafore any expficit Andidaliratlions
of the form (18) =re mede. 'Tho pircumstances leading to

impiicit initializations are as follows:

i. 1# a name Labngme i3 nsed as a labal within a SETL

~68~



routine, then the variabls of the same name will be initial
ized to have a value egqual to the unigua ﬁabei aton

corresponding to the labal Lzbname. This initialisation is
useful in that it ailows ug to write such axprmssians as

and thus to make use of *calecuwlaisd go-to'zs® in fiexible
and convenitent form.

ii. A procedure definition & nay be imhedded within the
text of anothar procedurs 3, in which case the procedurs
A iz sald to ba inlexnal te B, 1If A is internal to B, but
not intermal to any € which is itself internal to B, then
A iz sald to ba Immadietely infeanal to B. A procedure whose
definition is not imbedded in the text of any other SETL
procedure is said to ha an exleanal procedure.

A name A iz said to be hnows as 4 p&oaédaaa same within
a subroatine B if eithex : ;

a) A is identical with the name of some extarnal -
procedure; OF :

B) A i3 identical with the nuxe of a procedure
imeedistely interasl to B: or b .

e) A is identical withk the name of & procedure
to which B i@ jnmodiately internal; or

a) A is jdentical with the same of B; or

&) A is identical with the nane of a procedure
¢, while ¢ and B axe both imsediately intexnal
to the same subxoutine D; oF '

£f) The name A has been {dencified by tho use of

an external statemamt (for which see balow}
with & pame OCCULTing in some other subroutine

9



C and known a¢ o progodure nans within c.

cages a), b}, ©). &) are all subject o the proviso that
the name A has not besn used as a lehel within B, and that
2 has not been identified within 3 with any external name.
concerning &), we note that the nems of a subroutine may not’
be used. in the subroutine as a lasel. Concerning f), we note
that the name of a procedure may not be identified in the
procadure with any external pame; and that a name used within
a procedure &s A labei may not ba idsntified im that
procedure with any ext&xn&llnamaﬁ

ta each of the casas a)~f), & name A khown &8 & procedurs:
name will refer to some unique procedure P; whan A 1s known
as a procedure, its value {s initially set equal (o the
unigue subroutine or Sunctlion atom corresponding to the
procedure P. {Remeﬁber that in SETL subroutines and functiona
gre atoms and ave often treated in the sama way as atoms of
any othex kind. in particulax, a varinble whose valus is
initially a subroutine dr funcktion may have its value changed
by an assignment statemmniy gor example, if subs iz a
seguence of single~srguasnt gubroutines, we nay legally vwrite

(1< ¥a< #subs) pubwgale(n); sub{x):}
thereby applying every geproutine inm the sequence to the
variable x.]} :

nations described by 1) and 11)

iii, Except in the it
{nitisily be undefined.

above, the value «f & vaciable wiil

®e now turn to degcyibe the {rathar conpventional) name-

=7 0=



scoping ruies used in SETL, and the exfesnal

ray be used to vary the scope of nases. A 8E%L variable
or label name is ordinarily local %

Statement which

5 the (main program or)
defined subroutine or function b@ug which containe it. That

ie, identical names occurring within Aistinc: subrovtines

A and B noxmally vefer to difforent varisblea. The variocus
forme of the sxfeanc! statement serva o identify nane-
references across proceduyres. The basic form of thisz state-
ment is ;

{20} muba external namel, nawel,..., nawek,

whare exlzanal is & Xeyword, vhers namel,...,namek ara
variable names, and whers sube iz a valid BETL name known
a8 a procedurs name within the subroutine {(or function RA)
in which {20} ocours; svba is known g2 the piscedure
reference of the external atatement. The statenent {20)
defines namel,...,namek 28 having xeferences which are the
gsame ag those which identiral namee occurring in the sub-
routine suba would havs. '

Occasionally one will want to be able to sccess &
variable namea defined in & subroutine Sube from within a
subrontine B, but will want the vaxiable to be known under
a different na@e within the subroutine B. This might, for
example, be the case Lf 8 hed occasion to access two different
variasbles, originally occurying ig two diffevent subroutines,
both of which happensd to Leve the same name, For this

Purpose the veariant fozm

{20) guba awtarna’ (NG . RATBEDY 5+ 0+

i providad; this deciaxation. ocouring within the subroutinn

=



8, identifies the vay

iable nemeq ecauxiag in suba with the
variable samed oscurdny in B,

If an exiedncl sintement identifiss & pies somes 25 &
procedure name, then this nmie mey in turn ba woed ss a
procedura neme in extornal oistenmmts. $ime, for exeicle,

¥e might have ! &
define scbhain)y ‘
dafine subeub{y)i...; 2eg+ls,..rend sudssb; snd su&mr
define subb{u,i);zubs external subsvd;
2uend externsl ¥j...;2nd subby .

In this case, the fivat of fhe two exfeaxel statsmants
oecuring in Aubb would wske whe mubrovtipe subsub,which is
internal ¢o dube,kpown a8 & procedure name within subbd; and
the second cifeanal stacemene in dubb then identifies 3 with
a varisble of the same name occuring within subsab.

The “"wain prograwm® within shich 21} SETL subroutines
eoonr may bo congidersd to ba & snbroutine wich an “empiy”
name, the so-called madim asutire. The stafsment :

gsturme
accuring in this waln cgh?au&iae tereinates program executiom,

Bz exfeinal statement with 2 missing procedure roference i
teken to refer impliciily to the mein vaut&ma. That ls,

(21) axtornas ReaeRl, . o) eeE

identifies sach of mamel, ... wapchk with 8 vaxisbla of thf
pams form occuring in tha main zontinn of the program

g



containing the subroutive within which {21} ococurs. Exteanal
statemants rofexzing o the mely reutine bot having the
generalized form {20} cre also poovidesd

Rote onon mone ¢hei awoas weed s sabroatin: argurents
er aw lobeis wmay not Lo declaved sxtersal. A given n&ma'
may only be declszad &5 extornel oncs within a ziven
subroutine, ALl the exf¢inal stadsmonis cecuring within
2 given procadure must he grouped st the beginning of ¢the
procedure, and musgt precesd any other otatements in the
procedura. '

BETL provides & variety of wmacre forme, ranging from &
wory elupie type of mopro sllowing program text ¢to bs
written in a wore readahle statament oprder than would othex-
wise ba possible, bo rather highly atructured syntax macros
providing SIVL with powarful language extension facilities.

. At thisz point in gur cexposizion, wa mhall ecnly decacribs the
- gimplest SETL macro festure. This festure zllows us ©o
dafine & noamed macro-block of code by wrlting

{32} block neme {8rgl, ... acgn)y body: ond news; .

Hore namc,dng,...,a&ga are welid SETL nawes, and body may

ba any legel seguencs of stateonenis; axgl,...,axqn will normally
nermally oacur within fody but wame eloold sot. A @Bacro-

block defined in the fozam (22} can be lnvoked by writing

€23, . ’ga Béren {%ﬂu’:i, L 'mm) i

wasre fokl,..,,S08x are velid BRNL toksns. These tokens

are substituted for esgl,...,eRR n the body of (22), and
the recultinyg text replaced the statement (23) &t its point
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of ocourrence.

As indicated, this simple macyo~form ig provided go
that appropriate subsegtiouns of BRYL programs can be
arranged in whatever order most enhances readibility. Pox
exapple, one might wigh to writs en lf-statemsnt as

¢ -4f n g_ t b then do sblgger {a}; else iZ s it b then do aless(n)
e alse do sqgualinds)

agpecially if the c¢ode blcoks ablpger and aless arze

at all lengthy. =RNota in this connechion that the clarity
of & cofe contalning mecro-blocks can be greatly enbanced
by the xadun&an; vae of wasxo parameters. Any parameter
forming a adgniflcant part of iths loglical context within
vhich a macre block {32) will be called should appear
explicitly in the macxo dafinition svem though the actual
menner in which the mecro is to be used might make this

superfluous, it

®. - Special) Conventions Concegning the Atom Q.

We relate the speciel undefined wtom 8 to the various

SETIL. operations in spomewhat spsciel ways. ? iz a biank
atom, but one having slightly unusual properties. Ye do
not aillow Q to he & member ol any #et, 90 that any attempt

to form such a combigation a8
{nl;{fﬁ;a} '<'G,.ll.> (3,‘?)

will lead to zn efxox zetwrn. AR attompt to fom any of

T



ey

pow (0),9(x}, £(2), £{8) ,£19), & , or 08

will also lead tOo an error rs&turn., 7The atoa § s allowad
in the cvombinatione x eg @ asd = ne 1, but of course not
4An x gt @ or in apny othar avithwetio, etriag, ox boolean

operation. (Mote that any sttampt to execube on operation

with arguments of inappropriate type will aisc lezd to an

~error rotarn.} An cocurrencs of O eithsr ia s gueatifies

of the form

s, ;?ﬂ%ﬁa@,. Xel, e ¥he B, wsbo, :

in 8 ranga restriction
%el, 6 ks X, otC.,

or iu any 1te¥mtion control of ehe form

{whila &)

will iead to an erroy return. she value 8 will be returnsd
a8 the vaine of

Q;ow?) < é‘kﬂ) ? wte.

if b iz not a pair, znd &s the vaiue of £(a) 42 = is mot in
the domein of a sot f of ovdeced paixs. %We also have
hda"tﬁ-ﬂnﬂ,

"‘iieae conventiong have woxy utaful effect in locating
bugs in SETL prograws, as they ensure that many aituations
in which the actual. form of dabe dirfera from its assumed
form will iead rapidly to the gecuszence of @ ae a value
and very shortly thereaftes ke 4a srror retura.



The assignments

axfly fin)afl; and fi{s,bi=f: etc. 7

gre legal. The pecond of thase has exectly tie peme effect -
as exzcoution of the ststemant

€ = § lasf & :

n. Comasnts; Print and Read Shatements

Comments are enclosed foru—-and-aft Ly use of tha.cemgeaite
maxks /¢ {(prefixed) snd */ (affixed). 7hua, for example

/%t this is an example of a getl commant. s/,

Input/output conventlons sufficiently substantial to allow
SETL to make ust of exierasily stored files will be describad
later. Hers, howesver, we describe two gETL atatements giving
& rudimentary inmput/output fa0ility for use in conndction
with a standaxd input end a standard print file. Thess havs
the form : :

{24) 5 print axpr,, 8¥Prys ¢ees expt,, )

and _

{as) 5 resd namsy , BRISL, .oy name,, 3

ither an axpression having s valus
»f & charsoter ptring and

fal systams names input or

respectively, where & iz @
an ordersd pair <st,n” congivting
an integer, ox is one of the Spse
Qutpnt .

The form in
- the following racuxsive
in decimal form, poswibly

which & set will be printed is determined by
conventione, Anr integer will appear
praceded by & sinus sign



& character stying will sppeer enclossd within
quote marks in its normal exterral form, guote Marss them~

selves beling rﬁprﬁﬂ*rcvd by deuyblae auﬁtas. Bit strings wili
sppear 2ither in “bleery® forms wasch as 01300101...01R, or
in a conbined "binamry-octal® form, in which a binary pratix'
preceeds the lettsr B and an octal suffix follows it, the
total bit-stving being the concabenation of these two
gaparately vepresented parte. Nota for example that the
gtrings 10111000b and 1@b?@ are identical; and that either

form may be used in a SETL program o ropresent a bit-string
congiant.

£ 81, eres8Nn 8XQ the elaments of & sot &, and 1,...,%3
dre ' {he’ prin:ﬁd representatives of al,...,an respectively,
thon the 88t

{Slnu,an?
will genexally appear printed as the -character string

"{x1,..0,;¥0} =

a similar conventioa spplying to n-tuples. On tha othes
hand, each set to be printad will be tested to sesif it
iz of the apecial form

{41,a1>,421a23,,.,,<n.&n}:,

f.e., iz a get s all of whoss slemcnis are ordnrad paira,
and such that eech integer in the xangs from 1 &t an upper
limit nwds occurs précisely oncd 4# the first component of .
an alement of &. The printed :eprhguntation of a set having

this special form will ba -

/



[ri,r? P e "4'#';"13 ¥

where rl;...,rn are the priasd reprasentations of al,...,an
respectively. These simple Pecursive rules will b used as
long as the lanpth of the chersster etrings it produces &oes

" not exgesd tv0 printed lines, and tha leével nf parenthesis

.- meeting needed within thsse character strings dnes not
sxceed 4. When these linmits are czeaeded, sub-sets of 2
conposite structurs which i» to e printed will be aseigned
abbieviating designators consisting of an intager foliowsd
by a decimal polnt, and ihe sign’ficance of euch ahbrevia-
tions will be indicated i sepazata printed lirves, inden-
tation being used sppropristely ¢o improve the raadability

~of the resulting text. Thue, for exemple, 2 set that might
have been printed ag | ' 2

(263 {{{{5,10,15,<26, (41,22,2%,7{34,<35,0>},8}}>,33)}}
will actually appeasz us

(273 {{1{5,20,15,1.,3}1}}
N 3. <20, 121,32.23,{{2¢,2.},81>
. 25,8 . g
. ohe SRTL read statement. (25) will spoepc, from the standard
inpnt string irpag, sets yapreseated in this way, and convert
them into the abstract structures which they represent,
assigning the set thereby cutsines as the value of the |
*~vafiable mame occuring im (2%}, 748 musber of characters
.of the input string &lgasiad curing such a Agad operstion
ie determined by the follewing rulg: blank characters, up
%o a first non-blank character, ?hich pust Se either{,<, or i‘
wiil ba ignored. All ¢ha chatacte;@ of & balanced-parenthesis

PR



gtructure of acme suck Torwm ag 123) oz £24) Wiil-th&n be digasted,
blanks {except quoted blanks) being ignoxed, and single charadters '
24 {but not paivs of sueorasive charscters &i) helny ignored slec,
Onoe @ balanced structure of ¢ form like (23) or (24) has been

rend, subzequent blanks, up to and including a Sirat i character,
br up to but not including any ather noa“blenk vhavacter, will
be skipped, and the ieed operative then terminated.

p. Dynemic compllation.

BETL prograns will (”@ﬁ«&J?ﬂgiu include or gensrate program
texs: by allwwﬁng such y&h’ to hﬁ c@mpllad &&ring pregran expsa-
tion; we %tovxdz SRTL yet anothes guite powarful featurs. .This
feature ig provided by a pxafiﬁ eperatoy '

-y e & oea v s wwm e e

123} fikda 37 E5s N Tggmpdls %

xhe vaAua af WROESR &ruumnnt ®* is 2 ch&ract@r st?inq This
character string must be a valid subrovtine oz fanctiocn
. stinitﬁﬁn,_i.e,, rukt have &ither the form

{29y - *defite sub...; texk) end sub:’ ,

it a enbrnatins is ta be complled, «r the fnxn . tanidy .
;;&}”"_;, ._k' ’ﬁgﬁt%@f 1IN Amxls aaﬁ fin; L S AR
if a function ie to De compiled. Huré sub and {4n must be '

valid names. Strings (2%} and (30} to be cﬁmpiiad mey not ba
infix- or prefix-form cpararor definitioss. ; :

The value of the expression {¥e} is zn aktom althex of
subroutine f4x casa (2%)) or of Smactien tvpe {in ocase (30)) .
This atom may then be cesigned au tha valud of 2 BRTL varizble,
und called in the mmﬁ}, fwairm. ﬂmm, foz axwpla, we niqht
Writa

syadl fecompile ‘aefinwﬁ IR
return {xea | n xebl n {ucb {n nesls

and ad;': x-zymdiﬁ(ia.b;c} {1, &,alj:
This would givs x the value {8,a,4,e).
i

. ~79-
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The {exi appearing elcher in {29) or in {30) w2y contain
imbedded subroutine and functlon definitions, exleanal statements,
and inifialfly atatements. '

The nsme-scoping rules which appiy to dynamically compiled
gubroutines may be stated as foilows. BSuppose that the state-
ment (28} appears ln the gubcdutine X of a complete SETL program.
Then, whes (28) ls performad. jame scopss will be assigned within
the resuliing subzoutine unsiwmg precisely the rules that would
have applied if tha text x had origiaully eppeased as en imbedded
subroutine definition within A, : ' '

p. ©Gansral extraction and replacement operators.
Genernlized meitiassicrmente

In the prasent mection, we complate vur account of the
bagic parts #»f the SETL languags Y describing extraction
oparators related to those specifisd in ssctleon a) above, but
considerahly wmore general and intended to be of convenisnt use
in connection with nestsd struckaras builf up out of crdered
n-tuples. Generalized forms relsted te the extraction cperators
wbich will he described will also be used ia writing multiple
assignment statements. We shall siso descxibe a family of
structured replacement Operaltors, which allow the repiacaq?nt
of perticular compoaents of crdersd nwgupias by specified vaiuess
those replacement onerators will e useful in the same situwations
&3 the generalized extraction operators with whseh we shall bs
concerned. WNote thet the genexal egiraction oparators to be

describad in the present. asction gesszalige the aimple and tha

g 1 : abovas, and
hest : rators described inm section &)
efl galection op¢ S &

the assigument brackss znd assionment opsraters de
segtion ) abova. The Follewling pringipal new features :ro -
provided by the genuraliznd fors dceeribed in thi? section.
i. fpecification of corpaient by numagiaal index, ®.3.
<¥ g 13 & |
i2 the 13~th component cf the ﬂ“tﬁPlt X3
K% g > X ‘
is the n-th component of X.




il. Specifioation of components of ﬁ@ﬁpﬁ wnty by addresss
ing SEQUERCER, ©.¢. 1
<k g 22,3,5%> n ' |
axtracta thes H-th componeht of the 3-xd componant of the 2-nd
component i XK. '
iil. Mesting to arbitrary &arth, eed the use of names and

indexed names to get maaignm@ntw «ffacts.

whe Getslled specification of ths semantics of chese
rather ganexal extraction operatsus iavelves a mass of falrly
complex detall, and makes & caveivl and precles description
necespary. We bagin by explaining ths notlon af saseiural
~address. In 2n n-tuple of the baasic form |
a.,b,é,....8>

-

the structural addrass of an camhﬁ&ﬁnt is 3¢3 pamition in the
n-tuple. 7Thus a has the &tzncfuwa&»ﬁadxess 1, © the strustuxal .
sddress 3, e the struetural addcess ». 1f the j-tn COMPOREnt
of an n~turle x is an m-tuple ¥y, then the k~th component of ¥
has the structural address j,.k in x; asd we allow this construc~
tion to be carried to sny depth af nasting. Thus, for exampls, in

il} {‘:ﬁgﬂ:’ LA c,i*" \&f‘;f’:J"

b has the structural acdress i, 2y 4 the gtrouctural address
2,1,1,2; e the structursi sddresz 4,1,2; ¥ the gtructural
&ddress 2,2y and g the styuctural sidrese 3. We giay 8lso take:
the strnctural address 2,1 ¢ refoe £0 <<o,dr,08>, and the
structoral address 2,1,1 to rafer ta <¢,8%,etc. Note that
since guch identitlies &9

<a,b,c,d> = <B T2y SC 8T 4 _
; lsd .85 sn w-tuple for every m. <€ nj

@very n-tuple maé'also be rogard
from ‘niz ariass & caertsin trritating tendency coward ambliguity

in the interpretation of stroctaral sddrassss, & tendency which
wa mugt be prapared to combat. Re rosark that the gcmplex
collections of n-tuples which. Tavm gﬁa operands for highly




structured extraction operators will in general be "tables®.

in such tables, the oxder in Hhi,h Serticalar entcies are Siven
ie & matter of convention. 2 shructural address serves to
gdafine the lrcation of an entrxy in such a table; the valus of el l
thiz entrxy is then asaigned to the appropriate target in ths : ;
getraction operator. : ' : F

\ At any rate, sach finite aeguénce of positlive integers
is a structural addresms.
pach structural address

‘2’) ' B8 = nllﬂ-zr~°=aﬂk
oonsisting exclusively of positive integers defines twd oparationa?
a shoat sefection O and a {ubl seleeiion Bga . These
operators are defined by :
(2')' SRR R AT, o
8, f3 By DBk Dyt
gnd '
. ". & i . - ' ]
52 ) O, = {5k t“kwl ol t“z t“l ;

where t_ and Eﬁ are defined by

(2*") _tlrﬁ_gi_, T =idant lty.

B#ote for example that

-1 for m > 1.

vy = (bd £8) ihﬁ(tz>2$
w hd tL DA EL EE 4

.y v TR

%932 ™ %2

and similaxly O S tf pd :ﬁ_iﬁf zo that

Qz 2<a.b 0,002, 8>

88 4 whereas |
5y p<ardy <t 0,8, 17

is <a,e>. The selection opexuticrsd ang 6, will be used

below to define the gemantics of oul qono:ali:cﬁ axtraction

oparstors.

"'.’2"



fext we describe the way in which generslized extra
i L AT E WA R =g
5 rators are built up. Each guch of®mrator has the P
fora
‘3) (P&rtl;?ﬁxtz; * 0 ¥ ,E&r‘tn& 7

yhere earh part has ong of the forms

(4} name, name, ¥ AXpn, hame ub ex %, % g g
(4) aL BEph, %, % oxpn, ¢ 2t expn,«,n-, o1
(59 QRIP OF &ELP e¥pn, :

shere exop is itself ma extraction operntor. Tha syibol 2z

g read "iE?; the symbol z2 iz zeaf “'m tail®, In {4), name
¢ & : : ;

may either be a simpie newmd, or nay be an indexed rame of

one of the forms

namea {exp) , name{expls..., nuae {expl,axpz) , ets,

Agein in (4), each expn has an m~tuple of positive integez:é as
@ value, and n has a positive integey ss velue. The ssterisk,
in one of its usages (4), will be calied the “special name”;
this neme im sllowed to appnsr only osca in an extraction
operater {3). Note that the asterisk in (4) L veed in much
the same way as a nams. The valune asslgned to this name ig
the value of the expression Cg:aztl,. “o s PETE R .

An extraction cperator {3} assogietes a sixuctural addrese
vith each part and each simpla or . indexed namwe cccurring within
lt, dccording to the following rules:

(8) 4f 2 part of (3) has the foxm

name 3 expn, nane st aupn, ¥ £ axpn, oy % 3t expn,

Il
the |
"8 Btructyuray adiress which (3) assoclates with name {or with i

il

:: *peclal name *) is tho mequence of components of the i

"ble obtained by evaluating gxpit. |

b) 1f a part of (3) has the fox@® .
eXop B exph,

S structural adaxeiaa n;,.,....,ﬁk 3

‘curu:} is dotermined as in the presedind © 3

ely, if exop would assoiiate the steuctura

which {3) assoclates
ge (a). Then,
address F

- then gy




a iy | | | |

| 51'””;5& with 2 subpart occurring within 1%, then (3) |

associat@s the concatenated seyuencs ni""’”k';‘" peeeddl With

the same subpart. * k

(c} 4Lf the k-th part of {3} hss the form
pama . o %, |

g'-,he ptructural address whic?z 13} sasgociates Qith name {(Or with #)
jz the sum of the place values of all preceding pazts of (3).
#o call thin the pleve address which (3) azacciates with name

for with %}. Place valies ave defined az follows: a part of
the form

i~

has place valwe n; a part of any othex form has the place value 2,
(Hote that n iz allowed to be any sxpression with a nonnegative |
integer walue).
» part of (3) having the form

nama2 ,
is taken to have the sams signiflcance 2% a part of (3) having
the form

name £ no
unlsss namg is the last paxt of {3}, in which case it is taken
to have the same sigaificamca 4s : 3‘

name gt ng

here n is the place address of sase in {3). 8imilarly. a pazt ,,
of {3) having the form ‘
» :]
18 taken o have the same signif Loance as ~;
LA 't
unless is the 3,;:3:'@@2'@; of {3), in which case it has the |
8ignizicance - e -
| “ gzt n .
() if the k~ih part of (3) bas the form
{ ; _ )
the Structural mie;s n which €3) asgociates with uaz v:: :
deteruined ng in the preveding case (G}, Than, KeSURE. i
18 exop would associate the structuzald -qué’“ By isistes

~8a-




a subpark vcourring withir ie, the

§ P 2 4 {3) esscciates Lbhe
cgncat&nat@ﬂ B&%Eﬁc& l’bl Fe2a ;n,qz.-
;

n with this same subpact,
Motz also that the extraction opsrater

<<a,hr ¢, %>
night also be written as

<@ 2z 1, b2t 2> c3z2, ¢gr 3>

and that the operatar <x,¥* in a pultiple assignment statemens
pight also be writtes <y 3%t 2, z 3 1>,

{e) A part of aither of tha forss

-~ o n- |

has no asscclated structural sddyxess, but ig inmluﬁe& gither for
its effect on the place valuas of the other parts of (3}, or is
inclbded to prevent some othar part of (3) from being the last,

I2 {3) masociatss thg structural é&ﬂr&as By ron By with a
cortain mame, and i¥ seme omecurs in {3) either explicitly or
implicitly in the foram name @ fape, then when tho assignment
eperator (3) is applied to a gquentity = the assigrment
(6) . nen ﬂal""’nk X
in mede, On the other hand, the zeslgnment

2 - ﬁ ¢
(6 , namg = inrﬁ.‘!nk

i8 wade if name ccours in (3} either axplicitly ox implicitly

in the form wmame z£ expr . Bot@ «nCoe BOTE that <0
o

Gk"(’:lan-pck,...,amﬁv iw C"Rg @hilﬂ %‘Gi,;--;%@on-; o
Cpreas ' reail® from o R
i iy it : pdices in
If name in (6) or (&'} i infaxed, than ail indi

o  §
(6) or (6') are evaluatad befors any assignments {6} or (8"}

8re made., Note in particular thst if ¢ = 1 befors the
Btatemsnt '

<¢£,b{a}§ -t -:g,:,sig t‘
gtatemsnis
is Performed, the result is sguivelent o that of the |

b{l) = 1: ¢ = &1

B8




T e LT

_f011aw5n§ gyntactic form.

In any 288, ABignments {€) or ('} are made ir sequance in

which the correspording names epeyr in (3), ia left—tc~*i§ht
order. #ote also that if the value of tXpa gﬁ {(8) or {6') is

such that 0“1”“’“& eRpn S0xe SHOR expn) iz undefined,

lltlt;nk
the assignment name = Q {g wude, :
An extraction npera*nr {3) is applied %o expr in the

. ¥ {3} containe no oecurrence of
tba *special rame“ *, we write

‘7} y (ydrtlpr,rgﬁﬁxg > = Qkpa;

-
-~

f.e., use a generatized i L - essignsent form. If (3) contains
s (necessarily unique) ooturrence of the "gpecizl uame™ €, we
use _

(@} P 4Pﬁrflq -\;dﬁ =t }@nyﬁ

-~

within some other expressish., "When thin ganz&at;zad exfasetion
rpeheteon s wsed, various escignments ($) and (6') will be nade;
assuming that (3) assoclates the egtiuctural sddress Dyreoeeidy

with the specilal name, the valuas of the expression (8) will be

o rdl to the
eithar o Ryseesony SXED or 551,---fnk expn , &coording
ruie expiained above in conpacticn with (6} sod (6°); i.e. the

vazue of the empreaa&n (8) #a the value that would be assigned
© the special vaviable ®, viewed 46 & varisble nase.
AB an example of the wse of sur extractipn opsrators, nota
that the follow*ng &unroutxhe pwoduces the sequence of components

of an n-tuple

define$ seg tuples s=n 2 ; %ml;
{while <® g },~> tuple na 2 doing je=j<l)
<s(j) 3 3, =* = tupley; return & end 324’

An equivalent program, weitten rather 4i££erart , i3 given in

Section XX C below.

Mote that when the extracyl
(7) we regard it as a monadic OpSTHEST,
“Cheerning operator scops. In particular, the

by operator I8 nesd in the foru
subject to the usual rules
precedence of an

=86~




1

extzaction operetor (B} may be raiced by affixing the zian § to
it, and loweredé by pxefixf&g 8 to iv,

Next wa turm to deccribe veplacement operators.
heae Operators have the form

tg) ﬁpﬂx’tls cee s vmrtn} ’

and are used o8 monadic operztors within sxpraessions, 3.8., in
¢he bazic combination : ' :

{10} : <partli,... f?artn’ expa .

These operators serva in various waye for the replacement of
components £ an n-tuple. Ia parcicunlar, the follewing possi-
pilities are provided. |
i, EReplacemeat of gomponeuts epecified by position, e.g,
C-,8 Xovab,~> <c.d,0,£,9> iz <c,a,e,b,g> . '
14, Replacament of all components past a'given one by a
gpacifiod expression, @.4.
<=, x4y £t 3> <c,d.e.8,5> is <0,8,xty>
a2 this example indicates, the point of replacement may ba
specified by an expression; and the raplacement quantity
apecified by sn expression also.
i3i. Spocification of curmponents of components by
sddreseing seguences, 8.0,
<a xt <2,2>> <a,<d;e‘f>,q> g  <0,54,8%,%> .
iv. Westing to arbitrary depih. Thus, for example,
“<a ¥ 2,=.b>; &> "":ﬂaerflg"hii‘ iz <sd,8,b,9%,8> .

Bach paxtlof a zeplacement oparatcr nas ose of tha forms

- -, B=p; ©OF
(1) exp, exp r, exp r eupn, exp Xk, 8%P EL @XPO el

(12) . ropn , ©OT Yopn eXpB

vhare. axopn ie itself a raplacesent cperator. In (11) ;2gv:12).
expn is any expression whome valve is an r-tuple of 9“:“x =
intagers. We require in any caes thab the symbol 1 OF

least once in each replacement opeEator (9’*‘

e ————————



Conventions almost precisely like those given above for the

qage of -the extractlon operator asgociate the following constructs
to each replacement oOpsrator:

1. A colioction of prructural addresses balonyging to the
replacement operatox (2});

; . ¢ 41, B rule whivh aseociates a struciural addvess with a&c’%
exp Oﬂcu*&'fiﬁﬁ in & part or gubpart of ;.he replacement operator (9).
we require that thase gtructural addresses contain no zeros, i.a.
that they be 55’1“*‘!"’"‘"*“? Bysnsvgty of yzmi‘»ive: interexa.
&N eﬁp'vr'ée:'a'imi ey 8 ﬂj the zeplacexapt operetor (9), and if exp
eppears in (9] or ona of its chpagtes either implicitly ox
explicitiy in the form e¢xp z4 expr , then we requirs that then
no structurai addreswn ni,..u,nk .yt n]; with n: 2 my ha
aaﬂoa,!.amd wim any ovhey oexpreazsicn exy! by (?)

Bupposa now that the eollsction 8 of 21l the structural
addrosses covsred by the preceding rsmark 1ii  is axranged in

oxder of decreasing isngth, and that we let R _ be the
ﬂl £ 9% 40 ;Rﬁk

value of the replacement expression sxp associeted with Byreeselty
as in 44, Then the valus of {9) way be dsf#ined recursively,
28 follows, , :

{a} First take all the styuctural adarezms ByseesrBy
in 8 apd of maxiwmal léﬁgth k. Group all those geyructural
2ddresses of maximsl length which begin with a given initial
equence Ogoenesfy y toggct!mr into & set J, and write

; Cj w R“i."" ’%w
Vhe“e"'ef 88 = n %, ., belongs to J.
1' ¢ ae g ‘k he

Ba is & structural adﬁxess of length K beginning with ¢

t some
gequence By ssoen By g which does not belong 0 g, bu
°1°mm‘- of J excecds aa, put

£ on the other hand

C. w0 ».ﬁip@lf

j ni:--rank 1r1 ps the largest
°f. (10) ana (2'), (2") above. Lot AR tructuxal index
elewant of J, in lexicographic ordsr. I RS

¥
b ]

"‘88“



ig asapciated with exp by the replazcenent operé

, tor {9), and
if exp occurs within (9) either expiicitly or feplicitly in
the form ¢xg &% ... , than pus

P w wp
- n,ljeqngﬂikwi "*11--*0(1

%f
1f, on the other hand, exp accars in {5} elther axplicitly oz
implicitly in the form exp 2 ... , put

Pnl. ceneTy o af {al" it k’anl’ cosully v nk-‘»l eXpR2
if 6“1'“ Ry g oyt &xpn iz not €, otherwiss put
pnl, s ,‘nkv&‘ gl 'Cnx" ’
(b} Next, supposing thac - has been defined

Ny poessh

whenever X > g , we are prepared ti treaﬁ:kntmcmmal indices
.of length q. Group all the structural addrese of length g
which regin with a given initial seguence yneeeolfiay into
a sef Ty and let J be the st of slaments of Jo which form

the initial part of =some BouenCe 8. Then, for easch structural

addrass ga = Dyreseefe, 1,3 in J, the quantity 2

Y re an,lfj
vill already have baen definesi. How put :

cjmgltotech 16’1

if =a bel@nqs to J bat hot %o 8, bat puk

3% B g

if sa belongs to 8. If on tha other hami sa bzloagu to Jy
ot to ¥, while some slement of J sxcesds sa, put

GxXPN}

C

w O

cj _I’al p e é lnq.‘,l’j

Sf. (10) and (2°), (2%} mbove. Let fyse-eify be che largest
Clemant of J. If this etructurai index is associsted with exp
" % the replacament operator (9}, and if exp gccars within (8)
elthey axplicitly or implicitly in tha form .etp Al ..o

then put '
o Cc‘( . !i.!cnk’ ‘ 3

-89~

Pnl yaes 'nk"‘i

but




JEgRCLT ot&ex hand, ¢xp occurs in (9) either explicitly
or implicitly in the form exp 2 ... , puc

4] :
nlr °avp fnkqlsnk*'l ﬁﬁm’

¢

L 'ﬂ(‘ 3-:.,7{:
i Ul 1

£ O

B3P for ol
1 nl" 2 0 9 ;nk_'i'n}:*'l ?1‘ iﬂ n&t fif Guhﬁmfaa mt

P = ":c ".Oo C -] .
LR S | Ny

{c) The above ruleg fe2iine P for all seguances ‘Eu
Byesesshy |

Dy poecoilys and; in particular, associate a weil-defined quantity ‘ i
P with the null seguence. %his quantity P ls, by definition, :
the vailue of the axpression {10}.

A few additional examplst will help clerify the effect of
the rules stzted above. : : ,

Por example, 1¢ data is <<c,.d,0>,<f,g,h>, <l 3> k>, then

<@ x<€},2», b gt 3 data
has the walune

‘gﬁp&;lﬂ?’;‘cf;g;h):h:’ [ 4
and |
<<, u,~71,b xt 3> data
has the same value, while

<<-,83, b X 3¢ gata
and _ l . il

<o rt<l,2», b 5_3> data | _ _ i

both have the walue
. (<¢,3>,<£,g,h3rbak> 3

the following will define an
are the samé a8 those of Lup,

pél tuple
and

If fup iy an n-tuple,
whose first n coordinates
Vhose n+l-st coordinate i3 X:

g o+l> tup?

nawknp » <X

this may also be written &8

newtup = <X EE.“*l’ tup;

"90-
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1

Akl bt

s

o e lid

R el e S NS

st the n-th position, exgcute

L P e Wk / —

Again, o Bel naatipze to <¢.,, ‘

B2 e >, & e ey -L1XS400 00820 where

Lup 1By de@, t6 fnsert ep ‘additional componant

newtuple = <x ¢ f, < g& Japyp Et (3+1) >tup;s

which of cowrse inveives Soth raplecement and extraction -

operators. Alternatively, axﬁcﬁte i1
(. mewtuple = <(3-1)~, X g, <{fl},o>tup>rop;

Thie is of courze the sema oporator.

.
Fkd bR

"

¢
<
»
LAa
-
‘-4‘-' ‘I g
LA el

e e RN



B, Recapiiulation gz the M";iii'.&rta of the 8EYL languaga,

Ia the present gection 2 We mc}apitumte, in capsu‘ia'
form, the prineipal basic featuros cf the SEYL language,
¥hile j:;hir.' me;‘&ly mwa_tffs i_:afgmtiem”giy@ ip coneidarably
wore detall in the precsding section, it mey be hoped thet
such & pAcels may serve ag & useful brief raferance for

the reader.

Basiz objscig: Seds and afoms) seds may have xtoms or sate

as members. RAtome may ba

cAbtagex. . . [examples: 6, 2, -2 s S

ﬁmy,&mx stringa, szsuples: ib,lﬂb, 77&,'001:777
Cha;:actar strings examples: ‘aeicu', 'spacas— ¥
Lobal. {of statemsnt) exemples: Jlabel:, [label:}
Blank. (created by function sewat) :

Note: Special undefined blank atoa‘is a.

‘Subroutine. Punction, - - T

" ‘* i :
Bagie operations for ALOMD ¢

Integerss arithmetics +, =, *, /, // (remalnder)
comparisons ' &g, ko, Bt, gt, §s. ke
others wmax, wmin, ¥b8

Bxampleg: 5//2 12 1y E‘m -1 fa 3; abs ~2 ia 2.

m: logicals

not {or al

lt;qical ounstents & for teus, or 1bj ;

A 3

and (;'w af, or, axoxr, implies (or imp),




gx;gxaster slrings: oonversions dac, oot

Eramples : See 120 ip 1%, oct '12°¢ is is,

styings {character or hoslexn) s

+ lcatenation}, @ (xepetition}, first, last, elt (extvection)

len (size), pul, _sulc (empty strings).

Examples: ‘a' + L' im Yab'y 2 ¢ 1bd ig 'moelmob:
2% 9ab' s 'abab', 3 ﬁ}g_ﬁ ‘abe! is  *mb',
2 last 'abc'! iz 'bet, 2 ait ‘ahe’ s 'bY,

len ‘ebe' is 3, len wpd is 0.

Generals Any twe atoma gy be cowpared using eg or ne;

stom a tests 1f a f2 an atom,

Basic operations for sets.

€ {(mombexrship test); n___g {empty set}; 3 {arbitrary element),
§ (number of elements)s &g, no (eguality tests); |
ines (inciusion teet}: &tfﬁ , lesg (addition and deletion

of element); 1sef (oxdeved paiz dsletion].

AL Ay

Pow({a) {set of all subsets of »a)r

npow(k 8] (set of all subseis of & having exactly k elements).

Examples: = ¢ iab) is &, =3 *7"-.5?‘:. is £, 3 nk i R,
@ {a,b} is either & or b, 2 {ab) in 3, &oiisd,
() with & 15 {a,b}, In,bF jmsn a 13 D),

{a,p) -_:;'_e_?& o 15‘{%»}, {n, b} ings fa} is &.

powi{a,b}) iz {og, {al, b}, {2,k]}.

npwtzf {a j_bgc}’ 1’ { {a yb} ¥ Q{s"‘g} L4 I ,b’c)}‘

-$ 3~




mdewfg PRIESE  <a,b> firge and

& Boay .
e Ceoond eompoanent extractors are
s 47 ne~tuples <oy
povean?  macas c 3 : L
Dg¥id 4 5:»a§d>’ = ﬂ&,b;c,...;d>

Bxamples: hdea b i a, tgca b ig b : |
héca,b,c> 18 a, thea,b,c> is <b, e, (hd p is P if » not pair),

Hote that <a.b> ism i{dentinsl with {{e},{a,b}}, 2o thet

for example "{a} ¢ <a,b> i Ewhils a ¢ <a,b in g-an&rally'g_. H

Sce alsos extraciion CpeLatores, geaneralized mutraction | |
OPBrators, replacement c:pe»ratm:a, and multi-aseigament -

sitatements.,

Set-definition: by srumeration {a,b,,.,,c}

Set formey i »

{ﬂ(xl}'albtﬁn)’l xl c l'-?lq Kz E ‘-ﬁz(«)‘:i’facn) xn 5 Qﬂ(xl’...’xn-l}x
C(xlaoayy:{n}}.
The range restiictlons % € a{y) have the alternate

fumendical foam

min {y1 < % < nsx {y}

whoen a{y) is en intervel of intsgers,
Optional forms inciude [z ¢ a | C@}, ' i
equivalent to {x, xe a | C{z)}; and

fe(x), x ¢ a}, squivalent to lefxl, x e a [ £} .

Bumetional application: (of a sat of ordsred peirs, or @

Programmed , value-returning function]

£ 1a) is'lte p, pe £ | (nd pl eg 8l i.e.

is the smet of all x such that <& X3 (35 4

£(a) is ; §f ¢ £{a) eg L thea # fia} eles R,

a atom.,

l.e,, is the unique element of £{a}, or is undeline

fla] ds'{tr p, p e £ | (hd pi € al,ie, the image of & under £,

Y e




More gex\ure’x}l}{.
£lu,b} 18 g(b) and £{a,b} is 95}, where g te £{a};

fi&;b} is {.‘t'i n..ﬁ 4 9g f; 3 2} s %?g {(hd b g!eb}} y

cif £ 13 valne-returning functiorn, ' » I

flaght = {f{a,b), fla) = {€{x), zcal, eto,

v - ez 1 gl .
constructions like fia,{bl,cl, etc. ars also provided,

(Compound operator:

fops xesjeix) is ez, oy

b2
&
%
m'
g
(]
o
&
;{s
St

whare 3 iaixlf.q,;x ¥ !
This constructinn is alsc pravided in the general fozm
H * & f g % P .
jop: xlezl,xziaz,xll,.‘.,xna&ntxl,...,xnul)it(xl...xn)lp
‘where the range cestrictions may slsc bhave the zlternate

numerical form.

‘Bxemples: {max: xe{l,3,2}](x+1) 18 4,

wow U,

C e wo{1,3,21) (eed) S 9,

&

f+: Yedenis(i; ls SETL form of{; 2y

[ops & = pil eln) is &, | ' i

 Quantified boolean gxpressicnd:

xce | ix) Yrea{Cix)

geheral form is

. Tod ¢ SRS o I
Exiﬁal ‘.th‘a Exl) ¥ vxasﬂ3 \Yl 3X3} {1 b ] 1' n

alternzto i
Wnere the range restyicticns med algo have the |

Mmerical form.




gearch with assignment .

FixlealCix) bhas same valye &8 Jueaic(n),
put sets » to first value foung BuCh that Clx) eo ¢
. o) o

’If ne such value, x hecoass 3.
Any pumber o varisbles attached o initial 3

quantifisxs may be placed im sguare wrackets,

-M-te-:mte forme

miog3xl< mus,  max> §ixji* min, aax> 3ix]> ain, ate.

of range reetrictions may bs waed to control order of saazch,

Conditional expressiona:

i bool; then expa, elaw Lf bocl, then exph,... else expn, .

Seneralized extraction amd replacement operators; gensrailzed

Mitiazsigommants .

The extracticn cperator hes the form
(1)

<partl s 0 ,yartn?
Where each port has ona of the forms
' ' . XPn, =, =, OF
Ame, name x expn, nawe zt expm, ¥, * X exph, 8L expn,=,f=,
$Xon) ox exop  expn, whare €iuv is‘ itae)lf an extraction

“Peratoy Name may he a simple newme or may be an indexed

"axe op one of the fozms

3=




name (exp), nome Toxp!, nams (e 2p.},
Py nans aéﬁpl,a“pz}, ate,

gach eipy Das an m-tuple of posizive

integers as a valiua.

' atoz iptes _ :

sinueiural address, with each name which cecurs within it.

gremple: i the operstor

“<a z 3, by x <1,2>, %

the sequence 1,2,3 is awsocinted with =; %,2,2 with by and

3 with *, Thae asterisk * pay be used ¥€ a name at mosk

once in an extraciion operatoy. The structural address

nl,.,.,nk‘assOEinted with 8 nome (or with the “special name® %)

by an extraction operator {11 Jetermines ths quantity that will

be assigned to the name when {1} iz used sither in the form

<9artl....,paxtn> [55:99) <
or {n the form

‘P&rtlg..m,partﬁﬁ waRPT !
bramples:

X = <*!~t H‘z:l";w:’(ﬁr(}bgﬂgﬁbxeg E.@)

fosuits 4n the assignments

{if * ig used once as a name )

(i€ ¢ is not used &8 & name}.




wisa, b, weil,g>;

xn<¢3~§iiﬁa,1>,w,~>{a,<h,ﬂ,ﬂ>,9,f;q>
resulta in the assignpenis yea, imby, orwd
The Azplaczmend operdaton has the form {1}

hez one of wha foxns

exp I #XpR, eXp I, eXp, ~, n-, exp £t, wEp ¥t axpn

or is itself a replacement spevator. A€ leas®: one ocourrence
of r is required. Bach expn hus an m~tuple of positive
integers as a value, &Euch an oparator asmociates a
atructural address with sach ¢xp which cecurs within it;

the rules for calcoulating this address are the sawe as

those applying to extraction spevators, ¥When a replacement
oprrator is epplied to a siruc-ure hullit up in reosted fashion
out: of n-tuples, any €lament of Ths structire sddrsssed by a
structusal address B ig replaced by the exp to which 2
belongs. Each a directs replzcerant of indlvidual

componenty each Al, an entixe "¢sil¥.

P-‘-‘\r

<x,7 ¥ 3,-><a,b.<c,d>,e> hee the value  <%,B,¥.6%s
: g

X,y rt 3*<a,b,<c,d>,s? nex the valuvs  <x,b,.¥*)

e &£ < % > p- 3
%,y £<3,13><a b, <c,d> o> hes the value  £x,b,<¥,8%,8% .

1

Statements: arxe punctuated with pemioclons.,

!, whare each part




Jﬁﬂﬂnmant and MU§t{E&E"§5%"ErMQﬂ‘ otatements:

a rt SXph;

glexpl= expn; is same ay

¢ ={pct] (hd pine expiuf<exp,x*,xcexpni;
f(exp; = expn; i3 sase 22 flexpl={expn}),

fla,b) = expn; £la,bi= expn; eic. also are provided.

éa,b>m expn; 18 same as a=hHd expn; b=l expas

€O, Dy ees 0¥ GRPNFCA,<D,C>, .. .02% axpns etc. 308 a130
rrovided.

<£{a),g{bl>=oxpn; iz suns as
£(2) = hd expn; gi{bi~ £l expn;

generalized foxws '

<f{a), gib,c},... ., h{d}?>= axpn;

<fla),<gib,c} ,b{d)>,, .« kle)>n B2pn;

etc, are also provided.

Qﬁﬁgol statements:

g0 to label;
| ' on Le.else B s
it Q°ﬂﬁ1 than blocky alse Lif Gﬂﬁdz then blockz Loct‘

.. sine if conﬁn then ble<hk o

i cond; then block, elsée.

ftayation hoadexrs:

twhile cond) block;

(vhits cond doing blocka) brocks )i Blocks
enem ) G ey

(vxlgal’xzeaz (31) guee fxn (xl' tPne1 1




sthig 1ast form, tha rwnew praghyiae:
in &h ¥ “uiGE reshrictions msy have such

alcernate numsrical forms as
mint X Sas, max:. x> Mz, min< x< Rax, e¢c.,

yvhich control the iteratior prder.

Scopes:
The scope of an iteration or of an efse or then block

way be indicated either with a semizolon, with parentheses,

or in une of 4the Tollowing forms:

end ¥; end while; end else; #nd 1) ete.;
or: end @ end while x: end if ¥x; stc.
ore (¥xca) til devs; block dona:...

{whilae cong) til donea; bicck denes... ota.

Iocp control:

quit; guit ¥x: quit while; guit while %

(4
and

continue; contiiue ¥x; contisue whiles gontinue ﬂhiléixi

Subroutines and funsticns (sre alvaye® recursive)

To call subroutinn:

sub(p&raml' L ) -mrun’ :

sub{a); is equivalsnt &0 (yxca) sublxiii

uloﬁ"

- T




ceneralized forma

ul (par {pax arexy
sul (p aml,tpaxama,pa,awﬁj,.,.,par&mk}

arae also provided.

2¢ dafine pubrdutines ang functions
subroutine: :
define sab{s,b,¢): text; end sub;
return; ~ uged for subroutine return
funcation:
definef fun{a,b,c); tewt; end fun,
return valjy ~used for Ffunction return
infix and prefix Forms:
dafine a infsub by text; end infaub;
definsf a infin b; text; end fnfin;
define prefzub a; text; end prefsub;
definef prefun a; text; end prefun;

Namea gCcores:

Rosmally internzl to main routine or subroutine, unless

declared extexnal.

oxternal o,b,8,...7 ~ rofers <o main reutine

e suba
subg extarnfi A, 0 reeef = refers &0 subroutin :

; 3 - 1ama
external (a,an),{b,bblses.? changae ¥

{ - a in
anba external (a,aa), {b,bdb)ysee? changes name

suba to &, eto,




pacro BIOCKE:

7o dafine a hlook:

block macfe,hkd, texi; end macy

'1'”’ wa
do ma-:’(c: &) s

:m:.tia‘! J.zat.mnr

fnitially blcy«}-g {block expectad only fivst tim;a ‘pmc@:ss

E LT c. iy m ' g Sl 5 entered)
In Liock DoSWE eam& as na;:wx'nam:"*;

T e o

Ccmgllg fungtions Csﬁﬂllﬁ dafn haz as Vﬂluﬁ shhrautinn oL £unctian

defined by r'harac*t'.a::' string deén ®.q., after &xecutinq

.y==€;or\“)11e ‘definef Frowmf; xm 35; Beg lesa X; raturn X
end fromfi'),

we may write ard = y gel; .

Input~Output:

Unformntted character stying:

2r is end record chamcyer- foput, output axe standard
I/O mediay record K&y == reads till gr character from
character string 44, 8t pesition n, whers € i pa&rf:at n>,

Btendard formst 1/0:

piiead Damey ;... R0, §  TEAES scks from B=<st,n> &t
or 1f 5 is omitted, Lrom input,

position n as above .
in standard format

B print eXp, , . .+ ,8KDO ) print: sets o g=<gt, n> at pomition

P‘DSLtion n as sbove, or if 8 4o cmitted on output,

It standax! formet

Ordered seta: [al peosryl 18 ijfo rapressnutation

cff {tl,al’, Y ) !‘nfn ,}
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1. EBlementary Exsinclaeg

We now wish to illustrste the wse of SETL, &hd begin |
by giving & few amlementaxy =efinitlons of functiocns to be
used later, theraby illuvstrs ting, among other things, the i
defiritional facilities of szwyn, | |

L b
The unlon of two sete ie readily defimed; before giving °
this definition it is convenient to define en auxilisry I
insertion operstor, az follows: . |

defime a in by b with a; roturn; end jag
The definition of the union of two zete may »nw te nade am
follows:

define & u by ewg; (¥ xeb) x in ¢; retum ¢; end u;
The intersection of two sets may be dsafined in a numbayx of
ways. Perhaps the simplsst definitlon is

definef & int by return I{xea{xeb}; and inty
A more efficient procedure say be spscified s¢ follows:

definef & int by retmyn Lf fa %t #b then {xsaixeb} elsme

‘{xeblxea}; and iat: ’ i ' |

In certuin of the algarithms to be zat forth below, it will i
be useful to have a function which chooses an arblirary
clement from a set, removing the element from the sat at th's_
Same time, Swuch a subroutine may ba definod as foliows:

define ¥ from @#; ¥=29i 8wy less Xy retwrnj end froms

2, Seguences, listz, 2ud trees.
A sequence in SETT iz @ set {<n,m>} of crdered pairs,
the firpt element of each palr belug &n intages o

o8,
- seguences and n-tuples axe quite &ifgerent entiti

i nancs
a. To make an n-tupie of a seq
definef makﬁﬂ?ﬁ saG; g;ﬁ?lgwaé\"{f‘iseq’i (i“&q’ Vﬁ?_l} mplﬁ

! end moketup:
nézong{n) , Lupia>s} yoturmn tu,pla.e; m .

~103~




b, To make a sequenve of gn Detupleq

definef nakeseqg tuple; "’33"“'"3 fWhLIG' pail tuple) i il
¢seq{Pseqtl), tuple> =teple;, seqiﬁmwnm tuple;
retum sey; end makeanq;

f i
P O - |

¢. To use & seqguence as 4 nushdown gtao ok, tho following
conventionp are appropriats: 333 xn element ¢24 to the end

by executing
pag{fseg+sl) =« efiy
Take the top elannt from the staek by exacusing ~
top=seqg(izagl s sag{fsag)=il;
A uwnilatersl list may be regsrded as u set of iitems and
& function next{ite®) ., such thut next{item) = R Ffor the last
item, The basic cperationg are inssrtion after a aiven
position and deletiom of ‘ho nemt icen aftdr a glven position,
Note that the set of itsme in the list ie the domaln of sexd,

s that the list is cowplately @etexmined once Aext is specified.
Thege procedures may ke written as follows,

Gefine item inmafber pevy auniernal next: - : I

<next{item}  next(prev; velnaxk (previ ftem>; returng
end insaftex;

define dajafie 3 Ltem; extarnal naxty nxmax*(ifw), 1

e ek {4 tam) mpaxt (Ax) next{nx)=H;

if ux eq B then returng; =
retueny eand delafrer

kA bilateral, circulsrly tinked list may ba regardsd as &
BBt of items with functions next(itam) cprew(icen) defindng
the succomsor and predscessor of a given itam; the last itom
18 considered to be the -pedacos sox of ghe first item, and
the finﬂ: the successor of the jant, Toe €irst item on the
liat belongs to a set {iatds. wpie that the three ob;;e:::ic 4
"exL, prey, and jArsts together apacify the liat, .mition,
Perations sre insertion of an ites after @ given po¥ i
&nd deletion of & given Ltew, Thegs procedurss may be wr

=398~ ’



define item ionebilat msrec; eniernal n2kt, prev;
<pext{iiem) nextiprecy ,pravii ten) ,prev(next (prec) ) »=

Toenie

Cn&ﬁ{ﬁiprﬁa) git&mﬂpfﬁbﬁ;it?ﬁ}: m'ﬂ:“ums &t-‘d {Tﬂbilat
& L T :

define Gelbilat item; extornal next, prev; A |

<nextiprevi{iten} ]  previcext (1tenl ) >=<naxt (Ltom) ,prev(itom)>,

. A -4 “}'l I / 2 - 2 .

if item e fivedy Len nent(lten) in firstag L5 |
firstg=firats loss ltem; ¥ i

L i

next{item}=8; previ{icom)=l; roturn; end delnilaty

et of nodes and tvwo descendant

|

A binary &tree ig

. ig a

 fanctions © and 2 {right and lelt dessendants); a given top 3 |

ornode ilop wust elso be specified, The wee ia then entirely

 defined by these twe functions and Llhe s'-paci:fiec; mp'nod@"
Me take 2§ an example the lefi-top-right travarsal ordex,
and gemevate the seguencs of nefer in the order travsreed,

’

o

-

seqni; travevsze ntup; ' tarn
define traverse hop; extornal weqg,x,; 1f top &g @ EheTee 4

traverse L{top): segl(isegtl)«top; Lraverss x{top)s . .
return; end Lraverse;

. Au ordsred tree is a scs of nodan with ‘a descendant |
fustior descinode,4) defined for 3 in sohe finite (poasibly
; M1 range, The ordered and the birary treed ‘rs"tam? 5:.:1 an
.‘1nter'ésti..ng }-1 relationship. Given an ordersd tree, it may
% cunvosted to & binary tres by demignating its fizst i
Gescendont as ita left degcendant; and degignating descin, 1}
" the rignt descendan. of descla, 3, In SETL: l
. b ’»'{m,descimlh; n ¢ tres | deseln.l) 28 R} s
r & (<desc(n,y) bescin,j+l)>, n & tXUC 1¢3¢ ‘
e Gasignatos 2in) and
‘E. (n) in a pinary tree es
SETL

b 2

*U invert the above transformation,
:h" Successive right descendants o
R¢ Siuceensive depcendants of n, I

a4 ne 0 dojnq kﬂk‘Fl‘l

descmnty (v netyae) h=lp d=R(n)y (while
&:(a);) gescln,k)=d;; end ¥ni




po form an isomorphic copy of a binary tree
L4

the followin
Pr,_—,:;;ad{nra may e vsed. MNot: that t’.‘- 4

sinilar procedure will
go form an izomerphic copy of am
qorva i an ismerpinic copy of sy etrvetured obiect:

i 4, NI ER  MELTEST 5 BBy { Commer 2 mons s a
cﬁpy. ’v—aa—-ma L4 :m { ;}ﬁ"gﬁ:’z .“Jj:_) 'f‘h’;?ﬁp ‘;:'5.5} } > ’rle.;:‘ze@} '

rer 4 {<copying copyin{n}i>, n & tres),

L AR | e 4
A thieacsd Lree is

reprazented by & set £ree on which Lwo
guotions rinode) and 2inotlel are defined, sach for all Lut

ong node, The values of pach of these functions are ordered
pelrs. We aazve y{ncdel w fundet £lagy>, where node! ia either
the right descendant of nede or {ts svocessor in Jeft-top-right
eraversal crder, depending oo whethar flog ez ¢ or flag eq f.
gimiiarly, £{node)

b

Snoiet , Iilay», wvhere acde’ iz alther the
lefr desecendant or the traversal-oxdsy predscszser of nrode,
To traveyss & threaded tree in left-teop-zight order

segend; nndestop: dlefi: {while{if Ri{nods! pe @

then Z{ncde) elos £) node = hd Lincds);; ;
right: seg{iseg+’) = node; if r{ucds) egq § thea go to done; )
<pode ,x>= r(node); go to if n ther dleft elss yight; dome; ...

To insert an eleoment in & threadsd tree, first as the right
descendant of a node nod ¢

.

define elt putright nofy extesnsl b.ry <¥ (a2t} ,A{eit),zinod)>=
z{nod) ,<nod, £> SLBLL, 2> venurng end EE‘E’EEE?E’

To insert an alement -as the left dggﬂﬂ“ﬁént of a nede aod

a5 : nod) >
define alt putleft nodp exterasl §,£3 2r (elt) ,4{olt) ,2{ncd)>=

$<n0d,¢, Lincd) .ait,tr¥) ratucn; ead putlefts

- e
To deleta a node and the sukire pubtree which this nod

ﬁmi.“ataﬂp wa progecd ag foliowhi.

ulﬂ"‘




gofine delnode node; externay L,¢:

pe girst £ind the parent neda of o
a=nede; (while i(n) ne @ and &
a=node: (while x{n} ng & and i
/% then change the right or le

if (if itarg ne B then he riltarg) else 0)

elee 1f {if rtavg ne 9 then bd f(rtarg) eise o)

he gilven noda,
using githar '2taxg‘ or 'rtamt @/

%{n}} nehd Lin);, ftargehd fL(n); °
¥in}) nahd z{n)g; rtarg=hd z(n);

£% pointer of the parent, .
as avpropriate %/ :

&g node

then riltany) =<riarg,£5; deltrav nede

&g node

then L(xtayy)=<itaryg, £>; dnltrav node: :

/* if 9o parent, xemove the whola tres i
else <L, rr=<nf nf>yr veturn; end delnode;
define ga_ltrajf node; delnoa:‘:q external %,r,rtarg;

SEBA T

- dleft; {while (2!{noda) ne 3 and i f{node)) nodeshd £(node) sy -
right: naxt=zr(node); £({node)= iy rlnode) =0,
if hd noxt eq rtarg then return;; <pode,x>wmnext; go to if x

then dlefy: else right; and deltrav;

o thread en unthreaded tvee, we first let 4¢q be the

Aeftenoda~right troversal order, as defined by a previous
algorithn, Then uze the follewing straightforwazd code, in
¥hich thee Genctes the set of all nodes in the tree:

suc={<seq(n) r8eq{n+tl)>, l<neinagly prod={<tl x.hd x>, x £ sual;
f¥netree) 4(nj= 42 e(n) ne B then <%{n} . >

Ghe

8lse if pred(n} ne 2 then <predin},f> elas 8;
g{n}w 4f rin} nz & then <r(al.t> s
136 Lf suc(n) ne 9 shen <suc(n),f> else B; end ¥n;

readad
It iz simpiar to convert a thrsaded txee to an unthread

! &8 follows ;i

MEtooe) niny w ieqae tim ag 1 then £ else ti ()

then h4 #i{n} alse 87 : | .
& t4 r(n)) <
r(n} = i£(4if xr(n} og A then 4 ol:o e4 x(
then ha r(n) alse 83 end Wni

=37
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e

garL can Be used Lo wNprees Rigorithes esbodying various
optimizations, Here, for exwmrpls, is a parsimonious methed,
gue to Schorx and Waite for traveraing s binary tree; as
gistinct from the methods given earlier, {t avoids the use of
a recoraion ztack., The ldea {2 this: as one Gsscends down

a chein of branches to traverse the tyee, ons reverges the
pointers, o get » cheln of pointers allowing subzeguent
gscant, During amcent, the polutars are repaired, We mark
tnoge nodea n such that r{n) is the parent of ny in a mschine-
jevel implementation, at mos® oune Bit is nseded for this mark.

pegenl; murkeni; nodewtops ax=ls
dleftr (while 2(nolle) na ¥} <acde,i{nods),pax>
= <L {node) ,pax, node>s;
peg{ #zag+ 1) = noda:
up: if par ey @ then ¢o *o dond;
if mark{par) then <node,par,z{par)>
= <par,r{paxr) node>; park {(node} =iy
go to upjy , ; )
else <node,par, ilpar)> = <par,iipar),ncde>) ead i%y
if r{par) eg 8 then go to upii |
<node,r (node) ,par> = <rinade} pax,node>; Ha
go to dl=ft; [dons:} ...

rk({parl=t;




]
i
i
\
]

3. Sexkting.

occ&s i y l f c - ke £

raasing value The foli '
to inc g vaiuves of f, ‘fhe Aolxavinq statenent assignsg

an element of 3 its position n(s) in acried ovder
(yxes) plecelz) = fives|Ziy) ik 2{x) or
{£{y) ag £{x) a placely) ne A}y, A

xora‘plaasible sorting algorithng may nlsgo be rtpxesented
in §5TL. Here is the glightiy better ins2alicn s04f which
sorts an eluments in gl&ce in & numbar of ‘steps propor-
&;onal to n »

(1<¥3 < #meq) k=3-1; (wbile k gt c‘ggg'éoq(x+z) £t moq (k)
doing kek-1;) : ‘
<se4!k) gegik+l}> = <zegik+l) s2qfk)>y;

Pere ls the bubblfe soaf, a method about as good as the praceding,

nel; (while n £t fseq) 1f sogia+ll gt peg{n} then n=ntl; else
<n,aeq{n),aeq{n+*){4~¢A n gt i then n-l else 2, scq(u+l),soq{n)>3;
eénd whilej ;

The "1ﬁﬂle ingertion aort mlgo*&thm dsncribed above will operats.
nﬂst effxciantly if presanted with data actvally in ovder, The
stiding inseation aort ox sheld asii explorss this faof,
fncorporating & device which causes an axray to be gorted to
converge rapldly to spproximaste order, Tho algorithn is as

followe, A descending seguence MRy _joeee W, of integera is .
cboaen with ql = ), Successively, ¢or each } fraa n to 1, the
gubasQuUSNCss

&rray (ag} to be sorted is divided into Lo

LAVE IS Lt PSRN
3 s

'c.hv'

Yach of these arzays is goggaa uﬁgng ghe ordinary ingertion

Sort algorithm. - Kote that when 3 = 1 ve Rave My = 1, “°i::'t
the ordinary insertion sort algorithn ts eventusliy applied to
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the whole array, guaranteeiny thut complete crder
“

7 is eventually -
chtalned, Bxperience un

Ouie thei it ism alvantageous to define

ﬁ;e saguence ﬁn *‘Hn-—l»"'””l &8 #tliows: put H o= 2"-1, whare

9% {g the largast power of 2 noe axrceading ﬂm" number of elements
£o be.sarteé, ”fs.-n.d iben put H i ] 1f2. in BETL, all this may .
pe written ag Follesws: i

el; {while n ke ? seq) m=2¢m;; mmm~l,
{while m gt ¢ dokng mem/2:F (L ¢ ¥4 < § seg) Ewi-n;
(while &k gt 0 and aeqik+ml 2% seir{k) doing kek-my)

<gaq ik} seqlkin) >=<seq{kin) eeqikl>; s end ¥i; end while m;

¥ext we describe ths mo-called faee {mscation s04f, In this
petinod & binary tyee, o whase rodes the elements to be sortad
are attached, 12 buidt up by ztzaching suocessive branches .
Tra tree Is bullt in such u way as to ensure that if an element
z is attached to a particuiar roda N, then x excesds all the
elsments attached to the lefi-hasd sub~txee of §, and is
excesded by all the element: of the right-hsnd sub-tree of K.
the rule for attachment of = new element x is as follows.
Bxaming successive nodes y, beginving at the tres root.
1f x excesds y, move down the trée to the right; or if y hae
no rit_}ht dezcendant, meke % the right degcendant of y. If g
exceads x, move down the trae to the left, ox if y has 0o lsft
descendant make 3 the left descendant of Y. "‘h"‘n a.l; ?M
elements of the array to be goxted havae ween atteched to the
nodes, "linsarize’ the tree to an arrsy by the foliowing
recursive yule: ¢iset ifnearige th2 vafe hand sub-tres: S
then take the element attached to tha ¥as rost; then linsarize
the right hand swb-tree to get he &0 pact of {;m;‘wrted REroS
A ay of n elemants
This procedure will on the aversgs SO%e il ars as
in 3 tree proportional te n log B. & sm‘% i i
£oilovg , "




psnl; A=nd; ntop=newst; eltinius; +aeg (1)
¥ §

{1 < ¥y < fmeg) weseqlll; topmnivop;
Aol wgrgzif X gt elt{iocp) then »

{top) else £(ton)
if tavy ne ‘? then top=targ; g to dm” i

=L iuE G*Hmm Hen ritop)mpewat; elt(r(top))=x;

%
162 (topl)=newar; E"t(“tozﬂ)wag end else; end ¥4
segenly tx everre nEop;

s

define traverse top; external seg,elt; Af top eg tizen return;
txaverse Z{top); ee q(%saq%l;ngltttci‘), traverss r(top);
return; end i:m:.v&rscng

The éimple avke siion sort is as follows: euwrwey the n
_ elementa of a set ¢o ba zorted to £ad ths niﬁ’fmm aimnta
remove it from the arrav; and iterats, ~ In SBETL:

portetsnt; (while sot ne nd) soxted(¥sorted+l)riminixcsetix;
se=gel leses sorted(fsoxted): -i‘.i‘;ﬁ whi.la;

A vaziant of this buzaic idoe ylzlds the much faster
tree sefection 2oat, which may be desoribed as follows. Plrst,
sttach the eloments of the array to be sorted as the twigs of
a binary tree of appropriasts size, Next, propagate values up
to the tree rnot, attaching to each aode the minimus of the
values attached to its immedlsta descendants, and causing each
node to point to that immediste doscendant node to which this
minimum valne §s attached. bhen this structuxe is buile, it
becomes trivial to lecate the uriginal aryay minismum, detach
1% to a youkspnce in wvhich sorted rl
After this removal operation, I
ining & mnimma-ofn-desmdmu ‘ |
jeal remowd; after which ‘
iterates until

it from the tree, and move
arzay elements ave accusulatad.

Yo tree is repeired by redeters
velue for all nodes above the oode j@
the selection, removal, and repair proceRs

%latim‘..
2dopting the convention thel tha pininun-of-dgacandants

- 1s always feund down the left-hand branct, the !al&wing shows
& Way that the above algorithm may ne written in SETL.

i



Jesfixst bulld the tres ap Y, 35 reat,

LT segii)e 5
v = { _,.’:_fﬁrj-g.t..aut’@\j} r ) vy ‘L §3é“.i’..;£.?; tweruabsd (v ¢

¢ newlireas=nl dnilé brws T 5 -
loop “ P (whils broag 521:‘ zﬁ} maumﬁy £ f,"“‘-"ﬁ tross;
rn from izees;

<tlad) ,r(nd) ;v(nd) >=<in, m ,if ¥ ne 9 then viin] min v{za)
: elze v{in)>;
S if vnone @ them Af viin) gt virn} then
<4 {nd} 7 (nd) >w<x tng £{9 M>y; end L g
end whiley 12 éEnewtreos gt 1, then traspenewtrees;
] go io 1cawgt
f* Lhen put in perent linkg », parmn&;
(‘fzcgg{i’»}) par(ﬁ(“';w:, (¥xehdiz)) Pﬂa?‘(r(x")wx;:
. f* now tree is built; begin main selection ana repair process?/
s, 5 EOP® 3nGuitrees; segunlis e (o

Mooy

SO s

(vhile Litop) pe G} node=iten;
{while X{nodae} ne &) node=iinocdelj; seqi#ae&+l;wv{ncde}:
L{per(ncde} )= {while par(rode! g 8)
. hodospar{node)}
3% L{rode) ag 8 znd *’rqﬁei zg O then Eﬁparinodef‘*ﬂh
else if rinods) egq 8 than v(nea&}nvizinoée)ﬁs_
.. - .else if 2{node} eg 8 tha: <v‘ncdaj,~fnoiaj>
. . . .. = cylzinode'},r(nofe)>; r(node)=ly
: . elmne if v{i(nocg‘} A v{z{nods}} ithen
: <8 (node) ,rinnde) »=<x{node} .4 (node) s v{ﬁuie}”?tﬂtnOéaii:
elze vinode)wv{i(node)}: and ify end whils; end while;

The s 5¢ill more remarkable huzpival revedios certain of the
deficiencies of the tres salaction Sere, and providss a mgth::
for sorting an asrray in place and in & nusder of steps be:éin
by n log n, It is in essence 2 hinary tras malactzonfs:;a
which the tiwe peinis are impliait, the 6eacenaanvzezatian’
element ai array looation 3 being tha olexsnts a?

23 end 23+), %he algoriti is od §°1§§”?-




(1« ¥o 3 $seq) men; (whiie » gt 1 and seqe/f) gt (seq(a))

cm,saq{m} Beg(n/2) bmmh/'};‘,#&q{m/zz 'gé(;gr"}}” o Yoy

(¢seq 2¥top 1) <Boy (1), s2qltop) »ucsag (top) , seq i) »; n*l;

(while 2%*m &t top delng mw tavegs) _

targ=if seq{2*m} It seqli*mil] and 2%mtl Lt top then 2emel- |

else {2%m)y Rprplieg ;

1f seqim) Rt sogltarg) then <seg(m) , 38q {targ) >
= <peqg{tnrg) seqinl>; else quit;

end while; end ¥iop;

guicksoad is a high-spesd descendant of the simple hubble sort.
it operates as Tollowe: take the first element x of an array a
and, as in the bubble sort, cowparz it to i%e successor v, A
interchanging x and y whenever x exciaeds y, Rowever, if y exceeds
X interchange y with the element 2 having the largeet pgossible '
index coonsistent with the aésuz‘-gﬁcm that x smceeds 2, Rs this
process proceeds, an increasing wegicn R_ of elemonts known
to be less than x will build up below ¥, and an incraasing
reglon of elements R knowa to exceed x will build up above x,
Eventually x will come into ite proper placs, Then, if ejther
R or R, contains just 00 elemn;t;a_. they may ba placed in oxder
By & mingle intercharge; in the contary cese, tis proacedure
Just Geseribed wmay be used recursively to sort R amd R, '
In BETL, quicksort appesrs as foslows:
&efine guicksortia,i,i}; &£ J fe i then returos iZ Jiteg A4k Shan ;
L2 alf) 2t u(i) then <ali) a{§)>=<a{j},al{d}>ss veturn; end if 33 1
botaiy topmy; (while bot St tep! if a(bot) g albotil) then
<bot,albot) ,a(bot+l) >==«f2m£+3.‘&ﬁlﬂt+l} (a{pot)> else
<top,a{top) ,a(bot+l) smctop-1 aikotil) altop) s end whiles
quicksort (a,1,bot) ; guickuortia potel, 1)y petumny end guicksosts

Merging proceduces of various kiuds play & ‘centzal role in
By of the wost important methods for sorting lerge srrays by i
taing s i;temal sorts een also be buile using morga ‘:_;
te"hl‘-iquaa. Ws shall describe one such wrt,v the so~called 1




gatural Lwo-way merge., T works sz follows:

. - given an sry o
of elements ta b sorted, uvse 2 wor ay

xspace of equal size, and |
mergs elements from the top and bottom of the arxay dntol et :
pottom of the workspece as ilong os thgse elements may be used |
to form an iNCraABINg SeqUBICE Or Aun, Raturally, if both |
¢he top and the bottom element cun he used tc continue a yun, | |
ge firet vse vhichever ie smaller, Whan @ run canno? be | t
coutinued, we start a new run, piscing it in veverse seguence . |
of pesiticns at the top of the workspace, until once more
the run can no longsr be rontinued, At this point, start a
e run, stecing 1t at tha betwm of the mminim, workspace
aret, etc, When the vhole of the criginel arvay has in this
‘way been transformed to the workspacs, interchange the asuray
and workspace , and repvst, Durisg this process, ke humbex
of separate runs into which the total array is divided will
‘be cut in half each time the whole arxray ig combed thyough,
and eventunlly complete order will rwzult,
In SETL, this procsdnre -&ppeaars us follows,

start: hot=l; top=flaelt; xbotsi; xpetop; flag=-i; extra=nip
extra (xbou}=elt (xboti y '
orwards if £lag sg -1 then xtopaxp; Xp=xboty else xbot=xps

rpextop: end 1f¢
_flag = ..flag; , :‘
{while top ge bot dning xpexprflayr)
cond=if elt{top} ge métx‘ﬁ‘(ﬁp} and sltibot] ge eltltop)
then 1 ,
else if elvibot) g8 axtra{xpl
| go to {<0,endrun® ,ﬂll,tapék,fz,botgﬂ {cond) 3 |
topy:  emtra(sptflag) = elt{top); topstop-l; comtinues o
bots axtra{xp+fiag) melt(bot}s potvbot+l; contiave; end Y

433
endrun: if top ge bot thes go W ONWRT
elt=extra; if xtop 2t ¢ ‘sey then go to gtartyy |

' se, dual
Pistnibution or pochel soria areé, in a cartain aense,

v method vsed i
b Merging sorts, The simple pocial sort is the |

| pment. The
Sort punched cards on slactromachanical equipne

then 2 alse 03 ) !

u-].l“‘"




glgorithm is as foliovs. A giwen gn)

“niisotion of kays iz to be
o Ay & @ 4
gorted, One yegarfs these kKeyr ms intsgers to sowe Lawve g,

j.e, as sequencer d, ,,, Q. of buse p Qigita, The {tews to
pe soxrted are then disfributed in

nte p pilese or puckete,
according to the least significane digit d,. Yheu the piles
aro gathered up into a single soguence s being taken in the
ovder 0,%;...,p~1, &nd the Gistribution procese regeated,
zivet for the digit 4, ., then, afier regatheriny, for the
digit & _,, @tc, The relative positions aesigned in thie
method to two ltems during the j-th distwibution pass will
not subseguently change exospt as requived upon exasination
of mere significant ey digita duxing a later pass; and thus
fully sorted oxder must emerga when all the &lgits of the Xeoys
have boen processed, 3 _' |
We may represaent this algorithm in SETL sa follows,

rulti=t; ge=i; {while mulil cuing gty '
gseg=gather{p,dlotiseq,p,q,maitd} ) y;
definef dist(seq,p,g,multi); pocketsn j
(1 < Yk < #seq) key=(seqik)/q)//p¢
pocket {hay, fpocketikeyl+li=sagikl:y
multi= 1 < 3 k<pjpocket{klng niy
retun pockat; end disit;
Aefinef gather(p,pocket); seyonks

(0 € Yk< p, 1 < 3 < #pockotikd seqi$seqrli=pockatli, 57

caturn segy end gathex)

The radix exchange sont is another fant
88 follows, Regard sach jtem of the axzay to bs sortsd as &
boolean atring. On g fixst pass through the azray. ﬂﬁi by
Performing appropriate exchangas, place ail elenents WIS
lead bit 3 gerc ay the hottom of the arkay, and all elemen
Whose lepd bit ig one to the top of the arxay. Than,

Ay d bottom
mouxaiv,aly: apply the samne@ px‘:;{:&duf:*ﬂ to the top and

item,.
°f tha array and to the second gnrough last bit of ““’h

&.ay sark., It wovks.




- .

gy : o S 5 % i 1V B L2 PR <
1 SLSL, letting b be “ Whe nvabar of Bite in 4 koy, this
pzocé‘ﬂufe appears os foilows, 7

radsort(seq,l, toey,b) ; - g

define radsort{scq,bot,top,b]; imbot; jetop,

(while 1 4t ) kl=b bit seg!i;; ba=p bit seq(iis

i€ bl eg 1 8 b2 6q O then <seq{il,seqi)>=<seqid) ,peqli)>;

4pl,b2>=<b2,;b1>;; if bl eg 0 then i=i4+},, y
if B2 8g 1 then j=j~l;; end while; . R ?..7

if i-1 gt bot then radacrt{seg, bot,i~l,b-1);; ; ‘ i

if 3+1 it top then radscrtiserg,itl, top.bel) ;s retuzns E s i

definef b PITt word; endwlon word ~hel; L |

return i first (end last wordl:
end radsoxty

The Ford-Johnson Tournament doat reduces, to a level very
glose to the theoretical minimum, the nusber of comparisons
required to sort n eluments, However, the nuzbsr of moves
required will on the average be proporticnal to 02. This
method is therefore of interest only in the unlikely but
conceivable special case in which the cost of comparing items
ig 80 high relstive to the coet of moving them that attenticn
reslly does focus exciusively on comparisons., The algorithm | !
Is 88 follows, Divide ths itewme to ba sorted in_*r.o n/2 pairs, . |
afranging each pair so ithat lte first elewent exceads its v Sk »
8ocond, Then sort the pairs accowding to thelx first elemonts,
U8ing the tournament sort srocedure (recursively), This |
Preduces a pair of arvays BygvoesBy ant blo-o-sbar where m = n/2,
¥here the a's pre in increszsing cried, and whaze aj > bj foxr
all g, Pinding the proper position of one nav slement awong
P alremdy ordered others involves g§ oowpsTischs, whaLe g 5."

e smallest integer euch that 3%-1 2 pi &nd guah a locatiod
Process ig at its mobt efficient vhes p 1o precisaly of the

| form 29,3, go then

-01,16“'



~ i

! form mn ordared Segnanca of § elemerts,
into which b3 may be inserteq ug

The set f elementy bl’al' ang b3 in
then 3 in nuwber, ang bz Ray be

_ neing two conparisons g

The set of by, a4y ,8y,8,,8,, togather wity b, end by in |
Proper position, are then Baven in number, go that
firat bS, and then hg way ke inserted into position
using thres couparisons, ;

ing two comparisong;
Froper position ars
inserted among thea

bl,...,hs, together with 2y+e+8yn, aYs then 15 ¢lemaentsg,
and thus b’...l“ and then bw, ...,b6 may be insarted
into position wsing four comparisons,

and no forth,

This rather complex sorting algorithm may be written in SRTL
a8 follows; we azmzume a set Zfsns is given for eorting, on
vhich a valus-assigning function val{ having numsrical values
is defined, '

Gafinef foxrd] Jtems; external valf;
i€t %items eg 1 then return {<i,szitems>]); . |
else if Hitems eq 2 then iteml fxom iteme; item? Zfrom items;
&f valf(item2) 2t valf(iteml) then <1tem1,1m2?w<itam2,1m1>n
retum{<1,italﬁ',‘:z,iwmp}a end 1£ §; xtra=newat;
mapmnl; jtems2=nts (while ltemz ne nf) ites? from items;
iteml E:‘r_g_.m“ items; _ ¥ |
if iteml eg @ then iteml=xtra; .
(48 ftemy eg 3:1:;-% then £ else valf{iten?) £t velf(itewnl))
- then<iteml ,ftem2>m<]tem?, iteml>;; -
1ter2 in ftems2; mup(item?)=itenl; end whils; }
Beq=fordj itews2; osege{<n,map(seqin))>, lsasiseql;
11 ozeq(doseq) aq xtra then oseq(fosaql=21s
29eq(1) insert 1; jbot=2; jtop3y neitasd; 1,2*neltatl>)
{while oseqg(ibot] ne R doing <jbot,nelta>ecitopild, |
Jtopspelty~jtop+ls) 5
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/v at stort of next cycle of comparison, all elements
p{1} through b{jtcp} will have vesn inserted; the firat
following imsertion is of h(k+1}, where b{l},..b{jtop)
and aill.,.alk) together are Helt elamﬁnts ®/
o=jtop > 3131 2 Jbot | oseqly) as 9; .
(ehile 5 ge '}bOt doinyg ]“*'*lﬂ%e“"j) insert{oseq(4) place nelts);;
end while oseq; return pegy
definef elt place nelts; external aag, valf; bobtel; top=nalts;
(while{top-bot) gt 1) mldstoptbot /2
if valf{seqimid}; ¢t valf{elit) them botemid; else topemid;;
end vhile;
vevalf(elt); return 1f v 2% valfisagibot)) then bot else
if v £t velf(seq(top)) then top eise(top+l);end place;
gefine elt insert place; external seqy :
gog={<if n Lt place then n else{ntl),seg(n)>} with <place,slt>;
return;
end insext; end fordis




- provess, which accept an input siring and break it up intol

- O Uncertainty concerning the nature of the token being H

! mcert‘ut? will change, &iways diminisghings
Btats 4g reached, the twpe of the token ie €
8 determinea by the final condition

Yenguzge consiats, for the purposes of lex
| mlatiw-.ly small number of classes {€:9.

|

bl

| “.Pﬂratc,m’ alphabetics having special &l

k]

5, A fixst compiler algopithn,

In tae pages subsequently tn fol

low we will use SETL |
to describe a number of algoritheisz prowesses besic to the

gompllation of programming LXWIVRYue . We nesw begin by

i

. = |

_ Theae are programs, i
pormally helonging to the very fira¢ stages of a compilation |

describing a class of Lezicel seacqers,

geparate fohend, lie,, strings of onz or more characters ‘ |
representing words of & lenguage, Each token, as it is
galoulated, is classified according ¢ type (e.g., nams, integez, |
character comstant, bocolean constent, ate.)y basic input ' &
conversions, &2 for example the conversion of a character atring '
fepresenting an integer to the intarnel form of the integer,

may also be perforned,

Bacauge of its significant influencs om the overall
efficiency of the first stages of processing, one noxmally
desires a lexical scanner o be guite fast., For thia reason,
loxical scanning is customarily pexformed by & programmed
finite-state awtomaton which, driven by an inconing ssquence
of characters, undergoes & sequencs 5f state transitions
Witil 2 tokeéh end” state is reached; then any necessary
Comversions are performed and a toker is emitted, We shall
&ﬁ’acriba a lexical analyzer of this kind. The fcllwizlng' :
background facts should be borne in mind. | |

i. 7Tha states of the automaton correspond to states ' i

shen a naw token is started, I
beiow, is one of gomplets %
the state of T |
when & toksn-end
ntirely known, and
af the autometon.
aracters belonging to a

Sonstructed, The initial state
rj'{xlled nxf in the formal algoriths:
BNCertainty, As characters are raceivad

ii. The whole alphabet of i

alphabetics, numeriu,'
gnificanos, ate.d o

Wllg"'




A function fype {ohargotaxn) &

B tharefors egnl
lexical scanner; which useg thg valoe of
jts own slafe to £find an aotion Zable entry whieh describes
the astion to be taken next, 1y (he following algerithm

- 3 [ £
the aliowed actions are as roliowsg: :

over by the
this function and

&. ¢nd - end the Prassat o

: ‘©n without adding any
pdditicnal characters to it,

and Peturn a triple defining the
lexical type of the token, the token itgely, and, if applicable,

any token associated value to the program calling the lexical
geanner, ,

b. cond {continue) - 234 the current ¢haracter &0
the token under construction, &rnd advancs to the next input
charsotear;

€, dkip - advance to next input character;

d. go (changs ptate} =~ changs 0 a specifisd state
and them ¢ontinue ag ia b

@, do (perforxm suxiliary process) - perform a
specified biock of statements, supplied by the programmer,
This code may examine and modify the token uwndsr construction,
the state of the finite state avtomaton, the aclion parameter
(82e below) which the lexcial scanner uses, any of its pointers,
8tc.; if it im gome sort of conversien xoutine, it may supply
token-assocj.ated data to the lexical xcanner. Whan returm
f.rftmi an initial suxiliary code passage iz made, a spagifiefi
ftquence of additional actions may be performed, These may
incluge additionzl auxiliary preousss invoostionz, a3 wall as
%tlons of any of tie standard types 8}, b), and <} abova,

In the algorithm which follows, the auxiliary routines are
811 part of a common programmer~supplied auziliany p&ocué'
1 Package called apah,

1ii. The Fonction which fnllows is called nextoken;
 Mhen called, it supplics the next foliowing token formed out
| of 5 given character string, The ro;:tine. Setap, oalled

hitiﬁlly in nextoken, bullds all necassary ’:;fsbles, and ol
| Mtlali e the character string. The form agsumed for .

*Stion table entries {e aec follows:

i
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na, one of the keywords ¢fd, skip,and eont; or
% pb, an ordered pair <go,siatename>, where 4fatename
jg the name of a lexical analyzor state; ox

Gy ED EREUBER 4#"““““‘5"“--’; where asuiname is !
the name of an auxiliary routine, and where spubssquent ;:
amponénts are either end, cont, go follewed by stafemame, 5:{
or do follwwed by Rouiname, |

. -

The detailed form of ounr lexical anslyzer is as followass

é.éfinef nextokens e 3 P ,
initially setupltyp,tabla,rpak csteing); n=l;
<nit,end qgo,skip,cont,do>w 5 -
statesnyt; noen-ip; datasd tokenTnulc;
loop: mm=ndl; action=table {(atate ,type {ostring (nn}}) $
gwitch: qo tc;".Ramﬁ,«en_dc:},-:ago__,-gma»;<skié,locp>,<mt,ccmtc>,
. <do,dcc>} (hd esctlon)
gocs state=til action;

cong:  toksn=tokentostringinnl; go to loops
ne 0 then<state,tokaa, data>clae

<state,token?;

andgs nenny peturn Lif dats
focy . <=, rout,action>eaction; rpak{zewtli ... e it
L. .. g0 £o if action eg & then loop 8lsg switchy
end nexitoken: : eF s s :

This routipe is siaple snough; 28 W& 'ghan goon aia; %
the rvoutine sefup which cupplies the tables nesded by 6:«.:“ :
{8 rather more complex, Corgerning setup, we have ma

following asgumptions. :
.i,, It finds the information naoded €O define the

tharecter type function KuPs the &otion table zab_!.c.;.::: hﬂ::d
Comprehensive package apak of auxniliaxy pmcfasms:m St
of the syétem input string, gl rapreﬁwte.d s r:mtion is
b8 Yead uging the SBTL aead siatement, 1hif mtoi it
Yead, checked for acrwelCY. asd mm-a?“ g

Produce the required tables. 3 s
| £1, In mors dstail, the infomufn susplie P |

18 as follows. First, & sequens®
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f
wetypel,, .. ctypen}

{p external form {i.e., in & form Bultsbie for ingestion by a

cead statement), defining the full vellection of charecter types
pith which the lexical scanner will be ST s TRes |

suppose, for example, that we oconsider a hypothetical
janguage ledlcally scoaewhiat like PORTRAN, la which the allowsd
jexical types are as follows: '

g, Integer: any sequence of digits, émbedded blanks
aliowed, : ; |
b, Real number: sn intager, followsd by & decimal
point, acd opticonally follwmwed by & accond integer.

‘o, Hame: any striny of noasgecial characters baginning
with an alphabotic; no embedded blankes allowad,

4, Gpecial charxactevs eany cheracter other than hlank
or pericd,

6. Period delimited overxators eny string of nosnspecial
characters, beginning with an aiphsbetic, containing no blanks,
md delimited fora-and-aft with a pericd, Exsuples would be:
ge, , .shift, . 25 .

£. Hollerith cemstant; any nusbar of digits, followad
by the letter H, followwd by am arbitrary charaater string of
the length specified by those two digits. An example would bet
Sshocka, We suppose for simplic:ty that A functionstes
end-of-gtatement signal, no ¢om tinuation-card festure belng
Providad, , -

For such a language, the relevant YL ds WP‘“
€ould be declared to 4etup in the following form

(1) [a,h'vll’.h”bf. ar] . _
abetic
Here 1at 1g used to designate the type of e typloal slph

Wbich {g 1o say alphabetics not equal o By 8inoS R 1;“’: ;
 SBscial yole in hollerith copstantsis 1 &0 designate :1 i::h »
 °f 2 numeric; + to designate the type Of & "_’ec“‘al :Y:: g
Bm v ote. we use ‘er! to depignate the tYP:a:k

Tecorq symbol, 'b2' to depignate sl EYPR of ab .

-3 23"




fii. Wext there follows a sat of
which together define the iprical type of
' charscter. These n-tuples have the form

orderad n=tiples,
every possibla

{-:;ype,mtrinc;l,cstringz, v

yhers iypet i & proviously declared lemical type, and ﬂs,tr""’”?

is a string of chavracters, 211 of which are declared to have
this type. The special character string ‘er' is however | ‘.
reserved to represent the SETL end recoerd characier eh

In the csge of ouy hypothetical PORTRAN-iike languags,
we would havae ' : :

(2) {<a, sbedefgijklmnopgerecurexys> ,<$1%,'0123456789%>, ' i

<, () .[I{}*+~("a<>£kﬁ$#§ 32 E OB )

o

<.p.'>,<h,h>,<ex,%er's,<h,? V2>}

iv, Rext there must follow s set of ordered pairs
serving to define the action table of the lexical procassor.
Bach of these pairs has the foom

<gtata, Eaar.‘tl,aantz, Srate ,aentk‘ib .

Here, sinte 33 a state of the lexical scanner, while each aent
18 an action tsble entry, having one of the allowed forms |
dagcrihed sbove, The number oFf acni terss ghioun in the gaguence |
dlaplayed above must aual she puzbar of chazacter types desclared; |
the §eth aent temm wil} be consaited whcn a schazacter of the j-ia |
type is encountered and the lexical scannsr is in the specified ;‘
4lale . :

rhatical FORTRAN-llke languags, 4

¥e night employ the following lexical states (which, as :‘“
ready been noted, corrzeponded to the various states :d 5
Uicertainty which could arize is W& progressively scann

token from lefe to rlight;

In the cese of our hype
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nxt « & new Lokon i jugs 2earting;
A = 3 REMS A% Delag sumined, :
izh - an isteger; & real nwmber, er a bollerith
congtant: i;a;!;eing Rosrned, but we are still
not sure which, ,
iz~ having apcewstered » blank in a stxing of digits,
wa are sure *hat as intecar or a real i baing
seannody X '
glp - having encountersd a period, we are scamning
gither & resl or an integer followed by a
paricd deilimitad operator; . :
r - definitaly socaning a xesl number; :
pd ~ definitely scoaning a peticd;&alhﬁted o@ezatm}.
In the case under considsrstien, our action table would be
described as follows, recalling that corresponding charactex
types are fe,h,'L',+,. bk, az}):

(3} {<nxt, [<go,nm>, <gu,nm>, <ac,irh> <do,spend s>,
<go,pd>, skip, <do,erzad,end>}

<nm, [oont,cont, cont,eud end,end end]>,
<ivh, [end, <do,holoon,end> ,aont, &nd, <go,dip*,go,ix>,8
<ix, fend,end, cont,snd, <go,dip? . ekip,endl>,

" <dip, [<do,back ,and> ,<do beck and>; <go, x> pond, @
<z, lend,end, cont, and,and, ship,endl>,
<pd, fcont , cont, cont end end, wnd,end]>}

nd}>,

nd,<ge,z>,end]>,

+ follow tszb asfining every auxiliary prooess

Ve n%xt nus .
Jedn text 18 pupplied as a gat

Mnti.o‘n_qd in tha stats tabla,
°f ordered pairs, each having tie form

xname; LBXL> ¢
Vhore ainame is the process hass,
Mis collection of pajys is conver
having the form

ama fexd is jLte body.
tad o 8 complets body of cods

mlz paxt, catorng
IRANR texc-,z yatasng

L R
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gogether with caloulated go-to stotapens Wideh feasony s ﬁ.th e
on identifiesr, dnvolias an sppropriate suxdje S

: 8Ly process,
ghe suxiliary routines may pefer to the lexical

analyses ‘4 'bx-&gian%nf; Gf present tiken’ poiater as Zokhegln,
jis ourrent gymbol pointey ag turpoindeny the tokaen being
gormed ag Loken and the dcun stats as sfate Nots that mextshen
gaturns sfete, fokem, and deta to the main progrem upon
encountering an end cemwand. _

The valus of slale when the lexical sctlon end is
axecuted thereforw deafines the lexical typo of Lokak to the main
progeam. In czrtain caces whkare an ¢xd is to be executed i
forthwith, our auxiliary roukines mey therefore set sfafe to
values not appearing in the agtion table, This is mrei§' 20
gignal the main program, Whan sexiober iz called again, sfate
will alwvays be set teo nxf, Nete a2 an oxanple cf this that in
the package of avxiliary provodures whish follows, the stats ‘erx’
. indicatez end of ouryent recozd geached, and 'ef' indjcates

end-of-file, 5 '

Congidaring our hypothsticsl FORPRAN-1ike language once
Rore, and neoting the occurvences of suxilisry process nemas
. in the action table description given sbove, we would supply
the following suxiliary processes. ' |

]
(4) {<spend,®token=catring{curpointer) eurpcinter = curpointersl; 's,
exr then curpointerseurpointe:

<erend, 'if astring furpointertl}) eg 3
stats = 'ef’; token=erias @1515& state = 'er’; end i€:%>,
<back, 'ourpointer = curpolintar-Ls >,
<holoon, ‘nudec tokent mx-paé.nt#f ®
< vl < n) 4f ostring(curpeintex)
token=tokentestring tcury@mwﬁ }
elee quity:; end ¥i:'») -

gu;:potn*beﬂz , tokenenulas

ne er then -
buxpoinwr‘cu:pointmla

and (4) together ponatituts &
ko lexical soan. 0f course,
of nexioien and of the
ckoned &3 part of this

Mote that {1}, {3}, (3),
*uplete description of a m’tﬂﬁ‘ﬁ“u
f!‘m another point of view, the X%
oociated yontine 4giup must sino be ¥O
dﬁneupum. & 3 3
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1t im interesting to usa the machanisn just described
ro gescrib® the lexical sirvgivre of SETL, In the verzion of
587L actually to bs keypunched, unferlined characters will not
pe avaliable; we will thersfore rapresent overy underlined name .
By pzuadwmgm-irswtad awie, ldentical with the word underlined
gxoept for the abgence of underiing and the prasence of a
rorminating period. Thus, for example, ve will keypunch

¢, nf, pale, with

Vo3RO Bt

a3
tpg ng’g., nulgo' h’ith.

respectively. whig being tha case, keypunched EETL has the
following lexical elewents: -

nemesd, €,.,¢. soturRa, 3t

perlod Asliminated nemes, 2.g9. with,, opl.

specinl charscters |

integers

character string congtante (i Juotss)

bit-string constanis, dusignated either with 8 b or with an

A lezical description of & plausible Koy punched yataios
of BETL is then ss follows.

la'Q'b'1!7}'3(+'.pqt’b!‘;ﬁgi
{<a, acde fghl Jklampqratuveey 82, <O (02 <By BTy
<1,'01'>, <7,°2345G7'>, <§,°89°7

<, 1 () [14) emymer <20V L) 70 <Ot

ey,

<.‘ 0>! ‘:Er’ar}: (h " ’;’} : on e v p
{<nxt, [<go,npd>, <go.npd™. <0, NpdT e <gOoy .

. _, "
<go, nuw> , <@o,epend and>, <30, Bpond, 8057

<do,et>1% e
' end> ,end , and, o0

(npd'{Wht,mnt,c:ont,wnt,.cmt,ccnt.mé: <do, 8 ¢

eont,oom,owta

<80, BRip, 90 OB skip,

; <8, qtest>,
<e8, [cont, cont , cont, cont CorEs

cont, <do,cer>1>.
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<pumpit; fend, <do,omake, end>, <gq Mlesats, c@nﬁ, <go,n
goaam”, end, and, end, ekip, end}>, fAVRCCTY

itoct, land end, and, uont, cantFend,ﬁndswﬁ’@ndaﬁkip 2nd}>,

cpumont, fené, <do, omake ,ond> ,end, gont
ond ,end end ,sXip end] >,

rSONt , <go num>,

enum, fend, and, end, conk, eont, cont, ead, end ,énﬂ ;B3kip ,mxdj >}
‘{<gpand, token=cstringl{curprinter) ; curpointer=curpointertl;

state="apacial™; >, |

¢pd, 'tokens=tokent® ¢; @ﬁrm@iatmrﬂ@“ﬂ?smmé"’ls etatestpdtins, |

cgtest, 'curpointer=curpointertl; action=if cstring(curpointex)
eg ¥" then “cont® elss "end%; >,

<cer, ‘action=if cotxinglcwpointertl} eg ¢r then “enmd®
elge "ekip”™:'¥,

<cmake, ‘state=qei?'>,

The following remarts will :1d the xaader in axarining this
materizl, The lexicsl statee involved ave as follows:

npd -~ scanning a nems or a period-dalinited oparator;
€z ~ scanping a guotad characiel BtEings
Rt veres 0 et 6ros O Ones, .
muwbit-still within an initial gequencs 0 3 . : .
which might either be pact of a pure bit-stzing PONS

an octal constant, or an Antagexy
gefinstely within a bit atring

bitoot-having passed & *BY,
or octal constant; - teil
Mmoct-having passed a digit in €he sange rn

e integer;
within either azn cotal censtant or am i 9 - ’-

Mm - definitely within » decimal iptager .
: ¥ nextoken to the min‘

Recal 1 be retusmed b
1 that sfafe wil zpak to. siate which

Program, additiocnal values essigned bY

VIll be peturned by seutokes to “he muiR _Pr?qfﬁ";“:i:: ol

'8! which means end of currsit recvrdl ‘el ﬁ::acsial e
| ; ' BAC ' g8 ymbo
b of current file, ‘wpgcial’, wich ipaicste

» uﬁ‘a‘)ﬂt.
%d toott, indicating that toked is an cct..a.’;nz s ol
The Correspondence batwaen charastex types ip written out on a
13 be wagier to epot Lf the ustion Leble AL

. large ghpet of papex a & reszangular u"ra)'-.




after all these preliminsries, we snall now give tha SBETL
code for the lexical selup routine, This code has, in a
giniaturs way, many of the features szgoviated with largex ' |
compiiers, It is iIn Eact & compiler of soxts, transforming
teples like thousze shown sbove inte ¢iblee directly incerpret- i
ahle by the rather simple rnexfokur algorfithm, Typically enouvgh
for programg of -this kind, much of sefup iz concerned with
verification of the correctness of the data pmsented to it,
and with the printing of diagmostice where regiived, 2Aside
from this and from some xather st -aightforward transformation
of teble form, the princlpa’ rapponsibility of sifup iz to buiid
up text for the routine Apak, snd to use the SEYL dynemic
compilation feature tn nroduce this poutine. The assumed form

for the mpaﬁ text iz as follows. :

define rpak (numrout);

nextoken axternal estring, tokbegie, curpeinter, stats,
token, data;

go to {<1,rout,>, <%,rout,”, etk i?}m"t}

routlr taxt i returs
Touty:  text, return;
end rpuk; i
|

' R : suppiicd dy
Rere, » 2_th puxiliary prugﬁﬁnrm nane
’ cutj is the j-th epining this procedure.

- the programper, snd texd, is the tert :
Hoteping\m:ig:;uci, the useful funstion Lax (e is ) anaizna-
bt 2 and hes value b. "his provides ® convenient ::?:.gt =
ident1ry ing parts of expressions wit,‘i;n selupsy z-ww el
Pssible errors, which will be printed if ot eeptls
‘ﬂ““n!’ 13 the detailed sefup oode RTLIES
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- §‘I
l

gefine setup (typ,teble, rpak ,osty i..ng}-

% .- r - v . . . i
aextoken sxternal {n,tokbegin), G cupointer) Lstate token,data
7 Ut r s J

gnitially alioe’s0cdefubiiklmopgrs tuviry 20123455788 e
’{)‘3{},°#~f@<>£iﬂ$f?31.!svn;
er; alle={j elc alzo,
’ axt=; and inltially:
srror=f; read seqtvpes; do readchegy {(sagtypes); -
plock veadcheck(x}: if % og € thén print
ipun terninated by 11lifoxmsd set rapresentation, )
exlity; end readcheck;

13 < len allely

resé otypes; do readcheck{otypesd; {($tup ¢ ctypes) <type,clistrmtup;

(whils clist ne Q) <estring,clist> = olisty
if estring= ‘ex' tham o setype{er) else
(L < Vi < len estring) o=j eir cutxings ﬁﬁ'ﬂﬂﬁ}’?ﬁ(C)'ix end if;
end while clisl; end “tup;
block setype{e)y typsf{cl= typef{c) with type; end satype;
ftcheck that range of typsf aro elements of seguence of typea®/
iflers 45 {ty e ti {meqtypes]|n ty ¢ tiltypefl}) ne nf then
print 'types specified but not used ares *',ers; 40 &5;
block é;’ erzor=t; end @;
if{ers ig {ty & thitypef]in ty ¢ thiveqtypeslh) ns nk then
print 'mmpﬁci*gied types are used; these ares ',ers; 6o en;
Jtcheck that all charactere have unigne type specifiedt/
if(ers is {¢ € alle | typesic) sy ntl) = ne pd thengs
Print ‘type unspecificd for following characters: f,exs; do i
if{ers is {c e allel (btypeficl) gt 1)) ne ok then
PEint *type multiply gpeci fied for 2011wing Q
YWp=typef; read rawtables do readcheck (xewtablel s
etatesugad= nd[rawiablels |
/*check that 'n;:‘ bsimqs to staterused,
N0 repetitions %/ '
if % 'nxt? £ grabeswsed then
Brint ‘raguired state "nxt’
5 (exrs is{gt ¢ statesused | {#x
Print ‘muitiply defined atates:

and that thera aie

cmitted fxem cable'; GO @57
astabialst}) gt 1D me ab then
v, exey 8o 813

haracters:®,ers;do ¢




/g foxce to gingle valuwad funotion w7
(¥ € gtatasused) Xerweableiy) = ﬂfﬁw%ﬂbi&{x}g,
/*chﬂck that right nuwmbax ‘c-f terme in al)} segvences ® /
jg(ors islst € statesused (fxavtable(s}) ne tsageypes)) ne nt then
priﬂt tatotes defined with Vrony nurber of typa ﬁntri;;;::;ragdo .
/aeonvett to two dimensional Ll lat s :
wble = {<atate, segtynel)), regcable (vtate) (43>,
state ¢ statesumad, 1 < j s $gogtype}
/¢ check that all nonpalr entries ave either end, skip, or cont®/
ig{ers isl<u,y,tablel(x,yir, = € statguveed, v & 4 [segtypes] |
n pair tablalr,y) and a tablelx,y: = {‘end’,'skip’,'cont}
or paly tableix,y) and n {end twimix,y})el'yot,*call'}}) ne nt
then print tiilegal entries in fuellowing positsions of ta.bieus;;;;; (-TX
[*check that all go-to entxies are woll-formedd/ _ ‘
iflers is {<x,y, zablelx,y}>, » ¢ statedused, y ¢ tL({aegtypes}
. (hd table{x,y}) 2q ‘go’ and pair tanlelx,y) snd '
p th tabla(x,y) € statesused}] ns pi then
print 'illformed go-to entries in following positions of table:
Y, ave; do ep; : _
/* now prepare to check wellfermednesz of all csil-type entriess/
‘mad routset; do readcheck(routaat); routss=hd{routsetly
routscalled=ni;
/" all routines uniquely defined =/ ,
tf(**"ig'(rt ¢ zouts|(§rovtsetirt}) ne 1} pe af then
Print 'ijldefined or multiply dafined roctines: v,er8; GO @3
if(erg is{en, v, table (x,y) >, % e statesused| 3yl ¢ g;iseq‘c_rmﬂll
 Balr tablefx,y) sna (na tebie(x,y}j g ‘call’ apd o callok
table(x,v1}} ne ar :
then Printg ’illeq:lu;amwtypﬁ eatries =n
“f::;i;:uek ef“'rf i aetup external peutscalled,
i {"hile ; Y3 Ok-—-.t.:_y
. UP ge ni) <key,tiptmtupr el
* key ¢ {venar, takip', 'ooat’! then
:i key 89 'go® then <laiel,tupdmiicd
‘i::eit% ‘;a:;j:s:::::sg then ok*f;. ; continve; end 1f key:

following positions:',ers ;80 9
statesusedy
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if kay Eg feall® then <Iautytup>mtu?3
{f rout eg @ then return f;

else rout in routscalled;; continue: end if key; end whils
* LA~ Fi )
m ok; end callok; 5

getu
jecheck taat all routines called ara defined &/

{f (exs iz {rt © routscalled | n rt e routs}) ne nt then
peint 'routines used but not defined; °, era; E;le,,
Jtgive warning diagnortic on superfluous definitions €/
if {ers is {r‘t: € r@uﬁ:blul rt & rouvtecalled}) ne nk then
print 'wazning ®~f.*- routines &afinsd but not used:’,ers; do a3;
/* mmber teutines #*/ : .
ppume = Bi: (¥r £ rouls) jmums(riefriume+ly;
/tsat up rpak for compilation, compile i¢, and check success */
paktent='define rpak(niwmrout); setup esxternal cstring, takbegin,
curpointer state, token, data;’+ '
'go to {* + [+: rout £ routs] ('<'+ dec zrmuwms{rout)+ !,' +rout
+if rouwas {rout) ne frnums then *,° alsa'} {nuwmrout)s'}
+[+: rout ¢ routs] (rsut+t:'+ routset{revt)+'returms®)
+Hend vpak;®
tpak=compile paktext; if rpak oy § then do ;7
if error gg t then print ‘run terminated by lexical erroxr!
/* now replace rout names in action table by corresponding
index_i_n rpak t/
else (¥x ¢ statesused, v € giisﬁqtypeﬂ“é!:‘.
1, {wbile op is <* z > table (x,yi) 22
if op ey *do* then
table{x,y) mcrnumg (<¥z {$+1) >racle (X)) L
end if; ead while, end ¥x; =
/"% rpak hes been compiled, typof wupplied, :nd tsble constructed®
/0 read-in operation until double end yacoxd®/
TSCOrdinput}; this=y cstrimgeauiel
(while niprev eg nulc and this 4 pulel)
thiag“"‘?-’fd(input;::stringvmtring"’th“"'gs’
ntutn’

; sxit;

table(x,y)) eg ‘do’)
N doing j=j+ls)

{4+1) >teblelx,¥)s

pmv-thiu
end whilep

; end 183 end setup;




ki,

;giscellﬁﬂaeug corbinatorial ‘a}‘_ﬁf’ﬁi‘h‘?ﬂs %
[ e """"‘Mb G

n the next few perzgraphe, we will get out various algorithms
of yather mathematical flavor, ralated ip divorse ways to
c@binatozial situations of theoretical interest, These
slgorithms are intenéed to demonstyate the caze with which
e sdapts itself to a vaxiefty of combinatorial atructures and
'ituatioﬂsc Our fivst example Ls gimple bue famous:
cﬁnwrag ‘diagonalizer?, which, given & set 8 and a muleivalued

mp £1 8% 8, produces a set whic.h is not of the form £{s}.

It is -
,,é;mgae_t = {x ¢ 8 [ 53 x & £{x)};

the reader may supply the proof| "
- Next we preosent some useful “closure® algorithms,

| 1f as and b3 are subgete of a set s, end £ is a (possibly ml.u—

valued) map on s; the following sets are cften of interest.

- cdose(f,28) , all points obtained by repeated applications of £ to asy

This algorithm veturng £° such tha

and closura(Z,ae,bs), all polnts obtained by vepeated applications
of £ to as, taking only images in bs, The corresponding SETL
elgorithms are am follows. '

\ "

Gefinef close(Z,as)y i) e etedle R L% $im) ne=dimg
imi:n ¥ flim]; sreturn imy and slose;

-dafmef closurelf,as, a)ii) ¢ dwrf{as] int b8; 13‘5’-{9“!3“5 gebs and
Y gebal: neg; (while n Lt #im) peidin; fweiwm u Zplismlag
 Teturn imy; end ciocsuze;

.-t ciin} = close(f,{x}) is:

n &t HEp) nelfp;

“defineg £ =0y (while
closef(f,sat); Sp=f: B=0y end elonf;

(?a € set) f{glmgis} v fplalsy end while; return £95
22worth’s Lheohem,

ve an rithm relate
: iy crdered setr, i.2.,

™e theoren 1g thig: 4if s is 8 partielly
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, set on which & transitive relatlonship xgy i, dofined, th
= ] en

t!le . o o '! t ) 8 i] mea 3{- (S 1 r ta
En j”n.‘; eﬂv@» 6 L q ‘,l :‘ s v \ a > 32

yhich can be found in 8, RO two Of which ars related by the
relation R, Here we call » subset t of R completely ordercd

1§ given ary ¥ and ¥ in t, we have sithar XRy or yix., YThis .
ather abetract-sounding result has interesting applications

¢ parsing! Its proof, which, like the proof of most of the
other combinaturial theorems we shall consider, is inductive

and goes as follows, Clzearly n > m, pe only m > n must be
proved, Call an element R maxdwmal if y&e fg Eai‘ee for all y ¥ x;
gnd nindimal if xRy iz falge for @il v ¢ %, If there exists en
element X, unrelated to gny othag ir.a:z;emt, remove it to obtain a
smaller set s', in which clearly there can exist no more than
r-1 mutually unralated elements; npply Dilworth's theorem to 8',
and make X, @ chain by itsalf, Ia the contxery caze, find, if
possibie, a set ¢ of m unrelated elgmants, such that c does not
either consist en*irely of waximel or entirely of minimal
elements, Then if xRy for one y € ¢, & situation we will
indicate by writing xRe, we cen never have yRx for a yec
(which we would indicate by writing cRx}; for this would imply
YRy, In this case, usk ¢ to divide 8 into two parts; one

with ¢ and cRx, the other with o snd xRc. Inductively apply

Dilworth's theorem to both parts, and join the ragulting chains

Into longer chains whenever they
I¢ there exiats no such ¢, find a minimal X end a m ]
Buch that Xixy then vemove X and x from &, chbtaining a set 8'.
£ 8" contained a set ¢ of m mutually unrelated eleme.mts, 2
then cleariy they would either &il heve to be mipimal or &

: : l Sres B ()E 3 y it-har c@Bt&iﬁ
&8. Sut tuen p
24 ..-“i:..»e m*l Unr&latﬂd, Gleﬂﬂntl °

"1 maxima) i d he
pr mdl minimal, and s

3 t at moat

Bince hig g4 imposaible, we conclude that thers oxs

™1 unrelated elerwnts of s'. Tunh EPF R

cvering it by m-l ordered wubgats; and ad

to these,

» ﬁ"'.-s ¥ of 4 .’51‘" 775 TS
igu DUmoer ol t.-:.xm_p...:te\z} ovdered aub

contain & common e¢lement of ¢,
aximal X |

ubsat {er}

L}
Ly pilworth’s theorem to 8!,




ghis proof may be written ae 4

gefinet dilworth{set); externzi pe 1%

~ . -~ - n.! a, . -
/othis function provdutes a set of seguences,

gonse of the relatisnship XL, s
© seln(x,y} to have values t, L8y
i set eg nb thea return nip
goms={<x,¥>, xeset, yisot | relnix,yi);
qomby = [<%2 ®; hd x>, x € densiy
if 3{x] ¢ set | doasi{xieg ni and
Jt remove unrelated elswent o/

LETL algorithe, se follows, |

ordered {n the

b oo oAt ‘ i
e WELEh covar sel,, We suppose i

domby {x} 2g nf then

. geturn dilworth{set less x) with {<i,x>};;

mxelts = (x ¢ set | dombyix! eq atl;
pinélts = {x ¢ st | doaw{xn} ey nid;
cut. = waxun {setl) ¢

- if cut eq mavelits or cut 2g minalix then go to checks;
lcutcasss] top = dombyloull u cuty bot = domfcutiu cut;
diit=dilworth {top}; dilbsdilworthibot); dil=ni;

(Yo edilb) if 3[diediit| A{l; eq «lic) then

/*conmen element, joint/

(c u {<gpcti-i, a{j}>, 2 < § < £a}) in 4il; dile=dilt lese 45
‘elss /% wo common elament */ c in dilg

':‘ena'ycs . pr =
€ xetwn dfl u dilts

Icheck:] y¢ $maxslits ne fminelt
- Af 3ix) e maxelts, [yi € minaids,
| (#2) ag §cut. then cutsi;

5 then go to checkwhichy
{z)}e{maxun{sat les8 % lows ¥)}

go ta cutease;:

focat:)  sepa c, find minimal mn , maximal %% "’},
™ = Iminelis; msmsix € Aarny iyl !y ¢ maxelisli

>,¢2,mx>}}
Tetuyn thiset «m wn lese mx} U f<bmia
dilworihiset less e iminelts then maxelta

lchackwhi < X
' ch:] 4f 3i{x] e(if fwszolie G2 ik
" elme minelts), [z] & (mmwu(set jess x)) [(#2) 29

then cubtwzy go o cubon3s? olse ¢

end if x; end dilworthy




i
st Ff;
1 4

+~ { ths d' % o -
dafif’ef maxunyaet)y dilworih sxiernal reln,
(f set eg nd chen return p;,
return {mexno: ¥eaet] (mawun ({yeae

€ al{relnix Y or
with %); end maxun, tRe¥i O reln(y,x)}})

gefinsf B DAXNO by return if §a gt b then a elps b; end maxnoy
~Next wo' consider the so culled combinatorfal *matching® or £
#pirriage” problen, and an algovithwic version of its aclution,
ths problem s this: g¢lven & sultivalued map on a set 8, when -
EARMSIERINE (& GRECR0=cNe. MR defined on 5 such that gix)ef{x}?
The necessary and gufficient condition is that Bf[¢) ge Bt

for each subset € of s, This condition is plainly necessary,
the proof tl}at it is also suifivient is inductive., Call a subget
of & thin if #f(t] eg ¢t) ‘othexwise thieck, If t, and t, ave
iy T

‘“fitli}}_ f[é?.” - étlf?tzég(fgtli int fftzl)

| < BEy ¢ 8ty - Bit, fnb ) = () U &)y

so that cleaxly £ int &, i thin zlso, Henca, if there

exist any thin sets, there exzists & minimal thin set &,,

e may prove in much the same way as shove that If x € &y,

Y C:f{ﬁ;‘}:, and % im thin, toen 1f £{t] contains y, t must contain
X, This is the key to the problsm, since it enables us to
Procesd as follows: _;if s containg no thin subset, remove S0mS
element f£rom (s}, and apply inductien, If 8 contains a minimal
thin subset, take an element % of it, and an siement y of £{x},
Then define g(x} = y; remove y from the rangsé of ff and define

9 on the complement 8° of X ipduotivaly a.s. a .salutmn of the

Ratching problem cn s°,

In SETL we have:
ra nhis seminthin{f);

ipeg](th pine vy}
with <xX,¥?:
w

definef match(f), if £ eq ng then retv
Lt eg N then y= i 25 retwrn match(
™M yase{x}: retumn match(f 1888 <X.¥>)
end maton, |
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: EY . aahé ; f
jofines minthin(£} ; s.--gg_!fh 1 1 < 3(x) < #8, [tlcnpow(k,s)| e i
. (éf{t};‘ Eﬂ,’ #’t then yetury tt ) & J’I ':
Slse print ‘necessary confiicion for matching problem violated’;

. exitisend minthin; : :

¢ gnis construction has a widz varlety of interveting it
vextens$0a8 . Suppose, to give just one example, that nm{x) is
a2 nume::ica;!_}.y valued function éaiima&d on the doenain 5 of £, , ,‘
and that we are required €o epastyuct a multi-valued function 9 - b
such that gix} is always = subses of f{x}, such that g{x} always |
"écﬁtams'mﬁ(x}: elenents, amd Buch ‘that &ll the sets ‘gix)} are “l
@igioiat. (For am{x)} = 1, this seduces to the cise that has !
besn considerad.) The necessary SanalEion Haralenciyie RN ;
$eit] _>__ Zb amix) for ali suhacts t of a, We may casily see

: KEv )
‘that. this condition is also.pufiicelent. aa follows!

‘yeplicate each point xe8, nm(x) 4imes; put £{%} = £{x} for
each replica X of x. Solve the matching problem with nm £ 1
| iz clearly gives a solution

Tn SETL, %his copstruc-

:for £ on this larger domailn,
to our generalized matshing probled,
tion may be written ss

.. definef genmatch(f,nw)s ni=gl;
replicas = {<x,x,*>, 2 € hdifl,
# o (¥x.c hdalf), y € replicas{x}} nily)= £ixlss

v. return metches{ni} ¢ replicas; epd genmatehs
1 functional composition

} < k< om(f) iy

Bere we may define the generally usefd
Bpping as follows. '

yf_f[g{ﬁ}i}¥ end c!

combinatorial algorithms by
4 plies

¢ thesuem, which ap
a get of podes,

aon pa

’ dafine ¢ ¢ G5 ratusnt <KX ¥, xﬁijﬁiqla

He continue this ssguencd ot
dizcussing the so-called Memges 624Y
o anordensd graphs. mn unordered sraph 18
together with a symuetric relationship PEEY 4 by an edce,
Which telis ‘us wh;Em a pals of nodes ! comaﬁ::is is a
i.e,, are nei.g&bo&.ing- Ve ony alﬂ(}lﬂlink °£hich gi’“" us
‘m Blti-vained function mayhs, gegined on & 3

‘w36~




s st of seighbors of each node » and whie X i

:;at x ¢ naybaly} implies y € naybaiyl, @iiezalzhzezoﬁi %t : !
4n & graph, W& S8¥ that they can be sonpeated i theze axlats

) sequence of nodes, ths firat in &, the 1ugt in b, every
successs,ve pair of nodes beiny neilghbore; such a zeguence is

cplled & peth connesting e ané b, We gay that a and b are
p-connected in the araph if, whenever nel nodes are removed

grom the graph, the parts of & and b which remain are still
connected, Menger®s theorem asserts that {f a and b ave two
disjoint sets in a graph, and if 2 and b are n-comnected in

¢he graph, thare exist ui least n disjoint paths connecting

2 ond b, The proof is inductive, and uses the matching theorem
gtated above 35 a lemma, Flrat consider the case in which 3
a and b together Include all tha nceles of the graph, If

there do not zxist n nodes whose romoval &lsconnects a and b,
then drop cne node from a and proceed inductively., If there

dees exist such a collection of n nodas, a certain subast of
them, call it & {resp. &) will belohg to a (resp, b). If 2
containg & gubset & of % elements which has fewer then k naighboxs
in the set b-b, then let © be this set of neighbors. Given that
in the case we are congidering a v b is the full set of nodes of
the graph, {t is olear that the ramc“al of a sat 8 of acdes from

8 8 b will disconpent them if and only if each edge of the graph

Vhich Connact3 & an? b has at ,».a'wt ow gnd in 8. From this it ‘

is easy to gee that the union of ava; b and b disconnects & . '
frm b, gut this union has at mest n-l "Oints' e h:v:n:ng i !‘
tontradiction, We conclude that awery sa‘osat 8 of & conta | fl
the mtch.-nﬁ [EH A
R elementy haz at least k neighbers in b-by thus b-b and i
"eorem can be used to define dinjolnt paths bSEEER TE T
1 the poines of 3, Giwilexly, disjoint paths bem:aw n’
&Ll the points of b can bo found; and altogether wo :

diajeint Soaee R Py {gt nodes x not in tha.
Next congider the case in which there ©Xig
al of x atill

MOV
nion o 4 and b, Take such an X. 1o rmwe ed inductively.
leaves a and b n-connectad, remove it £n07E
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g the contrary case, there exists a set ¢ of 4
gnch that the removel of o from the

¢

11 ¢ e cuf betwzen a snd b,

points containing
graph dizconnscts a from b,

us 8 Clearly, every path in the
original graph connecting u and b must contain e lenst one point
of €

pivide ¢ into thres parts: 7, the ncdes of o bslonging to aj
p, the nodes of ¢ belonging to 2; znd &, the nodes of o belonging
peither to & nor 2 b, If a point y zan be connectad to & point
of & by 8 path not pesaing through any point of e, say that
g lies on the a sids of o; and defins the b side of o gimilarliy;
designate the a side of © by az. and the b side of ¢ by be,
Clearly ag and be are dlajoin?. 2incs both a and b must contain
a points, neither as nor be {s null, Thuoe 2a = a8 w5 g &
and Bb = be U a ] ¢ mve both projer subsets of our original
set of nodes; clearly, these zets have only € in common. If e-a
can be disconnected within aa frem b n ¢ by the removal of &
set & containing fewer nodes than 8 + #¢, then, since svery path
conecting a-& to b nust pase through b v ¢, the removal of aue
from our set of nodes would discomnect a from b, Hence this is
impossible; and thersfore Menger's torve theorem may be applied
inductively to gonstruct #b + #¢ dizjcint pathe in aa conneeting
a-a to b v c. sgmj,larj_y, wa may construct gz + #a disjoint
Paths in bb connecting b-b to & u ¢.
f.  ¥b paths connecting a~% to B .

i, 33 paths connecting b-D to & i S
lii, ¢ paths in aa and §C paths in bb conpecting a-8 3o

Brery polnt x in & is clearly the endpoint both of & gt 02
type it Iving in az and a path of type $1if lying in bb; :nt
these pathe clearly have only ¥ im common. Joining them in :1, .
2 longay Bath at thels e amon'enﬁri"ﬂi"ti o, ve get from the P; o
{, 4, ana 111 a total of n disjoint paths connecting :t::e .

™is induetive procedure ray be weyetin Rt S BRI '
83 fOllw,-a'
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i

] . 4,b,n); axtarna! .
deflﬂef mngﬁl’(ﬁ; 737 ¢ )l rtzinai ﬁﬁ-y,g-};i

n: i€ n o 0 gr

g eg nh then return niy;

s I ns s asmdnsged thee
jf 3xl € B 1 O == 5. % © D Then 9o to cutcase;;/taub not s,

if g[nnodas] ¢ npow (i, a u b) 5 {¥ven, zzb!yennaﬁm or

¢
.fe“" are certsinly inefficlent,
| Tlously ysed, would reguize 8

|
[
1
I
|

]
I

|
|
|
i
!
|

L

ze nrodes or B y € saybs{z}) then go to mincase;;

grop= 3a3 return menger (s less drop, « less drop,b,n)s

[aincase:] abar = & int nuodes; bbar = b {nt nnodes;/*use matching®/

mpa = [<¥,y7, xeabar, yenaybaix! jyeb a 0 yebbarl; mapa=match(mapa)

saph = {<X,¥>, #ebbar, yrnaybs{xiiyes a n yeabvarl, napbematoh (maph) o,

return {{<1, hd p>,<2, %& >}, pemape} u {{<2,hd p>,<1,t2 p>} ,pemapb)

(atcase:] if F{xnodes] ¢ apowin-1,2 lese ) | ¥xetn sids{xnodes with x))

ig‘ ®eb} then go to minout: else HELT
return menger(s lesa x,a,b,nr) /% a,b still connected, remove x*/;

[nincut:) cut=unodes with #; abav=a int cut; bbar=b int cuty ;
charn{yccmt}il yen and n yebl;
acnrves=menger{a sifle vut u bBar u char,{ysain yeabar},

bbar u ebar, ¢bharsicbar) /% connéct a-& to Eg'c' */1
beurves=menger{b pide cut u abar v cbar, abar g cbar,
{yebln yebbar}, fabartécbar): /Hconnect beb to Apd */
cret={ccacurves|n c{dc)ebber) v (g, cebourvez!n c(1}eabarl
nlec join 4, csz.mrvas, acbourves | clic) eobar snd d{l)=clic)} 3
“finef 81 join s2y retuxn el u [<islej~1, e2(1)*, 2<3<ds2}y
end join;

retury tset, and mesriger;

Uetinef o side cp menger external &, naybs:
Teturn closure {naybs,a,{xes|n ges})y end side;
The algorithms ¢ t.h nilworth mmet;nwtion, ¢he matching

Peoby or the Liiliy tion which have been

*m solution, and the Menger OAnELIUC

and, if they weve to be

apatantial improvement.

® Bign of ¢ reference made in these
A e A LR 4o get Yenarator functions

gori ¢k : 2L
s "8 to the very expensive Pows: a. to the abstract A
* 8uch imporvement belonge, of COuIESe

BT




? T

range Of matiters expressible in sgyy,

§ her i '

Gill B orneily €ail to havs a zaa.;ff,i,.cicaatiyeiir:z?:;i:c:w;ng
glgorithms of this combinatorial kind, (¢ne might éxpegt fox
example, that & hand-coded; carefuliy machine-ocptinized \:-ara:lcm ' il
of the SETL algoritim for the Hilyortn ceonstruction eould ' J
pandle gets of n+l or n+2 nodes ap fast ag the SETL program il
jtself could handia n nodes, Withou% an lmprovement in the ’
strategy of approach, these algorithms, however ccded, arae |
inahibitively costly. The point we wish to make however is

shat the tunes which can ba plaved on a matlmma{:icnl flute can
gleo be played in BETL, in about the same way; provided of couzue
that the mathematical construction deoes not invelve essentlal

referances to infinite getas, : | !

Next we give a sst of ambinatorial generaters of a rather
Gifferent character, These sre sl) cowbinatorial gesexratfoxs,
i.e., algovitiums which gezzm-ét-a all the members of a certain.
Anteresting class of combinatorial objects, The first of these
de a progran '_to genaxate all permutations of n objects, which we
give here because of ite intrinsic interest, even though most
of our discussion of algorithss related to permutations is reserved g
for a later parsgraph. L e
¢..This paf.‘o;;r:am gc'nera-te:s‘ all ?ﬁ:‘l‘i?}t?f?_i?n?, of n in lexical order. i
Like most of our other -génar;’—a.srs-, 1t works by iterative applica-
tion of & yule which defines tho k¢l-st object to be genezaceds n if

ter?“s of the k-th objecy; whese the enummration of cbjects is to

be in some well-defined, generally lesimugraptic. order. For
. gy 1sxicographic order,

Prmutations, we do in fact use ihe g tandard L
then the nex; permutatcion after a given 8, js defined by the"n ; 1L
fol_lcwing rule; incresse the last pessible e;ement py the s es |
DEEIble amount. that s, given s, find the 1ast eleme:; a:ge |
¥hieh not part of a wonotone decreasing "tail’_, int::ce Bt

1t witn the smallest By with k>3 and gk'o‘ﬂj, and then p

Tam
the o1 wsr4ing ovder, In the prod
Yo, Fadus Bk B
v ente Sie1recr By into & 3gead through wpore® wWhen
<h Nowr fol Lorrs J AR i_gnal is Lty fnies

¢ Process regtsrts.

>

= b

mldﬁ"



|
it

ipef permin,wore}y

£ .
i ice if new®/

/iinitf-ai :
¢ n moxe than moze=ty seq=1<},4>, ii<nl; return

Beqss
[HE sequence is monotore decrend’ng, thers are no more
permutations. Otherwise find lest point of increase®/

sgn (0> 3033 2 1zeqld) 2t seq(341)) then morems;
geturn Ry end L3 : -
¢+ then find the last seq(k) which sxceeds seg{d) and awapt/
find = 0 > 3MK] > 3 | seqtl) Lt megin),
<seq(d) ,oeqik)> = <seq(k},seqiii>; T
[#then rearrange ali the sloments after segli+l) into
increaging ovder®/
(§ € ¥ < (n+j+1}/2) Kkmn-keisd;
<geq (k) ,seqlki) > = <geg(ni),saqi{k)r; ond Vk;
return seq; end permg

A routine for generating the gilenente of the cet apow(n,s)
may bo based on the same principle, W®We arrangs the elements of
# in a seqguence, and alvays srrange each subsat of 8 in the
increasing oxder of this mq*mx‘zw. The rule for obtalning the
next subset after a given pne is agaln: increase the laat possible
element by the smallest porsible smount; and reduce all the
elements which follow it by the greatest possible amount.
- 8BIL vwe 1}&?@: )

In

definef nexnpowin,s,more}
1f n more then movewt; seqenf; {¥zesl geqliseqtl)=Xi;
nelectuhi,i’»,1<i~'tn};_mtum seglit(selectl]; and %3
if select {n) neﬂg;&q then gg‘:},act{h}maal&@?{ﬂ)"l;
returnmseqtt?. jgelant]l; end 1f7
Ifa n> 3031>1 | celect (3+1) 4% ﬂﬂi@?“(ﬁ
' wmore=f; return Op end ify -
> ¥k > 4) ;;}.aet&} usié.aw"&(j?"‘k‘j“” return seqlitiselectlls
enq nem;w, '

)#1) then

1y defined
0f Gourse, a complais poOWEX sot goReFAtor is easily

‘fﬂing thiz reutine.

=34l=
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geginef nexpow (8 ,more) s

£ more then NGZL‘B”-E; nely 1“3‘31.‘“_1‘;2 raturn nt :
i wox then returll LeXNpow{n,m,mor) 53 i
if noeq #s then more=f; raturn Q; glae
pentimor=5; return newmpow{a,s mov);,

end NEXPOV

again using the same ides, we mey #efine a zoutine which
generates all the mzpe of one set into aaothar,

definef nexmap(from,to,more}; ;

if » more than mors=i; fseqenl; (¥x frawm) fseg(fifseqtl)sx;;

tofol=ni; prev=il; {Vzrto) if prev ne R then <prav,»> in tofol;
first=xy; prever; snd ¥x

pap = {<x,first>, xefroml; ratwn map; end if py

if o (#from > 3iji>litofolimapifseq())) ne ) then
more=f; return Q; end ify

mapi{feeq{j)) = tofollmap{fseq{i)is

i < ¥k < §luom) map{fzeqik})wSirast;; raturn map; end nexmap;

Here is a genavrator of all the partitions of n,{l.e, distinct

combinations of positive integers with sum n}, constructed
along similar liner. '

definef newpart{n,mors}; |
if'n more than merest; psey={<j 1>, 1<j<nly

raturn i psegl;
if fpsaq eq 1 tj;;n nere=f; return 33
Peeq{épseq-1) = pseg{fpseg~1}+l} xepaeq (#pseg) =1 : ,
pBGQ(’?PﬁQq}mﬂg {1 :’: ¥4 < i) ?gﬁi’;{#pﬂ@(}*l}"l}} return LZM f

end hexpart;

plex gata gtructures, always
hcﬁav&r, since trees have
¢rea to anothex is

Next we gyenerate some mOrE ol
#ing the rather similass technigus:

& recurgiye structure, the advanes 5 ¥ pirst consider the
Eviary > RS ,
ok readily coded as a recursive proce {¢h n nodss. We ordar.j. .

Problem of generating all Siraay faeed ¥

—-1"2"‘

e R S,

s
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chese ETS2S by the foliocwing recursive Frinciple;

; By that
41 trees of lesz than » nodes hare airead a 4
3 * Biready besn crdeved, Then,

amony Lress with exactiy » rodes, we put a11 those with a small
Lonber of nodes drwn tha lefi-hand branch from the xoot i
ghead of those with a larger number of nodes down the left

pand branch frem the root, Ruong thuse with a given number

of nodes down the left hand Lranch from the rcot, we order treea

girst according to thelir left hand subtree, then according to
sheir right hand subtsee., The f£lvst tres iz that in which no node
nas & ieft hand successcy, To advance from a tree to tho next
tree, we s

i, B&dvance the right-hand subiree to its successor, if poasible,

14, If this is imposzibis, advance the left-hand subtree, and
set the right~hand suhtrae to the First tree with the same number
of nodes, : :

i34, If this is lmpoesible, trunsfer cne nede from right to
left, and set both tho right and left-hané subtrees equal to the
first tree with -the appropriate numbar of nodes.

In SETL, this routine is se followas

definef nextres{n more);
if 0 more then more=t; fend; pe{<i, J41>,14<ni; top«ls
raturn <&, r,top?; wnd ify :
advanca (top,moxa); return if more than
define advance(top,more); nextrae external %,y
if r(top) eq 8 then advance{(%(top! ,more) ; returnij
ﬁdvance(r(tq,) ,more); if more khen return; s
Rodsetixif &({top) eq & then r{top)
else nodeaoc?{i(top) wiih r (top)
Rodesatr = nodesof{r(top)) less r {topl i tx); xetarns
Atop) a nowtrea {notesetl) s t‘ftOP”’“Wtrmmm” 5
€nd advance, :
defines nedegof (top) ; nextree gxiarnd

<,r,top® else 1

1 £,%2

sturn if top eq B then nf plss i R
nodszaf (L{tep) ) o noded of (z(vop}) Will

~143~




gefinef newtree (8et) ; naxtrae ﬂmerm e
if set gg nd than retyry f?g-; =

prev::ﬂ, {¥x € set) Lix)=0,
Lf prev ne § theh r{previ=i;; preyey,
end ¥x; vi{previ=d, 2

end newtree; end newizes;

ns & final examp?.e in this sestion, we consider the problem
of generating all unvadeaed Zazes with n nodes, Such a tree
is defined by & et of n nedes, cne of which is designated as
the head of the treepy and a multl-valved mapping cssons of
thig set into itself, which definee the set of succassors of
each node, We require that the iterated application of this
pap t0 the hexd should eventualily produce every other node;
and that, for each node %, the iterated application of this
map to X can never producs x. This last condition smounts to
requiring that a trea be cyafe farse, We aselgn 2 standard
beguence number to unordersd trees regursively, a8 £ollows.
Suppose that segnence numbexs hava alveady been defined for
all unordered troes of lass than n nodes, Given a txes of n
hedes, take §ta reot % apd take all the subtress whose yoots &x¢
the inmediate muccessors of .
decraasing order of the murber of

tontain the same number of nodes, :
tislr sequence nimbers: we cnil this order the standard arderinq_

of the wnordered tree. This aszoclates a sequence & of sequence
Mobeary with each wmordsred tzea T of B nodss, By erranging all
Boh sequences § in Jexicographic ordex, end gssigning the
Position of 5 in this lexicograshis ordar to T it saguenca
Mnber, we define a gequence numbex for ®ach wnordered .t:ae

¥ith n nodeg, : ;

o ::: thig standard meguanci
| at in which every root hes n-i 84
from 4 tres T to the nant tres, W

nodes they centain, and, if two
then in decreasing order of .

¢ch n noﬂeg, the first

rroes ¥i
i To advance

; 444 -

e

Arpange thess SuCCassgIE first by




t

4, Take T in itz standard cfﬂe.ring,

44, Among the subtrees whose roots are immediaste descondints
of the root R of ¥, find the last 7 ghich it nicht be possible
to advance. This iz the last tree wideh either has fewer nolos
ghan, or the same nuwber of nodes
than, ite immediate predecessor,

j4i, If posgible, advance %L, and make all ihe acdes belonging
to later subtrees Lmmediate sucemssors of R,

fv. If L cannot be advanced, collect 211 the nodes belongiag to
iater gubtrees lato 2 pat 8, Tramafer cne node out of 8, into &,

. pedefine L as the first tres with its new awmber of nodesj maks.
all the nodgs vremaining in % intos immedizte succaszzors of R, :

v. If the root of L is the last descendant of B, find the
lest ismediate subtree of R pelor to L which it might bs possible
tc advance, and procesd with %° ag in oass 1v,

We may write this algoxith in SBTL as follows.

and a lewer seguence nusber

Cefine? nexotresin,more);

if more than go &9 tyy; else

/* laltialize */
re=l; topwl; oceszorwnlp : 44

numiodega! <top,nt} g ﬂ%;;#*{“twml’}? hang{top,1:{3, 1<j<nl)y

/*the subroutine shang® adds & sst of nodes ag impediats 3
successors of a given nods x, mtarting at a gives Wi* on 4
¢ach node hung is asaigned nampodes=ly seqno=ly all praor
tmediate succsssors of X, begianing at the position 3s

A romcved*
=hi; end ifs 3
irat_:] {1 ¢ Ynode < n) ﬁagarﬁ{nﬁﬁ%}“iﬂmgaﬂnﬂdﬂ‘h’
Taturn <iop,assoxs’ s

[t o rgﬁ:. alsa retuyn U3

ora then go

b 2
nORS0Y nmnodﬂhma
Gefing rdvance -(top,moxs} HeROLree axternal : ok

kefocesor{ topls




pooki] €2 1 €30IV £ % | nomnodesscesas(top, 1)) st
purnodes (ocesor (top, 4131 or sequo ftfce*eorigo
2t segrol{ccasor{top,j<i}) ﬁmn oy pei})
(aévi] advanmimsar{cc@,j) (Bore) ;

-}
ke i e (S
M‘ﬂ*ﬂhﬂ“;mt}.
re LUty §

Imvenodeﬂ £ et g nh ﬂmﬂ g9 to backupg)

geti=ncdae (ooesor{top, i},
pewtup @ 3 sels <numnodas (newtopl seqpo (newtop) *miigetiel,1d;
ocegor{top, 3] = newbop; hangi{anewtop,i,seti); °

hang(top,§+l,set lass newtop);

return; : .
ibackup:] 4f j eq 1 then return; else k=j-1p go to look; end ify
end advance; : 24

define hangltop,?,8et); nexotree external ocesor,numncdes,88gnog

k=j; (while ocesc:(top,k) ne @ deing kekels) cossor{top, k) =lly;

k=}; (Vnod ¢ set) ocesor{top,k)=nod; ' '
<numnodes (hod) ,segnol{ncdi >=<1,1%;

~oeegoz(nod) =0, and ¥Ynod; end hangs

definef -nodes{top) snaxotree euternal o9ESOL]

return fu: 1 ¢ § < fo esoritoph nmasincﬁaoru—ﬁmj”

with top; weﬂ nodes
M nexotree;

un).“"" ; A
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: ckd"”’vﬂa*con A node b is sai

-

. yarious graph-theoretical algorithms WS related to the

imization of ccwpiler-gonerat

, optifc z2ierates code,
Many intexesting alcorithms for the ont

compiler—generated cocde are kaged on “he aralysis of an abstract

grap? representing the flow structure of the program., This
graph, the so-called progham giaph of the program,
pas follows, Call a sequence of instructions

inization of

is defined
in a program
ghich has the property that control always enters the sequence

o

at its first instruction and always leaves the sequence at its

Jast instruction a basie bLock, If the last instruction in one

pasic block bl might transfer control to the first instruction

in another black b2, call b2 a successor block of bl' The nodes
of a program graph are then the basic blocks of a program, and

the successors of a node its successor blocks, The node containing

‘the first (entry) instruction of a program we call the enfay node e;

any noie tesminating in an “exit® instruction is considexed to
have no successors, and is callad an exi{f node, We suppose
thet every node of a program graph is reachable from its ent-y
node through a chain of successors; any node not reachable in
this way represents code that can rever he exeuuted and may

5 well be deleted from the program, In what follows, any
Bequence of program-graph nodes in which the n-th 15 always a
SuCcessor of the n-l-st will be ca’ led a Pﬁt"'

Various graph-theoretical n ot.x.ons related to the progranm
| the flow of control

G . A i
“3Ph of a program are useful in analyzing
The First of

- relations zhips during progran execution.
o relats -onships which we chall consider is that of
d to backdcminate a node ©

.roucrh Lot
o FVeXy path from the entyy ncde to € must pass th o
various ways in optimization;

& bude
omi » useful in -
Wnators of c¢ are can be moved from C

fo .
S “Xangle, under c:ertaln conditions, code

0 c
Srtain of its backdch.natorS.
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. pere is an alyorithm, duve to p, &llen,

, /t'nodes' is set of program rodes, 'entry' is entry node,

CONcerning it

fox Finding 212 |
|t rogxam graph, i ; ’
|

e backdominatoxs of all the nodes in ap

; bserve that if, silarvting fra 3
Exee H9 Lrom the entry node, we can |

reach (find a path to) a node ¢ without pa

ssing through a _

node %; then we can reach any successor of ¢ witheus passin B
through x, except, of course, if x is ¢, Designate the set ]

|
of such nodes x as notneecedfonreach(c). Thus, the set of ! I
. |

in.notreededtoreach{c), Here is the SETL algorithy, \ |

!

|

E

packdominaters of ¢ consists of all the nodes not contained _7 t
|

definef doms (nodes,entry); optimizer external cesor;
|

‘cesor(x) ' is set of all successors ¢f node x. i g
Returns set ‘dom' such that dom{x) is set of all ; b
backdominatoxs of x */

/* initially, no nodes necded to reach entry */
notneeded to reach={<entry,nodes less entry>}; todo={entryl;
(vhile todo ne n&) node from todo; (¥ g ¢ cesor {noda) |

(new i*g,_{rs:notneededtoreach {ncae) Ir_:s_{r eq ¢ or

r € notneededtoreach{c))} ne ni)) notneededtoreach(c)

=notneededtoreach(c) u new; ¢ in todo

* 5 3 2 3 whil tOdO'
/'must pro-ess successors of c*/ end ¥e; end while ¢

~ i )}
return{<node, {benodes |[n benotnsededtoreach (nodc) }>,

node & nodes less entryl with <entry,ni>; end doms;

palke, and |

‘ - -y L
Next we give an algoritbm, Gue to Earnest: s
o

vam graph in an advantage

Anderson, for lincarizing a prog :
at may be made

tder. fThig i , among other remarks th

’
4 node definitely preced: the ncde.

of The algorithm is

as

0L lows : :
i 3 ithout repeatiug
t+ starting at the entry nodeé, and always Wi
an “

¥ Nodes, generate a path.
*1. when this path can no 1longer

a M . ]
10‘“3 it to a node x from which a new n
ing at this B

pe extended, back up
ode of the graph is

ew noder genexate

Sew
Nas g successor., Start

~_1A8-
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LY

1, S iy Rl
: . and insert 1t in linear orce .
5 pathi @ CHer into the la path, i

: 1y after x. Continue un:ii +
immedlate Y T until the whole graph is

jinearized. | | i
In SEVL, We have: ] H

gefinef graphcrd{nodes,entry); optimizer external cesor;

order={<1reﬁtfy>} /*entry node is first*/,

matk = 1}_5_" /* mark nodss as processed *./

st = 1 /*jlast is highest numbered node from which
1ew path may beagin*/;

(whil2e jlast > 3[3]1 > 1, 3{last]ecesor{order(j)) |mark(last)nz t)
[xstart new path */ path={<1,1ast>}; mark{last) = t; F
[*an{ extend as far as possible */ £
(while j{next] e cesgor(last) |mark(next) ne t)

path (#path+l)=next; mark(rxe*:t)=_t_:_; last=next;: end while 3;
/*maka xroom for path */ |

(tordzr > ¥i > 3) order {it#path) = order(i);;

/* anl insert path after jth node in order */
(L < ¥ < #path) order(j+i)=path(i);;
Jlast=j+fpath~1 /*note path{#path) has no unmarked successor*/;
end while jlast; return order; end graphord;

A pragram graph straightened by the preceding algorithm
18 said to be in sifnaight onder. But in this order it may
SUll contain configurations, such as the following,

Whi
O ey 6
A g advantageous to yearrange as

| ~349-
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This may be accomplished by applying a fLoop-cfeansing procedure,
also due to Earnest, Balke, and Anderson, which may be shewn to
preserve the principal propexties of the ordering established by
the preceding procedure. The locp-cleansing procedure is as
follows,
i, Process the nodes n from last tec first, in straight order.
ii. Find all nodes following n from which n may be reached
by a backward branch, Take these nodes m, and process ther in
their straightened order, as follows. For each m, mark it,
its predecessors, their predecessors, etc.; call the last
node marked in this way £. Then push all the marked nodes up
toward n and all the unmarked nc<des down toward £, keeping the
marked nodes howzver in their established order, and the unmarked
Nodes in theirs, Continue in this way for each n through all m,

ad through sll n in the revsrse Of their original straight
order,

/* generate predecessor map*/ :
Pred = n4. (Yx € nodes, y € cesox(x)) % in pred (¥ i3
/* genera t:no.le' number */
. Dumber ={<prder(i},i>, liii#rzodes};
(tnodes 2 ) e i) head=order (n) ; latcnes=
I lnm&f(pod) gt n}; k=ntl;
fodes with indices at least k are
- {while iatchés EE_EE) /*£ind alemen

) 11, PO : i
- SImin: podelatiches] number(nod) i m=O

{nodcpred (head)

ronsideréd to be tunmarked'*/

t of minimun index*/

rder (mn) ;
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narked = closure(psed,{m},{order(3) ¢ K < 3 < fnodes}).
jatches = {x € latches | n x ¢ Hiarked}: ~ g i

-

/¥since nodes once processed need hever be processed again */
/¥ shift unmarked elements down, others up */
(wvhile k < 3[3]1 < fnodes|n order(3) & marked

.a_;rlg.order(j+l) € marked)
<order(3), oxdex(j+1), nunber{crder(j)), nunber (order{j+1))>
= <oxrder(j+l}, order(j), j+1, j>; end while k;

1

= 2

k = k + #marked; end while latches; end ¥n;

Next we turn to study certain no‘éions, useful in the analysis
of proyram graphs, due to J. Cocke and F, Allen., An {inferval
in a program graph is a set s of nodes, containing a distinguished
node x called the head of s, such that there is no entry into s
except through x, and such that when x is removed, s is free of
loops (a Loop is a closed path in a program graph) . The

following figure shows a typical interval:
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Y heue
b aC'k_w ar d

;bxanch

i3~ | forward
¢ branch

*op (J\
exit :
branch I exit
branch

single entry regions of this kind serve to make specific the
heuristic notion of "inner locp". They are very useful for
program flow analysis, and a systematic theory can be built
wpon them, i '
It is a characteristic pruperty of intervals that their nodes
can be enumerated in such a way that, with the exception of
branches terminating at the interval head, all branches between
nodes of the interval are "forward" branches, i.e., go from
a node X to a node y having a larger serial number in the
enumeration ¢f the interval, - ik :

The inteaval ¢§ a node x is the largest interval with x as
head; it may cocnsist of x only.

Bere is an algorithm which determines the intexrva
et in an order having the

get of all successors
o the interval;

1 of a node

X, and enumerates the nodes of this s
Property noted above. It also finds the
°f nodes of the interval which do not belong t

ﬁ@s Will be needed below.

routine,count the numbexr

* - L £
/*before entry to interval finding ;
={<x,0>, xenodes!;

et/ npreds
=npreds (y) 1
1 cesor,

of predecessors of every nod
ernodes ; yecesor (x})) npreds (y)
defines interval (x); optimizer externa )
int:ﬂ&: followers={x}; count ={<y.07 yenoaﬂs«;ccessors of a
‘/*'Coun;f wiil be a count of the pumbGr of Prn“structcd*/

o e ing con
node which belong to the jnterval peins

npreds, followers;
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(yhile (newin isfyefollowers |npreds ..

ﬁﬁ co

vntly)}) ne nt )

flarv  nmees

(vzsnewln) int{#int+l)=2z; followe

(vyecesor(z)ly ne
endvmlle, return

an interval is

/ laruer anltes val,

rs=followers less %
x) count(y) =count (y)+1; P

i Y in followers;; end ¥z;
int;: end interval;

called L1 LENEN i
& meximal if it ie not contained in anvy

It can be shown that

ovVery program graph can
maximal intervals, and
that distinct maximal intervals are disjoint

pe decomposed uniquely into a union of
This decomposition,
the so-called Cocke-AfLfen decoripositicn of a program graph,
is gquite useful in fiow analysis,

To find these maximal intervals, we proceed as follows.
Take the :interval generated by the entry node of the program
graph; this is a first maximal interval, Then, iteratively
having formed other maximal intexvals, take any successor X
of a point in these intervals not lying in any of therw, and
form the interval of x: this is a new maximal interval.

The following SETL algorithm realizes this process. it
also associntes, with each mawimal interval, the set follow(int]
of all nodes which are successors of a node of the interval
without belrnging to the inteyval; and with each node b of

the program grayh the maximal intexval intow(L) v RCERES

1t,

definef intﬂr\yals (nodes:entrY); Optlmlzef exter nal CESOX

followers, follow, intov; iﬂt3“5&1
(Whlle seen 1@ ni 110462 rvm Leen; j ii

, G181
e Pl e [BG tz[ll /xR [i] is the set ;Lliowers.
e e o intov(b) = i;; seen=seen u o) :

qean*fentxf}
ntexval ‘node) in 1nt9,

®d vhile; return ints; end intervals;
raph g i5 defined

The denived graph gt of a progral d the successvrs

% follows: the nodcs of g’ are tha in
distin
ntry node of g' is the
The derived graph

fafts representation

rervals of gi
ron 4nt containing
e interval int axe the intenvals ct £x
e
~Ucces,0rs of the nodes within int; the
1 of 9.

in
teryal containing the entry RS
Hcoarsene

ta Program graph gives a sinpler,
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. glves a ver

e ograt Llow, in which remeae.

Joops are shown. If g contains any

ion “inner loops™,
r and only "outer®

interval of more than

one point, g' will have fewer nodes than g, a program graph

in which no interval of more than one polnt can be found

1 - >
‘ <Y, such graphs arise
only rarely in connection with actual programs, In SETL, we

L5 3o ~ vy A - S weia . e S q + ;
may write the criterion of irreduvcibility very simply as follows:

is called an Liredrcible graph; fortunate

& £y 3 . - =
{#nodes) gg_%1nterualb(nodes,entry)

»

The definition of the derived graph in SETL is also quite trivial;
here it is:

definef dg{nodes,entry); optimizer external cesor,
follow, intov, dent;
ints = intervals (nodes,entry); dent = intov(entry);
(Yi ¢ ints) cesorf{i)=intov[follow(i)l;; return ints; end 4g;

By forming successive cerived graphs g', (g‘)', etc. of
an original graph g, we look at an original program in a more
and more global way. In cases in which this deanivation sequence
converges to, 3 graph covsisting cnly of a singlenoderRnciitcy
claim that “he method of intervals provides a decistveRsial Ees
°f program f1oir, Graphs having this property are called
teituatly neducible program graphs.

Here is the SETL definition of the derived
xternal dent;

gequence of a graph.

definef dseq(nodes,entxy); optimizer €

seq={<l:nodes,entry>}; <n,e>=<nodes ,entiy?;

While ¢ der 15 § ag (n,e) 4t n doing <%
S€q(fseq+l) = <der,dent>;; end &seqi

e>=<der,dent>;}

in the Optimization-analysis of
. - e of a program

e derivation sequenc .
‘in which various cptinizing
Wwe shall now discuss

5 n q-
~o-called nijve-dead" analysis

I“tervals have many uses
Programg Generally speaking, th
y useful guide to the order
inkksses can most effectively be zuplied.
e Such applicaticon, studying the

or . ;
varj ableg,

A

r e

L




variable x is said to be Live ai e :
2 £ 2t a given point q in a

progran © exists a path P in the
rogE ar, not passing through any instruction
5 value to 3, and such that P termin

if from this point ther

which assigns
®5 in. an instructicn
trary case, x is said
X is live at given
point in a program, its value ust be saved in some known

register or core lecation for later use., Conversely,

at
yhich Wses the value of x. In the con
<

o be dead at d. t is clear that i

vhen & hecomes dead, the register containing it becomes
available for other use,

Next we intend to describe an algorithm, due to K. Kennedy,
for efficiently deriving liva-dead information for any eventually
reducible program graph. Of course, tc carry out such an
analysis, we reguire that basic information concerning the use
of variables within a program be available. We shall suppose
that this information is made availahle according to the
follewing conventions.

i, All the variables with which the program is concerned
are collectzd into a set of vakrd;

ii, With each basic block b is associated a set uses (b} ,
consisting of all the variables X in the set vaid such that,
starting at the entrance to b, a use of X will be rEQChed

before any assignment is made to Xj

iii, With each basic block b is associsted a set thru(b) ,
iahleg x in the set vans such that,

Consisting of all the var
of b will be reached

Starting at the entrance to b, the exit
before any assignment is made to Z.

A path through the program which does no
instructiﬂn‘assigni.ng a volue
#~eleax path., We shall now wish
witheach interval {ntv. These are as
; 1. The set of all x such tha® thera is an ¥-C
" {ntu, starting at the entrance
&fore any instructicn in £ntv is

at ;
q Use of x ywithin Lntv.

+ encounter any
is called an

to a variable X
certain sets

ro asspclate

follows: :
lear path

¢ i i jatel
ro intv (1.€ey {mmedl y

evecuted) and terminating

.
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i /.

S . o <, < » .
,-'2, For each block e of {ollow{inty], the set of all x such

re is an x-cleay path thre ; :
that thex pavii tarcugh inty, starting at its

9
entrance and terminating at e,

, we shall call the first of.these sets uses (intv) and the
gecond thralintv,e)l. The following observation allows

these sets tc be calculated easily, If b is the head of int,
and if the blocks of 4nfv are enumerated in the order defined
py the basic interval constructiocn function interval(x)
described above, then, as has been remarked, all backward
pranches in {niv go through b, Thus all irredundant paths
from the entrance to b' i.e.,., paths through {intv not
containing pointless repetitions, will consist of forward
branches only. Therefore the information we reguire can be
developed by a simple scheme of propagating uses backwards,
éonsidering fprward braanches only. In SETL, the algorithm

ve require is as follows:

naux=nl; taux=nt; head=intv(1);
(#intv > vn > 1) be=intv(n); corvara={yecesor (b) |
intov(b) eg intv and y ne head} ;
naux(b)‘:uses-(:) v t‘:*..;:;—(.?"»‘) int$ [n : ¥ € forward] 11;z.u:.<(y};
(tintx ¢ cesor(;ntv))if intx (1) ecesor (P)
then taux(b,intx) = thru{bl;
else taux(l,intx) = thru(p) intl(u: yef
end else; end ¥ intx; end ¥Yni
uses {intv)=naux (head); (¥intxecesor (intv))

orward] taux{y ,intx);

thru{intv,intx)=taux thead, Sty
. (intv) and thru(i
just the same wWa
asic block P. Thus,
peated for the derived
. graphs of the
that builds
ation

ntv,inta)

We may nuw observe that uses y that

e related to the interval intv in
Uses(b) ang thru(b) are related to & 2
the construction shown above can be X€
S€3ph, and therefore, iterating, for i th :
del‘ivation sequerce, We write the process aoriv
this information for all the graphs ot

G I =¥ s

o

\
3
4
"
-

e
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e I




i
i

ubroutine; e PR

: ‘ d by the fzact that intervale :
QccaSlone 4 HISIvVals may have several exits

. = 1
ely the code which appears aboye,

basic bleck can have on

precis With the necessary

corrections , we have:

gefine builda{nodes,entry); optimizer external cesor,

intv, uses, thru, seqd; .
ceqd = dseq'(nodes,entry); (1 < ¥k < #seqd, intv e hd seq(k))
aaux=nd; tauxrp_&; head=intv(l); (#intv > ¥n > 1) b=intv{n);
orvard ={yecesor(b) {intov(b) eq intv and y ne head};

£k eg 2 then naux{b)=uses(b; u (thru(b) intlu:yeforwardlnauvx(y));;

(intxecesor{intv}) if intx{i) = cesor(b)

then tawx(b,int x) = thruib);

ele taux {(h,int)} = thru(b) int {u: veforward] taux(b,intx);
ent else; end VYintx ; else /*k gt 2 */

naw(b) = uses(b) u {u : y ¢ forward] (thrulb,y} int naux(b,y));
(Yiitx cesor {intv)) taux(b,intx)=(if intx(1l)ecesor(b)

€
ben thru(b,intx(1l)) else nf)

[u:y e forward) (thrulb,y) int taux(y)); end ¥intx; end elsejend ¥n;

Useslintvw) = naux{head) ; {Yintxecesor{intv)) thru{intv,intx)=
twx(head, intx) ;s ; |
d ¥k return; end builda;;
, R ince when the
Next we nay make thz following observalicis., Sincc
A + '!, o r ‘ve
blocks b 0f an inferval {nlv are enumerated in the orde

have ’ n passes through
4 . .8 P - ancﬂ PCM. s
been considering, every packwaxrd br

: : rom b
the hese of inty, it follows that an s rredundant paﬂ.\ fron
: r to an exit from

5 nty, to either the use of a variable © g
{Mv' g ard branches exclusively oxr
ard branch. Next, SUuppose
j:h that js ecventually

at the next—to-last

111 consist either of forw

Wil ;
1 Contain one and ol vy oneé bac! v
that we

Yeducyy, )

21

are dealing with a program gre

o " “ (l

st ¢+ Then the graph g,_3 a‘”lmdllx-u le in

e in the derivation: consisteRqERalatts : just
Wi ¢4 n 3 that we have dJ

ULy, ( the cbc;ervatio Yok
it XxL14: hence Z s€ ack b
Nage Y exi4s; henc sses (b)  for each b .

-

.~ 91Ves an  easy way of ©

sayval

(_-,n]::‘\'u l'.j..ng

oo Ly P



| > blocks . " :
of 9p-1° But the ocks of 951 CGorrespond exactly to those -

plocks SR G vhich are «nte:'uh h2ads; hernce, warking

packwards iteratively, we can compute ugeg ‘b)  for each
plock of 9n-2 19y 37 s until g is reached, wWe will then
S~ > =t V& 3 ¥ 1 @l s nw - T ]

gnow, for each basic block b in our original pProgram, whether
or not there exists an x-clear path from the entrance to b
reaching a use of X; and this evidently telles us whether
or not X is live at the entrance to x,

We may write the routine which completes the construction

of uses in SETL &s follows:

define builduse {nodes entry); optimizex external cesor,
intov, uses, thru, seqq;
builda(nodes,entry); (#seqd > ¥k > 1, intvehd seq(k))
(#intv > ¥n > 1} b=intv(n); bac’r:orexit-:{ceceso::(oﬂ
n ceintv or ¢ ey intv(1l)};

‘uses (b} = uses(b) u

(if k eq 2 then
thru(b) int [u : ¢ ¢ backorexit] uses(intov(c)):
else

['t‘.= cebackorexit} (thru(b,c) int uses (intov{c))};
end ¥n; end Yk; return; end builduse;

. : 14 r
Note that as it stands this algorithm 18 valid only fo

luci t is also
Program graphs which are eventually reducible. I

w ", .
Orth obsecring that the set

uses (entry)

' e immedi ly on
“C., th e : th arc live immediate
*+ the seti of variables which ar il
improperly initial

Entry to the program, 3.8 in fact the sot of ik
which we would R ‘
T.dgno-atlc

ize
g Prograr variables, concerning ; a
ish ip issue a

g Optimizing-compiler system, ¥

Nege age ,
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; . N 5 ‘b‘_e % . ~ .
o 1rrf“d‘~*01 1 gxaphs (COI'L;JJ.S’CJ,IK_; of more th . |
e than one point)
an originally given
OL usg which the last fey
Irreducible grapns
i, the application of such algorithms
ﬁ cithmg,

-ered, the deriveti
e encountered, Serivetion Sequence of

progral graph g will have the king
nguithﬂs have illustrated, _
| are obstacles

fortunately, there

e methods for Gealing even with the
| h them, To see what these might

» note that the simplest e 1 - .
B . example cf an irreducible graph is
as follows:

)
n S
(o fe)
ey~ . g
B

1f for the moment we think of the code represented by the node
bfm being duplicated into two copies, one of which, bl' is
er:ered from a, while the other, bz, is entered from ¢, then we
s that a perfectly equivalent program which has the following
fow can be found: :

N thig graph {a,bl} and {C,bz} are intervals; s© ites derived

Japh consists cnly of two nodes, and the derived graph of

9, i : B ' str
Bis consists only of one. This example shows that an abstract

Focess of "node splitting® can allow the reduction even of
tx . g : seci
Yaphs which originzlly ar: icreducible.

ﬂmnomenon to be ohserved in this example 15

Moreover, the
perfectly general.

I

Io : 1 ., Let g
© See that +his is the case, we argué as follcvs

Let s be a set of

1 .
& program graph consisting of n non25. Py
consisting of

n; :
des within g, includin