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I II trodllCtion

The purpo!'>e of thi!'> hook i!'> to provide hack­
ground material for teacher!'> amI !'>tudent!'> or
APL. In a cour!'>e on APL the focu!'> i~ nece!'>­
!'>arily on the details of the language and its
use: it may not alway!'> he apparent what the
purpo!'>e of a particular rule might be. nor how
one piece of the language relate!'> to the 'Whole.
Thi. hook i!'> a collection of articles that Jeal
\\ Ith the more funJamental i". ue!'> of the lan­
guage. They appeared in \\ idel) . catten:J
.ource . ll\ er a perioJ of man) ) ear~. and are
not alway!'> ea. y to finJ. They are anangeJ in
the order or their appearance. !'>o it i" po!'>!'>ihle
to get a ~en!'>e of the Jevelopment or the lan­
guage from reaJing the artlcle~ in sequence.

The fir!'>t article. Formalism ill Program­
millg Lallguages. appeareJ before there wa
an implementation The reaJer who kno\\ ...
only contemporary APL will have to master
~ome JilTerence!'> in notation in orJer to under­
~tanJ it. The effort will be repaid. however.
becau!'>e it conJen!'>e!'> in a very !'>mall !'>pace
some information on the properties of the !'>ca­
lar functions which appears nowhere else. 111
the Jiscu!'>sion follo'W ing the paper. R. A.
Brooker a!'>k!'> a key que ... tion. one v\ hid1 ha...
foll(meJ APL through it!'> development:

Why do yOIl il1\i.\t 011 IISIlI~ a l/otaTiol/

Irhich is 11 lIis.:hTlI/l1/"C fo/" "pisT alld com­

pO.liTO/" alld ill/po.1 \'ih!(' to imp/ell/ellT \I'iTh

pllnching and p/"iIlTins.: (,(/lIiplI/C'nT Cll/"­

/"eIlT/y ami/ah!,,? What proPOll1/S //(/1'('

yOIl gOt.!fl!" OI'('/"COIllillg Thi.\ di/liCII/ty?

The que~tion haLl no good answer at the
time. The he!'>t that haLl heen propo. cd In-

volved transliteration rules that would have
made it very dirficult to work 'Wilh the lan­
guage. It wa!'> not until the advent of IBM's
Selectric typev. riter. with its replaceable print­
ing element. that it became possible 10 think of
developing a !'>pecial APL printing element.
Jean Sammet Jismls!'>eLl the paper in her revie\\
of It two years later h) \\riting. "a... "oon as
Ithe author I ,tart to Llefend the work on the
grounJ~ that it i... cun'entl) practical. he I on
very weak grounJ...· B) the time the rev it;\\
appeareLl. howe\·er. the wr) impractical nota­
tion had found it!'> implementer!'>. and I read the
n:vie\\ as I wa~ !'>itting al a terminal connected
to a 7090 !'»stem which wa!'> the time- ... haring
host for ...omething called IVSYS. the im­
mediate precur!'>or of \\ hat would he callcJ
APL.

The !'>econJ paper i!'> connecteJ \\ ith the
tran!'>ition from a pun: notation 10 an im­
plementeLl progral11mlJ1g language. When it
was \\ ritten. although implementation!'> had
hegun to appear. and the APL printing element
had been deVeloped. it wa!'> still not clear \vhat
\\a!'> the be!'>t \\ay to puhli!'>h the language, In
the hook. a... yOU can !'>ee from the. election.
u e \Uh stili made of boldface and italic Iype
tyle . rather Ihan the single font impo ed h)

the printing element. In the an \\er hook. hov.­
ever. the function ... \\ere di played in hoth the
old sty Ie and the ne\\. !'>o Ihat the lL er cou Id
easily. ee hO\\ to Iran!'>late het\\'een the two.

In the third !'>ekction. A.lgebra as a Lan­
guage, the case i!'> maJe for the superiority or
APL notation oyer tho!'>e of cOl1\ention,d arith­
Oldic and algehra. It abo gives a di ... cu!'> ... ion of
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the analogie het\\ een teaching a mathematical
notation and teaching a n.ltural lan!!uage. a
note that will be heard a!!ain in the la. t . elec­
tion. The papa make lear that there i. a
lar!!er purr 1 e to API. th.1I1 merel) to gi\e
peopl omething in \\ hich (( program. What
i intended i. a thorough reform of the \\ a)
m. thematil: L taught. ..!i\ en the e i. tence of
the computer.

The net two papers form a pair and can be
di ...cu ......ed together. In the fir. t. The Desigll of
,1PL, [-alkoIT and herson give the reasons for
man) of the design decision. that went into
APL. The occasion for the second paper. The
E~'oilltio" of APL, was a confl:rence on the
history of programming languages. Thl: criteria
for a language to be represented at thi ... confer­
elll.:e \\ere that It I) \\as neatl:d and in u,e by
1%7; 2) that it till be in u e b) 1977: and 3)
that it h.ld con iderabl) influenced the field of
computing. In the introduction to the proceed-
ing PL \\ a de ribed a. f0110\\ :

Thi 11IIlOua~e lIa re'( eil ((I \I'it!elprl'at!

tll( ill IIII' pel II fell year , illerl'asill~ frUII/
a fI'll hi~hly Ipe( iali:ed //Ialhell/atical
U\('I 10 lI/allY people /I ill~ il for quill' t!iJ­

'/('/'('111 appliwliolls, h,( !lulillg Ihose ill
hll.lill<'ls. 11.1 ullique characf('/" sef . ./i·e­
(IUl'lIf ell/pl/(/si.1 Oil (ryplic "olle-lilla"

progJ'(/IJI.\. elllt! its (~/Tecli!'(' illifial ill/­
pll'lI/elllafioll as all illfeJ'(/('fi!'e syslell/
II/(/ke if ill/porlallf. III addifioll, fhe 11I1­

iquell<'ls (~r if.I' ()\'endl approach alld
philosoph,' II/akes if si~lIlicallf.

Thi quotation properl) note the uccess of
PI. in commercial area. and al 0 give ap­

proprIate credit to the el kcti\cne. of the ini­
tial implementation. One ha to ha e li\'ed
through the trauma of earl. time-.haring.) ­
tern to be able to appreciate how !! od thi.
fir t PL reall) \ a.. I could tell dozen of
torie about hO\\ bad mo t earl time- haring
) tern \\ere. and for eal:h or the bad one.. I
ould tell a dozen. tories ahout the good qual-

itie of thi. fiN APL.

The la t three paper ha\ e In common that
tht) u e the direcl d(:!'illifioll form of function
definitIOn. It i. a bit earl) )et to a) hm\ im­
portant thi concept \\ III be, hut there i begin­
ning to he ome e\ idence to . ugge t that it \\ ill
ha\e applicabilit. in man) area of program­
ming. t lir t glance. it might appear that it.
u e would be re tricted to imple mathematical
function. , and might not. perlldp . be emplo)­
ed in large-. cale programming acti\ ities. Ht)\\­
ever. I ha\e seen reasonabl) largt: report
generators -invol\ ing !'>c\ eral dozcn func­
tions- built using this form. and ha\'e seen
othcr !'>),stem ... in which t\\O or three hundred of
thc!'>c functions interact.

As APL enters its third decade. it promises
to lind a signficantly larger numher or user!'>.
Those who truly wish to master it should kno\\
more than ju, t the meaning. of its primitive
lunction symbols. This book i. meant to help
thcm!

note on the origins of" PI."

remember quite well the day I tir t heard the
name PL. It was the ,ummer of 11.)66 and I
\\a \\orl\ing in the IB. 1 1uhan ic Laborator).
a small huilding in Yorl\to\\n Heights. NY.
The project I was working on was IBM's first
effort at developing a commercial time-sharing
system. one which was called TSS, The sys­
tem was showing signs of becoming incom­
prehensible as more and more bells and whis­
tles were added to it. As an e 'periment in
documentation. r had hired threc summer stu­
dent and given them the job 01 lransforming
the "dl:\e1opment workbook" t) pe of documen­
tatlt n \\e had for certain parts of the y tem
into omething more formal. namel) I\er on
notatIOn. \\ hich the three tudent had learned
\\ hile taking a cour. e gi\ en b) Ken h erson at
Fo Lane High School in Mount Ki co, Y.
One 01 the tudent \\a Eric her on. Ken',
on.

I \\ alked b) the office the three tudents
shared. I could hear sounds of an argument
going on. r poked my head in thc door. and



Eric asked me, "Isn't it true that everyone
knows the notation we're using is called
APLT I was salT) to have to disappoint him
by confessing that I had never heard it called
that. Where had he got the idea it was well
known'! And who had decided to call it that'?
In facL why did it have to be called anything'?
Quite a while later I heard how it was named.
When the implementation effort started in June
of 1966, the documentation eff0l1 started. too
I suppose when they had to write ahout "it."
Falkoff and Iverson realized that they would
have to give "it" a name. There were probably
many suggestions made at that time, but I have
heard of only two. A group at SRA in Chicago
which was developing instructional materials
using the notation was in favor of the name
"Mathlab" This did not catch on. Another
suggestion was to call it "Iverson's Belter
Math" and then let people coin the appropriatc
acronym. This was deemed facetious.

Then one day Adin Falkoff walked into
Ken's office and wro!c "A Programming Lan­
guage" on the board, and underneath it the ac­
ronym ··APL." Thus it was born. It was just a
week or so after this that Eric Iverson asked
me his question, at a time when the name
hadn't yet found its way the thirteen mile' up
the Taconic Parkwa) from IBM Research to
IBM Mohansic.

There was a period of time, however, when
the name was in danger of having to bc
changed. IBM had just gotten over the experi­
ence of having to withdraw the name NPL
which it had given to its "New Programming
Language:' because of a conllict with the use
of the same initials h) Britain's ational
Ph) sics Lahorator). The conn ict im 01\ ing
APL arose \\ hen a paper appeared in the 1966
AFIPS Fall Joint Computer Conference Pro­

ceedil/g,\. It \hlS b) George Dodd, of General
10tors Research, and wa. entitled APL-{/

lal/gl/age jiJl' a,\,\oC'iarh'e dala hal/dlil/~ ill PUI.

(PL I was the name nO\\ gi ven to the fonner
PL.) In the review of this paper that ap­

peared in C01l1Plllil/~ Rel'iell's 8, for Sep­
tember-October 1967 (revie\\ 12,753). Saul
Rosen wrote:

This rel'ie\l'el' //(/,\ ol/e \I/~~eslioll Ihlll i\
,?[(ered (/Ilile \el'/ol/.\/\. thol/~h 'oll/e

readers I/li~ht COl/sider il/rimlolls, There

already exi\t\ al lea\1 ol/e 11I1I~lIa~e Ihlll

is reasollahl" I\'el/ kllOIl'1/ In il,\ acrOI/\'I1l

APL. I nler 10 Ihe lal/gl/{/~e del'£'!o/h'd

by hersol/ jor \I'hich II'£IJ/\/([(or.\ {/I/(I il/­
lerpreler,\ ha\'e heel/ II'ril/el/ Oil a IIl1l1/her

'1 COII/plllel'\'. It 1I01i1d he help/iii !( Ihe

a II/h01',\ I~( Ihe pn'\elll {/rlicle co1i1d 1I1{/ke

sOll/e 1I1il/or ChClI1 ~e ill Ihe Ill/II/e c~/ Iheir

proce,\,\or /() rell/{/\'e Ihi.\ I'ery gllllJelI {/I/I­

bigllily,

George Dodd replied in a letter to the editor
that appeared in CACM II. for May IlJ6X. p.
378:

I \I'(JIIld like 10 c~lf£'r a rehllllal III the 1(/\1

paragraph (II' Ihe olherll'i \(' ('\c dlell/ lIl/d

acc//rale rel'ie\\, cl r\PL-a language for
associative data hanJling in PI. r
In Ihe re"'iel\ if i\ poil/led oul fhal Iltere

already e.risfs olle olher lal/,(}ua~e knoll'lI

hy tlte aU'oll\lI/ API.; thaf heillg Ihe 1£11/­

gua~e c!('I'e!O/Jl'c! h\' Kel/llellt !I'el'\oll I!f

IBM. The ri'l'ie\l'l'/' cOJ/eluc!e.\ thaI Ihe

IIllllle (!( our proce.\'\or \hould he chall~cc!

fo (/\'oid a ('(l/!/lill of I/all/C,\.

Before lillI/lin ~ lite IWlguagc Ill' c01/­

ducled a Ihorouglt \earch 0/ Computing
Reviews, AHPS Re\ic\\s. alld olher

sources, w/(I al fltal lill/e (spril/g. /9(6)

ascer!ail/ed Ihal Ihe APL aCJ'OI/YII/ \1'(/.\

ul/il/I/e. Un/il/'II/I/alely. !I'ersol/' \ 1£11/­

guage, II'hich i.\ (11/ illlerJlal IBM 'h'l'e!op­

/IIeJ/f pJ'(~ie('1 al/d 1/01 01/ w/llOul/ced IJroc!­

uel. hos olIO COlI/l' to he kl/owl/ In Ihe

wlI/e 11lI1/I£'. We /ee! our pllhlic referel/l e
10 API. precec!ed 1I'e/,\,01l' \' al/d Ihm 0

II/ore l"eo\'(lI/ahlc' re'(/uc,\1 .froll/ Ihe I"e­

I'iell'cr 1\(Iuld he Ihat Ihe I/a/lle (If the

1I'ermll API. he ('I/(/I/~ec!.

There was a hort but fair!) IIlten e kirmi h
inside IBM follc)\\ ing the George Dodd teller.
I don't kno\\ all the details. hut I helie\ e the
IB, 1 branch office \\ hich handled the General

Introduction I:i



Motors account was SuppoJ1ing George Dodd,
and the case for IBM's right to use the initials
was being made by Al Rose. [ don't know
what became of George Dodd's processor. The
issue wasn't resolved until late in 1968. and
was one of the things preventing the release of
APL as a product. Rose eventually won the
day by making the case that Iverson had estab­
lished his stake in the initials when his book A
Programming Language was published in
1962, long before Dodd's use of the letters in
1966. The story goes that, at the final meeting
to decide whether to release APL. the account
representative said. "The Detroit branch office
nonconcurs-" at which point the vice presi­
dent sitting in judgment replied, "That settles
it! Branch offices don't nonconcur." And so
IBM retained the use of the letters.

Curiously, in view of the National Physics
Laboratory's objection to the programming lan­
guage named NPL, the Applied Physics Labo­
ratory of Johns Hopkins University never made
an issue, as far as I am aware. of IBM's joint
use with them of the initials APL.

There is at least one other claimant to the
initials. When the rEM Philadelphia Scientific
Center closed in 1974, many of the APL
people there moved across the continent to the
San Francisco area, to work at an rEM lan­
guage development location in Palo Alto.
While this was going on, one of those moving
picked up a copy of the San Francisco Chroni­
cle which had the headline, "APL LEAYES
SAN FRANCISCO." Since he had just pulleo
up stakes in the Philadelphia area. he was star­
tled to see that the same thing was about to
happen again in San Francisco. On closer in­
spection, however, it developed that the story
concerned the departure of the facilities of the
steamship company. American President Lines,
from the docks of San Francisco to the docks
across .the bay in Oaklano.

Eugene E. McDonnell

Se/J!ember /98/
Palo Al!o

11 El (;E F. F.. ~1.·nO~E1.L
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Formalism In Programming Languages*

Kenneth E. Iverson

International Business Machines Corporation, Yorktown Heights, New York

Introduction

Althou~h the question of equivalences hetween algo­
rithms e.'pre:sed in the same or diff£>r£>nt languages has
received some attention in tl](' literature, the more practical
que:tion of formal id£>ntitie' among statement in a .'ingle
lan~uag£> has rec£>iwd virtually nonp. The importance of
such id£>ntitie, in theoretical work i: fairly ob,'iou . The
pre:ent pap£>r will he addre, ed primanly to th£> practical
implication for a compiler.

The formal identitie, can be incorporat£>d directly into a
compiler, or can alternatively he II, 'ed by a programmer to
derive a more' efficient £>quival£>nt of a program p£>cifi£>d
by an allaly.t. Ihe id£>ntitie. cited include (1) dualilies

which permit the inclll:ion of only one of a dual pair a. a
basic operator, (:2) parlilioning irhnltlies which permit th£>
automatic allocation of limited fa t acc£> 's torage in oper­
ation: on arrays, (:3) permulalwn idr nlilies \, hich permit
the adoption of a proce.'sing sequence suited to the par­
ticular representation used (e.g., row list or column list of
a matrix), (4) general associalil'ity and dislribulivity idenlz­

ties for double operators (determined as a function of the
properties of the basic operator.) which permit efficient
reord£>ring of op£>ration:, (.'j) tTal/spa ilion identities, and
(6) the automatic extension of the appropriate identitie 0

to any ad hoc operatIOn. (i.e.,ubroutin£> or procedure .)
d£>nned by any II.W of til(' compiler.

The di cu: ion will b£> ba:ed upon a programm1'1g lan­
guage which ha be£>n pr£> ented in full el e\\ Ill'r£> [1]. Ho\\
e,'er, tIl(' r£>levant a pert of thl' langllag£> will fir. t he
sumlllariz£>d for reference,

* Received July, 1963. Pre. ellted at a "orkmg Conference 011

Mechanical Larguage 'tructur£ PUllleton, .T. J., Augu t 1%3
spon,ored h) the A ociati n for (omputing lllchinl'f) the
In. titutl' for Defen (' n' he, and ttl' 811 inl' EqUIpment
:\lanufacturer A' ociation. ThIS work w donI' at IhrvarJ l DI­

versity whi)p thc author \\~~ vIltrng leetur r, Fel)rJI' ry
through June, 1963

The problem1:i of transliteration and syntax which com­
monly dominate discussions of language will here be sub­
ordinated as follows. 'I'll(' symhols employed will permit
th imllH'diate determination of til(' class to which eaeh
belongs; thus literals ar£> denoted hy roman type', variable'.
ar£> (knotpd by italic 0 (Iow('fea'p, lowerca 'e hold, and
upperca e bold for :calar, vector and matri,', re, pecti, l'ly),
and operator' arc dpnot£>d by di tinct (u 'ually nonalpha­
betic) :ymbo!.. The problem of tran:literation (i.p.. map
ping the :et of . ymhol l'mployed onto til(' . mailer et
provided in a computer and of mapping po itional infor­
mation (:nch a: 'ub:eript and uper.'cript·) onto a linear
reprl' entation ther£>forp can, and will, h£> uhordinatl'd to
qu£>stion, of the :trncture of 1\1\ adequate langllagC'.

The Languap;c 1

1. The Il'ft ano\\"~ "<knot!' .. peeificatlOll," and eaeh
statl'lll('nt in the langua<rl' i-; of th£> form

t<- Cl

whpre X is a variahl£' and Cl i1:i SOI!lP fund iOIl.
2. The application of any lInary opNator 0 to a cl!ar

argul1\l'nt x IS denot£'d by (,:c, and thl' applieation of a
hinary operator 0 to th!' arguments x, y is dl'lloted In'
.1' 0 y. 'I'll<' set of ba:ie operatur and symbol: in 'ho\\ n i;\
Tabl£> 1 'I'hp USl' of the 'amp 'vmhol for a binary and a
ullary opprator (c.g., x L y for mine x, y) and Lr for
largp t integPr Ilot P. ('eeding.J: pl"Oduc£> no ambigUlt\
and doc conscrv£> ymbol '. .

\ ho\\ II in I able 1. any rplatlOlI I treated a an opel'
ator denoted hy the II ual ymhol for th£> relation I.a, .nl!;
the range zero and one logical, ariablC' 'I'hu 0, for intpf;er
i and j, the opemtor" "i erl'lh alent to til{' r-roned,£>r
delta.

I The language dp eribc d here differs from that III [1 J III mlIl r
del RI.>; de Igned to further S) stematizC' and simplify it truct urI'

Except for brll.nphing t lemPI,t , \\ hieh are not relevar t to
the pre pnt dlseusslOn



TABLE 3. CONSTANT VECTORS AND SQUARE MATRI(,E~ OF
DIMENSION n

Table 2 and include the dimension operators II and J..I. as
well as the transposition operators e, e, 0, 0, in which
the symbols indicate the axis of tran position of a matrix.

7. It is convenient to provide symbols for certain con­
s.tant vectors and matrices as shown in Table 3. The
parenthetic expression indicating the dimension of each
may be elided when it is otherwise determined by conform­
ability with some known vector.

TABLE l. SYMBOLS FOR BASIC OPERATORS
UNARY Bll\ARY

Operation Symbol Operation Symbols

Absolute value Arithmetic + - X
operators

Minus Arithmetic re- < ;:;; ~> ""lations
Floor (largest integer L Max, Min r L

contained)
Ceiling (smallest in- r Exponent ia- x n y

teger containing) tion (yz)

Logical negation Residue 111 I n
mod m

Reciprocation Logical AND, AV
(+x<->l+x) OR

TABLE 2. UNARY OPERATIONS DEFINED ON ARRAYS

vx Dimension of vector x

vA Row dimension of matrix A (dimension of row
vectors)

I-lA Column dimension of matrix A (dimension of
column vectors)

e CD 00 Transposition of matrix about axis indicated
by the straight line (0A is ordinary transposi­
tion of A)

CD CDx denotes transposition of vector x (reversal
of order of components)

.1 Ba e-two value of vector

Symbol

£(n)
£i(n)
ai(n)

wi(n)

D(n)
lSI(n)

~(n)

1!1 (n)

[II (n)

Designated Conslanl

Full vector (all 1's) 1
jth unit vector (l in position j)

Prefix vector of weight j (j I
leading l's)

Suffix vector of weight j (j
trailing 1's)

Interval vectur (j, j+1,' . "
j+n-l)

Zero matrix
Identity matrix (l's on di­

agonal)
Strict upper right triangle (l's

above diagonal)
Upper right triangle (l '8 abuve

and on diagonal)
Strict lower right triangle

Logical Vectors

Logical Matrices

3. The ith component of a vector x is denoted by Xi ,

the ith row vector of a matrix M by M
i

, the jth column
vector by M i , and the (i, j)th element by M/. A vector
may be represented by a list of its components separated
by commas. Thus, the statement

X+- 1,2,3,4

~ (n) Upper left triangle

8. If a( i) denotes one of a family of variables (e.g,
scalars Xi or Xi , vectors Xi or Xi or Xi , or matrices iX )
for i belonging to some index set i, and if 0 is a binary oper­
ator, then for any set s 5;;:::; i,

specifies X as a vector of dimension 4 comprising the first
four positive integers. In particular, catenation of two
vectors x and y may be denoted by x, y.

4. Operators are extended component-by-component to
arrays. Thus if 0 is any operator (unary or binary as
appropriate) ,3

If

or if

a( i) Xi and s

,. +- x 0 y ~ 1', +- Xi 0 Yi

R +- OM ~ R/ +- OM/

R +- M 0 N ~ R/ +- M/ 0 N/.

5. The order of execution of operations is determined by
parentheses in the usual way and, except for intervening
parentheses, operations are executed in order from right to
left, with no priorities accorded to multiplication or other
operators.

6. Certain unary operators are defined upon vectors
and matrices rather than upon scalars. These appear in

3 The symbol <-> will be used to denote equivalence.
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a(i) = Xi and s = ,I(IIX),

then sand i may be elided. Thus,

+/X XI + X2 + ... + x,x ,

/\/x XI /\ X2 .•• /\ x'x,

+/X XI + X 2 + ... + X,x, etc.

If a(i) = Xi and s = ,I(J..I.X), then the sand i may be
elided provided that a second slash be added to distinguish
this case from the preceding one. Thus,

O//X= X I OX2 0 ... OX~x.

9. If a is any argument and 0 is any binary operator,
then 0 n / a denotes the nth power of a with respect to O.



11 [S1 is a matrix with olles on tIl(' !.th ;,;upel'-
o

Formally,

onI a ~ a 0 a 0 ... 0 a (to n terms).

Hence Ol/a = a, O-I/a is the inverse of a with respect
to 0, and OO/a is the identity element of the operator 0
(if they exist).

10. If 01 and 02 are binary operators, then the matrix
product A~~B is a matrix of dimension J.lA X vB defined by:

(A~~B)/ = Or!A'02Bj •

In particular, A ~ B denotes the ordinary matrix product.
Moreover, the pair (~~) behaves as a binary operator on
A and B and hence may be treated as a binary operator.
For example, applying the notation of part 9, (~)-IIA
denotes the ordinary inverse of A.

If the post-multiplier is a vector x (i.e., a matrix of one
column), the usual conventions of matrix algebra are
applied:

+ i+ .
(A X X)i = A x x = +1A' X x.

Similarly,

(x ~ B)j = x ~ B j , and x ~ Y = +Ix X y.

11. The outer product of two vectors x and y is denoted
by x 0 y and defined as the matrix M of dimension
vx X vy such that M j' = Xi 0 Yj .

12. Deletion from a vector x of those components corre­
sponding to the zeros of a logical vector u of like dimension
is called compression and is denoted by u/x. Compression
is extended to matrices both row-by-row and column-by­
column as follow :

Y f- u/X ~ y i = u/Xi

Yf-uIIX~ Yj = ulXj .

11. If p is any vector containing only indices of x, then
xp is defined as follows:

X pi , i E /(vp).

If p is a permutation vector (containing each of its OWI1

indices once) and if vp = vx, then X p is a permutation of x.
Permutation is extended to matrices by row and by

column as follows:

Yf-Xp~ yi = (X')p

)' f- xP ~ Yj = (Xj)p.

12. Left rotation is a special case of permutation denoted
by k i x and defined by

y f- k i x ~ Yi

Right rotation is denoted by k 1 x anq is defined anal­
ogously.

A noncyclic left rotation (left shift) denoted by 0 is
defined as follows:

k ! x ~ ("-'w
k

) X k i x.

(The zero attached to the shaft of the arrow HUggt'st . that
zeros are drawn into the "evacuated" position::;). ~imilarly,

k 1 x ~ ("'-Il) X k 1 x.

Rotations are extended to matrices in the usual way, a
doubled symbol (e.g., 11) denoting rotation of colI/innIS.
For example,

(Ii ! xr = I.', ! Xi,

and (kE)

diagonal.4

13. Any new operator defined (e.g., by some algorithm,
usually referred to as a subroutine) is to be denoted in
accordance with Definition (2) and is extended to arrays
exactly as any of the basic operators defined in the lan­
guage. For example, if x gcd y (or, better, x ~ y) is used to
denote the greatest common divisor of integers x and y,
then x ~ y, l I x, and X ~ yare automatically defined.
~Ioreover, if n is a vector of integers and F' represents
the prime factorization of ni with respect to the vector
of primes p (that is, n = F Ap), then clearly ~ I n =

( L/IF) Ap. Similarly, if x I y denotes the l.c.m. of x
and y, then I I n = ( I I F) Ap.

Array Opcrations in a COInpileI'

The systematic extension of the familiar vector and
matrLx operations to all operatm:>, and tilt' introduction
of the generalized matrix product, greatly increm,e the
utility and frequency of use of array operations in pro­
grams, and therefore encourages their incln"ion in the
::-ource language of any compiler. Array opNutions can, of
course, be added to the repertoire of any Rource language
by providing library or ad hoc ::-ubroutincs for their exe­
cution However, the general array operationi'; i'pawn a

host of useful identities, and these identities cannot be
mechanically employed by the compiler unle"s the array
operations are denoted in fiueh a way that they are easily
recognizable.

The following example illustrates thi" point. Considei'
the vector operation

Xf-X+Y

and the equivalent subroutine (expressed 1Il AU:OL and
using IIX as a known int('ger) :

for i = 1 stcp 1 until vx do

.r(i) := xU) + y(i)

• The £ may be elided.
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