






























































































!centre(Talk siven at Mecho meetins 22.5,81) 

1. Aim. Basic obJectives of IMPRESS theorem-prover in 
meta-theory of alsebra etc. 

2. Current obJective is to senerate some Proof schema, collect 
them tosether and then imPlement some code. Sussestions 
welcome for important Proofs to be considered. I'll start 
with a Proof of the correctness of isolate (a suitably 
modified version of note 64), 

3, Write up statement to be Proved and Sive handout. 

4. Current environment. Alan's Proof checker modified a little, 
Plus Lawrence 6 S data base. ExPlain notation. 

The first decision the Prosram has to make is how to Prove 
the result, MY initial assumption will be induction Proofs, 
so what the Prosram has to decide is how (or on what) to 
induct, In this case the Prosram looks at the sub9oals and 
tries to find a suitable candidate for an indu~tinn scheme, 
In the isolate example, there are 3 suhsnals to be 
considered, Sinsle_occ calls occ which is a utilits (I'm not 
sure exactly where this infomation will be), Position is 
also a utility, and can be similarly isnored. However the 
axiom isolate which is the representation here of the isolate 
method very clearly recurses on a smaller and smaller Posn. 
So induction on the structure of Posn will be tried. 

6. The next step is to set UP the two cases that need to be 
Proved, i.e. the base case and the step case. The base case 
is when 
handout). 

we set Posn to 
SHmhols are 

be [J, the 
sensYmmed 

emPtY list. <Next 
for uninstantiated 

variables, (nice ones have been chosen on the sheet). And 
' the Proof flows reasonably naturally. InterestinSlY hYP2 is 

not used (is this bad?). 

7. The steP case leads to the second Proof on the handout. And 
the Proof is complete. 

8. ImPlementation details are necessarils vasue at the moment as 
is anY Perspective on the relationship of IMPRESS to 
Boyer-Moore, autom~tic Prosrammins or anYthinS else, 

C'est tout! 



Axioms to Senerate the isolation Proof 
essentiall~ Siven in note 64 11.5.81 

ax(defn_solve,[solve<X,Ean,Ans>J,[eauiv(Ean,X=Ans>,free_of(X,Ans)J). 

ax(solve_backi,CeauivCEan,X=Ans>J,[solve(X,Ean,AnslJ). 

ax(solve_back2,Cfree_of(X,Ans)J,Csolve(X,Ean,Ans)J). 

ax(free,[free_of<X,B)J,Csinsle_occ(X,X=B>J>. 

ax(sinsle,CsinSle_occCX,ExP)J,[sinsle_acc(X,New),isolaxCN,ExP,New)J), 

ax(sinsle2,[sinsle_occ<X,X=Ans>J, 
CsinSle_occCX,Ean),position(X,Ean,Posn>,isolate(Posn,Ean,Ans)J). 

ax(Posn,[PositionCX,Ean,Posn)J,[isolax<N,Ean,Emnl), 
Position(X,Eanl,CNIPosnJ>J>. 

ax(emuivx,[eauiv(New,Old>J,CisolaxCN,Old,New)J), 

·eauiv,Ceauiv(Old,X=Ans)J,[isolate(Pos,Old,Ans)J), 

ax(eauiv_ex,[eauivCA,B>J,[eauiv(A,Cl,eauiv(C,B)J). 

ax(isolate,[isolax(N,Old,New>J,Cisolate([NlPosnJ,Old,Ans)J). 

ax(isolate2,[isolate(Posn,New,Ans)J,[isolate([NIPosnJ,Old,Ans)J). 

ax(isolat,[isolax<N,Old,New)J,[isolate([NlPosnl,Old,Ans>, 
isolate([PosnJ,New,Ans)J), 

ax(is_back,[isolate(Pos,Ean,Ans)J,Csolve(X,Ean,X=Ans)J), 

The nesation of the base case Yields 

ax(basehsPl,[sinsle_occ(x,lbase=rbase>l,[J), 

ax(basehYP2,[Position(x,lbase=rbase,[J)J,[J), 

ax(basehsP3,[isolate([J,lbase=rbase,ans)J,CJ). 

ax(basesoal,CJ,[solve(x,lbase=rbase,ans)J). 

The nesation of the induction step Yields 

ax(stePhYP1,[sinsle_occ(x,lsteP=rsteP)J,[J). 

ax(stePh~P3,Cisolate([nlPosnl,lsteP=rsteP,ans)J,CJ), 



ax(stePh~P4,Esolve<X,Ean,Ans)J,[sinsle_occ(X,Ean>, 
Position(X,Ean,Posn>,isolate(posn,Emn,Ans)J), 
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Prolos-10 version 3.2 
Cop~risht (C) 1981 by D, Warren, F. Pereira and L. BYrd 

I ?- resolve(indsoal,defn_solve), 
We resolve indsaal and defn_salve to form new clause lemma6 which is: 

--<--
emuiv(lnew=rnew,x=ans) I 
·fpet2 .... c:t·f· ( ~.;:, ar1·::-) 

i ?- resolve(lemma6,eouiv_ex), 
We resolve lemma6 and eouiv_ex to form new clause lemma7 which is: 

eauiv(lnew=rnew,_124) I 
eauiv<-124,x=ans) & 

s example of hYPer_resolution comes from lemma7 and defn_solve_back. 
_/ 

l ?- Print_clause(hlemmal). 

solve(x,_67,ans) I 
emuivClnew=rnew,_67) 
'::ff?·S 

I ?- resolve(indhYP4,hlemma1). 
We resolve indhYP4 and hlemmal to form new clause lemmas which is: 

position<x,_123,[PosnJ) I 
isolate([posnJ,_123,ans> I 
eouiv(lnew=rnew,_123) 

I ?- resolve(lemma8,sinsle). 
We resolve lemmas and sinsle to form new clause lemma9 which is: 

sinsle_occ<x,_124) I 
eauiv(_124,_123) I 
Position<x,_123,[posnJ) I 
isolate([posnJ,_123,ans) I 
eauiv(lnew=rnew,_123) 

?- merse(lemma9), 
We merse two occurrences of eouiv(lnew=rnew,_88) in lemma9 to form corollarY2, wh 

sinsle_acc(x,lnew=rnew) I 
Position(x,_88,[PosnJ) I 
isolate([posnJ,_88,ans) I 
eouiv(lnew=rnew,_88) 
~::!€~·=· 

l ?- resolve(corollarY2,indhYP1). 
We resolve corollarY2 and indhYPl to form new clause lemmalO which is: 



❖ •+I~:?I..J --1 
-:;;..::i~::! 

--:::-

:si 4JJI..JM £1ewwar asnerJ Mau WJOJ 01 £dfil..JPUJ pue z1ewwa1 aAtosaJ aM 
"(£dRI..JPUJ'Ztewwat)aA1osaJ -l l 

saR 
(Sue,MaUJ=MaUt'[USOdjUJ)a1e1osr 

··--:> 

:sr 1..JJJI..JM z1ewwa1 asnetJ Mau WJOJ 01 ZdRI..JPUJ pue zewwa14 aAtosaJ aM 
'(ZdRI..JPUJ•zewwa14)SA"f.OSaJ -~ l 

saR 
([USOdl£9-]'MSUJ=MBUt•X)UOJ1JSOd 

-~ ,.---J- ·····1·. ····11·r. ···1.i-··· ,, ·-·····-1· --- -··l.l :; \ :::-i :.:: u P·p:J .J ... 1.=r-1:;.1 ... i: L. ·~t .. Jo ! e-: "j_·i •-' ) r.":r4::::· t. 

··->· _,, 

1 (zewwa14)asne1J-1UJJd -1 

"([(SU1'PIO'CdlNJ)a1e1osr•ccdlNJ'PIO'X)UDJlJSodJ 
'[(SUV•MaN'[dJ)a1erosJ'([dJ'MSN'X)UOJlJSOd•(MSN'PIO'N)XetoSJJ•a1e1osJ)Xe 

sr qJJqM ,a1e1osr pue Jtewwar &UJAtosaJ-JadRI..J woJJ sawoJ asnetJ SJI..Jl 

·3,f!Ji:::t 

csue•rz1-•cusodJ)a1e1osr 
I ([USOd]'£Zt-•X)UOJ~tsod 

I (£Zt-•MaUJ=Mau1•~z1-)xe1osr 
--)· 

:sr qJJqM 11ewwa1 asnetJ Mau WJOJ 01 XAJnoa pue 01ewwa1 aAtosaJ aM 
1 (XAJnEa,01ewwa1)aAtDSBJ -l l 

.. S.-1:•:-) ;::; 

(O~J-•MaUJ=MaUt)AJnEa 
1 csue,0~1-•cusodJ)a1e1osr 

I ([USDd]'0~J-'X)UDJ1JSOd 
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- resolve(soal,defn_solve). 
resolve soal and defn_solve to form new clause lemmal which is: 

:i.\l(l=r,::.;=ar-1·:=.) & 
e __ ;::;·f ( ::-:: ~ or1s) 

- resolve(lemmal,free). 
re~Jlve lemmal and free to form new clause lemma2 which is: 

Sle_occCx,x=ans) & 
t-../( I==r:1-;-f=ar1·::;) 

.a..,..,,--, ·r, ·p ( 1 P"' f" •••. ,··, - .: ,- .-•:J--· ) ~,;.-; ;::-L J. ·./::: ~-·:::id U,c:,..,:.: !-'" ~ .!. 2 !:::: . !:.: . -:-

re SO! Ve lemma2 and sinSle to form new clause lemma3 which is: 

j_ t./ ( ___ j_ :~~4 V ~-::=::r:::ri"::: .. ) ~ 

i \i ( 1 ::::·r :1 }-::=2-r1s) 

-·· r1112 r ,:::; e C 1 12 111 mi:~ ~~ ) • 

merse two occurrences of eauiv(l=r,x=ans) in lemma3 to form corollarsl~ which is: 

·- resolve(corollarsl,eauiv). 
resolve corollarY1 and eauiv to form new clause lemma4 which is: 

'- resolve(lemma4,hsP1). 
resolve lemma4 and hYP1 to form new clause lemma5 which is: 

-<--·· 
1late(_140,l=r,ans) 

•- resolveClemma5,hsP2). 
resolve lemmas and hYP2 to form new clause lemma6 which ist 

~ first three steps of the Proof of the induction steP are the same 
for the base case, so the Proof begins wioth lemma3 from above. 



f- resolveClemma3,indhsP1). 
resolve lemma3 and indhYP1 to form new rlsu~P lemma7 which is: 

<-
1iv(lnew=rnew,x=ans> I 
Jiv(l=r,x=ans) 

f- swaP2Clemma7), 
Jrderins terms to form new clause corollarY2 which 

<-
1iv(l=r,x=ans) I 
Jiv(lnew=rnew,x=ans> 

f- resolve(corollars2,eauiv_ex), 
resnlvP corollarY2 and eauiv_ex to form new clause lemma8 which is: 

<-
J \=r,_124) & 
Jiv._124,x=ans) I 
Jiv(lnew=rnew,x=ans) 

f- merseClemmaB). 
merse two occurrences of eauiv(lnew=rnew,x=ans) in lemmas to form corollarY3, wn1 

<-
Jiv(l=r,lnew=rnew) & 
Jiv(lnew=rnew,x=ans> 

f- resolve(corollary3,eauivx>. 
resolve corollars3 and eauivx to form new clause 

<-
Jlax(_124,l=r,lnew=rnew) & 
Jiv(lnew=rnew,x=ans) 

f- resolve(lemma9,eauiv), 

lemma9 which 

~lve lemma9 and eauiv to form new clause lemmalO which is: 

<-
Jlate(_125,lnew=rnew,ans) 
Jlax(_145,l=r,lnew=rnew) 

V a 

f- resolve(lemma10,indhYP2). 
resolve lemma10 and indhYP2 to form new clause lemma11 which is: 

<-
Jlax(_141,l=r,lnew=rnew) 

f- resolve(lemma11,indhsP3). 
resnluP lemma11 and indhYP3 to form new clause lemma12 which is: 

<-

?- halt. 



Utilitie~ Packase (2 APril 81) 

Press:press.ops consulted 30 i,.mrds 0.03 sec. 
i 

Press:misc consulted t,44 words 0.22 sec. 

Press:match consulted 1743 14ords 

checke consulted 0.41 sec. 

isolat.new consulted 338 words 0.12 sec. 

·f :i 1 in consul ·t.ed 3813 ~Jords 

! ·r-- ok. 
:n~E-SS DAI 

Frolos-10 version 3.2 

I ?- resolve(soal,defn_solve>. 
We resolve seal and defn_solve to form new clause lemma1 which is: 

eauiv(x=ans,l=r> & 
f·rf?e_.c)f (}{,ans) 
~:$'25 

l 1- resolve(eauiv_sym,lemmal). 
We resolve eauiv_sym and lemma1 to form new clause lemma2 which is: 

eauiv(l=r,x=ans> & 
f·ree._o-f (~-~,ans) 

l 1- resolve(free,lemma3> • 

.. 0 

~~ ?- resolve(free,lemma2). 
1.,.Je reso 1 ve free and 1 emma.2 to form new cl a use 1 emma3 wh i eh is t 

sinsle_occCx,x=ans) I 
f~CR1:i.v( l=r,}t=ans> 
'::~eE~ 

: ?- resolve(sinsle,lemma3). 
1.,.Je resolve s:i.nSle and lemma3 to f·orm nei,.1 clause lemma4 t4fiich is! 

sinsle_occ<x,_111> I 
eauiv(_lll,x=ans> & 
f?C·Rl iv ( 1 = r, ~-~=ans) 

: ?- merse(lemma4>. 
We merse two occurrences of eauiv(l=r,x=ans> 

sinsle_occ<x,l=r> I 
eau:i. v ( J.=r, ~-;=ans> 

in lemma4 to form corr1, which 



Yes 
l ?- resolve(hYP1,corr1). 
We resolve hYPl and corrl to form new clause lemma5 which is: 

<-
eauiv(l=r,x=ans) 

l ?- resolve(eauiv,lemma5). 
We resolve eauiv and lemma5 to form new claus~ lemma6 which is: 

<-
isolate([J,l=r,ans> 

?- resolve(hYP2,lemma6).; 

***sYntax error*** 
resolve(hYP2,lemma6) 
***here*** 

resolve(hYP2,lemma6), 
we resolve hYP2 and lemma6 to form new 

<-

I 

I 

clause lemma? which ist 



We resolve Soal and defn_solve to form new clause lemma1 which is: 

free_of(xr_108) I 
ans=(x=_j_08) I 
eauiv(ans,_117=b> 
Yes 
I ?- resolve(ident,lemma1). 

We resolve ident and lemmal to form new 

ans=(_116==b) I 
free_of(x,_115) I 
ans=( }{= .. 115) 
Yes 

?- mer•e<lemma2). 

l 
clause; lemma2 

i 

h merse two occurrences of ans=(x=b) in lemma2 to form corrl~ which is: 

-i~r1s= ( ~·{=b ) 
~,~es 
: ?- resolve(corrl,free_of). 

We resolve corr1 and free_of to form new clause lemma3 which 

sinsleocc(x,_107=b> I 
PDSition(x,_107,_108) I 
i~ns= ( }{=b) 
yes 
l ?- resolveClemma3¥hYP1). 

i 
We resolve lemma3 and hYP1 to form new clause lemma4 which is: 

I 

Position<x,a,_113) I 

Ye'!:, 
I?- resolve(lemma4,hYP2), 

We resolve lemma4 and hYP2 to form new clause lemma5 which is: 

ans= ( J-:=b > 
wes 
: ?- resolve(positiont1,hYP2). 

We resolve Positiont1 and hYP2 to form new clause lemma6 which is: 

~1es 
I ?- Paramod(lemma6,lemma5). 

We paramodulate lemma6 into lemma5 to form new clause lemma?, which is: 



<-
ans=(a=b) 
yes 
l ?- resolve(lemma7,isolate+1>. 

/ l 
We resolve lemma? and isolate+l to form new cl~use lemmas which is: 

<-
isolate([J,a=b,ans) 
Yes 
I ?- resolve(lemma8,hYP3), 

We resolve lemmas and hYP3 to form new 

<-

Yes 
?- true, 

i 

f 

clause ~emma9 which is: 



-11,··;t:: [i[:c: ~ Ft rc 11v·; i ri;:~ t.f·i~'.:= r·ftJB "[ CtC:t::ci T-PeriC:t.;:: Cif· t.!·!1;:! tir1!-:.riCti.t.Jr1 j_ !-i t.r,e f:!(~I .. f at. :i. C)r·~ t.t""ii!i ❖ 
;;t', 

solve(Ean,X,Soln) <-- occ(X,Ean,s(s(2))) & collect(Ean,X,New) 
& positionCX,New,P) & isolate(P,New,Soln) 

solve(Ean,X,Soln) <-- PositionCX,Ean,Posn) 
& isolate(Posn,Ean,Soln) & sinsle_occ(X,Ean) (2) 

occ(X,Ean,s(N)) <-- collect(Ean,X,New> & occCX,New,N) 

sinsle_occ(X,Ean) <-- occCX,Ean,s(O)) 

solve(Ean,X,X=Ans) <-- free_of(X,Ans) & eauivCEan,X=Ans> 

solve(Ean,X,Soln) <-- eauivCEan,New) & solve(New,X,Soln) 

eauiv(Ean,New) <-- collect(E~n,X,New) 

Nesatine and skolemizine (1) dives 

occCx,ean,s(s(2))) <-­
collect(ean,x,new) <-­
Position<x,new,P) <-­
isolate(p,new,soln) <--
<-- solve(ean,x,soln) tjn~l 

Resolvine eoal with (6) Sives 

<-- eauiv(ean,New) & solve(New,x,soln) 

Resolvins (Rl) with (2) Sives 

<-- eauiv(ean,New) & Position(x,New,P) & isolateCP,New,soln) 
& sinele_occ(x,New) 

Resolvins <R2) with hsP4- eives 

<-- eeuiv(ean,new) & Position(x,new,P) & sinsle_occ(x,new) 

Resolvins CR3) with hsP3 Sives 

<-- eeuiv(een,new) & sinsle_occ(x,new) 

Resolvins (R4) with (7) sives 

<-- collect(een,X,new> & sinsle_occ(x,new> 

Resolvins (R5) with (4) Sives 

<-- collect(eon,X,new) & occ(x,new,sCO)) 

Resolvins hYP1 forward wrt (3) Sives 

collect(een,x,New) <-- and occCx,New,s(O)) <-­
Call the latter hsPl'. 



<-- occ(x,ea,s(O)) 

Resolvins R7 with hsPl' tjivps 



/* FILIN: ImPres read in file - 11.5.81 

❖ 
❖ 

load~ 
,...., ;;:: u -::. ;:., • 

r:--r:i.nt 

.l F-· res s. t rf, t s.i~ ... , 

••• P r-ess :; r1,.st.-ct-1,... ~ 

c:·J-·,ei::i~.t?, 

writehead :- writeC'IMPRESS 

% Or:--erator declar~tions 

;~ L.c:r~::,j =•··-:· :i c1rr1 ·:::. 

~~ (:1 ;:::-!t·:::.19 ~).;:·f-..;:(to:-:•-:-£-:1 IT!Bf'i-::::~;effs(-?t-i"t~ 

% Clause prett~ printer 

% Press utilities 
/~ t-\.st.c-tl t r,s c·~)c!e 
~};: #\l ,::ri • .:: =- Prc,1:::tt" 

% Isolation rlauses 

re:i.n:i.ti.3J.ise., 



Leor, 
UPdstedl 2 Novembe~ 81 

. 
ax(iso1~te_correct,[solve(X,EGn,Ans>J, 

[sinsle_occ(X,Ean>,Position(X,Ean,Posn>,isolste(Posn,Een,Ans>J). 

ax(isolste,[isolate([NIPosnl,Ean,Ans)J, 
Cisolax<N,Ean,EGn1>,isolste(Posn,Ean,Ans)J). 

,:rn( 1 i st., Cis_list( Z) J, [ is_l i st (X), i s_l ist ( Y) ,aPPi.imd ( X, Y, Z) J) • )' 

ax(BPPend,[sPPend([HITJ,Y,Z>J,CZ = CHfZrestl,aPPend(T,Y,Zrest)J). 

Axioms to senerate the isolation Proof 
essentiallw Siven in note 64 11.5.81 Leon 

J.1.J,.,,f,; 
~l. tl" 

/,l-'111'MS • O c,,f) 

:i,t:,t>~< defn_sol ve,·[solve < X, Emru Ans) J, Cea1Jiv (Ecm, X=?ms), free_of (X, Ans> J). 

ax(free,Cfree_of(X,B>J,Csinsle_occ<X,X=B>J>. • 

ax<sinsle2,Esinsle_occ<X,X=Ans>J, 
[sinsle_occ(X,Emn>,Position(X,Een,Posn>,isolate(Posn,Emn,Ans>J>, 

/ 
I 

ax(Posn,[Position(X,Een,Posn>J,Eisolsx(N,Een,Eanl>, 
POSition(X,Eani,[NIPosnJ)J). 

ax(ea1Jivx,Cemuiv(New,Old>l,[isolax<N,Old,New>J>. 

ax(eGuiv,Ceauiv(Old,X=Ans>J,[isolate(Pos,Old,Ans>J>. 

ax(emuiv_ex,Eemuiv(A,B>J,Cemuiv<A,C>,emuiv(C,B>J>. 

iff_ax(isolate,[isolate([NIPosnJ,Old,Ans>J, 
Cisolate(Posn,New,Ans>,isolax<N,Old,New>J>. 

_/ 

,~ r~ssible alternate axioms to ~enerste Proo~ 

ax(isolat,Cisolax<N,Old,New>J,Cisolate(CNlPosnJ,Dld,Ans>, 
isolate([PosnJ,New,Ans>J>. 

ax(is_back,Cisolate(Pos,Emn,Ans>J,[solve<X,EGn,X=Ans)J). 

The nesation of the base case Yields 

ax(basehwPl,Csinsle_occ(x,lbsse=rbase>J,CJ>. 

ax(basehYP2,CPosition(x,lbsse=rbase,CJ>J,CJ>. 



a~dbasehYP:"5, [isolate( [J, lbase=rbase,ans) J, [J > + 

ax(basesoal,CJ,[solve(x,lbase=rbase,ans>J>. 

The nesation of the induction step Yields 

ax(stePhYP2,CPosition(x,lsteP=rsteP,[nlPosnJ)J,[J). 

am ( stePhYP4, C so-1 ve( X ,EGrr, Ans) J, Csinsle_occ( X, EG!n), 
Position(X,Ean,Posn),isolate(Posn,EGn,Ans>J>. 

C"::::}te,=,,soal, E J, Esolveba lste,=,,=rste,=,,, ans) J >. 



SUBFILE: AXIOMS. @9:53 2-JUN-1981 <005> (320> 
/* Axioms to Senerste the isolation Proof 

• ~ssentiallY siven in note 64 11.5.81 Leon 

ax(sinsle2,[sinsle_occ(X,X=Ans>J, 
[sinSle_occ(X,Eon),Position<X,Ean,Posn),isolate(Posn,Eon,Ans>J>. 

ax(Posn,[Position(X,Emn,Posn>J,tisolax(N,Ean,Eanl>, 
PDSition(X,Ean1,[NIPosn])J). 

ax(eauivx,[eauivCNew,Old)J,[isolax(N,Old,New)J). 

eauiv,[eouiv(Old,X=Ans>J,Cisolate(Pos,Old,Ans)J). 

iff_ax(isolate,[isolateC[NlPosnJ,Old,Ans>J, 
Cisolate<Posn,New,AnsJ,isolax(N,Old,NewlJ>. 

/* Possible alternate axioms to Senerate Proof 

a~< ( isolat, Cisola}-, O•!,Old,New > J, [ isola·t.e ( [N l Posn], Old,Ans), 
isolate([PosnJ,New,Ans>J>. 

The nesation of the base case Yields 

ax(basehYPi,Csinsle_occ<x,J.base=rbase)J,CJ). 

axCbasehYP3,[isolste(CJ,lbase=rbase,ans>J,CJ>. 

ax(basesoal,[J,Esolve<x,lbase=rbase,ans)J). 

The nesation of the induction steP Yields 

axCstePhYP4,Csolve(X,Eon,Ans>J,[sinSle_occ<X,Emn>, 
Position(X,Ean,Posn>,isolate(Posn,Emn,Ans)J)~ 



/ 



/* ISOLAT - Clauses for Provins the correctness of isolation 

Leon 
UPdated: 6 November 81 

skolemize(Csolve(X,Ean,Ans>J,Csin~le~occ(X,Ean),Position(X,EGn,CJ>l, 
[solveCx,lbase=rbase,ans>J,Csinsle_occ(x,lbase=rbase>, 

Position(x,lbase=rbase,CJ)J), 

skolemize([solve<X,Eanl,Ans>J,Csinsle_occ<X,Ean>,Position(X,EGn,Posn>, 
isolate(Posn,Ean,Ans>J,Csolve(x,lsteP=rsteP,ans>J, 

Csinsle_occ<x,lsteP=rsteP),Position<x,lsteP=rsteP,CnlPosnl>, 
isolate( Cn l PosnJ, lsteP=rs.teP, ans) J). 

;form(isolate_correct,isolate,isolate(Posn,_,_),Csolve(x,1steP=rsteP,ans)J, 
Cea1Jiv ( 1 steP=rste?, Ean), sinsle_occ (,.~,Ear,>, i=,osi tion( }<, Ear" Posn) l). 

:- add_axiom(isolate_correct,Csolve<Ean,X,Ans>J, 
Csinsle_occ(X,Ean),Position(X,Ean,Posn>,isolate(Posn,Ean,Ans)J), 

hYP(isolate_correct,isolate). 

rec_?red(isolate,3,list,1). 

steP(isolate(CNIPosnJ,Ean,Ans),isolaxCN,Ean,NeweGn>>. 

recur(isolate(Posn,Ean,Ans>,isolateCCNlPosnJ,Oldean,Ans>>, 

condition(isolate_correct,sinSle_occ(_,_)). 

1Y?(isolate_correct,_) t­
add_lemma(stePhYP,Csolve<X,Ean,Ans>J,Csinsle_occ<X,Ean>, 

Position<X,Een,PosnJ,isolate(posn,EGn,Ans>J>. 

resolve_to_step([solve(x,lsteP=rsteP,ans>J, 
[solve<x,Ean,ans>,eeuiv<lsteP=rsteP,Ean>J>, 

reso.1 ve_steP( f.solveb{, EGn, ans>, eaui v( 1 steP=rsteP,, Ean) J, Cecrniv ( 1 steP=rsteP, Ean),, 
sinsle_occ-(}<, Ean >, Posi tion(x, Ean, Posn) 11 isolate (?osn ,Ean,, ans) J >', 

resolve_recur([eauiv(lsteP=rsteP,Ean>,sinsle_occ<x,Ean>,Position(x,Ean,Posn), 
-- --·--·~ - :[ so 1 ate ( Posn, Ean, arlS) J, _, 

Ceauiv(lsteP=rsteP,Ean),sinsle_occ(x,Ean),Position<x,Ean,Posn>J>, 



/* KLAUSE - Ho hum?*/ 

/* Produce new claus~s dsnamicalls from definitions 

k 
1 

au_se; ~;; ii~ti1.1~t~ii,, 
rth1eri1i:Je -r· ( t. r-j_ r:.-1 e ( (:c,r,a-=;~E~Cid~:::!, Art·:-) JJ 
C:<::ir!c:i !1 ?)r-1·::r:=-,_ .... ==---- ' 

klause(Pred+N, [Ans], [Reln:BodsJ) :-

" J 

defn(Reln, case(List>>, 
functor(Reln,Pred,Arits>, 
nmember(triPle(Cond,Bods,Ans>, List, N>, 
Cond. 

i 

{t~ 

1' 
I 

j 



SUBFILE: LOAD. @11:20 2-JUN-1981 <005> C245) 
i,.&:~ L!Jf~l)R.:~~ t t_~:,aci a::.;: i c:iH1s f· r·cJrrr a -f· :i. 1 e 

UTIL:FILES CJ P \~ r1 f~ ::~~ 

clcJse/"~;~ 

1 c:i.::::ci ( -~) !1 

l.ct.::=:cii1-1:::=~---a:::{ion-1s f 

process_axiomC+>, 
'f"f!.i.3()_, .. fie::{i,:. ( r·) ❖ 

errmess('Variable as file name'). 

Ioaci CTL >., 

op,:;~n(DldrFile), 
! , 
I t:}Bci i rt::•J __ ~:::::-f i. c,rt1s:: 
ttsnl• disPlay('Axioms loaded from~>, 
disPlay(File>, ttYnl, 
c:lc.is.e(F-:i.le,(Jld) v-

Leon 
Updated: 11 May 81 

% Ludd dll the axioms from a file 



read_nextCAxiom>, 
Process_axiom(Axiom>, 
! " 
"-

Process_axiom( iff_ax(Name,Left,Risht) > 
:- ! , 

add_iff(Name,Left,Risht>, 
-r:·ail" 

process_axiom( axCName,Left,Riaht> > 
:- ! , 

add_axiomCName,Left,Risht), 
fail., 

Process_axiom( Gash) 
:- ttwnl, disPlawC'Rubbish iSnored: '>, 

disPlaw(Gash), ttYnl, 
f ;:J:i.]. .. 

~.>_Q..o~( 

~ -u ( µ~ I &~4 / ~ ) ) 

·- ~ 
/ 

~5 - ~~ {~~-) -· -

~,£ ~t:, [~ 
" 

% Read next entrY - discard variables 

rea,cL.rn?.Kt ( X > 
:- r-e?eat, 

read(Y), 
C nonvar(Y) ; errmess('Variable isnored'), fail >, 



SUBFILEt PRINT. @17:37 11-MAY-1981 <005> (125) 
/* PRINT : Pretts Printer for clauses 

Print._clau·;;;.e/:!., 
F--rj_r1t. __ ,,c-I.::::ti=-t~i/2 ❖ 

F~r ... ir-1t ..... c·la1.Js:~e(it.J, 
Print_clause(?,!), 
i0•rint_ .. lit~-t.(-i-;;+1., 

% Print out a rlal1SP 

Print_rlause(Name) :- !, 
set_rlause(Name,Pos,Nes>, 
Print_rlause(Pos,Nes>. 

Print_clause(Pos,Nes) :­
Print_list(Pos,v), 
writef('\n,t<-\n',[J), 
}-.:•rirrt--~list.(f-.Ji:-:-:=E=;!, 1~) :, ! -1-

Print_list([Hd1,Hd2/TlJ,SymJ :- !, 

L.eciri 
Updated: 11 May 81 

writef('%t %t,n',[Hdl,SsmJ), Print_list([Hd21TlJ,Ssm). 



From Leon 6[400,4321] on Julw 20, 1981 at 12t23 AM 
Alan 

I like the PaPer+ It 1 s Sood to have the terms of the 
meta-lansuase written down, and mY ideas of what IMPRESS does 
have been clarified. There are a few Points however. 

1+ I'd like to sussest a slisht reorsanisation, which includes 
row ~uibble of the other day. What is basicallw involved is 

a swap of sections 3 and 4 so we can hishlisht more clearlw the Parallels 
between the two uses of meta-level inference. The isolate examPle 
and the Proof of its correctness formins the thread throush the PaPer. 

So the emphasis in section 2 misht be slishtlw different, 
illustratins isolation as a method of PRESS. Then section 3 would show 
how this leads to a suided Proof (as is currently done in seen. 4). 
Section 4 would outline IMPRESS, mentionins the learnins environment, 
and illustratins the derivation of Properties about a PRESS Procedure 
as an IMPRESS method+ In this case settins UP the correctness of isolste 
as a soal theorem to be Proved+ (Just a slisht rearransement of the 

\rrent secn.3>+ Then in section 5, after establishins the new lan~uase, 
. show how meta-level inference leads to a Proof of the theorem, 

hence derivins new control information. 

Is the term meta-meta-level standard? If not Perhaps we should 
e:<Plain it more+ 

The rewrite rule los v = w -> u = v 
IJ 

Maw I sussest 
illustrate isolation+ 

e 
sin(x .... 2) 

= tan a 

1/w 
is not verw familiar to met 

instead as the example to 

3+ One case I 1 m not sure how to handle if we define Position and 
isolate as wou sussest is if the sinsle occurrence of the unknown 

occurs on the risht-hand side of the expression. 
How does the Proof as is, work for 2 = x+3. 

I 1d Prefer the tense of verbs in describins the Winston-twPe 
learnins Prosram to be conditional(or is it subJective?). 

That is use would rather than will+ I 1 ve sussested an alternative version ❖ 

Perhaps the notational footnote about the PROLOG variable 
convention could be expanded into a notational Point at the 

end of the introduction exPlainins the notation of the PaPer, PRESS 
lansuase, etc. Can the use of v for or be avoided? 

Leon 

From Bund~ HPs[400,405J on July 20, i.981 at 10f48 AM 
Leon 

Thanks for wou comments on our paper, some of which I have 
incorporated in the draft, and the remainder I wish to arsue about. 
The numbers refer to wour Points. 

o. I am not averse to chansins the title, but could wou explain what 
wou were trYins to achieve with wour smendmentT For mw Part I am trBin~ 
to sell 'Meta-Level Inference' as a technical term. Also I think that 
usins PRESS in the title, when People cannot be exPected to know what 



it means, is a bit crwPtic. 

1. I orisinallw tried to fit section 4 before section 3, but failed, 
because the PRESS clauses introduced in section 3 are needed to exPlain 
meta-level inference. As it is there is a nice Juxtaposition between 2 
use of m-1 i in sections 4 and 5, which is announced as a theme of the 
PaPer in the abstract/intro, so I am fairlw haPPY• I think PeoPle will 
understand what is meant by meta-meta-level. 

2. I deliberately chose the example so it would look unfamiliar, and 
hence imPress (no Pun intended) People with the ability of PRESS. Do 
wou think this was a tactical error? 

3+ The simPlistic version of Isolation defined in the PaPer and Proved 
correct by IMPRESS cannot handle unknowns on the RHS. I will saw so in 
the paper. It is another simPlifwin~ assumption+ 

4. I chansed the tense. 

~ I chansed eye to •ore+ What more do wou think should be s~id about 
notatior,'i' 

r onlw have this week to set this draft off, and do 100 other 
thinss, so I am keen to send the draft off with only minor alterations. 
However, we do not have to use this version as the research paper nr 
the final workshop paper. I sussest that You take over the PaPer and 
rework it on Points O, 1 and 5, and that we review this tosether when I 
set b.;,1ck. 

Alan 

From Leon SC400,4321J on Julw 21, 1981 at 12:19 AH 
Alan 

The basic structure of both the collection and attraction 
clauses lends itself to our meta-level lan~uase. 

collectCX,Old,New> t- collax( ,Old,Oldl>, collect<X,Oldl,New) 

~tract(X,Old,New> :- attrax< ,Old,Oldl), attract<X,Oldl,New> 

Here collax and attrax are the Performants, while collect and 
attract are the recursants. 

The correct structures to induct on when dealin~ with collection and 
attraction are the number of occurrences and the size of the closeness 
tree resPectivelw. Unfortunatelw, the way ~ollect and attract are 
currentlw defined does not include these structures. But it looks 
relatively straishtforward to redefine them+ And this would be more 
consistent with the handlins of isolation, which isn't called until 
certain conditions are'met. These are the conditions we refer to in th~ 
meta-lansua~e - sinsle_occ and Position. 

The relevant conditions for collection and attraction are 
some subset of least_dom, match and contains. 

A Plausible solve clause (or meta-level theorem> mi~ht then 
be somethins like 
solve<X,Emn,Soln> :- subterm(Sub,Emn>, least_dom<X,Sub), 

collect(N,Sub,Subl>, subst(Sub=Sub1,Emn,Ean1>, 
solve<X,Emnl,Soln>. 



That's not muite risht but sives some flavour. 
The hwPothesis can clearly seen to be the last 3 terms, 
and the conditions the first 2. 

Perhaps it misht be an idea to develop a dialect of PRESS 
called Pure PRESS in the analosous fashion to Pure LISP. 
Not a very serious sussestion but it misht be interestins to setuP 
a sliShtlY modified database of PRESS methods as the basis for 
testins IMPRESS. 

Leon 

From Leon HPs[400,4321Jlon February 4, 1982 at 7:33 AM 
A version of the code archived today Proved the two 

lisPlike examples Siven in research PaPer No. 168, 
I'm modifYins the code so that it also proves the isolate 

examPle, and incorporates sussestions from the PRESS meetins,etc. 
This note is Just to record the fact that the theorems in some 
-ense have been Proved. 

Leon 

From Bundy HPsE400,405J on March 17, 1982 at 11143 AM 
Bernard I Leon 

If we are to take our own ProPaSanda seriously 
then we shouldbe settins IMPRESS to learn esoteric 
methods like trismethod (the AP tris thins> from saY 
one worked examPle, Doesthis sound feasible? 
Bernard could Isee the code for trismethod? 
Would this be a Sood focus for Your thesis? 

Alan 
cc:Silver HPs,SterlinS HPS 

From Leon HPsE400,4321J on March 21, 1982 at 8:28 PM 
After a concerted attack of debussins, 

IMPRESS can live UP to its name. It can now Prove the followins 
5 theorems, and there is no reason whw it should not be able 
to handle variants, 

~ lensth<Z,M> <-- lensth(X,L> I length(Y,N) I aPPend(X,Y,Z> 
I plus(L,N,M>, 

2, is_list(Z) <-- is_list(X) I is_list(Y) I aPPend(X,Y,Z>. 

3. less<X,Z) <-- less<X,Y> I less<Y,Z>, 

4. append(X,Y,Z) <-- append(U,V,X) I aPPend(V,Y,W) I aPPend(U,W,Z). 
i.e. associativity of append 

5. solve(Eon,X,Ans) <-- Position(X,Ean,Posn> I isolate(Posn,Ean,Ans> 
& sinsle_occ<X,Emn). 

For anyone who would like to experiment, the code is in 
imPres.exe[400,4321J. 

Buss are welcomed. 

Leon 
cc:BundY HPs,SterlinS Hps,Silver HPs,Okee~e HPs,BYrd HPs,Wallen HPs,Jenkins HP! 

From Richard[400,422J on March 22, 1982 at 1:38 PM 
Could wou Put somethins in ImPress.HlP tellins users how to 



0 

I came UP with the idea of definins 

times ( 0, X, 0 > . 
times(s(Y>,X,Z> <-- times(Y,X,W) I Plus<X,W,Z>. 

divides<A,B> <-> (Exists C) times(A,C,B). 

and askins 

divides(A,B> I Plus<A,B,C) --> divides(A,C>? 

but I can't think of any way of exPressina this. 
Perhaps definins divides directly instead of usins times, 

and Proviine as well that times(A,B,C> --> divides<A,C> I divides<B,C>, 

From Richard[400,422J on March 22, 1982 at 1:51 PM 
Have a look at ImPress.LosC400,422J and tell me what I'm doine 

tons. In Particular, why can't Impress find tl? (should it be 
ccm .. iect.urf? ( t:J., times< X, 0, 0) <-- true> 'f? > 

The little lemma invented for d2 is rather Sood, it haPPens to be 
true, and interestins. Consratulations. 

From Richard[400,422J on March 22, 1982 at 6:57 PM 
Just to see what it would do, J tried THOR on even(Plus<x,x>>, 

The definition was 
even(x) = if x<2 then x=O else even(sub1(sub1Cx>>> 

I stoPPed it when it was down to ConJecture 1,1.2.2.2,2.2. and still eoinS!! 
1.<Jhen I t.r:i.ed 

even<x> = if x=O then T else if x=1 then F else even<subi(sub1(x>>> 
it !*****FAILED*****! miserably, no realisins that it was valid!! 

From Richard[400,422J on March 22, :J.982 at 7:34 PM 
I have manased to Prove some elementary facts about Plus, 

But not that O+X=X. Oddly enoush, definine all the arithmetic 
functions anew eave THOR the same trouble with this as with even. 
~ think the trouble in IMPRESS may be that it needs induction on 
_,,he S€-~cond a r£H.1ment, and P 1 •Js 1;Jard:-=· to i nd1.1ct oi" t,he f·i rs t. r:.'\ 11 
my attemPts to Prove thin•s with lmPress are in ImPress,los. 

From Richard[400,422J on March 23, 1982 at s:32 PM 
I've collected toaether three definitions (times, even, divides) and 
24 theorems for ImPress to Prove. The file is ImPress.Tst[400,422J, 
A los of ImPress's efforts is Scra:ImPress.Los. Would YOU care to 
rename Impress,Tst into Your lmPress area and take it off mY hands? 
I set the imPression that when YOU fisure out when to unfold most of 
these theorems should be Provable, But by no means all, 

Bw the way, mY earlier definition of divides was defective, When 
ImPress conJectured that divides<X,O> it was what I meant to be 
true, but it isn't Provable from that definition. 

From Lincoln[400,4324J on APril 19, 1982 at 7:27 PM 
I have Just had a bash at Impress and a Peek through the code, Could yo1 

1. I could not erasP how wou actually Prove that a •oal is valid givensome axio1 
ward 
resolution. Maybe this is an unfair uuestion ,,,but could YOU summarize 

it. brj.ef 1 Y l 



2. Is the Process (above) complete T i.e. will it always validate B lo~icsllY 1 

3. BY mistake I asked it to Prove1 
is_list(Z) <-- is_list(X) I is-list(Y) I aPPend(X,D~z>. 

it succeeded by Postulatins a lemma somethins likei 
is_list(var25) <-- is_list(var26). 

did it Postulate that D was a list in order to prove the theorem(vpry cleYPr) 

4, Does the scheme used for induction take the validation Procedure into 
account or doesn#t it matter 1 (i.e. does the sheme choosins routine+ the 
validation form a comPlete Process T> 

You can see whY I am interested by the mention of completeness ! !! ! !! 
Thanks for your indulsence 

x Line 

j 



From Leon HPs[400,4321J on July 26, 1982 at 4:40 PM 
Bus in commutativity of addition. 

From Richard HPs[400,422J on Ausust 5, 1982 at 6150 PH 
ImPress:Problm.Tst 

contains a new Problem for Impress to tackle. I <<think>> the Problem 
is that member is defined as in Prolos, i.e. there is a •base• csse, 
but it is member<X, CXI_J); there is no base case on the data structure+ 
I've tried all the examples in ImPres.Tst; the distinsuishins characteristic 
of the ones that fail seems to be that thew reauire induction on a variable 
that ImPress isn't PrePared 

that ImPress doesn't want to do induciton on+ Not havins type information 
that will re-assure it that these arsuments are in fact the sort of thins 
~ou caan induct on, there doesn't seem to be any easy waw for ImPress to 
work out what induction pattern ~o use. 

Is there anw way of settins a more informative •proof• than 
,nrheorem Proved bw foobaz-induction 9 f Somehow, I can't work UP much 
confidence in such messases, ersardless of how well-Justified I know 
they must be. 

From Leon HPs[400,4321J on Ausust 23, 1982 at 11100 AM 
There is a bus in fixPt_semant, which is Preventins Richard's latest 

example from succeedins the soal fold_soal. 

From Richard HPs[400,422J on Ausust 26, 1982 at 9:39 PM 
I have coded UP some new Problems for ImPress. 

Thew are in the file 
Ineaua.Tst[400,4321,lmPresJ 

and concern ineaualitY+ It is in fact Po~sible to define ineaualitw 
recursively (over the unarw intesers>, thoush forcins it into ImPress's 
current straitJacket is trickw, and the reason that onlw soals 

inea(O, X> <-- true 
can be Proved maw be due to mw failure to code it up Properlw+ If one 
were Permitted to have a Predicate with TWO base cases in Impress, the 

•proofs should be no more difficult than the similar Proofs for less+ 
~{NB 9 Ul 8 is not true; ImPress correctlw fails to prove it.> 



The completeness of Isolation 
01' 

What the hell are we Provins answas? 

N~tes 86 and 64 Prescribed a Proof of the 'correctness' of isolate. 

""'""•$. 
f-"..• r· C) CJ ·f i't:-.:·:: JJ-1"? £ii) 

-@_~() 
automated and formed 

-1-}i-t.. eA,riy 
the b-~si~:- for,.,.ver~:.:i.ons ~ ,:;;\'!4-- :~~ o·f 

This 

we are Provins theorems. But I'm not clear what exactls the isolate proof is 

~p- 1 1~ about. Hence this note. 

~ 

!~; ~bn~;:i.dt~r the sim:::.•J.if:i.ed PRES::> 
cl~v,;<,. 
C5V-fe ·for ":;c:i 1 =..le i r1=-.lc1!-:. i r,s 

~ 

solve(Ean,X,X=Ans) <­
sinsle_occ<X,Ean>•Position(X,Ean,Posn),isolate<Posn,Emn,Ans), 

I F • 
IV'-~ I vv<.... ,.,._40 ~ -¼.r~ ~ ;,A-le ...,.:...,....1..,J ~ ~r__ 

• 
Viewed Proceduralls this is a call to isolate (ms lansuause Preempted this in 

Sovernins the call of the Procedure, All straishtforward • . 
1tewed declaratively, this is a theorem in the Heta-Theors of Alsebra. 

There are two Points to be raised here. Firstls, we are not interested in 

Thus what is interestinS about the fact this 

theorem is Proved? Secondls, what do we need to assume to prove this theorem 

~nd how dnPs this reflect itself, 

To consider the first auestion, isolate is a method of solvins eauations, It 

dfectivels works bs resolution, which causes rewrite rules to be aPPlied to an 



transformins it into an emuation where the solution 1s immedistel~ 

What are the rlas~ic auestions about theorem Provins methods? 

Termination and Completeness. Where does correctness fit into this 



ANOTHER IMPRESS PROOF 

One of the stated aims of the Srant Proposal for the 'Self-ImProvins 
Alsebra Ssstem' is to derive new methods. In the Proposal a method for 
solvins eauations with 2 occurrences of the unknown is siven, namels 
collect once and then isolate. 
workins paper 55, is 

The relevant theorem, 

solve(Ean,X,Soln> <-- occ(X,Ean,2) & collect(Ean,X,New) 
I isolateCX,New,Soln) 

The ~,-uPused theorems necessars to derive this theorem w~~ 0 Siven as 

solve(Ean,XYAns) <-- occ(X,Ean,1) I isolate(X,Ean,Ans) 

occCX,Ean,1) <-- occ(X,Eanl,2) & collect(Eanl,X,Ean) 

eauiv(Ean,Eanl) <-- collect(Eani,X,Ean) 

solve(Ean,X,Soln) <-- eauiv(Ean,Ean1) & solve(Ean1,X,Soln) 

1 am Pleased ta report the vocabulars of IMPRESS is now rich enoush for 
it to be Possible to write down a proof Plan to Prove this theorem. The 
Purpose of this note is to describe the Proof Plan and how ~ne axioms 
c: ~::: r-1 t) r:-? ,,e r·1 c· () cf 1::-f t:":i i r, t. i ·1 *=-' I i'"~i 1::, f;~ F.:: t1 ~; ·1....-i ci c~ -=~ tr rJ 1 i::: r-':::.: j_ f"} ·c:t r-cf e r· t.-C) t:.1 ::-=: P J.;.'€: ~=-s. t.. t··! e ;~:-r CJ r:) f· ❖ 
No claim is made that the method of Proof to be described is the neatest 
was of exPressins this fact in the metatheors of alsebra. 
~roof Plan suaranteed to yielrl a seneral Proof method. 

let us make some slisht chanses to the orisinal expression of 
the theorem, to brins it into line with the current view of PRESS. The 
predicate isolate is now defined with respect to a Position list, which 
necessitates the introduction of an extra Predicate, 
an eauation with the Position of its sinsle occurrence. 
numbers are expressed in 'Peano notation# in order to enable recursive 
definitions and descriptions. For this examPle this means s(s(O)) is 2 

of the 



~ fhe revised s~t of theorems used is 

solveCL=R,X,Soln) <--
occ(X,L=R,s(s(O))) & collect(L=R,X,NewL=NewR) 

& PositionCX,NewL=NewR,P) & isolate(P,NewL=NewR,Soln) (1) 

solve(L=R,X,Soln) <-- sinsle_occ(X,L=R> & isolate(Posn,L=R,Soln) 
& Position(X,L=R,Posn) 

occCX,Ean,sCN)) <-- collect(Ean,X,New) & occ(X,New,N> 

sinsle_occCX,Ean) <-- occCX,Ean,s(O)) 

eauiv(Ean,New) <-- collect(Ean,X,New) 

Some ·comments need be marlP on the form of these theorems. 
the correctness of :i.t 

considerabls to exPlicitlB represent the Ean as L=R, i.e. Put an eauals 
into the Predicate. Thus some clauses/axioms in IMPRESS are affected. 
So it was more convenient to exPlicitls have the eauals si~n in 1. 
(Somewhere there 
eauation(Ean), whose definition would be eauation(L=R).) 

The occurrence information is expressed recursivels, ~::: r·i c! C) r! e c~ 2: r1 
(perhaPs a little artificialls) devise a base case, T r-~ j_ -E:;~ ;~ ·i 1 c1 id -=~ 

of 3 as Part of a The definition of ace 
used bs IMPRESS for Provins this theorem is 

rec_def(occ, occCX,Emn,O) <-- free_ofCX,Ean), 
occ(X,Ean,s(N)) <-- collect(Ean,X,New) g occ(X,New,N). 

Asain our standard version of the correctness of isolation is siven os 
the predicate sinSle_occ, rather than occ, and this is reflected in the 

Axiom 4 is then the obvious rewrite. Axiom 5 was ~lsn 
IMPRESS currentls handles such rewrites bs the definition 

tYPe of axiom, and thus these 2 axioms can be encoded aPProPriatels. 
Definitions are Probabls not the ideal method of exPressins rewritin~ 
information, but better methods should aPPear on consideration of more 

The Proof Plan imPlementinS the Proof is now siven. It is not claimed 
to be seneral Purpose, but it is sussestive of how tactics can be 

Prove_bs_induction(Theorem,aaaaa(_)) :­
nesate_and_skolemize(Theorem,Goal,Assertions>, 
fold_soal(Goal,Goal_rec,Goal_Perf,_), 



I 

I 

sPecified_resolve(isolate_correct,Goal_rec,G), 
aPPend(G,Goal_Perf,NewGoal), 
two_occ_establish(NewGoal,Assertions). 

sPecified_resolve 
The first is intended as a mechanism for tellin~ the 

Prosram which lemma to resolve with, a facility most theorem-Provins 
The se~und written sPecificallY for this is not as 

special PUrPose as it seems. It is Just an interface to the method 
step_establish for Provins a list of seals with same hints as to wh3t to 

All that was necessary to set the method to work was the addition 
of another tactic Ci.e~ clause) to steP_establish. 
indicates steP_establish is bdsed on a more seneral tactic which 
two_occ_establish could elsn use. 
imProvinS IMPRESS.) 

(This will be considered when next 



/ 

~ I* DCC: Provins the dual occurrence of the unknown in the eauation thm+ 

Leon 
Updated: 15 September 82 

1olve(Ean,X,Soln) <-- occCX,Ean,s(sCO>>> g collect(Ean,X,New> 
I Position(X,New,P> I isolate<P,New,Soln> (1) 

solve(EGn,X,Soln> <-- Position<X,EGn,Posn> 
I isolate(Posn,Ean,Soln> & sinsle_occ(X,EGn) (2) 

occ(X,Ean,s<N>> <-- collect(Ean,X,New> & occ(X,New,N> 

sinele_occ(X,Emn> <-- occ(X,EGn,s<O>> 

(3) 

(4) 

solve(Ean,X,X=Ans> <-- free_of(X,Ans> & eauiv(Ean,X=Ans) 

solve(Ean,X,Soln) <-- eauiv(Ean,New> & solve(New,X,Soln) 

(5) 

(6) 

eauiv(EGn,New) <-- collect(Ean,X,New) 

Nesatins and skolemizins (1) sives 

occ(x,ean,s(s(O))) <--
collect(eGn,x,new> <-­
Position(x,new,P) <-­
isolate(P,new,soln) <-­
<-- solve(ean,x,soln> 

Resolvins soal with (6) Sives 

<-- eauiv(ean,New> I solve(New,x,soln) 

Resolvins (R1> with <2> sives 

hYPi 
hYP2 
hYP3 
hYF-4 
soal 

~_::4 

(7) 

L-~ ~T~ 
~'---,...J<."-~--:;, p--t=- £" &:;._ l v-

v ....,:__t ~ 4,,-... kl.z;_ 
~(i.__ 

vv~ 8~4.,.-z. -
~ .,.__~ ....,.,.....:__t 

cle__f-~ 

( ~t;;- ~---t) 
(Ri> 

<-- emuiv(ean,New> I Position(x,New,P> & isolate(P,New,soln> 
& sinsle_occ(x,New> <R2> 

Resolvins <R2> with hYP4 Sives 

<-- eauiv(ean,new> & Position(x,new,P) & sinsle_occ<x,new) (R3> 

Resolvins (R3> with hwP3 sives 

Resolvins <R4) with (7) sives 

<-- collect(emn,X,new> & sinsle_occ<x,new) 

Resolvins (R5) with (4) sives 

<-- collect(eQn,X,new> & occ(x,new,s<O>> 

~lving hYP1 forward 

0 1ean,x,New> <-­fe latter hYP1'¾ 

I 

wrt (3) sives 

and occ(x,New,s(O)) 

(R4> 

(R5) 

<R6) 



'~ 

- Resolvins <R6) with hwP2 Sives 
i'J?vV 

<-- occ(H,~1!1S(O)) (R7) 

Resolvins R7 with hwP1' sives Hoora~! 



CONJECTURING AND PROVING NEW REWRITE RULES IN PRESS 

This note is a collection of remarks on how a PRESS learnins Prosram 
The usual disclaimer: 

Lhese ideas are in a Preliminars state, and are incomplete and Probabls 
:f. r·rc:fJ1-1·:::,i s. ·terat.-: 

The ProPosed orsanization of the Prosram is as follows. 

collection, and attraction. (It misht be useful to have some other sets 
as well,) To start thinss off, the Prosram would be Siven an initial 
collection of rules, which it would automaticalls classifs into the 
aPProPriate sets, The Prosram would operate bs conJecturins new rewrite 

~~ isolation rule of the form "U+V=W --> U= •• ,a, 
Jld be senerated to flesh out these ~onJectures into complete rules bs 

selectivels aPPl~ins the existins rewrite rules to the filled-in Part of 
the conJectured rule. The meta-level criteria for decidins which 
r-t=:t~r-it-<~ 1-.·1.Jl~":.~s t.t:) 2:r~r:.-J.~:! t. .. J(Jc~lci f::-e c!i.i-:.•f'j:?1-.er1t. iri t-ir1i::!- ].r:;:1 .ar-riir1£ F·r-n-~,--.arr1 i~r~c:irf1 

t.ft(JS-t~ i.rr t.f-,e ·~=·tJr~r-i:-~t-f)t,. f>E~F.~.f:;s~ s:i.r)1:;e t~t·1t~ Pr1:::ser1t- c~r~-i t,.e::r·iE: 2~"Fe BiIT1f:J.rfj ,:::~t-

solvins for an unknown. Also, a more Powerful matcher could be emPloYed 
(as in •Readins between the Lines• and Note 55). 

Given this aPProach, amens the Guestions-that arise are: 
the stsrtins state of the Prosram? What meta-level information should 
tJe ~.r~;i=:(:i ;t r~1 c1l?c; i-ci i r1:;; i--lc:.1 .. -. .1 t:.cJ ~:::r}':.·F•· J. ·•:::: t~f1e ,:-?;{ j_ ~.:-t j_ r1~ r· e-:,t--.; r· i t .. e- r-i.r 1 P":::. --~ ~tJi--ra -f.:,. 

Powers are needed by the matcher? What control resime ~hor1Jrl the 
F°"" "f Ci:~:_:; T" .Cz!fft l.J ~ii':.~ ·y 

- Just the axioms of set theorY (a la Lenat) 

the Peano Postulates 

the field axioms for real arithmetic, alons with definitions 
of functions such as sin, cos, and loS 

a fairly soPhisticated set of rewrite rules, where the Prosram 
would Just fill in some Saps 

I am inclined to use the nfield axioms for real arithmetic, 



oPt :i. on. 
Bivins the Prosram less 

Here are some ratiohalizations for this 
information seems to make its task too 

di. f'ficul t ❖ 

rationals and Dedikind cuts seems a bit much at this 
Startins with the field axioms seems feasihlPq 

difficult. 
interestinst also, Judsins the worth of the Prosram would be more 
difficult how dependent would the Performance of the proSram be on 
the Particular choice of initial rules? However, it misht be a Sood 
experimental set UP durins ProSram develoPment. 

:i.n Note 55, one way of sussestins new rewrite rules would 
senerate all Possible expressions in 
t.-:-.:-~pt~t=.:S":::-i(::it, .ss -:::: ?s::1-ssible 1ef·t .. J-1.::::r1ci 

a best-first order, and 
side of a rewrite rule, 

• ·•ht want to trY the sxPressions ~s risht hand sides as well~ 
\.-.......t'i=~t-ir,g r-t1lf.~s t.c:i n1~:?-f•-=~e ~ti·-tfi!:tt1 fil!JT-·1:-:-! i::-i:ttti?~~1£-~}:: ❖ ) 

trY 
(Cini::.• 

Another aPPrud~h would be to sive the learnins Prosram sample Problems 
to solve, and have it senerate new rules as the need arose. 

As a disression from this handwavins, two versions of an expression 
generator that have actually been imPlemented will be described. 

The first method uses an asenda mechanism. 
an inteser Priorits. 
from the asenda, and the Predicate do(Task) is executed. 
responsible for voluntarily Sivins UP control at some Point and allowins 
the a~~nda to start UP another task, In the course of 
the siven task mas add new tasks to the asenda. Tasks are stored usins 
~--e record Predicate, w~ere the keY is the task 1 s Priority. 
~"'A,~i~s t~rack of the eur·1';=--nt h:i.£=1hest PT':i.oritY, so that it know·;;; i, . .11·-;12re tc:, 
~Ldrt lookins for the next task to do, This Priorits is automatically 
updated as tasks are added and deleted, 

In imPlementins the 
used: expand, assisn, 

three kinds of tasks were 
An expand task takes a variable 

in an expression and expands that variable into a subexPression, For 
example, l+Var misht be expanded to 1+(Var1*Var2). An assisn task takes 
a variable and assiSns an unknown or numeric constant to it ❖ The 
Priority m~ci1dnism is used to control the order in which the tasks are 

that some Sround'expressions are senereted; but the assisnment of larser 
numeric constants are Siven lower Priorities, so that the Prosram 



all the variables in an 

3 

expression nave been assisned into, a 
this task Just Prints a me~SdAE on 

A Problem with the current implementation is that the number of tasks 
keeps increasins. 

Each of the newly formed expressions is made into 
This constant increase in the number of 

t~sks slows down the Prosam as more expressions are 
(Ir1it-ii:::ll':::!1; ·tfr·t(·? F•·r-c:,$;r,arn wa~-; ,:i....1ert s.Jctt~J{·?r-, becc~1Jse it~ i:Ji1:ir1···1.:. :3ti.-le fitsf··r 
enoush Priorities to finishins some assisn tasks to set some outPut.) 
If this method is used, it should ~P chansed so that there is alwaYs 
only one expand task that keeps track of the last expansion used. 

The second seneration method uses PROLOG backtrackins, 
simPler. (The initial Prosram for this was desisned and written bs 
Fernando.) When senerate(E) is called, E will be unified first with ui 
~~ressive backtrackins calls will Produce more comPlex expressions. 

eh expression has a weisht. 
sum of the weisht of its operator and the 

a comPlex expression is 
weishts of each of 

the 
it·;; 

The wei~hts of unknowns and the numeric constants O, 1, and 
~::;~ .3re ail l~ 1a.rSf:!r· rttlffri?r-1.c· c:-c£r1s.t~-=ir1ts -=::r:·t! :=•·f:?r1,,.;::-1i;:~1?r~ wit.t-1 i::.~JC'1"':0-e·:::.s1itf:,1b; 

hiSher weishts. tirst all exPressions with weisht Oare Senerated, then 
all expressions with weisht 1, and so on. To senerate expressions 
weisht W, first all constants with this weisht are senerated; then 
1.Jr1c:: r-~ e~"·•., ... 1·2 ::~::~ _;_ Cil!:::- c1·f r .. -.JE~i st-11.:. tJ !: t.t··"!er1 E~ 11 t:·ti r1~: r•l::! e::--=:p Pi:!~-~~ j_ c~r1·::. Ctf· 

all 

Then two non-nesative intesers that sum to W less the 
weisht of the operator are chosen, and expressions of those two weishts 
are found b~ a recursive rall Successive backtracks 
Produce new combinations t.!11? c~F-·F·r·c:r?ri.=::i:-t-:1 rttJ»1·b1::Jr·!-1 

then new operators. 

ven an expression that misht be the LHS or RHS of a new rewrite rule, 
how can Plausible rules be conJectured and Proven? Some methods: 

·rr·~=== rn2:t.c:i-~ir1S -::1 rt1r:f-r·1:::: :£{e11i?r{::=l rtile (1Jsi.r-tS t .. f-1tl F·£:i-t~JEtrf·1..1l n1.:::=t-cf~er-) v 

For examPle, suppose we are trwins to derive a collection rule 
fcJi• {j}};l.~j-t• t~J ❖ ·rr-f j_ .. :s e:=-{i"""'·f·t-!S~ i Ctif c-01..1 l c) be rn2:t.c~-reci -S-Sa i r1s t. t.i-·1e 
distributive law to derive a new rule U*W+W --> (U+l>*W• A 
~ore complex example rrf the use of this method is siven in 
f\!t:J t.e 5:!5 {~ 

Evaluate expressions with constants. 
derive the rule u+u --> 2*U usins the dist~ibutive law: 



'-,.___,, 

Li ~=-e i::: t~J El i3 ~~-
/ e;--::t.1 ... a ·ti?r-rn=: .. ❖ 

f",J r~ir1 o·f 
Th(~ e;-::.:Bct 

attraction that allows the 
nature of this rule isn#t 

the desired effect is to allow e.s. the rule CU+V>*CU-V> --> 
tt· • .-:.: .... t.}--··:;~ t.c} f.:-:f:,:. (if.~r-i VE"d f.:1~! 2= se1.:i1..1i:z=r-1c1? c:afL st.ePs -E.i.Jch .:3:. i 

.... -.. :> l.J ~< Li !J;f:: tt'J 

---·· > U'"'2 v·····2 

- Use GPS/STRIPS stsle difference tables. I am viewins this as 
a vers Sen~ral but weak method that would be used as a last 
resort. (One misht resard the isolation, roller~ion~ and 
at ... t.-r·.3.c:t~ic1r·i Y--!1.iP·=: .::::.e. rrrc:i-r-e ·f·oc1-1·::.s.ed v]=:r·s.iorl·::. 01:• t.ti:i.~:- rriethc)c!.,.) 
The difference table aPProach should Probabls be used onls in 
derivins isolation rules, since for other kinds of rules not 
enoush is known about the form of the RHS to allow the method 
to be aPPlied effectivels. An example of its use would be in 
derivins an isolation rule for U+V=W. 

rule of the form nu+V=W --> U= ••• ~ 

difference between the two sides of the rewrite rule? The 
" . on the risht matches anYthins, so there is no Problem 

Usins a bas representation, on the left of the 
PGuals sisn we have an extra term nv•. How can we set rid of 
an extra term from a+ bas? l~e onls known rule 
U. What is the difference between U+V and U+O? 
hP chansed to a o. What rewrite rule can do this? 

is u+o -----> 
Th,::, V h-:Bfi to 

U+ ( -·U) ---> 
0, So we trB addins a (-V) to each side of the eauation on 
the LHS, and afLe1· a bit more manipulation derive the rule 
nu+V=W --> U=Wt(-V)n. Wave, wave. 

The Powerful rnatch~r described in aReadins between the Linesa 
ddeauaLe for the matchins ta~~s that bave arisen so far in thinkins 
about the s~fitern. In fact, except for the trisonometric derivations, 

would be ade@uate one wjth PROLOG's 
capabilities, that also knew about the as~oriatiue and commutative laws 
for addition and multiplication, and that could match 1*U or O+U with 

There would also have to oe a kind of matcher +o evtr~rt differences for 
use with the difference table method. 
be needea for the usual matchins 
a separate Procedure. 
should be able to detect are: 

operation, and would be Pro~rammed into 
differences that the difference matcher 



.. 

Extra or missins term in a bas. This is the difference in the 
s:t:s{:-J\.le 'EJ::-::i~it1F"le ❖ • 

E~tra or missins function, For example, in matchins "-U* and 
•uu, the matcher should notice that there is an extra function 
a_u applied to •u•. 

\.!" 

What control resime should the Prosram use? The Prime contenders are 
F1F~f]L.l)f3 i:J ... t_h.t.--{ ... Lf:.ir,.:. .. ::~rici -e~r·, -=:::-==:'FtltC~.:::t i'fif:"!C:h.;:r!iSf!i,} Ai:11·./-~r1t-i:::Se·::r of· t=lR()L.1]t3 

backtrackins are that it is easY to write Prosrams that use it, and j_ t 
is ,~~t- Advantases of asendas ~rQ that they will 
derivation methods that misht t.her·e 
intrinsic interest in the use of asenda mechanisms. 

A 7 utl1@r Po~sible reason for usinS dS@11das is that ~ome derivations may 
veto wait for later results to be able to make any Prosress. 

reason isn~t very well thousht out, but here soes. Consider the t~ik of 
rule from the conJecture •-U=V --> U= .• ,a. 

cii f"•f£-~·rt:-?r1c:·1? 

u· ldnl,l.ld 

cie r :L \/~:~t-i c•r1 

table method would Probably be used here. The rule 
be aPPlicable, However, it misht not exist 
was first attempted c•-ua would be senerated before 

the expression senerator). 

"-·--U --··> 
t--.1t1eri t.!-1is 
u ---·!Jn b~-::! 

rule for •-U=Vn would have to suspend itself and try asain later. 

This examPle leads to the observation that simPle numerical Priorities 
maY not be the best waY to orsanize an asenda ••• it misht be better for 
s1..1!:;r:.-i::,rr1.:i1:1.:i t.-.:~~5f.:.s. t~o f"1-~=::\-i1? ~3 r-ea:sort :Lr11:iic:~.:::t.i1-1!.:i t~.1i-1S! t.!1e-~ f··12=i:l be-:,er! s~tJ--:::.r·er~1cti::d ❖ 

This could be stored in the form of a condition that, 
would Permit the task to .be awakened. In the above examPle, the 
isolation rule task would have the condition that some rule for settins 
r·icf c:rt .. rr1ir1tts s.i.Br!S e::.{tst.r;;:i:J ❖ [if· c·1::•t1rst!, c1r1e rea·::~or1 ·fc:tr E-t.Jsi-:.-er!dj_r1S ~:: t~as-1-f. 

nused UP too many CPU cYlesn; in this case the reactivation 
condition would be "more cycles available• • 

. ere are several reasons why this arsument misht not hold UP, 
isolation rule for 
the •--U" rule can 
isolation rule can 

"-U=Vn can be derived usins the rule for n __ un, and 
be derived from the startins rules, then the 

be derived directlB. (However, the Proof strateSY 
used ma~ not be complete, so the derivation wouldn 1 t be found,) Fmother 
obJection is that there is still no need to use asendas ••• the .prosram 
should simPlY set UP a subtask of derivins some rule for Settins rid of 

AnY usefu~ rule discovered in the Process would be saved. 
(However, how would the prosram know the form of the needed rule?) 

' \ 



,c.:--::-" 

JR1J1en~3 JO~ sa1n~ 

{Q)U'.f.5*(2)50~ f (Q)SO~*(e)UJ.S <--> (q+e)UfS 

06>21941>06- I (X)U81=81B41 <--> e1a41 = (X)U81~Je 
0Bl=>21B41=>0 I (X)SO~=e1a41 <--> e1a41 = (X)SDJ~Je 

()t:~=:=:-::•+c14·+=J·{J,:;--- ~= r ::-;:) 1J J S:::::i:"£:_,..:-34·:r. -<---:> E•+i7.tL!~l = ( ;.:: ) 1..1~f. ~~:.1J. :E:? 

( 1~:}tJS:pi..Jr1t.:1i;.':JJ.) 

(n)SOJ <--> cn-)SDJ 
(n)UJS- <--> (D-)U'.f.S 

cn)ue1/l <--> cn)10J 
tn)SO~/t <--> cn)~as 

(n)UJ.S/J <--> cn)J~SOJ 
(n)SO~/(n)U'.f.S <--> (n)U21 

·;;; ,:,::, i:.Fi.i fifI f; -~ ,1. J. 

"-n=A <--> N=(A'nJ$DI 
J-_(U_J) <--) (U-)_J 

( -:!.-·+¾J::::·r.:Ji_ir1pa"\1) l <--> O_J 
J <--> t~J 

(UfW)_J <--) U-J*W~J 

SW41JJ2$D7 pue s1uauodx3 

1*JfS*J (--) (1fS)*J Fl8·-1 a,\ '.f.":i-f"IQJJ. ~j.S "f-0: 

t <--> (t--J)*J ua41 O=\=J ~I 
J <--> J*l 

1*(S*J) <--) (1*S)*J 
J~C <--> CtJ 

asJaAUI aAJ12Jftd'.f.1I~ 
f-i•:i,:r.·:1.u;;;1p1 a1,r.·1,;;1~J-~t,,:11'.'J-T-" 

f?.f :;:~ ·-1 ~1 iA, J •=t-~-"f ..:J () ~; "5 l;J 

i•·'1~::···1 at, -~•:j.2':j.f"lll!IJ.ID:J 

0 <--> (J-)fJ 
J <--> O+J 

1f(SfJ) <--) (1fS)fJ 
JfS <--> SfJ 

uor-:F':!-::i "f. T-:-:: ·1:-:i.1nH 

asJaAUI SAJ.':j.JPP~ 
s11-:i.uap1 aAJ.lT-PP~ 

Me7 aAf12JJOSS~ 
Me7 aAJle1nwwo8 

l_j f] J ·:·~ ·!: }.) }:i l;J 

•n<-->s SJa':j.JeJe4J a41 sq pa':j.eJJpUJ uaaq se4 S"f.41 !UOJ.':j.JBJJP Ja41r.a U"f. 
pa·:~ r1 ,::1 i:~ 1J :::~ .::-, ·:1. a·s I =:::· i ·l 1= 1_1 J s 1= t..! -~. r.1 J s a I r1 .J i=:i . .fB !:.i ~ i:=, J 4. E.i 111 iJ t.r C) 3:; ·r. ~1 -➔- f."J 1-_1 === ~J ~!: ·:i. ,3 IJJt.: ·l J ~I ~ 

1eaJ JOJ sMet JJseq awos Rpoqwa 4JJ4M •weJSOJd suJuJeer a41 JOJ 
sa1nJ a1JJNaJ JO 1as 1e11ruJ a41 JOJ sa1epJpueJ awes pa1s:r.1 aJe MDtaa 

~? 

' t 



\ 
if ~=y and y=z then x=z 
for every function f, if x=Y then f(x)=f(y} 

[: \J E: 1 !.J.at. i c:rr·1 ·y 
1+1 <--> 2 etc. 

Rules for Losic-Valued ExPressions? 
true & X <--> X 
false & A <--> false 
1:.➔ t-c ,. 

r~mrnutivitY and associativity of 
obabls be built into the matcher. 

;$t:ii:i J .. t~ j_ or1 a rte! 
l,Jould it ;;;,lso 

mul tiP J. i.ci:1tion 
be us.ef.u 1 to 

dec1arative representations of these in a rewrite rule set? 

E;-::Ponent,:i. at ion 
F-·Ctsit .. i;~,.ff.! .!.1tt-f::·:it~~t· rrr t.f·11?1-, F·T·C}A/E~ tJ~-f;.J;f::JJ·---t-'i--·-··>· u~-··(f-.J·fM) 
·ri·1t:zr1 c)i-,e ir1-t~.i.st~s ·tf7~:=t. t"f·11:;:: r-i_tle t1olci ·fcir ~~11 r•-::ticJr!-3:ls; and Proceeds from 

(What about irrational 

The rule for sin<a+b> is a rather soPhisticated one. 
derivatjon from the law of cosines or from the Psthasorean Theorem 
reauires the use of seometric knowledse; for simPlicitY, it seems better 
for the moment not to insist that the 

,.. 

Possib1e methodolos~ for prosram development would be to check out 
senerate and test Parts of Prosram seParatelB. 
t--J ~..1 l~ I-.. _;_ ri .s ~ 
11-i i:?.11 e !-:. e ri ci. ❖ 

the entire prosram could be compiled and left to run over the 

Given that a~enda~ 
asendas are eventualls to be used, it misht be worthwhile first to write 
the Pru~ram usins backtrackins, and convert it to use asendas after it 



********************************** * PROLOG CROSS REFERENCE LISTING* 

********************************** 

Alan Bornins 1 s Asenda Based Expression Generator 

F'REDIC,;;-iTE FILE CALLED BY 

Set_task(l) new_PrioritYCl) 

runCO) Set_task(l) 

subst_firstC4) do(l) do(l) 

add_task(l) new_Priorits(l) 



/.!*: F-i 1 !':.-1 :i.rf r-..· roc·-er.ct1J re~. i-:-o r· t-=:F:Ef>~~=~ 1 £-:·!2! rrI iris ;=· r·c)S r•-arr1 
Alan Borninss Asenda Based ConJecture Maker 
Use with MUTIL */ 

:- Casenda, expand, bind, subst, check]. 

flasCmax_Priorits,_,O). 

, , ]flilirJ"I 
~-~ ,.....,-,1· ~--~-· ~-----.,__., -, 



/* PROCEDURes TO MANAGE THE AGENDA*/ 

/* The asenda is represented usin~ the PROLOG internal dat~ bace 
Predicates. A task for a ~iven Priority P is recorded usins 
Pas its key. The Slobal variable amax_PrioritY~ holds the hishest 
Priorits of all the current +~eke, The Purpose of the kludserY is 
to Prevent a recursive call each time a task is run.*/ 

"'i;1~t--.:t.ask ( T B":'.?-k) , 

do ( T.2.·::~.k > !-' 
f·,::$ :i. l . 

set_task(Task) :­
flaS(max_PrioritY,P,P>, 
recorded(P,Task,ID>, 
t'-' rase <.Hi;, 
! • 

set_task(nothins) :-
f· 1 a~-s ( Hi:::~;-::_. F~ r· i t:J r· :i. t-.~-::: :1 (j Y C= ) :1-

set_task(Task) : 

P:L is P··••j_;, 
f· I a:=§ ( rrrs::--:: .... F· r.,j_ (j r i ~t.!;;::] __ 7 F: l ) , 
g,::;,t .. "task ( Ta-s;k), 
! ❖ 

trace(#addins task %t to asenda\n',[TaskJ,3>, 
PrioritY(Tajk,P), 
recordzCP,Task,_), 
new_PrioritY(P). 

new_Priorits(P) :­
flaS(max_prioritY,M,M), 
i:=: >· t-1!! ! r 
trace('chanSinS max Priority to %t\n',CPJ,3), 
flaS(max_Priority,_,P>~ 



I* PROCEDURES THAT IMPLEMENT TASKS FOR EXPANDING EXPRESSIONS *I 

'* An uexPand" task is represented usins the followins Predicate: 
exPand(Priority,exPression) 

I* ACCESS TO PARTS *I 

Priority( exPand(PrioritY,_), Priority). 

I* PROCEDURES FOR DOING EXPAND TASK *I 

do( exPand(PrioritY,ExPr) ) :-
I* first add a nbindn task to bind all vars in the existins expression 

add_task( bind(3,ExPr,1,0) >, 
I* now set each expression, substitute it in, and add a new expand 

task for the newly expanded exPression *I 
i:-z:.;.::;~r(·?Ss-ior1(E~) !-" 

subst_first(var,E,ExPr,New_ExPr), 
add_task( exPand(2,New_ExPr) >, 

expression( -var ). 
exPression( sin<var) ). 

t;~};F·re·:;·;;i.i::tr~ii:: t1ari-~Jar- ) ❖ 

ex~res~iun( var*var ). 



/* PfWCEDLIRES THAT IMPLEMENT TASKS FOR BINDING VARIABLES IN EXPRESSIONS *I 

I* A nbind" task is represented usins the followins Predicate: 
bindtPrioritB,exPression,var_index,last_bound) 

Priority is the integer Priority of the task 
expression is the current expression. Remainins variables are 

rePresented bw the atom 3 Var" in the expression. 
var_index is an inteaer -- the number of the next variable in the orisinal 

expression that is beins bound in this task 
J.ast_bo1Jnd is another int.eser, which indicat.es t.he last thins bound to 

the next occurence of 2 var 2 • This is used to decide which constant 
or unknown to substitute for nvarn~ *I 

/* ACCESS TO PARTS *I 

Priority( bind(P,_,_,_), P>+ 

~~ PROCEDURE FOR PERFORMING THE HBIND8 TASK *I 

do( bind<PrioritY,EXPr,Var_Index,Last_Bound) > :­
I is Last_Bound+l, 
(J:>2 --> P:I. is i ; Pl is ;5), 
constant(I,Var_Index,C>, 
/* i·f t-he foJ.lowins usubst .. _firstu ·fails, then t,here are no 

more occurences of nvar• I/ 
subst_?irst(var,C,ExPr,New_ExPr), 
/* Success -- insert two new tasks in the asenda: 

one is a new "bindn t-s:-k _with the new value s1.Jbst.it.uted 
for avar•P the other is another "binds task with 
an increrfiented value 1"'or La:s-t:._Bound 1:/ 

Vl is V,=:H·-Inde}d·1, 
add_task( bind(P1,New_ExPr,Vl,O> ), 
add_task( bind(Pl,ExPr,Uar_Index,I) >, 
! + 

do( bind(PrioritY,ExPr,_,_) > i-
i* ther·e a'i-~e no more vaT'iabJ.es to be b:01..md -- a-.dd a 

a check_saP" t-ask to the asenda *I 
Pl is Prioritw+1, 
adcL.t.ask( checlc_saP(P1. ,E}~Pr-) ) , 



~ UJSJ ) 
~ 

/¥ PROCEDURES TO S!JBffrITUTE NEW VARIABLE NAMES 
AND GENERATE NAMES FOR UNKNOWNS*/ 

/* subst_ f'i rstO::Hd 'J New, (H1.:LL-~r, New_E;-{Pr) subst..:i. tutes Nel..J "for 
the first occurence of' Old in Old_ExPr and returns the result 
in New_.ExPr )!{/ 

subst_first<Old,New,Old,New) :- !. 

subst_·f:i. T'st ( CHd, Net,;, 01 cLExPr, Net.>.i_E~<Pr) : -·· 
atomic( OlcLE>tPr >" ! , 
t'ai 1. 

subst_fi~stCOld,,New,CHlTJ,CNHITJ> :­
subst_first<Old,New,H,NH>, !, 

subst_first<Old,New,CHITJ,CHINTJ> :­
subst_first<Old,New,T,NT>, !. 

~-~st_first(Old,New,CHITJ,EHlTJ> :­
!'J ·fa:i.1, 

subst.._ first< OlJ:hNew, Olr.LE~{Pr, New_ExPr > t ••• 
Old_ExPr=,,CPlArssl, 
subst_first(Old,New,Arss,New_Arss>, 
New_ExPr=,,CPINew_ArssJ. 

/ii{ constant-<I,Ma>,_Unv..nown,C> ret-urns t-he Ith canonical cor'1starrt in C, 
sj_ven the ma}dmum unknown wanted in Ma;-{_Unknown ii<:,/ 

constant<I,Max_Unknown,C> I-
I=< Max_Unknown, 
unknown( I ,'C) ❖ 

constant<I,Max_Unknown,true> :-
I = i:::: Max_Unknc,wn+ j_ .. 

1stant<I,Max_Unknown,false> ;­
I :::: I= Na;c.Unknot.m+2., 

constant<I,Max_Unknown,Int) :­
I> Max_Unknown+2, 
Int is I-Max_Unknown-3. 

unkno1.,Jr1 ( 1 ,-1J > ,. 
1 .. mk'r"1m-Jn (2, v) .. 
1Jnkno1.,JnC:hw). 

unknr.H.Jn ( 4 i, ;-~) ~ 

unknown(5,~). 
1..1nknown(6,z).,. 

unknown<I,Name) :-



J is I-6, 



Q~EC.K, 
'd{ f:<R(~iCEX)URE:E: Tf··ll=iT IMPLEMENT THE TESTii\!G OF EXPRESSIONS t:/ 

f* a ncheck_Sap" task is rePresented bY the predicate 
check_aap(prioritY,exPression)· 

/* ACCESS TO PARTS *I 

'priority( check_SaP(Priority,_), Priority). 

f* PERFORMING TASKS *I 

do( check_SaP(PrioritY,ExPr) ) :-
t~.rr·i t.Ei"f ( ~ c:hec:I--:.:trt£i 1"=:;--;:F·r-~s~::-'ictrr /:t" \. __ r1 l r [E:1-::F·r·J), 
! ., 

•• r1t1t.!-iirr:=:~ ) :-·--
/ i.,.rcii~ef( 'nothin}t to do\.n' ,[]), 

! ❖ 





1 'f-- r1,.1n ❖ 

addinef task bindC3,var,1,0) to ase11da 
chansins max Priority to 3 
<:=;-c-i,~.ij.r·,5.7~ t:::--:::J✓ 1?.;{F~.::::r1c.1(;~Y-··1-.l~:::r·) t~o .:=:£f1?r1-1-:i.:=; 

oddins to~k exPandC2,sin(var)) to aSenda 
dddli1$ task exPandC2,vartvar) to asenda 
addins task exPand(2,var*var) to asenda 
addins task check_SaP(4,var) to asenda 
changins max Priority to 4 
~hecking expression var 
addins task bindC3,-var,1,0) to asenda 
chansins max Priority to 3 
addins ~a~k exPand(2,-C-varl) to asenda 
.3c!t:.'!ir-,:; ·l~t~'":::-k. ti;{;~.i:~i~!f."i(::;~!.e .... s.iri(vay.._)) t~(J a8t-!r1c).:::: 
.=::c.i"'f:iir·1s t.a-~::.t-:. t:l!::{r-rar1d(~~7-·(= ... /.;:~rJr~-/-3rJ) 1.:.o ..;!::§i:~rrcic:: 

addins task exPand(2,-var*var) to agenda 
adtjinS tzsk check_SaPC4,-var) to asenda 
chansins max Priority to 4 
checking expression -var 

.. -ii. rrs; t-~=-i-:. tl i. r11:i ( 3, ;::. :i r1 ( '-./t=:r--) , j_ !' ()) t.c:r ~3S!?rici-::: 

--ansins max Priority to 3 
.::51_:-fi:i-t r~ts •1.: ·:::::f:. e::{P-:::=r~cf < ~~ ~ s i r-1 ( -··\1 -t::= r :i J t-(l .::=Si;;H·"1r:!.3 

addinS task exPand(2,sin(sin(var))l to asenda 
addins tdsk exPand(2,sin(var+var)) to asenda 
addins task exPandC2,sin(var*var)) to asenda 
addins tP~k check_SaP(4~sinCvar)) to asenda 
chansins max Priofits to 4 
checking expression sin(var) 
-== ci i:.1 i re::.:; t. a ·5 i-:. i:".t :t rf (i ( :3 !.t :.../ ~== r---t~ 1..,1 a. r ~ l :: (.! ) t.-c:i i=:= $~ 1? f"i d a 
chansing max Priorits to 3 
addins task exPandC2,-vartvar) to asenda 
addins task exPandC2,sin(var>+var) to asenda 
addins task exPandC2,var+var+var) to asenda 
a1Jci i: 11::£ t---:-:.--1< e~=-::F~·E=r-ti:-i <~;.? r ~-1,2: r::{{t./~:: r~-}-v'-3 r-) t.-0 as;c~ir-1cf~: 
addins task check_SaPC4,var+var) to asenda 
changing max Priorits to 4 
checkins expression vartvar 
addins task bind(3,var*var,1,0) to asenda 

~nsins max Priority to 3 
_Jdins task exPandC2,(-var>*var) to asenda 
.. 3·ciijir1::.:.-t t--:=::::.i~. 12;{F~c~ricf(2Ys:tr1(t.,/2;:r·l*v2:r-) t.r.1 a.Sf~r1tJ~~ 
addins task exPand(2,(var+var>*var) to asenda 
addins tD~k exPandC2,var*var*var) to asenda 
a •Jc! i r --1 :7.i t. a.:=::-i~. c-f1 e·c· ~-:•·~•·► i~ 2: F.'! ( .ii- , l•.l i::: r ~= t.f -=~ r )t. c, 2. g E.' t 1 t..i d 
chansins max Priority to 4 
checkins expression var*var 
a·cicl~Lrrs tu::::·sl-~. tJil")i.J ( :3 !! .... ( -s.,1~-r-), ~ l, ()) t.c) ...:..:·4l;'-! u~t.::.: 

changins max Priorits to 3 
addins task exPandC2,-(-(-var))) to agenda 
$C!t.! it"f~: t . ..,••-:-f•:w e}:;f~.:;;r•1ci l~ ;,:~ ~ -•· ( --s. i rt ( t,/,S p J ) ) t,Ct .::?;::_:_:;er!'Ci'{::: 

;~i:-:ici i f°t'S t ... i~-·:?.~~-:. i':?;-;;.-:~ .;:::r1cf ( ::! , -- ( --n ( :...1,2;: i.._+ r..1 a r·) ) ) t.t.:J ,::;::;Jt:?.trrt.-f .::: 

o:~jc.i.i.11:~ t.;:::s!.-:. e::-;p,2~r·1rJ(~=!,---.1~----\.1-t:1r)f:::.._.l.81""-)J :;t.cr ~:::S1::-!r+1c.i2: 
addind tnrk check_SaP(4,-(-var)) to asenda 
chansins max Priority to 4 
checkins exPression -C-var) 
acii:-.l:Lr1i=J-t ... ,.::~sf( f.:i:i.r·1ci(;~~:1-·~.:-irt(1;..1c:=r), l ,<)) i:.r:1 i:~~J1:-?r-1ci2 

chansinS max Priority to 3 
dddins ts~k exPandC2,-sin(-var>) to asenda 



• ,;jjjl~ 
~;,7 ~ {. 

addins task exPand(2,-sin(sin(var))) to a~enda 
addins task exPand(2,-sin(var+var)) to asenda 
addins task exPandC2,-sin(var*var)J to asenda 
addin~ t~ck check_SaP(4,-sin(var)) to asenda 
chansins max Priority to 4 
checkins expression -sin(var} 
addins task bindC3,-Cvartvar>,1,0) to s~enda 
chansins max Priority to 3 
addins task exPand(2,-(-var+var)J to asenda 
addins tack exPandC2,-Csin(var>+var)) to asenda 
addins task exPandC2,-Cvarfvar+var)) to asenda 
addins task exPandC2,-(var*var+var)) to asenda 
citf1Ji 1~F.i t-f.:=Sf•~- r.:-f-1t-Icf-: ____ gaf-".! ( 4 7 .... ( :.-1a r· .. }i·./2 r-) J t.o ~s-Sei-Jci,.::~ 

c-hani.;-1:i.ns mB;-~ Priori ti~ t.o 4 
check:i.ns expression -(varfvar) 
addinS task bindC3,-var*var,1,0) to 2.senda 
chans:i.ns max Priority to 3 
addins tPc~ exPandC2,-C-var>*var) to asenda 
dddins task exPandC2,-sin(var)*var) to asenda 
addinS task exPand(2,-Cvar+var>*var) to asenda 
addins td~k exP~ndC2,-var*var*var) to asenda 

'jins task check_SaPC4,-var*var> to asenda 
/;.;:~rt£3t 1-1s rnE:;•:: F· T" i () ~r it-:=~ t.cJ Ll 

checkins expression -var*var 
addins task bind(3,sin(-var>,1,0) to asenda 
chansins max Priorit8 to 3 
addins task exPand(2,sin(-(-var))) to asenda 
addinS task exPandC2,sin(-sin(var))) to asenda 
adding +?r~ exPandC2,sin(-Cvartvar))) to asenda 
addins task exPandC2,sin(-var*var)) to asenda 
addinS task chec-k_SaP(4,sin(-var)) to asenda 
chansins max PrioritB to 4 
c-heckins expression sin(-var) 
addins task bind(3,sin(siA<var>>,1,0) to ag~ndP 
c-hansins max Priorits to 3 
addins task exPandC2,sin(sin(-var))) to asenda 
addins Lci~k exPand(2,sin(sinCsin(var)))) to asenda 
.::~1jd:LrlS t.a,s1.-:. e::-{F,•2-r1d(2~sir-1(si-r1(i../2:r--}·v-:~r-)) J t~c:i ;~S1?f"1i.:i.E= 

addinS task exPand(2,sinlsin(var*var))) to asenda 
addins task chec-k_SaPC4,sinCsin(var))) to asenda 

-snsins max Priority to 4 
.eckins expression sinCsin(var)) 

addins task bind(3,sin(var+var>,1,0) to asenda 
chansins max Priorit8 to 3 
~::-cii.:iir1£=~ t-a~~k. e;-::?-3fli.".i"(2~·=:~ir1(-t,lar-tva.r)) 1~0 as-er-t,:1~: 
addinS task exPandC2,sin(sin(var)tvar)) to asenda 
addins tPck exPandC2,sin(var+vartvarl) to asenda 
addins task exPand(2,sin(var*varfvar)) to asenda 
addins task check_SaP(4,sin(var+var)) to asenda 
chanSinS max Priorit~ to 4 
checkins expression sin(var+var) 
addins task bindC3,sin(var*var>,1,0l to asenda 
c-hansins max Priorits to 3-
addins task exPand(2,sin(C-var>*var)) to asenda 
addins task exPandC2,sinCsinCvar>*var)) to aeenda 
addins task exPand<2,sin((var+var)*var)) to asenda 
{::1:fct:i. rt:=3 t.;:.-:..e;t~ t::!~·~P2:r1d ( :2 ;1 s-i rr ( \/B r•*:'--1.s ·r;¾::i..o:,.•-::=: r-) ) t-t..1 ;:::::3c-~r1ci.::= 
addins task chec-k_SaP(4,sin(var*var)) to asenda 
chansins max Priorits to 4 
chec-kins expression sin(var*var) 



addins task bind(3,-var+var,1,0l to asenda 
chansins max Priority to 3 
s r::1 ,j j_ r1 !:i t~ .as j{ t! ;-::.P 2= r--1 i:-i ( ,;~· , -·· ( .... \i -=~ r ) -}· :,.l ~~ r· ) -{:. ::=:t <:rEi1? r11J .:::: 

C Break (level 1) J 
: ?- [ End Break (level 1) J 
addins task exPand<2,-sin(var)tvar) to asenda 
addins task expand(2,-(var+var>+var) to asenda 
addins t-ck exPand(2,-var*var+var) to asenda 
addins task check_SaP(4,-vartvar) to asenda 
chansins max Priority ta 4 
checkins expression -var+var 
addins task bind(3,sin(var)tvar,1,0) to asenda 
chansins max Priority to 3 
addins task exPand(2,sin(-var>+var) ta asenda 
addins task exPand(2,sin(sin(var))+varl to asenda 
addins task exPandC2,sin(var+var>+var) to asenda 
addins task exPand(2,sinCvar*var>+var> to asenda 
addins task check_SaPC4,sinCvar>+var) to asenda 
chansins max PriorttY to 4 
checkins expression sin(var)tvar 

'jins task bindC3,vartvar+var,l,0) to aqenda 
/ansins max Priority to 3 

addins task exPand(2,-var+var+var) to asenda 
adding task exPandC2,sin(var>+var+var) to asenda 
addins task exPand(2,var+var+var+var) to asenda 
addins t,sk exPand(2,var*var+var+var) to asenda 
addinS task check_SaP(4,var+vartvar)- to asenda 
chansins max Priority to 4 
checkinS expression var+var+var 
addins task bind(3,var*vartvar,1,0) to asenda 
chansins max Prior~ty to 3 
i:::dci t ri£{ 

-3cii:-.i i. r1~~ 

t:::-·=k 

(-?::.::.F•i::=r·ict ( 2, ( ~-.. -...,~?; r) ~{\/B r .. -}--, .. l ~==1 .. ) t .. c:1 2:-::.=ierrcia 

exPand(2,sin(var>*var+var) to asenda 
exPand<2,(var+var>*vartvar) to asenda 
exPandC2,var*var*var+var) to asenda 

acftf ii,:.-:; ·I· a•::;k c:f1t':::r.:-k ...... -==;i.~=F~ ( ..{.1 :1 va p;f~r..i.::1 r+~ .. /a !--) ·f--.ci -=-:~:t:irtfi-~ 

chansins max Priority to 4 
checkins expression var*var+var 
e::c!t.1 j_ r1:=..:1 t.ast-~. !":t i r1ci ( :.3 r ( --l/-=:: r·} ;t;:__•l-E=-r ~ 1. !I (1) ·to .::::S.r:..~ric)a 

·ansins max Priorit~ to 3 
~ci i ri3 t.,asl--:. e;{P 1Bf'iCi ( :-l !I·-· ( --\l-E::T· J ;t;:, .. /~:: r J t.cr- i.=::-J:=::-;t!r1-1.}.:;:: 

{.=::(:fci i. r·1:~ +.~::.:-:::J-: f!.:;-;par1c°f ( ~;~,: ( --:::~:i. r·1 ( r../a 1 .... )} ;f::i-1,;: r·) i.".-(J B-i=J1Y::1 f"tC!C: 

addin4 task exPand<2,-Cvar+var>*var) to asenda 
addins task exPand(2,(-var*var>*var) to asenda 
addind t?sk check_SaP(4,(-var>*var) to asenda 
t:ir~-:;11~-i.ttr:f:; ffia;-:: F.e:r-io1~ii.~=d ·tcJ -4 

T- abot·t- ❖ 

C Execution aborted J 

(20992 lo-sptj + 29184 hi-ses> 
f·1-€-J a;::..• 

Sloba:t 
}r1r~.::~] 

15872 - 13307 in use+ 
1175 - 16 in use+ 
1024 - 16 in use t 

:2 ::_; e:l ~.) ·f~ r-E:1 E' 

1. 1 !:5 :7, f· r €~ t? 

1008 ·fr12e 
:51 :t ·fpee 

0.01 sec. for 1 SCs sainins 379 words 
0.01 sec. for 1 local shift and 1 trail shift 
3.56 sec. rlmtime 



********************************** * PROLOG CROSS REFERENCE LISTING* 

********************************** 

Alsn BorninS's Bscktrsckins Based Generator 

FILE CALLED BY 

ut:i.Iit..':::: unknwn(2) 

senerste(2) expression(4) 

Senerate(l) senerate(2l 

expression(4) sum(3) 

t .. ree exPression(4) unknpwn(4) 



~~ 
1'.:,7;i''1:iener·.ste all Possible expressions bY backtrackins. 

Each exPre$sion is siven a weisht. First the weisht 1 expressions 

atomic exPression is defined bY the clauses for 5 Unknwng, 
The weisht of a complex expression is the 

l~e arsuments "Old_Maxn and nNew_Maxu in the various clauses are used 
to control the seneratian of unknowns, to avoid seneratins exPressions 
t-l-ri::=t~ ;.3.r•f:.7! i:~--,~r .. ti~lBl1:-?1-1t~ t-:r};c·eF--·t. f~i:J"f'I, ci:i. f·f·if::lrt:r-rt- 1-1c::rr1e·s f·c!r~ tJr1i: .. rit)t~.tris-~ 

nOld-Maxu is Passed in, and indicates that unknowns UP to the 
Old_Max-th one can be used. aNew_Maxn is then returned.*/ 

SenerateCExPr) :- senerate(1,ExPr). 

senerate(Weisht,ExPr) :- exPression(Weisht,ExPr,1,_). 
senerate[Weisht,Expr) 

t,Jl i-s {,Jei~~f1·t-}·J. 7 
Seherate(W1,ExPr). 

exPression(Weisht,ExPr,Old_Max,New_Max) 
1.Jr1[-:.r-rcH_.~;r-1 ( ti;J1:;:'-j_ sf-it,., t~;-:::r~ r· !1-CJ 1 r_:j._j~f.3·;.~ ~ r-!1?t--.J._f.rf-8::{ j ❖ 

exPression(Weisht,ExPrl :- number(Weisht,ExPr). 
exPressionCWeisht,E~Pr) :- loSical(Weisht,ExPr). 

I* hack to speed thinss UP for small ~pights 
current weishts, this can't succeed for Weisht<2 */ 

t~Je i !=.:H-1 t.: >·== ::=! ;i. 

unarY(0P,0P_Weisht), 
W1 is Weisht - Qp_Weisht, 

exPression(Weisht,ExPr,Old_Max,New_Hax) 

binary(Qp,Qp_Weisht>, 
i4l is l.:JE~:L::=sf-1t. -·· lJP:._L~eisf-rt,, 
{1..I:l. >== 1' 
·:=.tJri1 ( I ,-._j lJ l.1.J l ) ::s 

exPression(I,E1,0ld_Max,Max1), 
exPression(J,E2,Max1,New_Max), 

[0P:>El,E2J., 

I* sum(I,J,N> Produces bY backtrackinS all I and J that sum to N */ 

S-·tHYJ ( N :1 () , f-.! ) ❖ 

~==· I.J ffl ( I 7 .J lt 1---J ) :t .... 
N>(h 
r-t:t i.~; i<;,J--·· 1. !' 
,s;1J rtt ( I !' ~J l !} t~ 1 ) ~ 



unknownC1,ExPr,Old_Max,New_Max) :­
unknwn(Old_Max,ExPr), 
New_Max is Old_Maxtl. 

unknown(1,ExPr,Old_Max,Old_Max) 
Old:_Ma:,{>1, 
.J is 01 d ... .r'!-~;-::···· :!. , 
unknown(l,ExPr,J,_)~ 

unknwn(1,u) :- !. 
unknwn(2,v) :- J. 
c1 1-, l-:-ri 1 .... J r'! ( 3 r 1..-.1 ) 

1 .. inkn!,ff1 C 4, ;-; ) 
1 . .1r1!..:.r~,t,.._1r1 ( !5. :1 ~-:!) 

unknwnC6,z) :- ! • 

.. J :t ~-i I .... ~-:;1:, 
cone at Cu;• ~J:, Name)., 

/* The weishtins for constants Sives Preference to 0,1, and 2; 
numbers sreater than 2 are heavils Penalized,*/ 

number(:l.,O). 
number·(:l.'11)., 
number( :l. i,?). 

losicalC:!.,true). 
:?.t:i.caJ ( :l. ,·f°E=ls,;:~) .,. 

i . .f!-t-3'T•~ ( ... ~ ~ ;,~} ➔ 

tJr,.:::-: r~F-1 ( ~; i r1 !] :~} ❖ 

c1r1.:::: r-~J ( c:-tJs ¼'" :~~) ❖ 

1,..1r·1~:= r'd ( i:..{:~r1 f -~l) -;-

binari~(i,<:,:l.) • 
t:rirf-2=-r·~=(·-~!>·4) ❖ 

t1ir1~~r-~:(=;J:~) ❖ 

Senerate(E), write(E), nl, fail. 



····u 
~;;:f.r-1(1..1) 

c·c:i"::; ( 1.J) 

u+u 
l_!;{{\l 

1.,1;-}if_J 

u•=1..1 

.... ( ····u) 

···-~;:i.n ( u) 
····coi;;.(u1 

1---?• l,..} ) 

' ,.rJ+tJ) 
.... 1..1}}::\l 

.... ,,.!WU 

~,-:i.n(····u) 
·;;,.:i.n(i:-in(u)) 
~:;. i i .. f ( c:-crr:; (f..!) ) 

:":!-ii""! ( i . .J·f· \J ) 

~=-i r1 ( t.1·-f-1.1) 

f; i rr ( f.J ;f:: .,,_/ ) 
~1 i r·r ( tJ:4~1.1} 

t:::·Cr·;:; ( ····IJ) 

c-os(s.:i.n(u)) 
c:s:J~5-( c:c:r·5 ( i_f) ) 

(:"t:) .. ;:; ( ti ➔·v~) 

.c: i1 ·:::-( I.J -:-t! J 
c· c1 ·;::-"( tJ ;-f~ l~l ) 

c:-o~;; ( 1J;f~1.1) 

'di"U 

·,;;.in( u) +v 
i;:i.n(u)+u 
(~ C) ~5 ( f.J ) ··}· l,.._l 

C:·(:)£_:.. ( I_J) -fr!_J 

l..f .. f· i.._l-{·· hl 

u+v+v 
u+v+u 
I.J ·f· tJ i· ~-/ 
u+i.1+u 
f .J ;:tt t./ ·f f,....J 

tJt\l•f\.j 

l,J )•}:: \J -f• fJ 

l.J }};:: f.J -}· t./ 

i_f }f{ tJ + I.J 

i . .t·¾--( ·•-f.,l 
u+ (-··u 
tJ·½·:-s. i r·1 ( \J) 

ti -i-:::"' :i rr ( t! ) 

kJ 



~I.J ·f· [:· i.:J ~; ( \/ ) 

u+cos(1i) 
IJ ·f· ( t._.-1--} !.!• • .f ) 

l.J-}· ( \l·f t,/ ) 

ti ·½· ( I..} ·{--ti ) 

t.t+ ( tJ-}·t,.,,/) 

u+(u+u) 
l.J ~{·· \/ ;{{ lr,J 

t.I ·-}· '.:./ !f~ \/ 

t.J ·t· \.J :* i_j 

IJ .. } .. l.J ;f:: t/' 

l.J ··}· l.J ;¾( f_J 

( ····r..1) .;f::\/ 

( ····u) *u 
~:; :i. r1 ( 1 .. 1 )~ ;{< t./ 

i,; :i.n ( u) *=u 
t~: CrE:. ( t.J ) /i<\., 
CG.1::-( U) ;f~! . .i 

( l.J ··}· '•,/ ) )f:: l:·-.i 

( 1J ·f- \,l ) };{1 . .1 

J; ti) *~t.f 

·- -i + i.J) ;f~i . .! 

1,J ;{( t,,l ~; i~i 

t.J ~{ \.! ~{ '-.l 

t! ;{< t-l ;-{{ l.J 

I.J * J.J }}; \.l'-

u ;f:: u * u 
lJ }i'( ( ••.• i.._/ ) 

u;t(····u) 

i.J::{{t; i ri ( \l) 

tJ ;-}~ ·:.s :i. rI ( 1..r ) 

l..f ;{{ c:· () :::-( \! ) 

tJ~<c:c:t·::; ( t!) 
i.J ;{-;: ( i.._l ··}· f..-.J } 

l.J *~ ( 1 .. ,.,l ··}· t._i ) 

Cl ii:~ ( \::' -¾--1.1 ) 

l..l;{( ( t!-}·l/) 

i.J }}; ( \_.} ;t::i...J) 

--~ \i * \ .. l- ) 

, .... ,-.(v;f::u) 
tJ]{{ ( tJ;f(t./) 

iJ}i{ { lf;~:ti) 

•••• (u:::;vj 
.... (u:::;uj 

r:; i r1 ( 1.1=i .... 1 ) 

·::; i j"'J ( iJ :::: J~i ) 

C~{J1:i ( i.J~-;:\l) 

c: Ci S- ( t.J=r_J ~r 

( i,J::::a.._;). .. i-t---J 

( tJ==ti) .. ~!.J 

tJ ··}· ( '\l :::: i.;.'l,J ) 

I.J ·{- ( \_l :::: t./ ) 

et··?· { \l=:-1J ) 

l~!·f· ( tJ=:::\,J ) 



( l.J ::::,\J ) ;§:: \./ 

( 1..1::::t.~!) ;f{t! 

( r...1:::;,t_J) ;f~t.l 

( u:::~1 . .i} ;l(u 

I.J:t ( \l::::.t~i) 

l .. })f:· ( '! ···"t) ) 

u;f( ( v::::u) 

uif~ ( u=::u) 
u ... 'v 
u···,u 

""l . .l'"'V 

···•u::,:1 .. 1 

·;;;. :l. n ( l..l ) ::"l 

i,; :i. n ( u) ==u 
·C:--.\}=-( tl) :::::../ 

CC,~J ( IJ) :::u 

u+V'"'h' 
i..i ··}· \/ :::: "'l 

i..f ·i-\J !!:: 1.J 

u==u 
i_! ;f:: 1-./ :::: '~·-J 

f..{)t~t._l=f.J 

i.J ;f~1_J:::: \/ 

i.J ~{ f_j :::: l_J 

tJ :::: -;;:-i r·1 ( 1../' ) 

iJ ==~:; j_ f°! ( JJ ) 

l . .f""f'C,<:S 1.1 

t_J!.-::t,/--?·{ ..... J 

fJ::::t._l-}•t .. / 

1..1::::i/{,·(1 

iJ ;:::1 .. 1 ·i· \J 

u::.~u+u 
l.J =~=: \i ;,:.:: t.-:.J 

,11*:: •. /_ 

1 .. 1,:=ut.<:u 
.... ( ····( ... ~J.J}} 

····(·-·~;irl(t!)) 
•.•. (oo••co•::,(u)} 

.-.~{·-••(lj··}•i._;}) 

•••• ( -· ( t.J-j~f_j) ) 

.... ( ---~1..1:*=1.J) 

.... 1:;.:l.n(- .. u) 

oo••s:i.n ( ~-;:i.n{ u)) 

····~~ir-1(cos{tiJ) 
.... i,;:i.n(u+v) 
.... i,;.:l. n ( u+u) 
---·~5:f..r·i ( !..J~*r--.l J 

\ ~--· ~::. :j_ f't ( 1..1:~::1J ) 

•••• C~t:J ~::" ( ---ti ) 

.... cos ( s:i.n ( u}} 



··"C°'(J·::; ( C:{J":. { iJ) ) 

..... f.fiJ~=~ ( f,J•f-;,./) 

.... C." CJ.·:::~ ( t! ·f· i.J ) 

.... c:c:r·:.; ( i.J}}~\/ ) 

·~··c:os ( tJ}~:c1) 

-·•ti:r:n ( u) 
HU ( ••••f.J•t•'-./) 

.... < .... u+u) 

.... ( s :i. r·t ( r_1). ··}•t./) 

.... ( s j_ J""'i ( ti ) .. }· ij) 

'" .. ( i:::c!::; ( ti J-~--\l} 

.... ( c:CtS ( i.J) +·tt) 

•••• ( t.J i· l-._/ ·½· t·J ) 

.... ( tl'f" 1v~·f·\l) 

•••• { i.Jt\1-}--ti) 

.... ( u+1.1·l·v) 
•••• ( tt+t!-l•i.J) 

••n ( 1..1:*\l·f·t-.J) 

.... ( !J]{{~;{-i___,) 

•••• ( !.J*:'-l"'~·tJ) 

.... ( tf;t{tf .. }• \.l) 

• 1*u+u) 

-· 1 • ~ ..... 

.... !. t! .. f·~:;:t rt'·· 1-..l} } 

····(u+sin(u)) 
.... 1: r.J-}·c·cit:; ( \.j) ) 

··-,; tJ··}·c·c:r·::; ( ti)) 

•••• ( t.j+ ( 1-• .J··f·t-.J) ) 

.... ( i_J-}· ( '--l+!:../) ) 

•••• ( !J"!· ( u+v) ) 
.... ( u+ ( u+u)) 

·-· ( lj·f·*-./;f;t!) 

•OH ( i.J•¾•f_J;f~\i) 

.... ( u+u:t~1 .. 1) 

.... ( --1_1) ;t,::..,i 

.... ( -·· tf ) ;f; i_f 

\n(uJlf.v 
-n• j_ r·i ( tJ) ;f::t.J 

····c:f:;s ( r .. r) *\l 

---·c:CiS ( i.J) ;~!.J 

•••• ( f.J+ l~) ;f~t~J 

•••• ( !.J -}· '¥t ) ;f~ t./ 

··- ( f.J ··}· \l ) 1f{ tJ 

··-(u-}-u)*",., 
•••• ( f.Ji·r.J) *I-! 

.... I..J /}:: \l }}:: f.."J 

··--t l ~~- r_r-$ =._: 

.... i_f :;{{t.J]{{t_f 

•••• J..1 ~f~ i.J ::{{ 1·./ 

•••• i_i!f{t_J }}~ f.J 

····J_j~{ ( -·•\_}) 

····i_J~~ 1: ····t_J) 

- .. l.J;f~s :f. f°f ( \l) 

···~1 .. i::¼~ ~==-i r1 ( 1..1 ) 



•• Ou !j ;f;: ( \/ ··}· t./ ) 

~·· tJ;~: ( i..._1-}· rJ) 

•••• IJ.:;t;: ( r.J 1· \/ ) 

····u;f;(u+u) 
..... i..i ;f~ ( t./ ~~ f..-.J ) 

•···i_j'~:: ( :..,,.it::...l') 

..... 1.J ~; ( \i ;f[!J) 

~---l.J !{{ ( 1.J }}( \l ) 

··••J.J*: ( IJ}i{t.J) 

~; i f~I ( ~--( -··1.J} ) 

~;,:i.n(·····==·:i.n(u)) 
r:;ir!(··--c:c)~;(1J) J 
i::.ir·1 ( -·· ( f.Jf\l)) 

·:;;:i.n{··-(u+u)) 

~,d. n ( -··W-}(v) 

"::; :i. r·1 ( -- I.J !f~ l_J ) 

'::;:i.n(sin(-u)) 
1::-ir·1(~::;i.r1(str·1(1_; ) } 

~==· :i. r·1 ( ~:; :i r-r ( t.:" \J:-;. { 1_1 ) ) 

~::. :i. f"r ( Si ir·1 ( r.1·-f" i..J) ) 

- ·c·, (Sir! ( i,J-}·l . .i) ) 

"" rr ( ·:;; j_ r, ( r.J ;-f. ,_-i ) ) 

~,;:l.n(~;;in(u*u)) 

f;in(C:D~:-(-··IJ)) 

-::;ii--1 ( c:ri~; ( ~sirt ( tl})} 
!!:-:i.. , .. 1 ( c·c:i·:;-( -c~tJ,s-; ( i.J) ) ) 

::; i r1 ( r:c:rs ( 1.J·f•t.J) ): 

i::-in(cos(u+u)) 
·;:. :i. r--1 ( t":-t.J S ( !J}f:: \l ) ) 

::; i r! (CC) s: .. ( tf;¾(1J ) } 

·,;;.:i.n(tan(u)) 

~:.:. i r, ( --·tJ·+\..,) 

~;; :i.n ( -··u+u) 
·::;:Lr1 ( s :i.r1 ,; tJ)-}·\/ J 
i;;in ( sin( u )+u} 

~* i rt ( c4'c:rs ( 1.1) -l-\i J 
1::-:i.n ( CDS ( U J+u l 
·::d.n( u+v-}·iA) 

·:E~ i f°f ( l.J -}· t../ ·{·• "-./ ) 

~-.. , ( lJ-f· 1-.l·f·1_J) 

_,. r-1 ( j_f ·i"· iJ ~t i./ ) 

1,;:i.n ( u+u+u) 
·:::. :i. n ( u;t::v+i, . .1) 

1;;. :i. n ( u*.._.,+v) 

i;;.i n ( ulv+u :i 
~:; j_ r1 ( tI·Y:< 1.J ·t· t./ ) 
'!::-i r1 ( 1..1 ;f::1J-~ tr) 

~;; :f. r·t ( I.J-}· ( --\l) ) 

~==•-i r·i ( 1J -}« ( --· t.J J } 
~:; :i. ri ( 1_1·'?"s i r, ( \:' ) ;t 
~=-i r! f t!·'?•tiir1 ( 1-1) } 

·::; i ri ( 1.J-i·t:t:Js. ( :.,/) )­

s :i. n ( u+c-Ds ( u)) 
i,:-:i.n ( u+ ( v+w) ) 
!;:. i r1 ( et .. :- ( \l ~i-,.,l ) ) 

~~- i r .. 1 { cii- ( 7-./-?• ti) ) 

S :f. i""t ( lJi· ( f.J-}~./) ) 

s:i.n(u+(u+u)) 
s:i. n ( 1-r+v::it<-J J 



"' ~:; i rr ( tf ·f·l./::°i(t.J) 

~::. :i. f't ( i.J ·f· t ... 1 ;f:: f.J ) 

~::., i r·r ( 1.1 ·-t-1J ;f~ t./ ) 

·;;;in ( u+u;';<u} 
~~-in( (····u}*v) 

~::.i ri ( ( --1 . .t) ;{<1 . .1) 

~==· i ri ( s=:--t rt ( t!) ;{<r.-1) 
~;i r·1 ( si f'."'t .( r-1) ;fit.J) 

~:;. i !-t ( c:t.":! ~==-( 1..1) ;f!:'-./ J 
!::-:i.n ( CDS ( u) )f~u) 
·::;:i.n( (u+v)*t.;) 
S- i r·1 ( ( f3·°l" \/) ;~:r../) 

-==· i. f°f ( ( 1-1-}·\/) :*i.J) 

S :t fl ( ( l.J·°?·!.J) ;f::r.-i) 

sir! ( ( 1_1~·}-1.J) :*=1-1 J 
Si !°t ( i_!;f;i,l~<k.J) 

~;ir1 ( 1.J)f(=v,~<r.._.,.;) 

~; j_ f"! ( fj}}~i./::{{1.1) 

-::~ i r, (-t1::t-:1.1;f::<1 ) 

·,;; in ( u;-'.<1 . .1}f~1 .. 1) 
:E:;ii-tCtJ~{(··•·\l)} 

-r ( i.J ~f~ ( .... fJ) ) 

.... rt ( f..!;f::'::~ j_ r-1 ( \l) ) 

~:~ i l""t ( i.J~{C:·0~5 ( ~-/) 

~==· i rr ( l.J)f~ t::: 0 S- ( 1~f ) 

~;;.. i rr ( t.J >i~ ( i...1 ·{·· t-·-J ) ) 

·::; i r·, ( 1.1*: ( v··}· \l J ) 
~} i r! (_l_J;{( ( \/··}· tj ) ) 

i,d.n( u:=1<: ( u+·--1)) 

·:::-in(u;f::(u+u)} 
~:-j_ f'~ ( l . .i;f:: ( s.._l}f-:t.~J} ) 

!;; :Lr! ( IJ;{{ ( ".J *lj ) ) 

~:. irt ( l.J;f:: ( f,J)f;:\l) ) 

i,d. n ( uii-:: ( u:~::u) ) 
c:~J:. ( .... ( -··.rJ) ) 

i:::tJ·::;(---·sir:(tJ)) 

c:-tJf:; ( -.. cos ( i.J)) 

C: .. {J~; ( .... ( 1.J-}·\.!) ) 

,. ( -•· (-i_f-}l .. !) ) 

-...... I~~ ( .... 1.J ;f{ \/ ) 

C:Oi,; { ··••;_1;-f::u) 

[::ca1::. (Si f"! ( -··!J) ) 

:::·c1•::i. ( s.i r-1 ( ::s :i r·1 ( 1_1,} J ) 
~os(sin(cos(ul)l 
::· c:r~-( ~-i r-1 ( 1.J-l•~') J 
::·cir:; ( s :t ri { t.1 .. }1.:t) ) 

:?t:JS ( s:i.t1 ( i.J;-f::= •. l) ) 

::(;s ( ~~-irf(1 . .1;¾::f.J)) 

::-iJS ( Cf:J-~; ( ··-l . .t) ) 

:-:t;:t~-; ( C·C}~"; ( ~;; i r, ( fJ)) ) 

::i::is ( r.:·cJ~-( c·r:r·:::. ( 1.1 J ) ) 
~.f.l":~( C:()":~ ( !.J·}\!) ) 

::-cJ:-'!5-( c:os ( tJ·fti) ) 

~~c;s(cc.t!:: .. (1.J*:v)) 

~:c,s ( cos ( u;-'.<u)) 

'.:Cl~:; ( t.~i=ll .. ! ( lJ) ) 

: Break (level 1) J 



~ ~ ~ 

I 7 - aboFt. 
r rxecutton aborted J 

?- core 
heap 
Slobal 
local 
trail 

48128 (18944 lo-ses_+ 29184 hi-ses> 
138?4 - 12097 in use+ 

1175 - 16 in use+ 
1024 -

511 -
16 in use+ 

0 in use+ 
v.uu sec. for 1 trail shift 

11.25 sec. runtime 

1727 free 
1159 free 
1008 free 

511 free 

XREF Prolos Cross Referencer (6 Jui 81) 
XREF Prolos Cross Referencer (6 Jul 81) 
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TD • ..,f ~ -t;; ~. 

~ 

eC..-v~ l "'/-,, Y) ~ r'-4 rx,, Y, ,) 
) 

t:~ (X/"",7-) ~- ~{x, v/y) e. 1:;;~ C~v/z) 

' ~ C y.. / y 'Z / X y 'Z -) 6-=- {;;~ { X,, Y,, X y) .£_ t;~ { Y✓ z, YZ) ce.. 
~ (X: Y,, z.. ')( y-z,) 

/ ~ 

~ ~t;:__,__ ~~ ~- t~ ~ ""t.~ ~ ~...o.J. -1::., 

~ ~ tl..t_ ~ ....;.._tt... ~ \ ~l v-e..-~-t-_~ 

~~ i. ft rvvv.._J,.,_ ~ .e-~-~i::-- ~,-l,..--,_:t;:__._.. ~ k 



t..:.-....4.,,, ( ~ / w -z..-) 

~ h.::J y---~Jl.5 .---s 
~-"-/4 1 ;i ' ...., .... ~ 

f-.,,-_.__ "t:,___ A - - - • --1: • • __, .n-tC' _,___ • : -• • • • -> ,. • ~, ~;;.; :_, .:,J.., ( ) 
JI"-"¥~ -- V ~ j -, - «' • ~--• 1-r," .x, j ,_ 

• >. 

w-i,....-.1,...? ~-_-"tL--.~~--,~~- ~' r_; 
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0- ~ [ s(s{o ))I I). t =r:=) 
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~ ~ ( () ) • -~ r--~-{r», .g_ ~<~Ji, :c) / 

' 
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~~---....:::; J 

-~ • [.$[sC~)) 1 sf..c{=,)) ~ L:,j_ ( } . 
/1,r-,,c, i:;. .L., ~? ~ ) 

(,... /:-(1,..,c) C ) 
.I I 
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Here are some tYPical theorems one misht want to Prove in an 
elementars number theory, The axioms assumed are also Siven, 
It is certainly true that Suidance is necessary to avoid the infinite loops 
inherent when introducins commutative and associative Properties, 
The heuristics beins developed seem to ensure no looPins occurs, 

The onl ·~ ·t.hf-.:O r·,::,;m I can ?t P r·ov,;:-:, :i. s 
even(Z) <-- Plus(X,Y,Z) I even(X) & even(Y). 

This seems to need mutual induction on X and Y and that is not 
immediately exPressible as the axioms are now. What is c~rtainlY true is that 
}~-r-(J {J f" F~ 1 B f"1 -=; 1j c! ·::;. e £-! E1 -l. Cl f·1 i:i 1~· i~~ t.• r·1 !J i":J 1.1 i~ t. t .. 1 i~ r-~== r·1 ::,:_:; e c11 ·f" j_ r·a i:i f.J c: t .. i c:i r~i_ s-t:: !-i e nt {=.: ·::. i:t ·p e t:; 1:::! r1 f) 
means covered with the Primitive form currentls in IMPRESS. 

divides(s(s(O)>,X> <-- even(X) 

lessea(X,Z> <-- lessea(X,Y) & lessea(Y,Z) 

even(Z) <-- Plus(X,Y,Z) & even<X> & even(Y) (6) 

even(Z) <-- timesCX,Y,Z) I even(X) 

PROOFS 

(1) bs construction 
After skolemization 

<-- divides(s(O),x) 
Resolvins with axistenre definition 

ll 

<-- times(s(O),A,x> 
7 

ll recursive definition of times 
~ - t1mes(O,A,W) & Plus(W,A,x) 

• H 

·<----· 

-11) bs induction 

<-- dividesCO,O) 
Immediately resolves(!) 

-<-··-·· 

divides(s(O),num) <-- induction hsPothesis 

<-- divides(sCO),s(num)) 



Proo~ of these theorems. 
-rhemws throuShout, 

tJr-r·f Ct J. c.i :i r"iS-~ 

<-- dividesCs(O)yX) & PlusCX,s(O),s(num) 
Usins the skolemized hsPothesis 

<-- Plus(num,s(O),s(num)) 
Usins commutativits 

Plus(s(O),num,s(num>> 
t:: ~..1 a 1 aJ .::.::t :t ri:3 

.;:: ........ 

lLJ bs construction 

<-- divides(s(s(O)l,x) 
E:}ti ·::; t-t::!rrcc:::: (.1ef· j_ r1 j_ ·t ic)ri 

<-- timesC0,s(s(Ol),x) 
{;t.1rnr1r1Jt .. -r.st ... i , .. ./i t~1::~ 

<-- times(s(s(O),A,x} 
E \l=': J !) ::::·i· i j'i:;:;: 

<-- times(s(O)~A,Wl g Plus<W,A,x) 
Ev-::,1 uat:i. n~,; 

f~~\l i:~ J. i.J .:;:: -{:. t r, ~;j 

<-- PlusCO,A,W) I Plus(W,A,x) 
E t.l i:_t 11.1 ~:::t. i f"i :=.:.~ 

·<-·--}":.• 1 ti~- ( if.1 !I";~ y ::-~) 

Usin~ skolemized hYPothesis 

<-- divides(s(s{0)),0) Immediatel~ Proven. 

\Sain, choosins the 
·~rie t:e·::~t- ()r1e f·it:::r-e j_ :::. 

,~pothesis for num 

induction scheme 1s difficult. 
io instantiate with s(s(num>> 

evenCs(s(num>>> <-- skolemized hsPothesis 
<-- divides(s(s(Ol>,s(sCnum>>> 

lir1f·c1l t:3 i,r;:-'3 
<~- diYides(s(s(O)),X) g PlusCs(s(O)),X,sCs(num))) 

UsinS inductionh~Pothesis 

·<--·• .. ,-

/ 

even(num> & Plus(s(s(O)J,num,s(s(num))) 
UsinS skolemized h~P□thesis 

plus(s(s<Oi>,num,s(s(num))) 
-, Ei.ial;.1-c:-t.ir·18 

\-

f 

~ 
, I \ 



RECURSIVE DEFINITIONS 

Plus(s(X),Y,s(Z)) 

1 f2~:-:::.£-:tG! ( (j !} }(} <: ••H-•• 

lessea(s(/),s(Y)) 

t. i i'flf:?S- ( () ~ )(, ()) -:::_---·· 

\ 

times(s(XJ,Y,Z) <-- timesCX,Y,Wj & Plus(W,Y,Z) 

di~ides(X,0) <--
divides(X,Z> <-- divides(X,Y) & Plus(X,Y,Z) 

even{s(s(X))) <-- even(X) 

DEFINITIONS 

Plus(diff(A,B),A,B> <-- lessea<A,P> 

dividesCX,Z> <-- timesCA,X,Z> 
times(auot(A,B),A,B) <-- divides(A,BJ 

even(X) <-- plusCHalf,Half,X) 
plus<halfCX>,halfCX>,X) <-- even<X> 

sauare<X> <-- times(Root,Root,X> 
times(rootCX) ,root<X>,X> ~-- sauare<X> 

FUNCTION PROPERTIES 

Cl MMUTATIVITY AND ASSOCIATIVITY 

% Note that this has no obvious 
recursive definition 

I ;: ~:~:~ ~ ~t ~;! ty;~ ~~---,::~~~u: ~.-::.!: ~;~:!'. -~,, XY) & Plus. ( Y, Z, YZ) & P l1 • .1s. ( XY, Z, XYZ) 

·(. i H1f::S ( X 7 --{ r :z) -<--­
times ( X, YZ, XYZ) ~--

& times(XY,Z,XYZ) 



t ·rr-fe t.t11:;:;C;P,i°::fffi t.{) i:)i:.i r~I ... C)~./f:-::(i is t?i,d-~~ ~::.f::;t. iric:lcJS-i(Jr·i (tl"Jit.f·'i ~:.,:-\-t.-:::. iH1~----le!Tli::..'r!t~~-:1ci 

% as lists) is transitive. 

I~ i;::z c· .... c! i::': '(;_•. ( t!rE:1 J"!! ti ~:~ r· r, 
memberCX, CXI_J), 
member(X, [_fTJ) <-- member(X, T) 

I Definition of includes 

rec_def(includes, 
includes(S, CJ), 
includes(S, [XITJ) <-- member(X, S) I includes(S, T> 

C"f ~ c· ·t. f.J r• i2 { 1 !"'"t C: J tJ ci <::.:. ~:;. ___ i ·:::. •m t. r-2: r·a ·:. i t. i t,/E ;1 

includesCA, C) <-- includes(A, B) & includes(B, C) 
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